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PREFACE TO THE THIRD EDITION

In this edition the subject matter has been revised and
a few new questions have been added.

The first chapter is followed by a miscellaneous exercise
consisting of typical and important questions based on the
articles given in this chapter. In the previous editions these
questions were given in the second chapter. This chapter is
for B. A. and B. Sc. (pass) students.

The second chapter now contains questions based upon
special type of determinants, and is meant for Honours and
Post-graduate students.

The university papers have been added upto date,

Any suggestion for improvement of the book will be
highly appreciated.

1n the end 1 feel it my most pleasant duty to thank one
student who did not disclose his name and was good enough
to send me a list of printing mistakes which occured in the
Tast edition. The book will be free from printing mistakes
as far as possible.

315, Chhipi Tank, Meerut M. L. KHANNA
March *62.

PREFACE TO THE SIXTH EDITION
The book has been thoroughly revised and misprints

remaoved as far as possible,  The university papers have been
added upto-date.

*Vijay® Saket Road,
Near Stadium, Mecrut. M. L. KHANNA
Phone 2217, Assoctate Professor.
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CHRegR
ELEMENTARY PROPERTIES OF DETERMINANTS
§ 1. Consider the following two equations :—
aye4-by=0, (1)
a,x+4-byy=0, f2)

Elituinating x and y we get -%‘: &
1 2
or @by —ayby =0,
We shall express the above eliminant n the Jorm
@ b |=0. (A)
Oy LA

i.e. suppress the letters to be eliminated in the given equa-
tions and enclose their coefficients as above in two parallel
fines to give you the eliminant.

{A) is called a Determinant of second order and its
value as we seen is @,y ~ash;.

a{\ by
4
;
e
S
—dy by
§2. Let us now climinde x, y, z, from the Tollowing
three equations

ax+br63==0, (1)
X b bay -2 =0, (2}
Ay ¥ byt €20, (3
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Solving equations (2) and (3) by cross-multiplication,

bycs—bye, ‘(”zfr‘”s‘"zl= a,b,~a,b,=k'

Substituting the values of x, », z, in (1), we get
h 18y (By0y—bacg) by (@ars—ascs) + 6, (drhy—aybe)]=0
- the eliminant is

&y (PaCy—bacs) — by (@363 —a3¢s) +¢1 (@b3—~a,b)=0.
The eliminant shall be written in the form

ay by o =0, w{A)
az by Cy
ay by €3

i.e. suppress the letters to be eliminated in the given equations
and enclose their coefficients as above in two parallel ines to
give you the climinant,

(A) is called a determinant of 3rd order and its value
as seen above is
Oy (byegm—b3es) by (9,03~ 30) -0y (8:53~a,5,) =0
or a | b I ,-—b, a, A I+r, a, by

by I ay €y

das by

§3. The value of a determinant is called its expansion.
We find from above that a determinant of third order has
three rows and three columns It consists of 9, i e. 3% letters
which are called constituents and its expansion bas 6, i.e. 3!
products of the form aybycy, —bya:¢; and so on which are
called elements of the determinant.

Similarly a determinant of nth erder shall have n
columns n rows, n* constitacnts and n ! clements in it.
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§ 4. Leading or princip! w{rm TN

In determinant (4) the elemcnr“a, bycisCilled the
principal element or term In this element the suffixes of
the constituents occur in their natural order.

Multiply the constituents diagonally starting from the
left hand top corner to right hand bottom corner. The term
thus obtained will be the principal term. The above deternu-
nant is sometimes expressed as (ayfucy) ie. by enclosing
within brackets 1ts principal term.

Llementary Prop Eq;:s W\Déwﬁm‘jmiu.

§5. Expansion of a determinont—We have seen that

a; by ey [=a(beg~byea) by (e —ayey)
oy (@ahy—ashy) . (A)

ay b, ¢
a, by e

or al by e, [—-b, a ¢ 1t | a by ‘
by o g3 € ’ as by

The above is called expansion with st row.
or a, (determtinant obtained by removing the row and

column intersecting at a)
~b, (determinant obtained by removing the row
and column intersecting at b;)
-f-¢y {(determinant obtained by removing the row
and column intersecting at ¢;).

Now by rearranging the terms of (4), we find that
ay by ¢ |=8y (bacg~boea)—d; (Brcs—bacy)’

@y (byCy~—bacy)
a, by IS

N as by €y
which is called expansion with st column, The expansion

with Ist column is obtained in the same way as the expansion
with Ist row explained before.



Similarly of we have a determinant of fourth order.
ay b oo d,
oy by o dy
ay by ey dy
a, by oof Wy
then following the same law of expansion we can write it as

with Ist row,
ay | by s dy |=by @y ey dy ¥y ] @ by dy |yl ay By €1 |-

by g dy ay oy dy ay by dy ag by ¢
by g dy vag e dg ag by dy a, b ¢
or expanding with Ist column the above determinant is
equal to
ey by o dy ~a,) by oy dy [0y by ey dy |~04) by €
| Bs s dy by ¢s dh by €y dy by ¢y dy
NRA by ¢ dy by €4 dy by ¢y dy

Note. The above rule of expansion is true when the
determinant is expanded with either first row or first column.
We will always expand the determinant with either Ist row
or Ist column. Expansion can however bec made with any
other row or column provided such row of column is made
the 1st row or column as will be explained further in Art 9.

*§6. The value of a determinant is not altered by
changing the rows into columns, and the columas into rows,
(Proof) (Cal. Pass 65)

Letdmy @ by 6 (=0, (bi0s=bycs) ~by(@:cs—ascy)

1 (@yba—azhs)--.(A)
a, by e

a boc
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Let a new determinant 4° be formed by changing the
rows into columns and cofumns into rows of 4.

Let A=| ay a; @y [=ay (bog—baca)—as (biog—byey)
G-ty (Byea—bycy), o (B)

hl bz bﬁ

€ O G

Now after re-arranging the terms of (B) it can be put as
@y (bata—bses)—by (ax"s_”xcg)—f'fl (ayhs—ayby),
which is same as 4. .. =4
§ 7. {a) I two adjacent rows or columns of a determi-
nant are interchanged, the sign of the determinant is changed,
whereas its numerical value remains the same. (Proof)
{Agra B Sc. 58)
Letd=| ay, b o1 =y (Bacg—bics) =by (03—

4y (@hy—ayhy). ...(A)
a, bs s

by oo

Let a new determinant 4 be formed by interchanging the
Ist and 2nd rows of 4.

&A= a, By ey [==a, (byes—bye))—b; (a‘c,—a,c,)
+0y (Mmby—aghy). ...(B)

ag by o

ag by o

Rearranging the terms of (B), it can be put in the form
{0y (baCa=bala) by (@rey—aea) 4y (asby—ayhy)}
which is same as A except being of opposite sign.
S A=A
(b) If any two rows or two columns of a determinant are

interchanged, the determinant retains ifs absolute valne but
changes sign,
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Let A=I ap by oy =0y (baey—bye)—by (pcy—asts}
. +61 (asby—azhy). ...(d)
v @y by g
bay by oo

Let a new determinant 4" be formed by interchanging
the first and third rows.

d=p ag by o5 =a; (byey—byc)) by (a:0,—arcs)
b o5 (@b —ayb). (B}
a b, ¢ |
a by o

Re-arranging the terms of (B) it can be put in the form
— {ay (by3—0300) — by (A2c3—a5¢5)+¢y (@by—azbhs)} which is
same as (4) except being of opposite sign. .. A'=—4.

§8. If any line of a determinant be passed over three
parallel lines, then the resulting determinant will be (1) of
the original determinant.

Letd= ay b, ¢ dy

a, b, ¢ d.

a; by c3 dy

ay by o 4
Let a new determinant 4’ be formed by making the
fourth row of 4 the 1st row of 4’ i.e. by making 1t cross over

three parallel lines ; then we shall prove that
F=(—1p 4.

L=l a, by ¢ s

a b o 4

a, by co dy

P S
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make the third column take the position of Ist column for

which we shall have to pass it over 2 columns and hence by
article 8, d=(—1* | ¢, a #
€ Oy by
ey 0y By

=(~1)? ley (@ba—mb)—c, (@B —ashy)+ 5 (@ b, —a:P)}

(— )2 [0y (ba03— by}~ by (@203 —ai0ad A€y (@nby—ashs)]
(=12

Similarly expansion with 2nd column will be equnal to
(—I) 4.

Hence we need not undergo the procedure to bring the
row or column with which we want to expand, in the position
of first row or column. We may expand with any row
or column in accordance with the rules of article 5 but multi-
ply with (—1)* where p is the number of crossings of lines
which will make the expanding row or column Ist row
or column.

Thus a by o by expanding with 3cd row
a; by e
ay by ¢

=(—=1)? [a; (byea~bye1) = by (@65~ ae0r} F¢x (arby—a,b0))
where 2 is the number of crossings of lines which will make
the third row take the position of the 1st row.

Above can also be written as
(= 1)1 [6; (@303 =3} —by (105~ a3a) +-b3 (a1ca—aty)]

*§ 10. 1 any teo vows or two columuns of a determinant
are idenfical the determinant vanishes,
{Dethi 53 5 Pb. 35, 39 ; Sapar 66)
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Let a determinant 4 be such in which 2nd and 3rd
columns arc ideatical.

d= a5 ¢ O
dy €3 &y
a 65 0!

Let a new determinant, 47 be formed by interchanging
the identical columns.
A= a, ¢
dy €y €2
dy G G
The value of 4’ by article no. 7, must be equal to —4.
But actually we find that there is no differnce between J°
and J; A'=4 but 4'==--4 (Art. 7).
Hence 4d=—4 or 24=0; , 4=0,
§11. Minor.
The determinant that is left by cancelling the row and
column Intersecting at a particular constifuent is called the

minor of that constituent and is d d by the corresponding
capital lefter.

d= a by ¢
Lo by [
1 4 by €5

Mincrcfb,:ﬂ,sl a ’1 l
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Minor of ¢3=Cy=] q b}
i
J l

a, by
d=ay by ey ~by a. ey ey @ b
{
ry ' l s e P by I
of a, by ¢ —8y) By ¢ +n,( by o i
by e ba I by I

Both the above forms can be put as
0yAy~by By + e, Cy
or @y ly —aads+ayds,

where capital letters denote the minors of the correspondin
small [etters.,

If expanded with 2ad row ot 3rd ron,

d={—~1 a0 by & |=b} ay € {+r, a by
{ l b, ¢ ay O | a; by ﬂ

of (~1t ragy by e |~k a & [+al & b l
{ f by s } } ay ¢ l , dy by

Roth these can be put as
(=1 (@ d2—8,B5+:C)
or {—1)2 (a343—~b3 By +¢3Cy) 5
S Gady by Byt 2Cy=—4,
@aAg— by By tesCa=dy
My Ay —b By Cr=4,
ady—a@,dytayds=d.
Hence when the constituents of any row or column are
multiplied with their corresponding minors and summed ny
with afternatisely plus and minus, signs, the result=4 or —
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according as the row or column whose minors are written is
made the first row or column by even or odd crossings of
rows or columns.

Now aydi—bBi+e,Ci=} a; b, ¢ |=4.

a, by, ¢
a by oo
s agdy =B Bt eCi=) 4. by ¢ (=0 (Art. 10)
Two rows
a, by ¢, identical
ay by ¢

Similarly
Ay~ dytasdy=] a4 b ¢ =4

a by ¢
ag by e
But bydy - badyt-bydy=) by by ¢f [=0(Art. 10)
Two colums
by b ¢ ’ identical
by by oy |

Hence if the constituents of any row or column are
multiplied with the minors of the constitucats of some other
row or column and summed up with alternately plus and
minus sign, the result==0. (Gauhati 65 Ho1s,)

o by G —boCo -0, Cy=0
agdy—bg By 0,C,=0.

§ 12, Co-factor.

The determinant that is left by canceliing the row and
column intersecting at a particular constituent, when that



12 Deternunants

particular constituent is brought in the top left hand corner
of a determinant is called its co-factor and is denoted by
cotresponding capttal letter.

d= a b ¢ |

7 by oy J

[
Co-factor of ¢, : Now ¢, can be brought in top left hand

corner by one movement of row and two movements of
columns 7 e, in all 3 movements

Cy=co-factor of ca=(—~1)3| a, &, ]==-— a b
ay by ay by I
= —~(minor of ¢,)
By=co-factor of by=(—1Y} a,
a o
=| g ¢ [=midor of b,
a3 €3

Hence the co-factors are equal fo minors in magnitude
but are of same or of opposite sign according as the letters
whose co-factor is being calculated Is brought to top left hand
corner by even or odd movements of lines :

d=| ay by oy |=tAy~adydyazds
ay by ¢ in terms of minors

a b oo
=mAdy 324140
in terms of co-factors.
Just like in article No. 11, it is quite clear that
A Ayth Byt oy Cr=ud
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by By 4 by By 4+ By By=1, (Note)
3Az+ b3 By aCa=d,
Ay Ay -0y Ba+ €,Cy =S (Note)
Ay Ay by Byt 6,Cy=0,
ayAy -+ b By 6,C, =0,
where capitial Iztters denote the co-factors of ¢-rresponding

small letters,

The expansion of a determinant in terms of minors and
ca-facters diffec only in that in the former the terms are
alternately plus and minus while in the latter all the terms
are plus and that if the determinant be expanded with any
row or any column the result Is cither zeroor -4 (andnot
—4 as in minor).

§ 13. If cach constituent in any row or in any column be
multiplied by the same factor, then the determinant is multipli-
ed by that factor.

Let A= a, by o [(=aAy—b B 4¢,Cy.

Let a new determinant 4° be formed by muitiplying the
constituents of Ist row by a constant m

A= ma, mby ey
a, by (A
ay by €
o i M
Now the minors of ma,, mb, and picy in 4’ are the same
as those of ay, b; and ¢, in 4.
a'=mayAy—mby B+ me,Cy.
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==pt lag Ay~ By + o Cy)=md,
which proves the proposition.

- Vo
Note 1. From above it is quite clear that A=~ 4'.

Hence if tn a ‘given determinant 4 the constituents of any
row of column be multiplied by a constantm and 2
determinant 4’ be formed, then

a=) 4.
m

Note 2. From above it is quite clear that if in a deter-
minant the constituents of any row or any column are k
times the corresponding constituents of any other row oF
column, then the determinant vanishes,

ie. a b e =k o &, o |=9
ax &y ¥ ay by €z
ka, kb, ke | | & B &

- < two rows are identical.
*§ 14. If each constituent of any row or column consists
of two forms, then the determinant can be expressed as the
sum of two determinants. . {Prool)
If Ay, A, and A, are the minors of ay, a, and a, zesp. in
a by ¢y | then | aiba by 4]
a, b, ' e - aytas by [
dy by N ! agt-ag by €
=(@y-tag) di—(@ptag) AvH{@tag) Ay
=@y 43— @ad st Gy d) Haydy— aidstasds)
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= a h
a, by
4] by
Similarly
71
|
!

€ |

Cy

€3
ag+ay
d2tay
a;+ay
a bh+p
a, bytpa.
a5 batpa
a by
as b,
dy by
a b
az b,
ar by

ay bl (2]
ay b, (23
ag by €3
htf o
byt B €2
byt By €
a [+ e h+E
&3 o Byt Z.
€3 ay PyiZ
o |+ e %
2 4 %
5 9 %
ST 2
(53 > Z.
‘2 L

te. sum of four determinants,

We can generalise above as follovs -

I7 the constituent of the three evjums, P
terms resp., the determinant can e worrined g $t
£

m n p determinants,

*§ 15. If to each constituepr o
added or subtracted the equi-m,

Flxe af 20+ 7
sl the £

P
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constituents of one ov mare lines, the determinant remains

unattered.

(Nagpur 61 ; Mysore 59 ; Punjab 34, 37, 44, 46,515

Let 4=} o
aa

f3

Let another determinant 4° be formed by adding 2

by

Agra 60§ Dethi 57)

times

and subtracting ¢ times the constituents of 2nd and 3"2
columns respectively from the corresponding constituents a

the first column.
R

aytphy—qry

Oyt ply—qey

a+phy—qe,

by
A

I}

1
€z

€

By § 14 it can be broken into sum of three determinants:

@

by
b,

by
oy

a
Iy
qcy
qes by

ars by

o
€

Y

<
‘e

LY

+ phy
pby

rba
=4

by
by
by

3
€

€3

Now by § 13, the last two determinants sanish.

S d=| ey by

ay by

by

A
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In practice generally we can alter several lines of the
determinant without altering its value.
ay by ¢y [=| a-tpbytgey bitse,
a, b, c, as+pby+qcs  bo+scy I
ay by ¢4 ag-phg-t-gcy  byt+scy [

We can split the determinant in the R. H. S. into 3x2
determinants all of which shall vanish except

a b o
a ba €

ag by o
§16. If any rth line has been altered by means of
sth and tth paraliel lines, theo sth and #th cannot them-
selies be altered by means of that rth line, but we can

use the rth Jine to alter all other parallel lines except
rth and sth.

I d=; ay b ¢
a; by e,
as by ¢y
let 4=

a+pbitaey bytragtkse, o
@ytphe--ge,  byt-ra;fsc, ¢y
aytpbsoges bybragtscy o
A' can be splitted into 33 3==9 determinants. Out of

these nine, only seven determinants shall be easily seen to
be vonishing and the remaining two will be
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a b [+ phyoray o
a b oo Phy ray

a3 by 03 by rag oy
=A—pr A=A 1—pr)

s A4 breawse in sltening the fisst column, the
second column has benn used and again contrary to ouf
article above in altering the second column, the first has been
used and hence 434",

But d'==; m+pa bytaa I
aybper bybqay o
a3tpcs byt qay Cy

A’ can be broken jnto 2X2 ie. 4 determinants all of
which will vanish except.

o, by o J
a, by t,{

a5 by ¢
oo d=d

Here the 2nd column has not been used in altering the
first column, though the 2nd has been altered by means of
first,

§17. If those constituents of a determinant, which
favolye x, are polynomisls in x and if 4=0 when ‘a’
he substituted for x, then x--a is a factor of the defer-
minaat.

Now since the constituents of d involving x are polyno-
mials in x, then the expansion of 4 will also be a polynomial
in x and hence Iet 4, when expanded, give
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A=px P AP ot Par X P

But 0=pya®+pa"-1+pet™ 4 ...pa_y1+Pa (given).
Substracting,

d=py (x—a")-+py (X01—amT) - py (X2 amoR) o,

Py (x—a)
vhich shows that x—a js a factor of 4.

Similarly if the constituents of a determinant are in
erms of a, b and ¢ and by putting a=5b, the determinant
ranishes (c.e. any of the two parallel lines become  identical)
then (@—b) will be a factor of the determinant.

*Example 1. Factorize

1 a 2 jrf 1 11
1 5 8 a b c
[ ¢ ¢ a2 Bt 2

(Nagpur 30)
Ist Method.

Subtracting the constituents of 2nd row from first row,

and the constituents of third row from first row, i e. Ry —R,
and R,—R,, the determinant remains unchanged by § 15,
A=| 0 a—b a*—b* | Now take (¢—b) from

0 b—c b*—c? | first row and (b—c) from

1 ¢ ¢ 2nd row (§ 13).
A=(a—5) (b-¢) 0 1la+4b |Expanding with

0 1b4c |first column.

1 ¢ ¢ .
~(a=b) (b—c) | | a+b |=(@a—=8)b—c)(b+c—a—b)

=(a—b) (bc) (c—a)

. 1 b+c
2nd Method.

Here if we put a==b, then the first and second rows
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become identical and hence (a—b) is a factor. Similarly it
is easily seen that (b—c), (c—a) are also its factors.

. (a—b) {b—c) (c—a) is a factor of the determinant.
Now the determinant is of 3rd degree as js judged from
diagonal term, and the factors that we have found are also
of 3rd degree. Hence there can be no other factor in terms
of a, band ¢. But a constant can be a factor.

1 1 1 =K(a@—b)(b=c)(c—a) (A)

a b ¢ 1
@5 e |

Now in order to find k, we give a, b and ¢ such small
values so that on putting them in the determinant jts
expansion becomes easier. But care is to be taken in
choosing the values, lest the determinant may become zero
and the expression on the right also vanishes.

Leta=0, b=1, c=~1

11 1 [=K0O0=-D{+D{(-1-0)
o1 —1

01 1
2=2K; - K=L
Hence 1 1 1 [=(a—b)(h~c) (c—a).
ta b ¢

t a® bt et
The set of values, a=0, b==1, e=1 is not applicable
because both L. H. S. as well as R. H. S, vanish.
Note. Above is the gencral method of finding the
constant factor. The constant factor in the above example
could however ke found by comparing the co-efficients
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of be? (diagonal term) in both sides of 4, and you wnH find
that K=1.
Note. Now see just now Q. 2, 3 and 4 of stcc]lancous
Exercise at the end of the chapter Page 69-72.
*Example 2, Factorize.
A= 1 1 1 (Delht 54 2 Bsashay 58 ;
a b ¢
et B e
and find its value when a+-b4-¢=0.

1st Method.,
Proceeding exactly as in Ex. 1, by c,——

Azrz 455 Ph. 50)

P
4=| © 0 1 v *
a--b b—c ¢
B b P
d=(a—b) (b—¢) 0 0 e

e

1 1 P
afab 5% BT E
A==(a—b) (b—c) i -

T ‘

atfab it Pafei,t
=(a—b) (h—c) (B*+-beartey e
=(a—b) (b—0) [(c~a) triye T oyt

=(a—b) (b—c) (c~a} fersa,

2nd Method.

Just as in Ex. 1, (@£ 2,
a factor of above. Now r% ,_,
diagonal term ang hcr:.v [P
factor of first degres 4
factors found are of 3
TTTTTTIRE reswits of Lx TR
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factors found are cyclic. ", the remaining factors must also
be cyclic and of first degree. But a cyclic factor of first
degree in terms of @, & and ¢ can only be a+4-&-4-¢.
A=) 1 1 1 [=K(a~8)(b~c) (c—a) (a+bt¢
a b ¢
a 0%
Now the set of values a=0, b=I, c¢=~1 givenin

previous question is not applicable because R.H.S vnmsh:s
by substituting these values.

Choosing another set of values as a=0, b=1, c=2.
11 1 [=K(@0-1)(-2)2~0} (0+1+2).
¢ 1 2
01 8
6=6K; .~ K=I.
Hence) 1 1 1 )={a—b) (b—c) (c~a) (a+b+0).
a b ¢
(A’ b” l.’
Note. In case a-+b+e=0, then clearly 4==0.
*18. Multiplication of determi
(Nagpur 61 ; Venkateswara 59 ; Agra 36, 45, 60 ;

Pb. 40, 43, 46, 60)
Let 4=) o b o ,andd'=] o B %

ay ba € @ By 72

ay by o ¢ Bi %
Then dd'=D where D is the determinant below.
o dhifitar Geatbfitar: Gostbifitom
@aytBfi-teyy Osartbofytcary ”'“:+b153+f27'1
Tyay-FhaBycsyy  sartbsBat e Ggast%Bybears
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Now by § 14 the above determinant can be expressed
as the sum of 27 determinants, a few of which will be

dyay Groe Giog Moy b ey May &Y; bifs
001 ey Uaog May byfy Co7a ay C¥a Bafs
yay 0aa, Ggas Y, | @gay ByBy  Cy¥y 30y €5¥s B3Py
) 2) )
) =qam| o o o ’:0 (Identical lines).
a, a a, ;
i
[
@) =afs| o b Cn(
m b oy
ag by oy
G) =a¥eBs @ o by At SV
a, cg by a by, o
ag o by as by o

[on interchanging 2nd and 3rd columnsj=: —q,y,8,4.
Similarly it can be seen that out of 27 component deter-
minants D, 21 vanish whereas the rest 6 can be written as
arfz¥sdy —aiBs¥ad, —a.Bivsd, a:nid,
afyy2d, —agfenia.
Summing up these six determinants, we get
D=4 lay (Be¥s—PBas¥s) —as (Byrs—Bs11) +ay (Byy2—Bin))
or D=4l o By ¥ [=axd.

o B v
a By 7

»~  In the same way we can multiply the determinants
any order.  Another proof is given in 2nd chapter.



24 Determinants

By multiplying a row of 4 with a row of 4, we mean
to multiply the corresponding constituents of two rows and
adding them .e. multiplying 1st row of 4 with 3rd row of 4’

a by o, we get aaythifitarys

ag Bs ¥s or Zayay.

Hencc our rule of multiplication is as follows :

Take the first row of 4 and multiply i¢ successively with
1st, 2nd and 3rd rows of 4’ as explained above. The expres-
sions thus obtained will be constituents of the Ist row (o
order) of (D).

Then take up second row of 4 and multiply it successive-
ly with 1st, 2nd, 3rd rows of 4° as explained above. The
three expressions thus obtained will be constifuents of 2nd row
(in order) of (D).

In a similar manner 3rd row of (D) is obtained.

*Ex. 4. Find the value of

a*+4-Ar ab+4ca ca—br X A e ~b I

ab—c) B*+A* be-tad —c A a |

ca+-bx bc—ax A b —a A
(Agra 27, 47 Supp.

In accordance with the rule in the previous article, the
constituents of the first row of the new determinant wiil be

Ist constituent=y (a*-+2)+4-c (ab+ci)—b (ca—bA)

=) (@*4-b24-c22%).

2nd constituent=—¢ (a*+-12)+A (ab+cA)-+a (ca—~br)=0

3rd constituent==4 (2>+-A1%)—a (@b+cA)-A (ca~by)=0.

Similarly find the constituents of 2nd and 3rd rows.

S D= d (@b eta?) 0 0

0 M@ 0oty 0

0 0 X (@b ctpA2)
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Ebiminating v and = from above we get

= by €

s oby €y

by I

or x| b €
by €2

[ €1
Simularly y =

and =

§ 20. Notation.
‘We shall in the questions denote columns by C and rows
by R. Thus Cy, Ce, Gy, stand for Ist, 2nd and 3rd columns

respectively. Similarly Ry, R,, R; stand for Ist, 2nd and 3rd
rows respectively.

ayc—dy
AyXwdy
ayx—dy
o=

a

[

1=

|

by
by

" 3
b

[

[
by

by
by

Sometimes 1t is required while evaluating the determinants
to alter rows and columns.
Suppose we are required to add twice the constituents
of second row and subtract thrice the constituents of third
row from the corresponding constituents of first row; we
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shall express it as Ry +2R,—3R,.

_ Similarly C,—aC,+bC, would mean that subtract a
times column no. 3 and add b times column no. 1 from
column no. 2.

*Example 6. Evaluate

d=| 265 240 219 |.
240 225 198

219 193 181 (Agra 50, 53)

If we expand here directly, the expansion will invelve
Jengthy products and we are likely to commit mistakes.
Hence efforts should always be made to reduce the numbers
to lesser numbers and to bring in as many zeros as can be
possible in any row or column and then expand with that
row and column,

Apply C,—C, and C;—C, which in accordance with our
notation means that from the constituents of first column
subtract the corresponding constituents of 2nd column.

Similatly C,—C, stands for subtracting from the consti-
tuents of 2nd column the corresponding constituents of 3rd

s 4=] 265-240 240-219 219 l

240--225 225~198 198 t

219198 198-181 |81
=[ 25 21 219

15 27 198

21 17 181
We can further reduce the number in the above determi-
minant by applying )
) C;~Cs and C3~10C;
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4= 4 21 219-~10Q21) ,
—12 27 198-—-10(27)

4 17 181-1007) o
4= 4 2 9

~12 27 =72

4 17 1
Apply R,+2R, and R;— R, thus making two zeros in
column one

a=| 4 21 9 =4 90 —d45 '
0 90 45 ( —4 2
0 —4 2

=4 (180—180)=0
EXERCISE No. 1
Note. Before doing the questions, read Art. 20 and Ex.
6 very thoroughly, .
(1) Evaluate the following determinants :—

A= 43 1 6 Now A= 7.641 1 6
i
'35 7 4 7447 7 4
173 2 0 7243 3 2
Break into sum of two determinants each of which will
be zero because of identical lines. 4=0
(2) 4=| 1 w «* | nhere wisa cube root of unity.
w 1

ol w (Dehli 58 ; Allahabad 27)
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We know that if w is a cube root of unity, then
t+owtwt=0and ¢3=1 and wt=v’w=w.

“Apply c¢;+c. -+ and thus every constituent of ¢
becomes T4 wta=0, J=0.
(3) d=| a~b b-c c—a

b—c c—a a-b ,
c—a a-b b—r {Nagpur 33)
Proceeding as in Q. 2, 40,

* 4=} 1 a b+c . Apply c;tey and take
out a-+b+4-cand thus ¢y and

1 b c+a cs of the new determinant

become identical. .. 4=0.

1 ¢ atb | (Pb. 35)

(5) dA=| a+2b a+4b a+-65 | Apply Ry~—Rg

and R,—R; and
a-+3b a+5b a+7b thus R, and R; of
new determinant
a+4b a+4-6b a8 become identical.
S 4==0
or apply ¢;+c3~2¢,5 . 4=0.
*(6) Evaluate 4=| [ a a*~bc ,

1 b b—ca

i ¢ c*—ab

4=y 1 @ a* |- 1 a b (Art. 15)
1 & b2 1 b ca
1 ¢ ¢ ! ¢ ab | (Calcutta 61)
=/ 1 a a® 1 ’a a* abe | (Art. 13 Note [
~ abe
& & & ghe

&2
1 ¢ ¢ ] Icc’abc
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We have multiplied Ry, R, and R, by a, &, ¢ respectively
and hence divided 2nd determinant by abe.

Now tike ahe common from € of 2nd determinant and
make Cy pass over two columns and thus bec ming column
No 1 Hence 2nd determinant becomes same as Ist.

S d=0

(7) Evafuste J=, I o? o' | Apply QG+C+GC

and put  l4odol
w 1 e =0 and wi=ml then

\ expand. Jm3.
w?

(8) Baaluate 3=} 3 2 1 4
1529 2 14
16 19 3 17
333§ 8
(Azra £0 3 Pb. 40 3 Al 47

Apply (1 =305 G=2GC,. C=3C, and exard, thus pot-
tirg a drtermmant of 3rd orderan Wi arun app'y F, - R,
ard FyFyardarparduth Mrdgew L Lehh

*(9) Fealaste {2} 20-] 21 17 7 10
L S A ]

[ T |

Pos oty o2

ihezar 0% ANE %5 Hassras 4N

LIPETYINE 5 B Y O I DN R S Tt l AP MR IO T

£rest oy
FowlP 6 SN F 38, 7 2F,

Ereanap,ravsr wrw Toalettriepre 4y Totg T3
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S d={ =8 ~12 0 =2 |=—1 -8 —~12 =2 {=0.
6 -2 0 1 6 -2 1
-4 —6 0 -1 —4 —6 —1

5 7 1 2

Because the first and third rows in the above are identi-

cal, ie, each constituent of first row is twice of the corres-
ponding constituent of 3rd row.

(b) Evaluate | 3 7 9 6

8 4 5 8

6 10 3 5

6 2 9 8

Applying R,—R,, we get
A4=| 3 7 9 6

(Azra 56)

2 2 —4 0
7 0 3 5
6 2 9 8
Again applying C,—Cy. Cs+2Cy. we pet
A= 3 4 15 G
2 0 0 0 ;
i
7 3 17 5 i
6 —4 21 £

Expanding with the help of 2nd ros,
4:-25 4 15 o«

50z
| 4 v
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Adding R, to Ry, we get
d=—2 4 15 3

3 17 5

0 3¢ 14
=2 [4 (238—180)—3 (210—216)}
=2 (2324 18)=—-500.
Q. 10. Find the valae of
@3 1 0 38§ (@ |29 26 2

6 3 0 9 25 31 27
11 -2 36 3 63 44 40

19 6 17 22
(Arra M.Se. 55) (Agra M.Sc. 58)
{ay Apply C,—2C,, C,—3Csetc; A=9.
() Apply C;—C, and C,—C, and then in the new
determinant apply R+ 2R, and R,—JR, ete. 3 A=132.
*(11) Taalvate 4= 1 a? as-bed [
|
{

1 b bt {3 4cda
1 c I3 3+dab

1 d dt d*+abe
(Lucknow pass §4; Gorakhpur 59 5 Agea 32¢
Cal. Hons. 57 ; Patna 49 ; Rajasthan 53}
J= 1 a a* @ '+ 1 a ot bed |=D+Dy

0
b b 85| b b eda
lcr'c’)\lcc!dnb
l.lmmHld;Fnbr

Muttiply Ry, Ry By and R, of D, by a, b, ¢ and J
tespectively and hence divide the detzrminant by abed,
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Dl=,;7l,;a a at @ abed |=; a a® a1

. b b B abcd b b o1
¢ ¢ ¢ abed ¢c c* ¢ 1
d d* 4% abed d d* 4@ 1

=(=1) 1 @ at 2 |=—D, ., D+4+D=0.
1 6 b2 8
1 ¢ ¢ &
1 d & &

Hence 4=:0.

(12) Evaluate
! 2¢ e+8 oty a+d
I Bta28 Bty B4d
y+a y+B2r  ¥+S
§ 8+a S+B Oty 28 (Rajputana 60)

Applying C;—C; and C,—~C, and taking e—pgand g—y
respectively common from Cy and C, of the new determinant
we find that it has two columns identical and hence its
value is zero. (‘:'

(13) Find the valueof | 2 22 32 42
2 3 L2 5
3 42 52 62

4e 52 62 72
(Dacca 46 ; Mysore 49 ; Agra 54)
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Applying C~Cy, Co~C;, €, C, we get

4= 1 3 5 7 { Againif weapply C=G
!

45 7 9 | and Cy—C,, then colums
\
!
|

2 7 911 No. 3 and 4 of the nt¥
169 11 13 - determinant are identicah
4=0

‘(14)abc:ybq[=xyz
X » = xnp’:pqr

P g r’ z ¢ r a b ¢
(Agra 29 ; Luch. 45

To prove this you have to change rows into columns
and some more movementy of lines (At 6, 7).
(15) ab ¢ 0 (= ~a & ¢ 0

b a 0 ¢ b ~a 0
c0ab } e 0 —~a b

O ¢c b g n ¢ b ~a

Multiply the first and fourt &:nlumns by (~1yand
divide the determinant by (=12 iefby 1.
© d={ ~a b c 0 | Nowtake (—1} commot
from R, and R, each.
~b a 0 ¢
~c 0 a b

¢ e bun






36 Determinants

*ANd=| Brd a o o [=( 1 a® o of
via B B £° 1 g BB
Saf ¥ ¥t P I
y 560 s | |15 8 8
af | (Punj':\bu)

Proceed as for D, of Q. 11 P. 33.
*(18) If ue=axt4-2bvptey? and o'=a'x?4+2bXy+CI0
proye that

d=! 32 —xp x* |=| ax+by bx+ey

ax+by Bty

! u W

o

actlby ax+by
Multiply ¢; and ¢y by x any » resp. and hence divide d

by xp.

1| x3* —xp aty Apply o +yc and G357

X
s ax b L5 !
ax b ey ’
T TP Expand with 208
T . | column.

ax+by b brdep
as+by b Wxte)y
=} acd-by bty {

x4 by Bxdet
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___1‘ ax4-by bxy4op? Now apply C;4+-xC,
3 ax+by byt
=1l ac+by a2y fopt P
? a'x-+ by  aN42U xp4ey? }
=} ax+by w1 av+by ax+by l
) a'xt+by o l ! u u
1 u o We have changed two
=7 adjacent rows and hence
ax +by a r+by ~ive sign.
*(19) 4= a av+by t=—(ac—-b% (m?
+2bxy 5.
b c bx+tcy (Sagar 49 ;
Agra M, Se. 52;
ax+by bytcy 0 Nagpur 61)

Apply Ry—(xRy+yR,) and expand with 3rd row of new
determinant thus obtained.

{20) 1Ir n==axt+46x34-6cx24-ddxt-e,
xt4-2hv+4c,

e ==bx24-2ex4-d,
“22=C\’1‘2(I"+('
prove 4='a b c thy |=—u a b ¢
b ¢ d s b e d
! c d e s ¢ d e

! tyy Mg My O
Substitute the vatues of wyy, e and .y 10 4
Apply Ry—(x2Ry+2xRy+ R;) thus getting three zeros in
4th row of the new determinant thus obtained.
(21) Prove that -a? ab ae is a perfect

square.
ab —b2 be a

ac be  —c?
{Aora 41 * Couhiaty ¥inne ASY
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Take out a, band ¢ common factors from ¢y, £s 3“.‘“5
respectively and then in the new determinant thus obtaine
make two zeros. d==a?b%?

(22) Prove a* be  ctfac |=datbc?
az+tab b2 ca
ab  prybe @ | (Mysoredd)
Taking q, b, ¢ common from Cy, C, and C, sespectively
d=abc a ¢ ate | Apply C+C—GCr

a+b b a

& btc c
A=nbct 0 ¢  age =2ab%|{ 0 ¢ atec
26 b a 1 b a
j 2 bte ¢ 1 bde ¢

Now apply R,~ R, and expand etc.
@3) Prove | @ b ¢ =adBSpci—3abe.
a~bb—¢ c—a
btcectaats (Agra M.Se. 57}
Applying Cy+ Cy+Cy, we get
d=(a+bte)] I b o
0 bec c¢oa ’r
2 cta atb |

.~ O can be written as @ {a+b+c).
Apply Ry—2R, and expand with column No. f.
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(24) FProve atpr c =dabc.
[4
b2 c?
a L
a
b s O

(Vikram 63)

Multiply Ry, R, and Ry by ¢, @ and b respectively and
ience divide 4 by abe.

1 a4 ¢ c* Now make one
A= zero in column no.
a® B+t a* 2 by C;—Cy and
then expand.
b B cttat
*(25) Prove d=ja—b—c 2a 2a =(a-tb+c)®

2 b—c—a 2b
2¢ 2 c-a—~b
(Mysore 65 ; Delhi 59 ; Rangoon 50 ; Alid. 37)
Apply C1—Cy, C;—Cs.
d=(a+b+c)* | ~1 0 2 Now apply
Ry Red- Ry
1 -1 26 jand expand.
0 1 c—a—b|
(26) Prove atbtne (n-1)a (r-1) b
(-1 ¢ btctne (n—1)b
(n—1) ¢ {n—1)a ctatnb

=n(a |
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Apply C,4-C,+C, and take out n (a+-b+0) commo:
from C; of the new determinant and then make two zeros 1
C, and expand,

*27. (a) Prove 0 Xy oz |=(ax—bte
—x 0 c b
-y —c V]

1
Cal. Hons. 5
l —z —=b —a 0 ( Raj. 571
0 ac y z Apply

| —x 0 ¢
! -y —ac O a
’ ~2 —ab —qa o
A:l ’ 0 ax—byte: y z
a
—x 0 c b
—¥ 0 0 a
-z 0 —a 0

Expanding with C, and hence —ive sign. |
A=__ax—~b‘_:-+c: -x ¢ b ;I':rlr\l;l(o"n )wﬂ
—y 0 a | C
-z —a 0

Now you may expand the determinnant
J__ax-—br-;-c: X ¢ b =a)r—ﬁa:--i—c: ax ac

y 0 a » 0 4

T —a0 z -a ¢
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Apply Ry~—~bRa-+cR, etc.
) 4 ) 6 X J=(x—2p+42)%
5 6 7y (Luck, I'ass 55 5
Bombay 58 ;
] 6 7 8 z Sagar 50)

X ¥ z 0 s
Proceed exactly as in part (@ ie. by applying
C;—2C,+C, ete.
(28) Prove 1 i 1 1 I’:nhc.
t I4a 1 1
\ 101 14b 1 ]
1 1 1 l+4e¢
Make three zeros 1 C; and expand 1 e. Ry—Ry, Ry—R,,

Ry -Ry.
29 d=| 1 a a* 0
0 1 a a
a 0 1 a

a at ¢ 1 (Dacca 43)

Apply Cy+C,+C3+C, and take out the common factor
1+ata2

A=l+4a+a* | a at 0
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Apply Ry—~Ry, Ry— Ry and Ry—R,.
d=Il+a+a? I—a a—a? a*
~a 1 —~a a
a*~a —at 1
Apply Ry—Re+ Ry
=1+a+a?| |+a*—a —~(ltat—g) l+a’—a
~a l—at o
at—a —a? 1

Take out {4a*—a common from R,
A=[(1+a%*—a?] -1 1

~a 1—a*

a
a—a  -u* 1

Now apply Cy-+C, and Cy—Cy and then expand.

*(30) Prove

1 4a?~b2

2ab

2ab ~2b

~(l+ar 59
l—a?+b?  2a

26 ~2a 1~a?—5 (Pb. 39
Apply C;—5bCy and Cy+-aCy and take out (1+a*+b?
each common from C; and C, of the new determinant thus
obtained.

A={l+a>+bx2] 1 0 —26 I Now expaod.
0 1 2a
b —a

I—a?—b?
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*(31) Prove

—a (b e2—a?) 26 2c3
2a° —b (2 4a?=bY) 2
2a% 288 —c (a24-b2—(?)

=abe (a2+ b2 c?)}
Taking a, b, ¢ common from C;, Ce and Cy respectively,

=abe] a*—br—c? 2b* 2c?
2a? b2—ct—a? 2t
2a? 262 2—q% —b?

Apply R,—R; and Ry—R, and take (a%+52-+¢?) each
common from R; and R, of the newdeterminant thus obtained

and then expand,
(32) Prove a b c d |=(a*+ b2+ c34-d3)t,

~b a —d c
—c d a -b

—~d ~c b a
(Cal. Hons. 55 ; Punjab 64 ; Banaras 57)

A=;I, a* b c d ;
~ab @ —d ¢ :
—dc d a —b
—ad —¢ b a
Apply C1+4-5Cy4-0Cy4-dCy.
' a*4br4ctd? b ¢ s
=5
0 a —d c
0 d a ~b
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_@+b4cdd] @ —d ¢ | Now expand.

a
d a ~b
~¢ B a
*(33) Prove
a b ¢ d it

a at+b  atbic a+-bted
a 2a+b  Sct2bte dat3b+le+d
a dath  Ga+3btc  10a+6b33c+d
Apply Rs~Ray Ry Re. Ry—R,.
d=a | a+tb atb+te
1 2adb 3a4204c
! 3a+b Ga+3bfc

Agamn apply Ry - Ra, Ry—Ry and then expand.
*(34) Find the value of
A=t 1 { i ! 1

T2 3 4 5
1
t

I

[Z I SR
o
]
=]
w
s

15 35 69
(AMahatad 51 £ Agra 43

Apply Ry~Ry. Ry =Py, Ry~Ry, Ry—R, and expand with
Ist column.
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d=] 1 2 3 4

1 3 6 10

1 4 10 20

1 5 15 34
Again apply R,—Rs, R3—R,, R;—R, snd expand.
4= 1 3 6

L 4 10

1 5 14
Again apply Ry Rn, R2

P Lo,
1 4 |

35, (a) Prove that
sint 4 simAdcosAd cos?Ad |=-—sin {d—B)sin (B—-C)

sin (C—4)
sin? B sin Bcos B cos* B

where A+4-B+C=m.
sin® C sin Ccos C cos2 C (Punjab 60)

Applying Cy+- €y, We get
4= sint A Ysin24 1 [ v sin?x4cos®x=1,
sint B isin28 1

sin® ¢ }sin2C 1
Apply R;—R, and R;—R; and note that
sin C—sin D=2 casc%'e sin C—;’-
sin? A—sin? B==sin (A+B) sin (4 —B).

Sod= sin® A 4 sin 24 1L

sin (B+A) sin (B—dA) cos (B+A) sin (B—4) ©
sin (C+ ) sin (C—A) cos (C+A) sin (C—dA) 0!
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Now sin (A 4B)=sin (z—C)=sin C

and cos {A+B)=cos (w—C)=—cos C.
d=sin (B—A)} sin (C—A4)| sinC —cos C
sin B —cos B

==—sin (4 —B) sin (B—C) sin (C—4).
(Vikeam B.Sc. 59)
35. (b) Prove that

1 i 1 ca—~B . By . YT
=4 sm—2— sin 55— sin‘z

sine sin @ siny

cosa cos B cosy
Apply Cy—~C,, Co—Cy and expand
*(36) Prove the fonowlngidentities -

Xt 2 2 Xt g

¥z ozx xy X 3% By -
(Delhi 40. 58 ; Cal. 46 ; Pb. 48, 59 ; Agra 62}
Luck, 49 Supp. ; Uthsl 50, 6
Multiply Cy, C; and C, and x, y and z respectively and
hence divide the determinant by xpz.
e o apz| a2yt o2t
Txm =3y
xl }.l :: x: )B :3
b oxps s x2
=(=121 1 1 1 J(Ar.8)=} 1 1 1

xz 33 =2 xt 3% z*
. ~ .
AN -] IR
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Now proceeding as in Ex. 1, 2, P. 19, 20, / e. by making
two zeros in first row,

4= 0 0 !
X2y g2z 2?
LS L =3
==y y—2) Xty y+z '
! Ebxy 4yt yiyyztst

Again applying C,—Cy, we get
={x~y) {y~z2) x4y z—X

XE4xy+p? (=20 Fy (2—x)
=(x—y) (y—2) (z—%) X+y 1 ,

Bfxybyt xAydz
=(x=p) (y=2) (7=—X) (X +3)>+2 (XL 3)— (32 xp+)7)]
=(x=3) (y—2) (z—x) (¥ +yz+2x).

BN A=| a bte & |=-(a+btc) (a~B) (b~e)
X(c—a).

b cra b
¢ atb c* (Patna 23)

Apply Cat-Cy and then interchange C; and ¢,
=e(atbtc) 1 a at etc. from Ex.1 P. 19,

t b
1 e
(38) Simplify
a a1 =] e ¢ 1 or Di D,
& 1 b1
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Now by Ex. ! and 2 pages 19 and 20 factors of D and
Dy are (@a—b) (h—c) (c—a) (a+b4c) and (a~b)(b--c)(e—a)
respectively | . D—Dy=a +b+c.
(33) Factorize
d={ a b ¢ =abc| 1 1 3
a® b2 ¢* a b ¢
ad i3 3 az bt c*
==abe (a—b) (b~¢) (c—a) Ex. 1 Art. 17 page 19
Note.  See just now Q@ 6, 7 of Misc. Exercise.
(40) If x, y and z are all different and given that
=l az 123 (=0, prove 1£x)s=

L N 142

H = 1422

{Nagpur 30 ; Annamalal 38 1 Agrd 9
‘)"‘ © X a0 x3 A
J 32 1 ¥y 3t 3
kS =3 1 - Il .3
] 1 a4z 1 x o
H 3 37 1 ¥ 52

1 : I H =t
Herce by Lx 1 Art. 17 page 19,
B A A NI R CEE R R R S X
Bt becanee ¢, v and 2 are all ifferent.
Sotaetter ol xey, s —~zand zex i3 sero.
Hrree fos vazsD,
(AN M s, band € arc all different and plven that
b g gl el e ghe (A b eN)ma b B FE

bt
§

LTS B
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Proceed as above and use Q. 36 P. 46 and FEx. 2
Art, 17 P, 19,
{42) Prove that
4=} a b ¢ d [=(a+bte+d) (a+d—b—c)
(a+-c—b—d) (a+b—~c~d})
b oad ¢

Ortho-symmetric determinant.
c dab

(Lnck. 46 ; Ph. 42, 46 ; Nag. 50 ;
d ¢ b a Cal. Hons. 60 ; Delhi Hons. 65)

Applying Cy+Cy+ Cy4-Cy, the new column number one
shall give a--b-+c+d as a factor of 4.
Similarly applying Cy+C,—Cs—C,, we find that
a+-b—c¢—d will also be a factor.
Again applying €y +Cy—Co—Cy, we get
a+c—b—d as a factor
and applying C,+C,—C,—Cs, we get
a-+d—b—c as a factor
S Aatbtct-d) (atb—c—d) (@+c~b—d) (a+d~b—c)
15 a factor of fourth degree of 4 which is also of the 'same
degree.  Hence any other factor may be some constant K
whose value is found to be unity by comparing the coeffi-
cient of a* the diagonal term.
*(d3) (a) Prove that
—2a a+b c-a =4 (b1c)(c+a) (a+b).
bta ~2b bie
cta e+b —2¢
{Alld, 37 ; Patna 42 ;3 Luck. 46 Sapp. ; Utkal 48)
Expand directly or refer Ex. 1, 2. P. 19, 20, 2nd Method.
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If we put a+5=0 i.e. b=—ain the given determinatt
and expand it, 1t vanishes, showing that a-4-b is a factor
Similarly b+-c and ¢+a are also its factors.

A=k (a+8) (b-+c) (c+a).
In order to find &, put =0, h=1, c=1 in both s

gwing §=2k ; k=4,
(b) Prove that .
" btc a-b a ‘=3abc—a’——b"‘
cta b—c b !

a+b c—~a ¢ t

Applying C+C; and taking a-+b+c common,
1

1

d=(a+b+c)

1

a—b g Now make 1%

ze10s by Ro—F1 ‘"3
b—c b R,— R, and expan®
c—a ¢

d==(a+b+c) {~(a*+b*+c2—ab—bc—cal}
=—(a"+b*+-c>—3abc) etc.

»
x

]

vz} (2
= (¥bpz) (5 ;3«; ; i

(Agra 33 ; Rajputsnd 5

Proceeding exactly as in Q. 42 P, 49, we get

M) jo x »
x 0 z
y z 0
Ty x
4=[ 0 x y
x 0 =
y = 0

z oy

X

¥
x

0

= K (g z) (2 =)
R Gyt
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1t is easy to find K, by comparing the coefficients of x¢
in both sides of (A).
Expanding 4 only for x,
~al x z y |+two other determinants which shall
not give x*
y 0 x
zx 0
=X [x (0—x2)-}- — -+ —]=vi+other terms which shall
not be of ¥i

the coefficient of x* 15 unity whereasit is —~K on
the R. 8. of (A).
Hence proved.

5 ] 0 11 1 f=—(x4r+42) (xHr—3)
(+x—y) (+2—x)

1 0 2252
1 22 0 a2
13 52 0 (Rajputana 49)
Applying Cy—C, and C,—Cs, we get
d=} 0 1 0 0 |=—| 1 22yt
1 o ot 3 1 =z xle.z?
o227 —x® x3zt 1 xt—)r )2

T a2 ataa? —y?
Ac-un apply I‘, Ry and Ry—Ry.
Rt e (3140t —at)gy 2
Jof st 2
=02t a2 g 2p7) (7231 22)
= {(rpr)r— 2t {0 — X ctc. as given,
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*(46) Prove that

i 4 =B G i: a boa f
§ — Ay B, ~C a, hy €2
| Ay —B, Cy a; bs

-
where capital letters denote the minors of the :orreSP“"ﬂ’

small Ietters in the determinant on the right. (Agra B. -
Denote the two determinants on the left and ng?lt

D and D respectively ; then c,

DD'=| aAyhBy+6,C, aydi=bBytesCy  OsArbiBite™

iy Ag-byBemtyCo iy AstbyBmeaCy ~0s At BBeEC

OB B Gy pdybaBet s @Ar-brBst oGt
which by the result of artecle 11 on P. 10—-11
={ 0 0 0 {=D73

o D9

(U1

I DD =D
or D=D, .
Similarly with the help of arlicle no. 11 P. 12-13 ¥

<an prove
@ A By G = a B O

Ay B, Cy a, b, L

Ay By G, ay by 6
where capital Ietters denote the cafactors of the correspond”
ing small letters of the determinant on the right.

(Bihar 66, Pb, 31, Madras 38, Annamalai 38, Luch. i

Suppl, Caleutta 55, 61, Delhi Hans 63, Agra 42, Dacea 85

Sagar 65, Aligarh 49, Bam 51, Nag. 51, 55, ATl 5.
Note, Sce also Q. 67 P, 63and Q 28 P. 96.
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s ryos {x ¥ p z | which on multiplying#
y z x y z x
Xy z x y
=] Ixt Zxy Zxv y=| 2 ut w2 )
Zxy Ix? Zxp ‘
Zxy Txy Ex* wow o
A s L L BT

and Zxy=xy-tyztox==1.

(50) If w is a cube root of unity, then shaw that squié
1 o of o [= 1 1 =2 |
o @ oWl o -2
P -2 1.t !
@ 1w e -2 1 !

5
(AN, 27 ; Teavancace 43 3 Nagpur 50
and hence find the value of the determinant on the L. 1. §

5
Replace o' by !and remember |+ w+w?=0 Let ¥
denote the determinant in L. H. S. by 4.

Sod=l e W gk e e ]

@ w1 { w ] i
«*l 1 o w1 1 @
Il o w? 1 1w W

First constituent of first row in product determinant
=ltadtatpl=14otbwd-l=]-p0=1.
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In a similar manner find other constituent of first row
and other rows and we get
A= 1 1 =2 1 App]ying R.—Ry, Ry+2R,
and R,—R; and then ex-
1 1 1 -2 | panding, we ﬁnd that

A-—
-2 1 1 1 —-3\/ ‘3.
I =2 H 1
(51) Find the value of
d=j I, my m
I, my n,
L my m (Pb. 60)

where L2+ nn24m2=1, etc. and Lo +myny4-ryn.=0, ctc.
Lre=l N, my omp X' L ompom
b

ly my n, f, I my n,
Iy my ng i Iy my ng |
= B Shl, Shly (=] 1 0 0 =1
Shiy 212 ZLis [N ]
Ihiy 2hiy X 00 1
Sood=21

*(52) Trove that
a4-ib ctid |x a~—if p—i8
| ~—c4-ld a—ib ‘ —y=i aiB
€an be written in the form A—iB C—iD ‘

~C—iD  AiB
{Agra 28, 34 ; Trarancore 47 ; Cal. Hons. 60)

On multiplying, the first constituent of first row in
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determinant witt be
(a-+ib) (a~1B)+(c+id) (v—id)
=aa-+bB4-cy-+d8) ~i (af—ba-tes—d¥)
L ~ 2 L v —_—

= 4 —~i B
Similarly 2nd constituent 1s
(@+1b) (~y—i8)+(c+id} (e+iB)
= —ay b8 ca~dB~i (@5 cy—cf—da)
[ e ——
= [of —i b
Similarly the constituents of 2nd row can be casily
found out to be
~C—1D and A+iB
a+41b c4ad X aifl y—i§

= A—iBC—=il f
—c4ud a—ib ' —y—18 atiff I-—C-—iD A+iB
where 4, B, C and D have the values written above.

Expanding these determinants, we get

(@34 b2 4-d?) (03 By )= A3 B CP DY
which shows that the productof two sums each of fout
squares ¢an be expressed as the sum of four squares.

Hence express

(9% +2%4-314-4%) (52462172 4-8%)

as the sum of four squares.

Let a=9, b==2, ¢=3, d=4 and a=5, p=26, y==7, §=8-

Then A=pa+bB+cy+di=110.

Simifarly ~ B=40, C==56 and D=48,

(91+2x+3|+4:) {51462 4-724-8%)
=2 (110 4401 . 561 4 481y
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(53) Express as a determinant

4= 0 ¢ b
¢c 0 a
b a0

d=] 0 ¢ b |X] 0 ¢ &
¢ 0 a c 0 a
b a 0 Vb oa 0

=) b4 ab ac
ab c4a* be
ac  be at4b?

(54) Prove that

Arbyrpar 2ax4-xy 2ap4xE f=] @ Xy
2axt-xp  a*42x*  2ax4xp X o x ;
2(1}'-,1-:(’ 2ax-fxy x‘+y’+a‘-’ y x a }

After multiplyi a x yp | by itself, we get determi-
piying nant on LHS.
X a Xx

y xoa
Hence proved.

(55) Prove that] 2bybey cb3a 2a+3b
2by+6y  cot3ay 2ay-i-3by

v o2betes epbdm 20430
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is a mulfiple of the determinant

a; b, ¢ |and find the other factor.
a; b, o,

o by o (Pb. 46
It is easy to see that

d=) a b ¢ [x] 0 2 1 ctc,
a by e 301
ay by oy 230
Hence the other factor is z 0 2 1 jen 13,
301
230

Solve the equations

(56) A=| a @ x [=0. Put x=gand b and you find
that 4 vanishes because O

nmomom identical fines. Hence a an
b are roots of 4 which is 0
b x b second degree 1n x.

(57) 4=) 15-2x 1 10 |=0.
-3¢ 17 16
T—x 14 I3

Apply R;—2R, and R,—3R;.
A= 1 -17 -—16 [=0.
-10 -25 -~23

7

- 14 13
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Again apply C3—C, and then make two zeros in C, of
the determinant and expanding, we get x=4,
(58) x¥—2 2x-3 3x—d4 |=0
x—4 2x-9 3x—16
x—8 2x-27 3x—64 | (Agra 35, 51; Luck. 48)
Applying R,—R, and Ry—R,, we get
d=) x-2 2x—3 3x—4 |=0.
-2 —6 —12
—6 —24 —60
x—2 2x-3 3x—4 |=0.
1 3 6
1 4 10
Applying C3~-2C, and C,—3C, and thus making two
zeros in row No. 2 of the new determinant and expanding,
we get x=4.
(59 | 4x 6x42 8x41 |=0.
6x42 9x4+2 12v
8x+1 I2x 16v+4-2 (Agra 33; Luck. 50)

Apply Cp—1C, and Cy,—~2C;.
=0

d={ 4y 2 1 Now expanding with

third cotumn, we find
6x42 ~1 -4 xa= =18,

Sxfl —3 0
*(60) 42 2x43 34 =0,
2x4-3 3x44  dxt5
3vgS  Sy48  10v+7 ('b. 37, 49)
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Applying Ry~ R,, K;—R,, we get
d=(x+1) (x+2) | x+2 243 3x+4
1 1 1
1 2 6
Now apply C;—C;and Cy~-Cy ete. 7, x=—2, =1 =l
*(61) (a) Show that x=2 is 2 root of

4= x —6 —~1 =0
2 —3x x-3 and solve it completely-
.
L 2v x+42 (Agra 48; Raj. 48)

Applying Ry—R; and taking (x~2) common, we get
Ad=(x—2) 1 3 -1 Now apply Ca—3Cu
Cy+Cy and expand.
2 ~3v x-3

—3 7 2 x2
d=(x-2){ ~3x~6 x=1 (=(x=2)(x—1
(x-2) x x (v )((\—S,l—-!5)=0'
249 x—1

Sox=1,2, -3
{b) Given a-}-b+4¢=0, solve
a—x c b =0,
¢  b—x a |(Burdnan 64; Karnatak 623

Agra 61; Bombay 48;
[4 a c—x Venkateswara 59)

Applying C,4+C,+Cs and putting a-+b+c=0 and
taking —x common, we get
—x] 1 c b =0. Applying R,—R, and RKa—Aups

I b—x a

1 a  ec-—x






62 Determinanis

(4} Sohe the following equation
1 2 ~3  (x~5) (=0

1 4 9 (x—5)2
1§ =27  (x=5P
1 16 81 (x5 (Lucknow 65)
Apply Ry—Ry, Ry—Ra, Ry— Ry
A= 1 2 =3 (x~5) =0

0 2 12 (x=3) (x=3)
0 4 =36 (x—5)* (x—6}

0 8 108 (x—5)3 (x—6)

Expanding with first column and taking out common
factors we get

A=2X 12X (x=5) (x—6) | 1 1 1 =0
2 3 (v=3)
4 9 (x—=5p
Apply C;—C; and C;—C;
A=24 (x~5) (x—~6)} I O 0 =0
2 =5  x=7

A4 5 (v=T) (x=3)
d=24 (x—5) (x—~6)x 5 (x—7); —1 1 J=0
’ 1 x-3
120 (x—3) (x—6) (X—=7) (—x+3—1)=0
= 120 (x—2) (x—5) (x—6) (x—T)=0
=2,5,6,7
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(¢) Show that the equations!

ayx3-byx-tc,=0
@ax?f-byx =0
possess a common root only 1f
4 b ’ by o [t ‘Px
a b, b, ¢ D ay e | (Lucknow 65)

If & be the common root then
ma2+ba-t-cy==0
aya®-Fbya+tcy=0

—— e

ThiCa=byty Cylly—cott” arby—ashy

S (a@— ) = (bica—baer) [CXETAN

a o =\ a b l b o {

or i

a, a, by by ¢y !
62 Solve :—x {-p+z=1,
ax+by+cz=K,
atx+tbrytctr=K2
(Delhi Hon,s 63 ; Pb. 61)

Byart. 19,51 1 1 1 (= 1 I 1
a b c K b ¢

‘a2 bt e? K2 b2 e
x (a—b) (b—c) (c~a)=(K—b) (b—0) (c—K)- [Ex. 1, § 17).
_(K—h) (b—c) (c—K)_(K-b) (c—~K) (. 19)
=@=b) b—0) (c—a) @b =@ ’
(k=P (K=0)
(a—b) (a—c)"
Similarly write the values of and z by symmetry.
(63) Solve:— axt+hytez=K.
atx4-biytez=K2, {by Art. no. 19)
x4 b+ =K
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xta b ¢ = K & ¢

—b) (b=c) (c—a)=Kbe (K—b) (6—c) (c—K)-
or  xabe (a~b) (b—c) (c~a)y=Kbe (K~—8) (b(E?,(]cArt. -

. x=§lﬁ+€)(y\§). Similarly write the values of )
and z by symmetry.
(64) Solve s— Xty otu=l,
ax4-by4-ez-du=K,
Y4B crz - du=K?, (by Art. 19
a’4\+b’y+c’:+d’u=l\’.
wp o1 1 1 I (= 1 1

a b ¢ a a & ¢ K
at b ot a B o K
Kl

@ B oty p
or #{a—b) (a~c) (a~d) (b—c) (b—d) (¢~—d)
=(a~b) {a—c) (a—K) (b—¢) (h—K) (¢—~K)-

(1—-K) th=K) (c—K)  (K=a) (K- D) (k=0
(@—d} (b—=d) (c~d) (:I-a) (d=5) td—0)

Sou

Similarly write down the values of x, y and = by symme-
try [See Q. 1, P. 69 for factors),
(65) Solve :— XAg-ybzd ue K,
axbyptezbdu=K3;
LR R Sy L)
QoL b 032 F Pres KO,
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K{(K—a) (K—b) (K—¢)
d—ajd—b)(d=c) '
(66) Solve :— x42p--32=6,
2x44yfz=T, [x=y=2z=1]
3x4+2y4+9:=14.
67 If (f2—bc) x+(ch—fg) y+(bg—f) =0, . (1)
(ch—fg) x+(g*~ca) y+(af—gh) z=0, .(2)
(bg—1If) x+(af—gh) y+(h*—ab) z=0. ...(3)
then show that  abe-1-2fgh—af 2—bg?—ch?=0.
In order that the three given equations may hold, then
by artical No. 2 the eliminant
. f2—be ch—fg  bg—hf |=0. ..(4)
ch~fg g*—ca  af —gh
bg—hf af—gh h2—ab
Consider| a h g
h b S

g f ¢
Minor of a=A=>be—f2. Similarly B=ac—g? C=ab—h?
F=af_gh, G=hf—bg and He=ch—fg.

Hence determinant (4) becomes

Proceeding as above, u=

~

—A H —G [=0
H B F
-G F =C

or A —H G |=0 or by Q. 46, P.52.
—H B -F

G -F c
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a h g P=0; a kg 1=0

kb f b f

¢ g fc

Expanding, abe+2fgh—af *—bg*—ch*=0.

(68) Find the condition that lx--my-+nz=0 may B¢
satisfied by (a,, &,, ¢,) where r=1, 2, 3 and show that i1
the same as the condition that three equations ayx-+by 4%
=0may be satisfied by (/, m, n).

Since (ay, by, ¢) for r=1, 2, 3 satisfy Ix-my+nz=0.

S advbgmtopn=0,
@yl 4-bymtcn=0,
aaf+bym4-cyn=0. .

Eliminating I, m, 1 by article No. 2, we get the required

condition as

a by o i=0. ()
9y by Cs
as by s 1

Again since a,x-+b,yf-c,z=0 where r=1, 2, 3 are s8¢
fied by 7, m1, 1,
& a4 bmton=0,
ay+byten=0,
ayl4-bgmi+czn==0.

Again eliminating /, n1, n by article No. 2, we get the
condition as

ay by e |=0
a, b o,

a b
which is the same as condition ().



Elementary Properties of Determimants 67

(69) Find A when
ax+hy+g=0,
hx4-by+4f=0,
gxX+fyde=2
or ax+4-hy4-g=0,
hx4-by+f=0,
gx4fyfe—A=0.
Eliminating x, y from above set of cquations, we get
a h g+0 =0

b f+0
g f c-A

ot ah g |+ a 0 |=0.
kb f b0

g foc g f -
(abe+2fgh—af *—bg1—ch?)—A (ab—Hi*)=0.
_ abe+-2fgh—af2—bg?—ch?
A= ab—h?
(70) Find K where

Lx+4my+mz4p =k,
14 mey-t-nyz4py=0,
Iyx4msy+-nsz-tp,=0,
Iix-+myy+uz+p,=0. Proceed as above.

K={ o myong py |5 Loy omy
I my ny, ps ly my mg
Is mg ny pa ty mg ng

Lo omy ng py
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*(71} Eliminate a, b and ¢ from

a b c
YEpe YA TTas (pb.38)
a—~bxtex=
—ay—b+tey=
z—bz~c=0.

Ehminating a, b, ¢ by article 2, we get

1 —x x (=0. Expanding *¢ g;i
1 xytyza=t
-y —1 ¥
z -z -1
*(72) Having given the equations
X=cp+bz, y=aztcx, s=bx+ap
where ¥, v, z are not all zero, prove that
at+-b34c2 - 2abe=1,
x3 ve Pl
T=E SRS ie (pb. 45, 60
Rewriting the above equations and eliminating % ¥+ -
we get
1 ~c —b |=0
c -1 a
b a —1
or @b e 2abe=1 (on expansion) A0
d of

Again solving the first two equations by the metho
cross-multiplication, we get

X » =
ZaeshT ThisaT i e
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. x* 3 ot
Sauaring, e T, ST e b (=

Using relation (1), we get

x* v =
1—a*—c2q-a¥c?™ J—bimcit-b%c? (1—c%)?
x? bl =2

=) (=)~ (=69 1~y =
Cancelling (1 —¢?) throughout the denominator, we get
the required result.




MISCELLANEOUS EXERCISE

Q. 1. Prove that
1 1 1 1 =fa-b)a—c) (@~ (-9
(b—d) (c—d).

@ B 3 B
(Agra M. Sc. 57 ; Pb. 39, 44 ; Sagar 66)
Putting a=b5 and so on we find the following factors :=
(a--b) (a—c) (a—d) (b—c) (b—d) (c—-—d). the
of sixth degree of the given determinant which too is 0! ot
same degree. Hence. if there can be any other factor tha
must be a constant X ; bt}
=K (@a— —¢) (a—d) (0%
11 1 1 K (a—b) (a c)(g ) h

a b ¢ d

a b et 2
@ b 3 @B
Comparing the coefficiect of diagonal term c** we find
K=1.
Q. 2. (3) I a, B, 7,5 be the roofs of a biquadratic
Sr stands for a*+f4-77 457, then prove that "
So S S, =(a—B)? (a—y)* (a—8)* (B~
o 51 S & I=(a—p? (a—v) Lﬂ( ﬂ-—)B)’ s
S1 8 S S,

S; S5 S S

and

Sy Sy 5 -5,
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Replacing a, b, c and d by q, B, ¥ and § respectively in
Q. 1, weget

=(a—B)% (a—7)? (a—8)* (B—~7)? (B—8)? (y—3)}

where 42— 1 1 1 1 N S S B |
a B v & a B ¥ 38
ot proyr o8 ot B oy oo
o BV EL ] & s

By actual multiplication of determinants and using the
given notation Se=af -8 +3 48" i €. Sy=al-L P -+y2+5tand
So=a® @ +90 4-80=2 |- 14- 1+ 1=4 etc., we get the given
determinant in L. H. S. Hence proved.

(b) Prove that

3 at-bte abrycet Jor] 55 5 5

atbie atybiaer av4biye ENCAR

QB A B30 @t bAet Ss
=(a—b)2 (b—c)z (c—a)*. (I. A, S.58; Bannras 38)

4= 1 1 1 1 1 1 6 etc
a b ¢ a b ¢
at bt c? at b ot “[Refer Ex. 1P. 19]

Q. 3. (a) Prove that
H | 1 1

‘ a b ¢ d
% at b &
i a B & d
={a—b) (a=¢} (@—d) (b=c) (0—d) (¢~d) (a+-b-tec4d).
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e last facte!

The first six factors are found asin Q ! and the "

(a+b+c+d) is found by symmetery. The remaining fncm.
which will be constant K is easily found to be unity by ¢
paring the coefficient of diagonal term bedd? etc.
{b) Solve forx
1 2

x x3 X3
1 a a? o
‘ ﬂ BZ ﬁﬂ

1y 2
(Agra M.Sc. 40: 1AS 59
= (B=y) (r—a) (a=—P) (x—a} (x—B) (x—1=0
. X=q, 8, ¥, when a=p5Ey. .
(c) Show that each of the coeflicient of any equ::l:u
can be expressed in terms of the roots as the quotients©
determinants.

Consider an equations of 3rd degree

4= x8 x2 x 1
. a® a 1
- B |

—y, then the

If we put x=a, or or a=# or ¥ or .
P L a=p or ¥ or f determinant

tvo rows become identical and hence the
vanishes. Therefore,

(x—~a) (x~B) (x—7) (a—f) (a—7} (f—7}
are its lactors of sixth degree. If there be any other fa
is constant and Iet it be k.

ctor 1t

Comparing the cocflicient of diagonal term ¥%% o
both sides we find that k=1,
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S A=(x—~a) (x—B) (x—¥) (a—B) (e~} (B—¥)
or A=—(x-a) (x—f) (x~7) (a—B) (B—7) (¥~a).

But | a® o 1 |=—(a=P) (B~ (y—a)
[Ex. 1P, 18]
[
v oy 1
A= a? o 1 (x~a) (x~-B) (*~¥).
gog !
7
or A= & o 1 (@ p1x34-poe+3)
B g1
¥ oy 1

where x84 p x2+p,v+p,=0 is an equation whose roots are
By,

Now expanding 4 in teems of flrst row, we get

R R R N

B gt BB 1
vy L oy !
a® @ I |~ a® a* a
[ [
» 21 » oty
(VP py ¥ HpgY +pa)

—_—t
a
e
Y
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Dividing throughout by at a |

g B
oy 1 "
and comparing the coefficients of like powers of %, ¢ £
py= o® a 1 —,'-‘ a? a 1
{
SRR RN
y oy 1 ' y B 1
Po={ a® a«* I [=] a* e |
g ot g B
¥ ¥l vy 1
Py=| ¢ a® a |~ a® a |
g g g B 1
¥y ¥y 1

Above shows that the cdefficients py. Pa Ps 0 be
exprersed as the quotient of two determinants.

*Q. 4. Prove that

d=; 1 betad Bc4-ad?

1 eat-bdd cta*4-b2d?

1 ab+ed atbtf-ciit

=(a~b) (a—c) (a—d) (b—e) (b—d) (c—d).
{Indore B. Se. 66 ; Agra 223 Fb- 51

Put bc+mi=A ca+bd= B and ab¢d=C.

Sood= 4 A2—2abcd

1 B Bt —2abed
1 C  Cr-2abed
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d=a'tprc’

]

=TABc

=a'?h'%c"

a
=a'th'%c (

A

Determinants
BC —4
c4 —~B
AB ~C

ABC — 4
ABC —-B

ABC ~C*
1 A 4

1 B B

I Cc c*

[ [ Multiply Ry by A
R, by‘}f ané Ry
1 ]cC.

1

A
B

C

et (A-BI(B-C
X(ﬂc_;) (ét. 1P %)

5-5) (65

=(ab'=a'b) (be'—b'¢) (ca'—c'a). Hence Proved.
Q. 7. Prove 14a, a, ay L
m 140, ay as
a, a; l4ay @
ay a, a; 1+a;

&
=y bytaba, (Dethi 65 3 Alld. 59 2 Az Y

ADPlying Cy4 Cy+Ca+C, and taking out 1+aFat®
“+a; cammon from Cy of new determinant, we get

Al aytoy baytay | 1

ay 1y a
P 13a, M g
t a lfay @
1 ay ay 140 !
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Now apply R, ~R;, Ry—#; and B, —Ry.
Ad=(1+aytaptaytag) [ } ay ag a;

=I+ata,+as+as
Q.8. I+a, @ Gy a, |=l4a,+a,
+ .y
a 144, /ST
(Raj. 605
Agra M. Sc. 66)
@ s Tyeee - L4y
Just as Q. 7.

Q.9.(a Prove | I4x 2 3 4 j=2a®(x+10)
Proceed
1 24x 3 4 as above
1 2 3+x 4
1 2 3 4+x
(Agra 39; Patna 41 ; Mysore 42 ; Luck. 49)
(b) x a a a [=(x+3a) (x—a)
a X a a

a a x a

o a4 a x
(Agra 65 ; Bihar 66 ; Luck. 44 ; Supp., Dehli 47 ; Nagpur 36)
Praceed exactly as in Q 7.
Q. 10. () Find the value of determinant of nth arder :—
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faau.......\' .
alning
whose leading constituents are equal to x snd the remainiog
constituents are equal to a,

O 6'
(Agra M. Sc. 59 ; Rqj, 615 1. A, S. 53 ; Cal. Hon's 61)

Proceeding exactly as in Q 7, we get
S=[x+(1—1) a] (x—ayp1,
(b) Find the valuc of the determinant of order n.
4% leax 1y e e leex

I—-x 14x Jex e e leex

l—x 1—x I+x ... .. l—x

I—x 1—x Jy o T
(Gaubati Hons, 64 ; Raj. M. Se. 59)
Pmcceding exactly as in Q. 7, we get
=[xt (n—~1) (1~ {45 —(1—x)]
==[n~(n-—2]x] (21,
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(¢) Evaluate the determinant
1 1 1 1

N N | . 1

1 1 ] e 14K

2 determinant of nth order in which every constituent of the
leading diagonal except the first is (k+-1) and all other
constituents are unity.

Show also that if all the constituents of leading diagonal
are equal {o (k1) and all other unity, the value of deter-
minant is k=t (nk). (Lucknow Prel. 61)

Apply C;—Cy, C3—Cyp.Cu—Cy, you will find that
everywhere there will be zero except the first column in

Wwhich each element is unity and diagonal in which there
will be 1, K, K,..K.

SAall 0 0
1 K 0 0
1 0 K e 0

1 0 0 K
Expanding with first row 4=1,K*-1=k*-1. ] the 2nd
€ase if the top corner constituent be also 14-X, then adding



0

AN the vaoluzing go G column we wiil Rave 3 con~
fictor (a4 which when falen  out will ke B2

Dieteeritnsaty

-
e

-
above determinint whoi sales we base shoan (o be A7
Heree the 2nyg deteemmant o n g A 4son,

) Yind it
tea b e i )een,

a s b ¢ d .

(Cal. Mone. 655

9 Boxde o ] Dbt 835 Hombay S5
Lucknow Fass 61)

— e

a 6 oe xaal

The above deferminant ¢an be casily shown ta b
(Coa b, eq ) 2..0,

S el o fasbdetd)

M. Provey 1eg } ] H a,,w( l.;!;:—‘
- Yg
LI R O ', l)
+e7d,
1 i foe §

N B S o
(Azra M, Sc. 54,6431 A. §. 141 Caleutta 45 )
Sagar 66 5 Ph. 48, 57, 58 3 Agea 8. Sc. 53, 59, 64, 663
Dethl 48, 5D
Dividing Ry, £y, Ry and &, by a. b, ¢ and of respectivet
!

drabed \ 1 1
« @ a a
1 H ! i
3 PRI 3
1 1 [ 1
< 3 oz
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Now apply R,+R,+Ry+R, and proceed as in Q. 7.
Q. 12, (a) Prove

d=| @41 ab  ac ad |=| @+l B2 ¢ d&*
ab b1 be bd a® b1 ¢ a
ac be 4l od a® b2 21 2
ad bd ed d*+4-1 at bt c* d*-1
=1+4a%4-Bttc2tde, {Aliahabad 49)

_ Multiplying/6,, /s, andﬁ by a, b, ¢ and d respec-
tively and hence dividing by abed,
gl | @@+ apt at  a
abed
ab b bt b
b b c (1) edt

ad b - cxd d(d*+1)
Now q, b, ¢ and d can be taken out from Ry, R, Ry and
R, Tespectively.

4=0bed) atl b2t
“abed

at b1 c? o

az b 2l B

at bt ¢t dil
Now proceed as in Q. 7, i.e. Cp+Cat+Co+C, ete.
(b)  Show that

d=] @y ab  ac ad | is divisible by X and
find the other factor,
ab brp) be bd .

ac be A od

ad bl ed A
{Raj. 49 ; Agra M. Sc. 65)
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Proceeding exactly as in Q. 12 (a) above by mul';,p]ym":
C1. Cyp, C5, Cy by a, b, ¢, d respectively and rakxng OIU
a,b,c.d common from R, R, R, and R, respectivelys
we find

de=(Atatpbgcth-d?) N
Hence 1t is divisible by A% and the other factor is
Atai b0 crpdr, "
Q. 13, (a) Prove| x3 3x2 3x 1 )=(x=l
Xt x*42x¢ 2x41 1
x  2x+41 x42 1

1 3 3 1 o
(Venhateswra 66; Jinaji 66; Agra 41; Luck, 49; Kenals

Applying C—C+Cy—Cy, we get

d=(x—1)*| x*42x 2x41 1
241 x42 1
3 3 1

. _R.and
Now make two zeros in C, by applying Ri—Fs
Ry— Ry and expand by it.

(b) Prove that

@ ' a1 [=la—B)
3a* 2 1 0

Poop g i

3 o2 1 o

e
Apply Ry—P, aud Ry~ R, and take out (a—B) O
from each Ryand Ry
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Lo d=(—fR| Hftef atf 10
3 (a4-$) 2 00
g g g1
38? 2 10
Expanding with 4th column and hence —ive sign,
d=—(a—fF| o*+f+af atf |
3@+p 2 0
388 28 1
Now apply R,— R, and again take (a— ) out and expand
ete, ' A=(a—B).
Q. 14. Show that
—be  bybe  ct4-be |=(bctcatab)t.
at4ac —ac ctac
a*tab  b*-tab —ab {Bombay 61)

. Multiply Ry, R., Rq by a, b and ¢ respectively and hence
dividing 4 by abe,

a=1 —abe  ab (b+c) ac (c-+b)
ab (a+c) —abe be (c+a)
ac (a-+b) be (b+a) —abc
Taking a, b, ¢ common from Cy, Cy and Cs,
4=9bel  —be  ab+ac  ac+ab
ahe

ab+be —ac ac+ab
ac4be  betea —ah
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Applying R+ Ry+R, and taking ab-tbe-ca comme,
we get
d=(ab+be+ca) I ! 1
ah-+be  —ac  betab

actbe  beqca  —ab
Applying C,—Cy and C,—C,, we get .
d=(@btbeteay| 1 0 ¢ |

 abybe —(abpbetea) O

" actbe 0 —(abtbetco) [
=(ab+be+ ca) (ab+-be+cay=(ab+be+ca)’s
Q. 15, Prove that
! X a a a |

a x b b 1
a f x ¢ 1
a B ¥y x 1
a B v & 1
=(x—a) (x—f) (x—) (x—5). cospe s ¥

Apply Cy—aCy, Cy—fC;, Cy—yCy, Co~bCs
S odm) x—a =B oy 0,-8 1 l

0 x—b by k-5 1
o 1] x—7 e—3 1
0 ] 0 x—4 !

o0 o "
T abore bs clearh equal 1o (v—a) {x—F)(T—7}

i
|
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*Q. 16. (1) Prove that
d=| (b+4c) a  at :=2¢lbc (at+b+c)?
B (cpap b |
[ ¢ (atby
(Gorakhpur 59 ; Cal. 3y ; Agra 50, 62, 65 ; Raj, 51 ;
Sagnr 63 ; Aligath B Sc. Hon's 59 ;
Agra M.Sc. 56, 58 ; Bombay 58 ; Nagpur 61 3
Lucknow 64 ; Delhi 52).
Applying C,—C,, Cy—Cy, we et
a=| G oty ar—(bhep

b2 (c+ap—b2 0
< 0 (a+-byr—c*

=| (b4} (a+b+te)(a—b—c) (atbtc)(a—~b—c)
b (cta+d) (c+a~b) (a+b+c).0

¢t (a+b+c)0 (a+b+c) (atb-c)
Taking out (a+&-4c) common from C, and Cj,
d={a+b+c) {(b4c) a—b—c a—b—¢

b ct-a—b 0

2 0 a+b—c
Now applying Ry—R;— Rs, we get
d=(at-b4epr| 2bc  —2¢  —2b

b cta—=b i}
c? 0 depbherc

. 1
Appiying Cyt-1 Ciy Carty Cue
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d=(a+bte)y 2be ] 0
b ct+a bYe
et b ath
=2bc (a+b+c)Y cta b’/:,
ctfb atb
e bY
=2t (@+b+or [ (a+b) 5]
=2b¢ (atb+e)? a (a+h+e)
=2abe (@+b+c)P.
(b) U 2s=~a--h-c, prove that
@t (s~ap  (s—ap =2 (s—a)ls—
(s—b)y &2 (s—b)* ;
et mcp ) (A5
Let s—as=A, s—b=B, s—c=C.
A+ BA-C=3s—(atbtc)=5. s
B4 C=2s-—b—c=aq ; similarly C4+A=b and AT
nde=| (BHCRE 4t a2 |=24BC(AFBEL,

1t
by part bt

bys

B (Crdp B |=2s—a)s
¢ (A4BR
Q. 17. Prove that "
4= @43 ca  be |=2abe (atbteS
ca (bte)y* ab
be ab  (c-+ay o
1
Maltiplying Ry, R, and Ry by ¢, a and b 1650
and hence dividing the determinant by abe,
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A=i cla+by %
abe]
a*c  albtc) ath
bie ba  b(c+a)®
Take ¢, o and b common from C;, C, and C, respeetively
s A= abc‘ (a--b)t 2 ot
abe, ‘
a  (btep @ |
B B (crap |
which is of the same form as Q. 16 (a).
*Q. 18. Prove that
A= 2 WGP pr (=(e=p) 3) G
X{(v4r+1) (x3+y2+2%)
3* yPe(z—x)® zx

2 —{x—y) xy
{Agra 45, 56 ; Alld. 55, 50, 32 ; Vikram 61 ;
Nagpur 54 (8S) ; Celni Hons. 60 ; Ph 57 (S)]
Split the given determinant into two, one of which shall
vanish because of identical lines. We get

A=l xt (a2 gz
» — (2% 422
z* —(x®4-y2) 4 2xy Xy

Again split into two determinants one of which shall
Vanish.
T LR IR LR I 1
ozt zx

FLI N RY
Apply C,+C, and take out xt-4-r2422%
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d=—(x*4y2422) | 1 yi4zt oz
1 o x? x
I x4yt oy

Now apply R,—R,, Rs—R,.
A=~y 1 oy yr
0 x*—y*  x(x—))
0 x2—2?  px—2)

Expanding with first ¢olumn and taking x—J ¥~
common from R, and R,,

A= —(F4p2 42t (x—y) (x—z) | x4V =

x4z ¥y
Apply C14C, and take x4y+z out.
d=(x24pr4o?) (x—y) (z—x) (x+)'+:)’ L= l
1y

SOFEYIEY) (1) (vmz) (=) (42 H)
Q. 19. Prove .
be—a? ca—bt ab—c?
~beteatas be—catab bed-ca—ab
(@4+6)B+c)  (B+c)(b-+a) (c+a)(c+5)

=3 (b=c) (c—a) (a—b) (a-+b-+c) (bc+ca+":;'
(Cal Hons. 53

APPlY Ri—Ry+ Ry and taking factor 3 out,
d=3 be ca ab

~bctcatab be—caqab betca—ab
at+Lab b Tap cr4Tab
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Apply R,+2R,, Ry,—R,, Yab=sab+-bc+ca.
=3 ac ca ab
abt-bet-ca abtbetca  ab+betca
afatbtc) blatbtc) cla+bic)

Taking ab+bet-ca and a-+b ¢ common from R, und R,.
d=3 (a4-b+c) (ah+-be+ca) be ca ab ,
' 11

a b ¢

Multiply C;, C,. C; by g, b, ¢ tespectively and as such
divide g by abe,  Then take out abe from first row of new J.
Refer Q. 36 P, 47.
4=3 (a+b+c} (ab+bc+tea) S I |
a b ¢

at b ?

=3 (a+b+c) (ab+-be-tca) (a—b) (b—c) (c—a)
{Ex. t P. 19].
Q.20. Multipy | @ b ¢ x| x y =
b oc a ! y = x
c a b E zox y

and show that product of two cxpressions of the
L A3 N2 3LMN is of the same form.
(I. A. S. 57 ; Gaulati Hons. 64)
Product={ ax+4 by+cz ap+brtex az-bbxtcy

by4cpt-az bytezdar bitex-hay

form

cxt-ayt-bz eyfor4bx eztavt’
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LHS.=| a & ¢ a b ¢
b ¢ a b ¢a
c a b c a b

If we multiply in the+ above form ; the Ist constituent
of the Ist row of product determinant will be a2+8624c?,

where as we want it to be 2bc—a®.
re-arranging the terms of 2nd determinant, we get

a b c x| acbd

b ¢ a |T[ b ac

cab | ¢ b a
=l a b ¢ x| —a ¢ b
b coa —~b a ¢
c a b —c b a
=| 2bc—at ¢ b !
c2 2ca—b* a*
b2 at  2ab—c*

But @ b ¢ p=(Q3abc—a*—b—c?)?
==(a3-+-b3+c3—3abe)?
b e
By expansion
c a
Q. 22, I axj24-byent=d=ax, byt ozt
—ax,2 byt +ezg? and axXpHbyyetezize=/
=Xy Xy byt €227y == 0X1 Xa + 5y Y3 02120,
then prove
abe X1 N k4 p=(d—f) [d+2f).

Xz 2 T2
%y (Pb. 33)
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L.H.S.=abe X 1 S Xl N n
Xg ¥ 2 Xy Ja 2=
X3 Yy %3 Xy ¥z D
= axy byy e [X| xx N A
ax, by, ez Xy I T2
axy bys ¢z Xy ¥s s

On muluplying,
=| Zax;? Zax;x; Zaxyx; ,=’ ajf

fz]f
s

Zaxyxy, Zax,® Zax,xs

Zax;xy Fax,x, Zaxg®
Now proceed as 1n question 7 page 74.
Q. 23. Fxpress d={ (a—x)* (a—y)* (a=2r
b~xp (- (=3
(c=0t (c—yp (=

as product of two determinants and find its value.

(Agra 32, 37, 49, 51 ; Andhra 92 1A

Nagpur 51, 54, 61 ; Allahabead 56 ; 1AS:
Calcatta Hoos:

. 403
53
61)

If we put x=y in 4, then C;=Cy; .. 4=0-
Hence x—y is a factor.
Similarly (y~z), (z~x) are also factors of 4-

—3) (r—7) (= L 1 At
But (x~)) (~5) (z~x)= 1 1 1 ;I;Ixmzlg,

'
!
1
Py ¥y
{
!
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Again if we put a=5 in, 4 then Ry=R, ;
Hence (a—b) is a factor.

4=0.

Similarly (b—c), (c—a) are also factors of 4. But

@b b—c}e—c)y=| 1 1 1 [Ex. I Art. 17 P. 19).
a b ¢
at b
sSo4d=Kl 1 1 1 Ix 1 1 1
x y =z a b ¢
x1 yE ot a® b c?
for some such suitable value of K so that on multiplying

the two determinants the resulting determinant is 4.

SLA=Kp 1 ox x2 X 1 a &
1y )
1 =z = 1 ¢ ¢t
=—K| x* x I |x| | a a*
y» oy 1 1 & &
22z 1 1 ¢ ¢

.-{4)

we have inter-
changed  two
columns.

If we multiply we get Ist constituent of praduct determi-
nant as x2-ax-4-a? whereas we want it to be X2—2ax-+a%

K must be chosen=2.

&A= a2 -2¢x 1 x| 1 a @&
=2y 1 1 b b
E I T e &
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infication i mes
is required form, because on multiplication jt beco
equal to 4.

Thevalue of 4=2, 1 1 1 |x; 1 1} !
; x »y =z a b ¢
t’
Xt oy 2t at b* "
=2 (emp) (5=2) (=) (a—b) (b—0) (==
Q. 25, Express
4= (+avr (hay (e | B3

(Uokbn)e (k) (b2

(Iex)r (Lot (L4ezp?

as product of two determinants and find its value. e
Proceeding as in Q. 24 and taking 4=() of Q- » ia)

K=2, its value is 2 (x—y) (y—2) (z—%) (a—B) (b= € dor
Q. 25. Find the condition in determinant form, in ofm!

that the _general expression of the second degree i be

variables  f(x, y)==ax®- 2hxy-+ by*-t-2g¢+2fy+c WY

resolted into two linear factors. (Raj. M- se

Let the two linear factors be
*

hxtmyy+ng and Lxmp+ns.
Then f(x, y)=(hx+my+m) (lyx+mey+i)-
Comparing the coefficients,
Liy=a, myr,=b,nym=c.

umy +Iymy=3h, mgitg-t-many =2, nyla-trh=28
Now we know that

L & O =Oand| J, } 0 [=0

my~ m [ m m 0

m n, 0 n, ny 0
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Multip]ying these two zero determin ants, we get

211, Limy+-Imy Mylat-1yly
mylet-nyly 2mym, nytty gty
mly-knyty myng+myn, 2nyn,
or 20 2% 2g |=0

M 2 of

2 2 2
or @ I g 1=0is the required condition.
’ Lbof

& fc

On expanding, it becomes
abe4-2fgh—af2—bgt—ch?==0.

=0

i.e, the condition that general equation of 2nd degree may

Tepresent two straight lines.

Q. 26. (2) Express as the product of tno determinants

and show that its value is zero.
1 cos (a—f) cos(y—a)

cos (a—p) 1 cos (§—¥)

€os (y—a) cos (B—v) 1 (Punjab 62)
d=| cose sina 0 |x| cosa sina’ 0 |

cos B sing 0 cos § sinB 0

cosy siny 0 cosy siny O

€ach of which is zero. Hence the given determinant *



96 Determinants
(h) Prove that
oy +5,fy aetbafy Goatbifr =0.
Moy +byfy G, t+biBs eatbife
Grog+bifs MagtbeBs daastbsfs
Aboveis) a b O [X] e B @}
a B Y
ay by 0 I ay fs O e
each of which is zero. Hence the given determinant is 2610-
{c) Prose that
d= 2 otBty+8 aB+yS
e+ B47+38 2 (a+F)(¥+8) of (@ +8)+8latp)

af+¥S  af (y+8)+78 (akp)  20BP
‘We know that

a; by, 0

=0

=0.
0 1 1 ;=Dand o 1 !

|

10y akf 0 otf 78
(U3 af . 0 a8 ¥

" . et 3
On multiplying these two zero determinants, wet 8
which therefore is also equal to zero.

*Q.%7. Prove that ,
Bhctrl gl gl bepe [=(bekeatdl
241 c*ta241 @t | cta
Bl et gthbr4 adb

0
bbe  cta atb 3. (ra <0
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By inspection, we find that

4=f 0 b ¢ 1 [x] 0 b ¢ 1
a0 ¢ 1 a 0 ¢ 1
ab 01 ab 01

1110 1110

97

where 4' s easily seen by applying C,~bCy, Cy—cCy and

expanding, to be equal to (be-ca-+ab).

A= 0 0 0 1 |==] a —b

1 1 1 0

=~la (0-+e)4-b (a-+e))=—(ab+be-tca).

S Ar=(ab+bet-ca)r.
*Q.28. Show that

a4xt gb—cx  aetbx |= x
abtex  bi4xr be—ax —c
ac—bx beq-ax c2+4xt b
Let the determinant on L.H.S. be  a;
as
ay

Cofactor of x is at4at=4,,
Cofactor ¢ is —(—cx—ab)=ah+cx=5,
Cofactor of —b is ac—bx=Cy.

b,
by
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LHS.= 4, 4, A, |= 4 B C [=#

B, B, B, 4, B, G
C C G Ay B G
by Q. 47P.



CHAPTER I

DETERMINANTS OF SPECIAL TYPE
§21, Second Minor.

We have alrendy defined in § 11 as to what we mean
by the minor of any particular constituent in a determinant
1. the determinant which is left by suppressing the
fows and columns that intersect at that particular consti-
fuent. Now we shall call this minor as first minor showing
that one row and one column intersecting at that particular
constituent have been suppressed. The determinant that is
feft is called minor determinant.

' a b oo 4

,ay by e dy
as by ¢y dy
a by ¢, di

If we now suppress two rows and two columns then
the determinant that is left is called second minor i.e. if we
Suppress the first two rows and first two columns then the
determinant left is ¢, ds |iec. cydi—edywhich is called
second minor.

c dy

Complemenmry to 2nd minor. We observe that the
suppressed rows and columns have common constituents
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which form a determinant | a, by [and this detesminest
a, b
1s called complementary of the second minor | ¢ é l
r; dl
gnol:d

Notation. The first minor of a determinant 4 is d¢
by day, 1e the determinant which is left by suppressict
rows and columns intersecting at a;. It is also denoted
the corresponding capital letter A;.

the

Simularly the second minor of n determinant is dcno;:*i
by dab,, ie. the determinant which is feft by supprﬂh‘o;
the rows and columns which enclose a determinant ¥
leading term is 4,5, and so on.

of
§22. Expansion of a determinant in terms of minors

any order. Laplace’s Method.
(M. Se. 56, 50 ; Nogpar &
. det ¢ in termsof

We have so far expanded a determinan -l

constituents of one row and one column. Now ¥ "
expand the determinant in terms of two rows or two colum
passibk
colum
Xing ¢
the

Rule :— In terms of first two rows. Make all
determinants from these two rows by taking any twe
of these, ie. thereare four columns and by 12
columns at a time, we shall have six determinants ©

type
o b, @ o ] @ l
I ay b, l ' da, € ’ ’ a, ds
! by & L] by 4 H o & l
by, l , by d, e do
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Multiply each of them by the corresponding determinant
which is left by suppressing the rows and columns intersect-
ing at them, i.e. by their minors and then add them with
Proper signs, the rule for which is as follows .

Just as while expanding in terms of one row and one
column we take alternately +ive and —ive, here we shall
see that how many movements of rows or columns will
make each of the above rows and columns the first two rows
o columns. If it is odd, then sign to be attached 15 —ve
and if even, then -ive ;

o8 l LTS

a; ¢

Now the ¢ column being 3rd can be made 2nd by one

movement of columns 5 a column is in the position of first

column so that the total number of movements is one, i e.
°dd ; hence the sign will be —ive.

Similarly l by dy

bz d!

Now p column being 2nd can be made first by one

Movement ang d column being 4th can be made 2nd by two

Movements and hence the total movements ate 2+1=3, i e.
odd ; therefore minus sign,

Similarly o dy

s dy

Now ¢ column being 3rd can be made first by two
| Movements and d column being fourth can be made 2nd by
%0 movements, . -
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Hence the total movements are 2+42=4, i€ even;
therefore plus sign.

Therefore in the light of above the expansion of the
determinant is

ay by 3 dy |—f - [ & ’
a b ‘ ~ & d l l a o [ ‘ b 4

+H a4 by e [+ b o a b l
‘ a, d; \ ) by A I ’ by [ , ! a1 d‘

—~ B 4 m o |+ a4 I a b '
I b, dy ‘ a, cg l Ca dy a &

The above expansion is known as Laplace’s expansion
of a determinant. :
The method will be of great use when there are zeros 1
any two rows or two columns, e.g.
d=( a b 0 O

a b 0 0
a, by g dy

dy by & dy
By the above rule the determinant will be

l a b e dy |— a O by ds Iib"’"

a by ¢, dy a, 0 I by dy

+' a 0 “ by ¢y |ie zerod| 5 O a s , i:r.o
a, 0 by €, b 0 ! a &

—| o as ¢z |le. zcro——] 00 a b !1’:’!0
h,0||a‘c‘ 00 a b
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[N dy ‘

€ dy

=\ ay b

ay by

In & similar manner we can prove that

L by G PR 0 n

ds b, €3 P gz e

s by s P gs s

0 0 0 aq B 7

0 0 0 (23 B, Y2

0 0 0 ag B Vs
L= 4 by c; ay B 71

a, by € da B 72

as by ey ay B Vs

v Because if we expand the determinant by the help of
first three columns and their minors, we shall get only
Product given in the R, H. S. Al other determinants shall
vanish because one row will be zero.

From above we conclude that if @ determinant of 2mth
erder contairfs in any position a square of m* zeroes it can be
etpressed af the product of two determmants of the mth order.

(Agra M. Sc. 50}

§23. { Reciprocal Determinant.

Definition :—If in a given determinant cach constituent
Pc replaced by its cofacter, then the determinant so forr}'t:d
13 called reciprocal or inverse determinant. If the original
determinant be 4, then! we may denote the reciprocal
determinant by 4",
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Prop rtles :—d'=d*-1 where n is the order of the
determinant  ie. the reciprocal determinant w=(otiginal
determinant)=-3.

(Cal. Hons. 65; Agra M. Sc. 64, 66; Delhl Hons. 65)

We have already proved the above property in the €3s¢
of a determinant of 3rd order, fe.

A4 B G = a Mk o

. As B, C, a, hy &
!
Ay B G o b o
[Q. 47, P. 52
ie. A= PP 4271,

Similarly we may consider a deferminant of the ath
order.

Let d=| a, b [ ny

Also we know that
A Ay -+ by Byt-0,C - ooty Ny = ete. 5
and @Aty Byt ,Cyt o nN, =0 etc. [§ 12 P. 12-13]
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With the help of above we have

&= 4 0o o . o =an,

6 4 o . o

S A=y Hence proved.

Cor.  The producs of nwo reciprocal determnants 15 the
eciprocat determinant of the product of the two orignal deter-
Minangs,

Wayand 4, ve the original determinants then their
Pmdu?t 15 4,4, which is itself a determinant of nth order and
15 reciproca] is

(dydn=t= gym14,01
But by property ], 4;»1 is reciprocal determinant of J,
3" is reciprocal determinant of 4 and hence product
rgciprocal determinants.
4, Iperty 2. To find the minor of areciprocal determinant
“1etms of original determnant d. (Karnatak 62 ; Punjab 60)

Let us first consider a determinant of fourth order say

[ @ b, ¢, d [and &= 4 B C, D

Q b, ¢, d, A B, C; Dy
a4 by ¢y d 43 By Cy Dy
a by ¢ d, Ay By Ci Dy

A'Ax=ﬁ\‘$t minor of 4’ which is of order 3.
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=l B ¢ b,
B ¢ b,
B ¢ b,
=| 1 0 0 oy (Note carefully)

o AXBg=la b oo g x| 1 0 0 0

4 b o4 Ay B, C D;
@G by o 4, Ay By C Dy
G by ey d, A B, Co Dy
= @ 00 0 [=gu
I a 4 0 0
aQ 0 40
a 0 0 4

3
S Ay =a %:n,d*aﬂ,d"’. -
Now complementary of the minor A'A' of 3rd order it
Ay and the corresponding from the original dcterminant S ita
Again fet us consider 3 minor of 2nd order of reciprocat
determinant, .
S 4mye=20d minor of J° which is of order2, It
obtained by suppressing the rons and columns that constite!?
the determinint whose leading terms is A,D,.
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d"hm:! C;y Dy I-: 1 0 0 j(Note
carefully)
C, D, B, Cy D,
B, C, Dy
=| 1 0 0 0
o 1 0 0
Ay By C; Dy
A B, C. D,

(Note carefully)

ﬁ‘a,b,c,'d,xloﬁo

i ay by ¢y dy 0 i 0 0
5 ay by ¢y dy Ay By Cy Dy
a, by e dg Ay By C, Dy
o=l ey by a0

0 =} a by

a, by 4 4

0
¢

ali other determinants
ay by 4 0 vanish (Laplace method),
0 4

‘We have expanded in terms of munors of 2nd order
formed from the first two rows.

AxX 4 4yp.=

a b A*+all other determinants
vanishing.
ay by -

2
4 gys= (hy—at:b7) f",—= (ayby—asby) 41,
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Now complementary of the minor 4'4ya, of 2nd order

is ‘ A4 B, and the corresponding from the original
As B,
determinant s | a, by (=aby—ayby.
[ by

Similarly 1f we have 4 determinants of Sth order, then
&= 4 B, C D, E |

A By C, D, E,
Ay By C Dsy E,
Ao B ¢ p, K, ’
4s By Cy Ds E;
Then &'y p=] C; D, E
C: Dy E;

C5 ‘D.‘) ES
i e. minor of 3rd order and it can be shown to be
o b 143‘1=(a1b2-a2bl) an

a by

In the light of above we have the general property, that &
minor of order p uf the reciprocal determinant is equal to the
complementary of that mmnor (but taken from the original
determinant) multiplied by 4% i e, (original determinant)®™

Property 3. If a deternunant vamishes then its reciprocal
deternunant also vanishes

A'=4""1 (property 1)=0, - 4=0 (given)

Property 4. If a determinant vanishes then each mmor of

the reciprocal deternunant vamishes. ard the constituent of any
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row of the reciprocal determinant are proportional to those of
other row and similarly the columns
By property 2 each minor of order p will contain 4
as its factor and as such it is zero because 4=0 (given).
Let us consider a determinant of fourth order.

-1

Bargy=) C; Dy |=(mby—asby) 471=0, . 4=0.
o o |
. CaDy—CiDy=0 or —g—:=%: (D)
Similarly 4'B,co=| Ay Dy |=] by ¢ [4271=0 v 4=0
Ay Dy by c,[
S AaD—A,D;=0, ie. =g§ from (1).
Similarly we can prove that ;i:i::%:%:, je. the

e}emems of 3rd row of reciprocul determinant are propor-
tional to those of fourth row or in general to any row. Simi-
larly we may prove for columaus.

§25. Symmetrical Determinants. (Agra M. Sc. 51)

Conjugate Elements. Any two constituents of 2 deter-
minant are said to be copjugate 1f they are situated on the
Opposite sides of the rrincipat diagonal in a line perpendi-
cular to it and at equal distances from it, ie. in the
determinant a, by o dy |theelements by, 0z 1. 5

a, by ¢y dy
@ by ¢y dy

a, by ¢ dy
1, 845 €3, by; dy, by: i, ¢ are all conjugate elements.
Ifin a determinant every two conjuzate elements are equal
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then such a determinant s called symmetrical dctcrm_ln:nh
eg. a h g 1 isasymmetrical determinant.

h b f
g f e

Properties. It is easy to judge that the cofnclo.rs of an:
two conjugate elements of a symmetrical determinant af
same, 1 e. cofactor of k in first row is —(ch—fg) and of i
first column is —(ch—fg), { e. they areequal. Similarly "’f‘
of gin first row is +(hf—bg) and of g in first column }
+(hf—bg) 1.e. they are equal

No 1. Hence we conclude that reciprocal of a symmettt
cal determinant 1s also a symmetrical determinant.

Again
a b o = @ by o [X| @ B oo
ay by ¢ ‘ ay, by ¢y a, by
ay by ¢ | a, by ¢ as by €

=|  agtbite? @ +bbytoycs aoatbilstas
a,8,4 byby+ g0y a2 +bs2 ¢y L L

Qag+bibyteics  B,03-4babyd-co0s a bt P
which is a symmetrical determinant as every Iwo conuE
elements are equal. .

No, 2. l(}ente we conclude that square of any deter™
nant is a symmetrical determinant rdet.

Again consider a symmetrical determinant of 4th o
ie. a h g P

K b f g
g f ¢ r
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First minorof ais | & f g ] which is symmetrical.
f e r
q d
First minor of bis | a p | which is also symme-
trical,
g cr
p rd

Similarly fiest minors of e ond J are also symmetrical
determinants.

No. 3. Hence we conciude that all the leading first

minors of a symmetrical determinant are symmetrical deter-
minants.

Ortho-sy rical Defermi A symmetrical deter-
minant in which all the elements of the principal diagonal
are equal is said to be ortho-symmetric ‘determinant,

e.g. a b ¢ d [isortho symmetric.
b a d ¢
cda b
dcba [See Q. 42 P. 49]

In order to factorize the above typs of determinants as
explained in Q. 42 P. 49, we add all the columas to first and
find that a<-b+c+d is a factor. Again we add first and 2nd
columns and subtract 3rd and 4th, thus giving @-b—c—d
as a factor. Again add Ist and 3rd and subtract 2nd and
4th thus giving a+4-c—b—d as a factor.

Similarly we add first and fourth and subtract 2nd and
3rd columus giving a-+d-—b--c as a factor. Having found
all the factors the remaining factor which will be a constant



12 Determinants

is obtained by comparing the coefficient of a* of the product
of diagonal el with the corresponding fficient of af
in the prgduct of the factors.

(See also Q. 44 P 50)
§2§j Skew and Sken-Symmetric Determinants.
(Vikram M. Sc. 59 ; Agra M. Sc. 51, 57, 60)
Skew Determinant. A determinant m which every vle-
ment on one stde of the principal diagonal is equal 1o 1S
conjugate with sign changed is called skew determinant, €. 8-
a h g p . is skew determinant.
-h v f g
-z ~f ¢ r
~p —q —r d
Skew- Symmetric Determinant. A deterntinant int which
every clement (including those i the principal diagonal) art
equal to their conjugate with sign changed Js colied @ shev
Symmerric determinant. (Nagpur 61)
Sice every element in the principal diagonal is its
conjugate, therefore by definition of skew-symmetric deter-
minant @ should be equalto —a re. 2a=0 or a=0.
Similarly b=0, ¢=0, d=0 fe. all the clements 1"
principal diagonal should be zero.
Hence a skew-symmetric determinant is zero axial.
Property 1. A skew-symmetric determinant of odd Dldz';
rvanishes, (Nagpur M. Sc. 61 ; Nagpur B. Sc. 613 51"“".
Hons. 65 ; Calcutta Hons. 53 ; Agra M. Se. 43, 45, 49, 6:;;
Pir. -

Let us consider a shew-symmetric determinant of fifts
order.
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4= 0 h g
~h 0 f
~& ~f 0
~pP ~q ~r

P

q

r

0

~l —m —n —t

Sod=] 0 —p
h

g f
P

m

I

Now we know that
if in a determinant
rows be changed to
columns and colu-
mns to rows then
the  determinant
remains unchanged.

Now take out (—1)’common from each row.

SoA=(=1¥] ¢
—h
—-£
—p
-1

h
0
-f
—g

—m

8

s
0

—r

-n

S d=—4 or 24=07e. 4=0.

Property 2. The reciprocal of skew-symmetric determi-
"ant of odd order is a symmetric determinant. '

In order to find the reciprocal determinant we have to
Teplace each constituent by its co-factor and in order to
Prove that it js symmetric we must prove co-factors corres-
ponding to every two conjugate elements are equal and of

the same sign,

‘

-~
—m
—n
-t
0

P I

g m

r n

0 t

—t 0

Hence proved,
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Consider the skew-symmetric deferminant of 5th order
given above.
Co-factor corresponding to 4 in the first row is

-t —=h f q m wfd)
—g 0 r n
—p —=r 0 -z |.

~! —-n —t 0
Co-factor corresponding to —k in the first cofuma
which 1s conjugate of & ingthe first row is

- h g p I |=— h ~f —q -,
—f 0 r n £ 0 —r ‘en
—q —r 0 t ? r o !
—m —n —t 0 i n t 0
by changing rows into co! and col into rows.

Take out (—1) common from each row
=—(=W~h f q m|=~—-k [ @ "

— 0 r n —g 0 r "
- ~r 0 1 —p —r 0 !
0 —n =t 0 I prp——

which is same as (4).and also with the same sign.
Similatly we can prove that co-factors correspondmg to
any two conjugate elements are equal with the same sign.
Hence the reciprocal of a skew-symmetric determir
of odd order is a symmetric determinant.
Property 3. Tte reciprocal of a shew-symmelic deter

minant of even order is a shew-symmetric determinant.
(Agra M. Sc. 0

pant
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In order to find the reciprocal determinant, we have to
l'tpfafe each element by its co-factor and in order to prove
that it is skew-symmetric determinant, we must prove that
co-factors corresponding to every two conjugate elements arc
equaf and of opposite signs. Also we should show that co-
factors of the terms in the principal diagonal are zero as a
skew-symmetric determinant is zero axial.

Let us consider a skew-symmetric determinant of even
order say 0, h z P

-1 0 f g
—g —f 0 r
1=~ = 0|
Co-factor corresponding to & in the first row is

—| -k 1 q «(4)
—g 0 r
-p —r 0

‘Co_-facmr corresponding to —#A in the first column
which is conjugate of & in the first row is

=h g p ==k —f —q
- 0 r g 0 —r
—g —r 0 P r 0
by changing rows into col and col into rows.

Take out (—1) common from each row.
S=10} —h f g =¥+ —h f 4

-

—2 . 0 r —g 0

L b= ~r 0O P T
Which is the same as (4) but with opposite sign.
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Similarly we can prove that cofactors corresponding to
any two conjugate elements are equal but with opposite signs-
Again cofactor of the elements of the principal diagonal e g

of 0 1 the top is 0 fgq

~f 0 r

—q —r Q
which is a skew-symmetric determnant of odd order any by
Property (1) it is zero. Similarly co-factors of all the elements
in the principal diagonal are zero, Hence all the above
things combined together prove that reciprocal of 2 skew-

symmetric determinant of even order is a skew-symmetric
determinant.

Property 4. A skew-symmetric determinant of even order

is @ perfect square. (Vikram M. Sc. 59 ; Agra M. Sc. 52, 55
(57, 64, 66 ; Cal, Hons's. 64; 1. A. 5. 553

Nagpur 61 ; Karaatak (2]

Let us consider a determinant of fousth order,
4= 0 4 g p {audletits reciprocal
determinant be
—h 9o s g
—& ~f 0 r
—p —q —r O
4 B o D, | which is a skew
' ' h ' symmetric determi-
4 B C, D, | nant by Property
A, B, €, D,
Ay By C; D,
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o A1=B,=Cy=D,=0 and every two conjugate elements
2re equal and of opposite signs, ie. By=—4,, Ci=—4,,
Dy=~4,, Cyn—B,, Dy==—B, etc

Now dyp =1 C, Dy |=| 0 b ja
Aabe P J (Prop. 2 P\ 104)
Cy D, —n
or (CsD~C, D)=z,
Now Cy=D,=0 and Dy=~—~Cj.
Ct [ C\? .
Ci==H4 or 4=F$=(f) , i.e. perfect square,
Hence proved.
Now €, is cofactor ;'Jf—’::— [ h p
—h o q
. —g ~f r
== (hr+-pf)—2 (hg))=—h [p S~ rg-+hr].
: a
A=%=(pf—gq+/rr)’~
Rule.

. Write down the last three elements of first row
I one line ; then last two of 2nd row and last of third row
'n one line, i.e,
h g p
far

The value is written as under.

Add the eross product of extremes and subtract the pro-
@uct of middle and then square, i.e. (hr—gg+pf)t. -

If = ¢ a b c then write a_ & ¢

d e f
—a 0 d e & A=(af—betcd).

—b —d 0
‘ (Agra M. S:. 483

— —p —f <AL S.52)
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Note. Alternative method for this may be seen in
Q. 27, page 40.

Property 5. The square of any determinant of even
order can be expressed as a skew- symmetric determinant.

Letd=| ay by ¢ dy |=| —=by @ —d a
a, b, ¢ dy —by @ —d; €2
ay by ¢z dy —by ay —ds €
ag by 6 dy —b, ag —d G

Sod= ey by oo ody —b; a —d O
ay by 3 de —b, ay —d: €3
as by € dy —by @y, —ds
a, by ¢ di —b, a —di @

Now multiply the determinants and you will find it to
be of the form

0 A B c |
~4 0 r q
—~B —p 0 r
—~C —q -—r 0

. . Y . 34
which is 2 skew-symmetric determinant of event order who'

value is (Ar—Bg+Cp)*.

§26. Ifa determinant 4 whose value is zero be l’"'d”ﬂ:'
in any manner, the product of the determinant so formfd lﬂf
&' by the leading first minor of 4 (le. leading 2nd min%’ ¢
&) is equal to the product of two homogeneous Sunctiont ©
adled constituents,
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Let us choose a determinant of fourth order.
4=| a, b, € dy |=0 (given).

a; by €2 dy
ay. by € dy
a by Cg dy
If capital letters denote the corresponding cofactors,

then it can be written as

A=a,4,+ 0.4y a3 As+04 Ag ]
. =ady+bBitoCitd Dy | ()

Its leading first minoris| &, ¢  dp | w(2)
Vb o d
by c A
Let us border this determinant as shown below :
=l d, o« B 7 3
¢ a by o d
F a b o d
Y ag by ¢ dy
& a b ¢ do
Its reciprocal determinant may be \vrii{en as
by ks
ks K
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Now, .
ky ks is 2 minor of 2nd order of the reciprocal
I determinant.
ky ke

=A"-1 multiplied by complementary of the minor but taken
from 4 (not from reciprocal)

=d' b, ¢ dy |=4'xleading first minor of 4
(Prop. 2. P. 107).

by ©3 dy
by e dy
s & xleading first minor of d=kyky—kks. -0

Now we have to find the values of ky, ks, ks, ky which
are cofactors of a,, a, o’ and g, of 4’ i
ky=cofactor of g, of &'=| @, b, ¢ dy [=0 (given)

a, by ¢ dy
ay by ¢ dy
ay by ¢y dy
Since &;=0, we need not calculaie k.
ky=cofactor of c of A'=—| o' b ¢ dy
B by ey
¥y by e dy

& by ¢ dy
= — (A" A Agy' -+ A3) from (D),
ky=cofactorof ' of A'=—} o 8 v §

a b, ¢ dy
a, by s ds

a, by ¢ dy

=—(dye+B,8+ Cry+D,3).
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~ from (3), we get
4'xleading first minor of A=k,
==(hat- B+ Cry+ Dyd) (o' + A+ 4 7'+445';
(8
ie. product of two linear homogeneous functions of the
added constituents a, g, y, 5 and o 8,7, 8.

Cor. If the given determinant be symmetrical then its
fecaprocal determinant is also symmetrical (Prop. P. 107)
ie. cofactors of every two conjugate elements are equal.
Therefore g, 4, Ci=dy, Dy=d,. Now if o'=a, f=B,
7=v, =5, then the two factors in (4)in the R. H §.
become ¢qual fe. a square. Hence we have the following :

102 symmetricql determinant whose value is zero be
bordered symmetrically (i.e. a=ao'. f==$), then the product
oFthe determinant so formed by its leading Znd minor
(which wil} e leading first minor of onginal given determi-
22, Note) is equal to square with o —ive sign of linear
homogeqeous function of the bordering constituents i.e.
4'xits leading 2nd minor or 4’ x first minor of 4

= (dyat Auft Aay + AS) ~(5)

Atother form, Now 4" is obtained by bordering a
SYmmetricy| determinant A symmetrically and as such &'
Heelf i Symmetrical and its leading first muor fe. d is
%0 (given) and its leading 2nd minor is leading first minor
Ogiven determinant 4.

Therefore regarding 4’ as a given determinant we can
2y in the light of abave that

if any spmmetrical determinant (4' is symmetrical) the
Yeading. frgy minor vanishes (i.e. 4==0), the determinant useif
@l its leading 2nd mysnor (e first punor of 4) have upposite
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»~. 4'xleading first minor of 4
—~(dsat-Bi+Chy) (Ad1a’ + 4.8+ 4s¥') (§26 P. 121)

or 4'x 0 a (=—(a%-+abf+acy) (a%'+abp +cay’).
—a 0 \
Cancel a? from both sides
& A= —(aakbB+cy) (aa +bE 4-cv').

§27. Expansion of a determinant in terms of the
constituents of principal diagonal.
Let there be a determinanty @, & ¢ dy

a, b, ey d,
a3 by €3 dy

a; by cy dy
Just as we expand the determinant in terms of any row
or any column but here we want to expand in terms of
constituents of leading diagonal, i.e. a3, by, €3, dg.  For the
sake of distinction and clarity let us take them to be A, B,
C and D respectively, so that

d=| A b o 4 ()

a, B [ d;

ag by C d

ag by [N D

The expansion of this determinant s written as

follows :
A=dg+Zp.A+Xq.AB+ABCD.

(Note that there is no term of the typs Zr.ABC.)

4, contains those therms of 4 which do not contain any
of the diagonal elements and is, therefore, obtained by put-
ting ali A, B, C and D equal to zero.
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Lo dy={ 0 by o 4 (2
a, 0 €, dy
as bs 0 ds

ay by (A 0
ZpA contains those terms in which the leading coeffi-
cients occur one at a time, Clearly this sigma will contain
four terms, one each with 4, B, C and D. In order to find
the coefficient of 4, we put B, C, D equal to zero in the
determinant that is left after crossing the rows and columas
which intersect at 4, thus giving the coefficient of A as

0 [+ dy
b, 0 dy
by A 0

Similarly the coefficient of # is obtained by putting 4,
C and D equal to zero in the determinant that is Jeft after
crossing the row and column intersecting at B.

- coeflicientof Bis| 0 o 4
ay 0 dy

ag Ca 0

Similarly we can write down the coefficients of C and
D. Thus we get all the terms of Zp.4.

Zq. AB contains those terms in which the leading
coeficients occur two at a time. Therc being four leading
coefficients, their combinations takea two at a time will
give ¢C,, i.e, 6 terms in the sigma of the type AB, AC, AD,
BC, BD and CD.

In order to find the cocflicient of 4B we put C and O
equal to zero in the determinant that js left after crossing
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the twa rows and two columas that contain 4 and B. Thus

the coefficients of ABis, 0 dy .
' €4 0 \
Similarly coefficient of BCis , 0 d, | etc.
ay Q

We have seen that three is no terms of the type Zr. ABC
because for that we will have to put D=0 in the determinant
that is eft after erossing the rows and columns which contain
4, B, and C and clearly it is zero i.e, coefficient of 4BC is
zero. Similarly coefficient of all other terms of type ABC,
€D4 and CDB will be zero when the determinant 15 of the

fourth order. The last terms in the above expansion is clearly
ABCD,

If however the determinant be of fith order then it will
Rot contain any terms of the type Zs.4BCD, r.e. which con-
tains four leading coefficients at a time,

d={ 0 by N dy
a, 0 . dy
ag b, 0 dy

a; by A [
dAl 0 ¢ dy |4+B] O o &

b, 0 d, a; 0 dy
by ¢y O a ¢ 0
+C} 0 b 4 (+D] 0 by o
a, 0 dy a 0 o

a. by O as by O



126 Determinants

+AB

0 d '+AC’ 0 d, ,+DAI 0 r,’

& 0 | b 0 B, 0
+BC 0 4, ‘+BC 0 ¢ +CD| 0 b
a 0 a 0 a 0

+A4BCD.

Ex. 2. Expand the skew-determinant

d £

x a b ¢ |in powers of x,
, —a X
Vo—=b —d x f

|

i

—¢ —e —f x

Since we have to expand the determinant in powers of
x i.e. the constituent of diagonal, we follow the method
explained in § 27.
dy=constant term in which no x occurs is obtaind
by putting all the x’s 1n diagonal elements equal to zero.
= 0 a b ¢ (which is skew-symmetrc
determinant of even order
—a 0 d e {and is therefore a perfect

square
—b —d 0 f (Property 4. P. 116}

—c —e —f o
whose value is (af—be-+cd)?.  (See Rule P. 114)

The coefficient of x3 i.e. x.x.x will be clearly zero.

The coeflicient of x? i.e. x.x in the Ist and 2nd columns
and rows is obtained by putting the two x’s equal to zero It
the determinant which is left by corssing the first and second
Tows
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and columns and is therefore =f%  Similarly

0 . -f 0
%e can obtain other coeficients of x* and they will be a?, 5%,
o, d2, g2,

Thus the total coeflicient of x* is (a2 4-B2 £ 22 1)
Obta;hcdc;cmde?t of x in the first row and first column is
nant ¢ by putting the three x’s equal to zero in the determi-

 which is left by crossing the first row and find column
and js therefore

0 d e (whichis skew-symmetric determi-
nant of odd order and is therefore
=~d 0 1 |zero (Prop. 1, P. 112)
—e —~f 0
Simitarly all the coefficients of x* will be zero.
C!carly’ the coeflicient of x4 is unity.

So A=XxD (@bt ot be? ff ) (af ~be+ed)
Ex. 3. Expand the skew determinant
A a h g p {in terms of elements
of the principal dia-
—-a B b f n | gonal.
(Agra M. Sc 19 503
—h —p (o4 ¢ r Nagpur 61)
~g —~f =~ D s
~P ~4 ~r —s E

Clearly coeffiicient of ABCDE=unity.

There will be no term involving four of the five letters
4B, C, D, and £, .

Coeflicient of ABC is obtained by putting D and E equal

=52, There will be 5C, such

10 2ero and is f
~5
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'
coefficrents, i.e. 2%—3—,=10 and they can be seen to be
at, b?, c2, f2, g% piagf?, 1? and 5

Coeflicient of AB is obtained be putting C, D and Eall

equal to zero and 18
0 ¢ r | whichbeing a skew-symmetric determi-
nant of odd order is zero.

Therefore all other coefficients of the terms of the type
AB etc. 5C; in number will be each zero,

Coefficient of 4 is obtained by putting B, C, D and Eall
equal to zero and is

0 b f g | whichbeing a skew-symmetric
determinant of even order is 2

—b 0 ¢ r | perfect square.
(Property 4 P. 116)

Its value is b f g, f.e. (bs —fr +-¢q)? (Sez Rule P. 117).
ers

There will be 8C, i.e. 5 such coefficients.
A=ABCDE+ZABC.a*+ZA (bs—fr+cq)

’.t § 28. Circulant Determinants.

Ex. 1. Explain the term circulant. Resolve the following
determinant into linear factors.
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@ a6y o oag
G & a0 a4 g

ag ag a, a, az

a. a a, a a
3 (3 5 1 2 (Nagpur
s ag ag ag ay M. Sec. 61)

Definition :—A determinant'is said to be circulant if
;’W Constituent in each row be the same occuring in a circu-
4rorder, but a different one standing first 1n each row.
k3

In the above row, the Jast quantity of first row is ay and
e Start the 2nd row with g followed by a;, gy, ..ending the
2 by 2y, and again start the 3rd row with a; followed by
% @1, 0, 4y and so on,

Rule to solye, Here the determinant is of 5th order.
E"""dt‘r the cquation x¥—1=0 and let its roots be 1, 6, 62,
B oas we know that n nth roots of unity forma G2 P.
Also g5y, (Dehli Hon's, 65)

for ’N"“’ take K for any of the above roots, i.e. K st:mding
of rep 0'. 0.2’ 6% 6. Add to the first column the constituents
},;em""“ﬂg columns multiplied by K, K2, K% K*. Since
“ 25 five different values ‘and you will find that each const:-
'ucm of fiest column in each transformation is same. Thus
You will haye five factors.

hene g K= 1, then K, K=, K%, K* arc all equal to 5

:"Fc we say adding all the columns to first column. It is

8ily seen thay @yt agt-ag+a is 4 factor. ()

+K4Taki"g K=, we say, apply C,+KCo+K*Cy+K3C,

be Cuie, Crt-0C,+0°C,+3C,+-6°Cy 5 the new furst colun
CoMmes
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ay+-0a,-+ 6%+ 6%, +6tay 1
ay+0ay+00ay+6°a,4-0%a, [
ag4-0as+0%a;+ 6%, 6%, &
ay+0a,-+9%,+6%a, +-6a, #
ay+0as+6%a,+-6%a;+ 6'a, [}

I we devide and muitiply each of the abave by 1, 6%, &

6%, 9, respectively and put =1, @5==05.0=0, (®~=05.63=6"

i.e. making the coefficient of'a, unity we will observe that

each efement becomes

ay+0a,-+8%a,-0%a; +-64a,
showing thereby that it 1s a factor. (2)
Simularly taking K=6° we say
apply Cy+KCp4-K2Co+-K3C,+- K9Gy
or Cy+62C, +63C+4-0C,+63C;
0 §%=¢%0=0 and §*=0°.03=6%

and proceeding as above we will find that each of the consti-

tuents of new first column is )
ay+ 82+ ay+0ay 4 0%ag (3

and hence 1t is a factor.
Simularly taking K=¢° and 6% we will find the other
factors.

S =L (o4-a,taz+astay)
(ay4-6a,+6%a,+03a,+04as)
(ay4-6%a+0'ay-+ 00,4+ 8%a5)

(ay+ 62,4 6a;4-0%a,+0%a;)
(@y+ 0%y 6%a5+ 0%a,+0as)
Comparing the coefficient of 4,5 in -the given detesmi-

nant (from diagonal terms) and in the product of above
factors we find that L==1. Hence the factors.
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Ex. 2. Resolve into factors the circulant

R a b ¢
¢ a b
b ¢ a

Consider the equation x3—1==0 and let its roots be I,
6 6 where == 1.
Let K stand for each of the above roots. Taking K=1,
then apply Cy+KC,y+ K*Cy Le. CytCatCar
K3=K=1, when K=1.
The new first column gives a4-b+¢ as a factor- (1)
Taking K=9. we apply Cy+KCotK2Cs or Cy+0Cs
+8C, the new first golumn becomes
a--b4-ch* 1
c+af4-bo? } o2
b+tco-t-ed? 8.
Multiplying and dividing by 1, 62, § in order to make
Whe coefficient of o unity, this column can be written as
a+bi+ct*
7:? (a+b0-+c0%) o=t.0=0

7"_ {(a+by+-c*).
Thus we observe that a4-b+-c6? is also a factor. (2
that ilf;;'iﬂy t“_kiﬂg K= and proceeding as above we find
%*-+-¢8 is a factor.
=L (@-+btc) (a-tbi+ct?) (a+bi>+co)-
Comparing the coeflicient of a* we find that L=1.

Ex.3 1y, is a cube root of unity, prove lhat atba
teut is 3 factor of
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{Rajasthar 65)
I e a b (Agra 54)

( ¢ a b b ¢ a
‘We have interchanged 2nd and 3rd rows and hence chan-
ged the sign and now the determinant is circulant and its
factors as shown before are
(a-+b+-c) (a+bf+-c8?) (a-+-bo2+ch)
o d=—(a+b+c) (a+bct?) (at-bor+-ch)

where 1, 8, 6% are the roots of x3—1=0 which are givento
be 1, w, w?,
Ex 4. Prove that the product of two circulants of
the same order is a circulant. (Nagpur M. Sc. 61}
Consider the product of two circulants
a b ¢ x| x ¥y z
c a b 2 x ¥y
b c a y z x
=| ax+bytez  aztbitey  aytbstex
ex4-ay4-bz extax+-hy cy+az+bx
bx+4-cy+4az br4-cx+ay by+-cztax
If we put avt-by+ter=A4,
bx+cy+az=B,
ex4-ay+bz=C,
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then the above determi

4
c

B
Which s 5 circulant,

[

133

nant is
B C
A
C 4,

Exercise 2

Q L Prove that
L B B R B R e
+x'fyy 2y
DTS T S
B 1 X
~Iy oy 1

Expand in terms of minors formed from the first two
Columpg,

[§22 P, 97}

I 1 x Lx - 1 x I i
-t ] —-x 1 ] -y =7 — !
[ 1 x ’ 2oy +l —x -—:" I 4 :,
—zy ¥ -y = -
N_xl ).z+—)'—-'H"‘]
~z X -y el
Now simplify etc.
* L. Prove that
— B ¥ 8
B - 5 ¥
¥y § —a B
5 v f —a
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=at4-§0 498 +84 — 20282~ 202y 20257 - 2%y ~ 2252 —2y8?
—8afyd.

Expand as above 1n Q. 1, in terms of mnors from the
first two columns

Q. 3. Prove the following identity and expand :=
0 1 1 1= 0 x y z
1 0 =2 ) x 0 z ¥y
1 o 0 x? ¥y z 0 x
1 y¥  x 0 z y x 0
=x izt —2y%2% 22352 2x%)2,

Multiply C; by xyz, Cy by x, C, by y and C, by 2 and
therefore

divide by W
4= ;%‘? 0 x b z
Xxyz 0 ya2 yiz
xyz xz3 0 zx2
xyz xy? rxz o

Now take yz from R, zx from R; and xp from R

0, «x ¥ z =R, H.S.

r 32.2X|
P>,
x 0 z
¥y z 0 x
z y x 0
In order to find the value, proced as in Q. 1and 2
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Note. The two determinants have been separately
evaluated before in Q. 44. and 45 P, 48 and 49 respectively.

Q. 4. Prove that
a h £ x x'

=aa?-+bf2 oy +2fBr+2gva+ 2af,
where a=yz"—y'z, f==zx'—2"x and y=xp’'—x'p.
(Nagpur 61)
Here C; and C; can be made C; and C, by (343), ie. 6
movements of columns thereby causing no change and as such
we expand the determinant as above in terms of minors of
C, and Cj, and we get

x x gf6—~\xx' b f
y ) x y z z 2 x y z
xy Xy z

+ oy ¥ a g

z x y =

Xy oz

All other determinants vanish as each determinant of
2nd order will have a row of zeros. Now expand and put the
values of «, § and y.
¥ [ga~f (~B)+ev]=—(—B) Uha—b (—B)-+f¥)+alaa —h(—p)+gr

==ae?4-bBt + e +-2 fBy -+ 2gva-+2haf.
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1&;75. If fi ()=a,x3+3b,x24-30,x+d),

Jo (X)=ayx34 35,3 30,X +-dy,
fi (X)=a3x3+43b,x2+3cv+-d,,
prove the identity

l‘ [ [0 A [==18 1 —xx ¢

o Sax) fz’(x) L@ a by o A

) LX) S @) A A A
ay by ¢y ds :

(Agra M.Sc. 53)
A== ayx3 430,32+ 30, +dy 3 (@ x*+2b,x+¢y) 6 (ax+-by)
ayx34-3b,x%+ 3c,x+dy 3 (apx242b,¥4-0,5) 6 (ay¥+-b,)
3343852+ 3c,x - dy 3 (a3xP+2b.x+¢5) 6 (ayx+by)
Take 3 and 6 common from C, and C; and then apply

C,—xC;.
A=18( ayx*+3byx24301x4dy  byx-tey ayx4by I

a\3430,%24-30,¢+dy  byxd-cr ayx4-b }
;‘ ayX34-3b, X2+ 3cv+dy  byxdez  apvtbg
Now apply C;—x2Cy—2xC, and then nterchange ;

and Cy.
Ad=—18| ayx+b, bixtey ox+dp

ayx4-by bsxd-co  Caxetdy
ayx+-by byxbey  eyvedy |

The deteminant on R.H.S. is of fourth order and as such
1 can be written as
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Ca=—18) 1 0 0 0
@ ayx+by byx4cy opx+dy
3 ApXt-by  BpXtep coxteidy
ag ayX+bhy  byetoy cpxbdy
Now apply Ce—xCy and then in the new determinant

thus obtaiged again Cy—xC, and then again in the new deter-
minant {l IS ohtnmed C,—xCj and you wiil get the determi-

X x [=f)—x"(x).
{Agra M. Sc. 44, 51, 55 ; Delhi Hons. 56
x x
Yy X
! x x x 3

Taking log of both sides of the given relation, we get

log f (x)=log (x—a)--log (x—B)+log (x—¥)+log (x—8).

f(Y) +f(‘<) L fx)
Xx=p " x—7y X—2

Now applying R,—R,, R,— R;, I‘,—-R‘ on 4, we get

A=} a—x x—pB

Differentiating we get f’(x)=

0 B—x x—y 0

0 0 y=—X Xx—8

x x x 3
=(a—2)[B~X x—y O |=x]x—8 0 0
0 Y—x X—§ ! B—x Xx-y 0
x x ) i 0 V=X ¥—§

=(a—Y) [(B—3} {(r ~x) 8—~x (x=H)}+x (x—¥) (x—-5)]
=X (Xx=B) (¥~ ¥) (x~-3).
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Collecting the terms of x and writ'ng each factoras
X——ga ¢tc., 1e. a-2Ato be written as —(x—a)
=(x—a) (x—PB) (x=¥) [x =8 —=¥]—X [(x—a) (x—B) (x—8)
+(x @) (Y=7) (x—8)+(x—p) (x—) (x—-B)
Taking (x—a} (¥ - ) (x—¥} (x~38) common.

=(x—a) (x—P) (x-7) (x—5) [l—\' (x‘ x_ﬁ+v_/
1
+353)]

Sy

=f(x)=xf" (x) by (1).
by I f(x)=(a—x) (a3 ~x) (35— ) (—%) (as—2),
show that

Ao, foo o, fn)

X—a 'x—f "x—y Tl x—8

a X X X Xx =f(")—':/Lf€

X @ X X x

X X a4 A X

X X X a4 X

X X x X a (Agra M. Sc. 61)

Apply Ry—Ra, Ry— Ry, Ry—Res Ry—
d=| ay—x x-2a, 0 o c¢

0  aG~x x—a; 0 0
[} 0 —X x—ay 0
0 0 ¢ ay-x x—ay

x x x X ay
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Expanding with first column,
A=(a,—x)| a,—x x—ay 0 0

0 ag—X X0, 0

0 0 ag—X X—ag
x x X ag
+xy x—ay 0 1] 0
dy—x X—ay 0 0
0 ag—x x—a, 0
0 0 ag—x x—a
=(ay—X)[(@3—X)] @Gg—x  X—0ay 0
0 Ay X X0y
x x a
—X —q, Q 0
e
a—X  X=—-dg 0

0 Ag—X X—ag
+x (x—a5) (x—ag) (x—ay) (x—az)
= (a0, —x) (g~ X) (@3~x) {a5 (@—X)—x (¥x—~a3)}
+x (x—ay) (x--a5)}
—x (ay—x) [(¥—a5) (x—ay) (x—a5)]
+4x (x—0ay) (x—a;) (x—a5) (x—ay),
Collecting the terms of x and writing each factor as a—x
instead of x—a and thus adjusting the sign,
A== (@ —x) (@3~%) (@3—x) (04~X) [{g:—x)+x]
+x (@ —x) (2,—%) {@~X) (a5—¥)
F(@1—x) (a;—x) (a;—x) (a;—¥)
F1(a1—x) (03—} (@4—~X) (a;—x)
+(@3—x) (a3—x) (a4—%) (a5—x)].
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Now take (a,— ¥} (0, 1) (@, — %) {a4—¥) (a3—X) common.
L ! 1 1 1 1
o amto[ v (G ) )
=f(x)-x [*(v)
“ Asin part {a) taking log,
f (x)=-—[ AU A AL +f{n [(x]

4y -X Uy ay X=X @y—x

Q. 7. Show that the determinant

PR (A=) v (A~0) x=
(A~c) xp Midaziet-—| (A—a) yz
(A—=1 vz (A—a) 3z ATt mt—1
contfains A (v3+ 134 :%)—1 as a fector and show also that the
¥ ining factor is independent of A

The given deternunant can be made of fourth order
without changing its value,
ie. a=| 1 0 0 0 |

Av A4t (A=) xpr (A=) az
+b:2—1

Ay (A= prtazz (A—a)yz
+ext—1

yz (A=byxz Q—a)yz AL

+ayr—1
Apply C,~2G,, C3—3Cy, Ci—2Cye
sod= 1 —x —; —2.
M cytbst—1 —cvy —bxz
N

’ A —exy axtpeat—l —ayz

Az —baz —ayz bat4 gy 21
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Now apply Ry—xR,—yRy—zR,, thus making the first
row of the new determinant as
1= (24242 0 0 0
all other constituents remaming unchanged Now expanding
with first row,
A=[1-2 (x24p2427)

X| eprbr—1 —exy —bxz
—cxy azt4ext—1 —ayz
—bxz —ayz bxttapt—1

Above form shows that 4 has 2 factor A (x*+y*-+2%) ~1
and that the remaining factor is independent of A.

Q. 8. Show that

(b4 a® be |=(at+b*4¢?) (a4-b+c)

X (a—b) (b—¢) (c—a).-
(c40)2 bB* ca
(@b ¢ ab (Agra34)

Proceed as in Q. 18 P. 85.

Q. 9. Ulilize Laplace’s Method of expanding a
determinant to prove that the product of two determinants
can be put as a single deferminant.

(Agra M.Sc. 42, 53)

Consider the determinant

4= @ b o 0 0O 0 (D)

a, b, g 0 06 0

as by IS 0 0 0
-1 0 0 31 [:

o 0 -1 L) [ Ys
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X =1 0 o1 - (B
The latter determinant 1s clearly

0 -1 —1. Hence we have from (4)

and (B) by changing the rows into

0 0 —~1 | columnsand columns Into rows.,

@ b (X| ey ap s
@ by oy B B2 Bs

a by o Vi Y2 T2
Z‘“‘+b1a2+‘l“s afi+bifst By agyitbiyatars
a‘a‘+b:a’+c2°' @1 +baBatCafs vyt byyataavs
11bbi0stCooy @y Hbafateafls asvitbavat-cavs

Q. 12. Evaluate

X ..

'
|

x X BV L B xn
X ¥ oxt L L Xt oxe x
B kL xn x x?
X x X wen XP-3 xn=2 xn-t l

C‘_i\glp.ly CumXCoari, Cuoy—=XCaogy Crog—XCoy »:Cymerlly,

A=y x 0 0 e e O 0 0
a0 0 - 0 0 X (Gmpey |}
* 0 o 0 x(l-x% ¢ f
= [} 0 wx(lmryy o ;
. 4
ant O x(Q=x") .. ... & « .
A x{le—) 0 11
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=X 0 0 0 0 ¥ {(I—x")
0 0 0 x{l=x1} 0
0 0 Sx(l—m) 0 0
0 x(l—xv . 0 0 [}
A(l=x 0 . 0 0 0

which 1s a determinant of (n— I)th order.

Now expand it with the last column f.e. (n~1)th which
can be made first column by (n—2) movemeats and hence we
will have to attach (—1)""%,  Agam we will be leftr with 2
determinant of (n—2)th order which has got to be expanded
again with its last 1 e. (n1~2)th colump. This last can be
made first by (#—3) movements and hence we will have to
attach (—1)"* and so on.

s dex (=1pe (=] (=S [ (=]

X (=158 {x(1—Y")]...(n—1) times
=(— )=~ Yetn-tl+  Si2t1x [x(]—x") [n-1
(e [0 (n=W2yn, (1 xnyn-d, o0 Znisent (1 1)/2
Q. 11, (a) Evaluate

a, by 0 o 0 1] 0
1 gy by O O .. O O
0 ~1 Gus By O o 0
1] 0 —1 Gy bney e 0 [\]
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The above determinant is called continuant determinant.
All the diagonal elements are a's, the lineabove the diago-
nal is of &' and that below the diagonal is of —1. Let us
denote the determinant of nth order by 4. Expanding with
first row (no« with first column), we get

An=ﬂn4n-1—bn~{"‘1 (An—z)+o}+°

or An=0nbn-y+bada-z-
. da dag
& Z,.—_an+b" Zne
or dn - J’_-g_
Boz ”"+én__, wo(A)
Adnes
bn
=at——"F 7 (by ()]
”n-1+Z:‘:
dn-s
by
e e
n [ by (4))-
cont : Ml y (4]
-t
o

No“’"x:‘l a, by \=ala,+b,nnd Ay=ay.

. f!! a, a,+b,ﬂa +
4 A
Hence continuing the above pracess ul! at last we reach
to the calcutation of%—’— which is a,+§’. Hence in terms of
1

. 1
Continued fraction we can write

.i-:a P L Paoy b l‘
day Cu 4 Gyt ore et a
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Note. If all the b’s be replaced by -1, then the ubove
determinant will be called simple continuant determinant and
1n that case

B,V V1
day " Gpat Guogt Gt ay
(Agra M.Se. 48)
(b) Prove that the yvalue of the determinant
T4xt x [} 0

x 142 x 0 0
x 14+x? x 0

l 0 0 0 0 x l4ix '
of mth order is 14+x24+x34 ., 4-x2m, (I. A.S.59)

Ay=1-+x2, dy=| 1--x2 x = () fxtt—xt
=tk & | * =(l+x’+x‘.
x 14-x?
dy=| 14x* x 0 =4 dy—x X 0
X 4x x x I+

0 x  14x2
= (1420 (1 + 32 x)—x.x (1+x%)
=142 [143T4-x8—=x7]
=(14X%) (1 +xt) =143t pxdtxl,
Again 4.=(1+X?) Jouy—
x| x X 0 o

0
14+x x 0
0

{

0
1] x I4x
] 1+x?

(m - l).ll'.\ otder
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Aw=(14 x?) Ay —X.X.dps-g
.,.—(1+\") Aoy —X* Az

Putting m=4, we get
A=(14x%) dy—22.4,.

=452 (I4x4-xd Fx8) a2 (1H124x5)

= (1433 x84 (1 x24-X3) (1 X3 — ¥3) == 1 X304 ¥6 x5,
Similarly we can show that

dgz= 14 X2 x4+ x84 x84 x2°
dp=1-4-x24-x8 x84 . . X3, Proved.

Q.11. (¢) Prove that the determinant of nth order.
cos § 1 0 0 0  =cos ni.

or

and

I 2coso & O . 0
0 1 2cos8 1 0

o 0 o 0 1 2cosgd

° 0 o 0 0 1 2cosk
d=cos 9, d:=l cos 0 1 I

1 2cosf
Of  Jy=2 cost f— | ==cos 20
dy=1 cos§ 1 0

1 2cos¢ 1

0 1 2cos8
=€0s § (4 cos? g—1)—1 (2 cos ¢)
4 ¢os® §—3 cos f=cos 33,
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pres cos @ 1 0 (LN
1 2cos ¢ 1 0
0 1 2cos9 1
0 [ 1 2coséd

Expanding with last column,
cos § 1 0 —2cosd |cosd 1 0

—J1 1 2cos¢ 1 1 2cosd 1

] 0 1 0 1 2c¢cosd
—1 {1 (2 cos® §—1)}42 cos 8.4;.
Now put dy=cos 34.
Ay=—(2 cos? 8—1)+2 cos 8 cos 30
== —~C0s 2§+4cos 48-F-cos 20==cos 4.
Similarly we can prove that d;=cos 50,

Hence d,=cos ns,
Q. 12, Evaluate
1 x x* x? xn=t

x 1 0 0 0
x 0 1 0 0
x 0 0 1 0

10 0 0 1 .
expanding with fiest column or first row,
(Vikram M.Se. 59 ; Agra M.Se. 1936, 60)
4=1.(a determinant whosc valug is clearly unity)
—x (a determinant whose value is clearly x)
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ie. +-x2 r(O)—l X2 xd L Yle x(—x%=—x
Lo 1
; o 0 .
=3 x ox* Xt . i
1o o . ‘
01 0 ..

x2 X3

e, —x* {.\‘(0)— 1
10

} i e~ X3 (x%)=—x"

and so on,
S d=l—xioxtond, xtret
a2 = {X2 x84 x8 (= 1) terms}
2y, dun—=h
xt—1 * r—
Vol —xiad ety
X1 Toxal

=1 ==sum of a G. P,

or

Alternative method.

In case there be no restriction to expand  the defermi-
nant either with first column or first row we can evaluate
the above determinant as below,
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Multiply C,, Cs Co by —x, —x* ., —x7-1 respectively,

1
S By B B e
x| 1 —x2 —xt . -,r"":‘
X - (4] . 0
xt [\] —x? [}]
x-1 0 ] o 0 —xnt

Add all the columns to fi st column and you will find
that new first column will have zcro everywhere except the
first constituent which will be

1—x3—xt ., —x-2,
Expanding with this first column,
J—vt

0 L
The above determinant of (n—)th order and is equat
to product of the terms in principal diagonal.

A X(—X) (=x3)...(—x"1}

P AN
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2)n~1
=] -ﬂi(})______! summing a G.P.
Xoloxinga? 2yl Proved.

xt—1 xI—1

Q. 13. Find the condition that a biguadratic should
be capable of being put as sum of two fourth powers and
expressing it in the form

axtpudbxd4-6ea?+ddxte=A (X +04+B (x+¢)°
find the quadratic whose roots are 6 and ¢,

{Agra M. Sc. 42)
On comparing the coefficients, we have

A+4-B=a, 1)
Af+Bp=b, e(2)
AG?f Bp?=c, (3
B4 Bf=d, - (4)
A0+ B =e, . (5)
Now assume that § and ¢ are the roots of
X24AX+p=0 .. (6)
5o that 64-28+p=0 )
and $*+Ad+p=0. -(8)

Now multiply (3) by 1, (2) by A and (I) by p and add
A (24204 p)+ B ($1+ 2 +p)=c+BA-Hap.

c+b\-pap=0 «e(9)

from (7) and (8)

Similarly d+ex+bp=0 (10}
and e+drtcp=0.

Eliminating  and p between (9}, (10) and (11), we have
the required condition as

¢ b a j=0or] a b ¢ =0 or J=0.

|
d ¢ d be,[i‘

e b ¢ e d e
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Also the quadratic equation whaose roots are 6 and ¢ is
obtained by climmating A and s between {6} and (9) and (10)

andis a? x 1 |=0 or 1 x x [z:O
c b a a b ¢ I
d ¢ b bed |

Note: — If the cubic were expressed as sum of two cubes
as above, then, also proceeding as above we would obtain
the some quadratic giving the values of 4, .

[See Author's book en Theory of Equations P. 121]

Qu Uy a & ¢ 4 0 0
a L ¢ 0 0 :
a b e 4 0 0 ‘

a b 0 ¢ d

‘

[}

[ a b 0 ¢ d

1] PA A ] e
prove that

@ c dp=|a b d b ¢ d
¢ e ¢ b v oot |
P I N o @

{Agra M. Sc. 39)

Expand the given determinant in terms of minors form

ed from Ist three rows and you will get so many determi-
nants the first of which will be

a b ¢ 0 ¢ d
a ¥ o o
& B e 0 &

which is zero. Sxmflarly you will find that in all the
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factors three will be a determinant with one line of zeros, and
hence zero except in the terms where given determinants
occur, ete, -

Q. 15. a h £

h b f

4 ¢

) If capital letters stand for the cofactors of the correspon=
ding small letters in the above determinant, then prove that
A= a h g !

h b f m

& i < n

1 m n 0 (Rajputana 60)
= [ Al2-4- B2 cn2 - 2E mm -+ 2Gni+- 2 Him)
. (Refer Anthor’s Solid Geometry P. 239)
. Expanding with respect to Iast column or last row, we

'

A=(=1yfll hbfi—m| a b g |+nla k g|+0

gfe g f ¢ hb f
Imn !l m n ! mn "
Now( a h g |=aA+hH+gG=hH+bB+fF.
=gG+fF+¢C.
kb oS
gf ¢ |
h b f =t 1 m n [=lA+mH+nC ie. we
have replaced a, 4, g
g fc k b f |byl, m, n, the other
rows  giving  the

I mn g J ¢ |cofactors remain
y unchanged and hence
. capital letters remain

unchanged.
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a b g |=— ah g |=—(H4-mB+nF)

as above,
g f ¢ I' m n '
I m n gf ¢
| a h g |=IG+mF+nC.
( h f b
' m n
S d=(=1) A+mH+nG)+m (IH+mB+nF)

+n (IG+mF+nC))

== (Al Bmi* Cn+ 2F1mn +- 2Gnl-+ 2Him).
Hence proved.



AGRA UNIVERSITY M. A. & M, Sc. PAPERS
1960
(a) Define skew-symmetric and skew determinants and
estab!ish the following properties :
) A skew-symmetric determinant of odd order
vanishes,
(i) The reciprocal of a skew-symmetric determinant of
even order is a skew-symmetric determinant.
(b) Evaluate
x x* x* xnt
x 1 0 0 [
x2 0 1 0 0

x 6 0 1 0

xn=t 0 ¢ 0 1
1961
L (a) ¥ f(x)=(a—%) (@—%) (@5~X) (@a—x) (a5—%),
show that
o x x x x daf
=/ (x)—x .
x a ,x X X
x x ay x x
x x x ay x
x x x x a; |’
(b) Prove that if in any symmetrical determinant. the
kad‘_ﬂg first minor vanishes, the “determinant itself and its
leading second minor have opposite signs.
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1962

(¢) Define skew-symmetric and skew determinants,
Prove that every skew-symmetric determinant of even order
15 & perfect square.

(b) Prove the identity.

{(b+e)? at at  [=2abc (a+b+c)%

bt (c+a): b

c? e (a+b)?
. 1963
(¢) Prove that| o B Y |=(e+8+») (B~7)
(—a) (a—F)
az 'g: 72

B+y v+aatB
(d) Define a symmetrical determinant, a skew determi-
nant and a skew-symmetric determinant,
Show that a skew-symmetrical determinant of odd

order has the value zero.
964

() Trove that the reciprocal of any determinant is
equal to the (n—1)th power of the given determinant.

(b) Prove thata skew-symmetric determinant of even
order is a perfect square.

{€) Prove the expansion

1 1 1,1
1+4a, 1 =a1,a,a5a, (l+”—l+‘l,—n+‘;;+n"
1 14a, 1 1 o
1 1 1ta, 1
1 1 1 1+ag
1965

(a) Show that a skew symmetric determinant of an
odd order vanishes,
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(b) Prove that
at4-a ab ac ad |

ab  b24A be bd
ac be 2+ cd

ad bd  ed dr4a
is divisible by A* and find the other factor.
1966

(a) Prove that the reciprocal of a determinant A of
the nth order is AL

(b) Prove that a skew.symmetric determinant of even
order is a perfect square.

(c) Evaluate

1+4a; ay Ageeense Qn
a I4a, gy Oy
a, a, I+4ag. ... a,

a a, [L2PRY I l

CALCUTTA UNIVERSITY Hons. PAPERS

1961
1. Show that
x a a a [=(x—a)*! {x+(n—1) a},
a Xx a a
a a x a
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where the determinant is of mh order with diagonal elements
all x and other elements al} a.

2. Resolve into factors the determinant
(e—a’)® (a—f) (a=¥)?
(B—a')* (B—B) (B—V)?
(r~a')* (—F) (r—v')
1962
1. Show that the determinant

0 (@a—f)® (a—»)* [ isequalto the productof
two determinants

(B—ay O (B—7F

(r—-af (r—~BP 0
—1 —2a o* [and{ | a a* l

-1 -2 g 1 g g
—1 =2y ¥ 1y s
Hence of otherwise, show that 4=2 (a—g)? (B—7)* (¥- o)
1963
Provethat | 1 a of |=(a—p) (B—») (y—a)
1 g g
Ty »

Deduce that
23 g s 1 |=(f— —a) {a
4o fria (B—7) ((7 rg))((ﬁ g) (r3)-
ya?4-B%* yatfS !
a*fr4y* af+vs 1
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1965
. (a) Define the adjoint of a determinant and prove that
if D is a determinant of order n and D' is its adjoint, then
D'=pr-1,
(b) Prove that
x+a b c d (=x¥x+a+b+c+d).
a x+b ¢ d
a b xtc d
a b ¢ x+4d
CALCUTTA UNIVERSITY PASS PAPERS
1965
(2) Show that the value of a determinant of the third
order femains unaltered if the rows are changed into columns

and the columns into rows.
{b) Show that

ar4x2 ab—cx ac+bx x ¢ b g
ab-f-cx  BE-Fx? be—ax |=| —¢ x a
ac—bx betax c*4x b —a x

DEHLI UNIVERSITY Hons. PAPERS
1963
@) If A isa determinant of third order and A’ the
reciprocal determinant of 4, show that 44'=4%
(b) Show that a skew-symmetric determinant of odd
order s zero.

{c) Solve the equations
Xbytr=1, avtby+ez=k, _a’x+b“y+c’:=l\’.
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1965

(a) Show that
a b c d

d a b c
¢ d a b

b ¢ d a
has a4 bX-+cA2+4-dX? as a factor, where A is a root of xf=1.
Hence or otherwise show that the determinant is equal to
(a+btc+d) (a—btc~d) {{a—c)2+ib~d)}).
(b) If A=layl, A\'=|Ay| be two determinants of order
nsuch that Ay is the cofactor of ay in A, prove that
AN'=A"1  What happens when A=07?
DELHI UNIVERSITY PASS PAPERS
1965
(a) Explain the use of determinants in solving linear
simuitancous equations.
{b) Calculate the value of the determinant

‘I 14, a a a,
a 1+4a: ay A
a, a, l4ag a4
a a L E A

GAUHATI UNIVERSITY Hoens. PAPERS
1963
1. Prove the rule for the multiplication of two deter-
minants of the same order.
If r, is the sum of the rth powers of the roots of an
equation of degree #, then the determinant
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So 5 Sa s Sny
5 2 5 S
Sa—1 Sn Satr o0e San—s

isequal to the square of the product of the differences of
the roots taken in pairs.

1964

1. Write down as a determinant the product of

u
P
A1

abclxxyz.
b e a]
I

¢ a b y z X
Hence show that the product of two expressions of the
form (p*+¢3+r*—3pqr) is of the same form.
2. Prove that 1f
I4x 1—x f—x .. Il-x

J—x 1+4x l—x

l—x t—x l+4x

l—x l—=x l—x . I1+4x
be a determinant of the nth order, then
D=(2x)"1 {n—(n—2)x}.
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1965
{a)} Prove that the determinant
—a* ab ac
ab b be
ac be —c?

is a perfect square, and find its value,

(b) Prove that if the cofactors of the elements of a
certain row (or column) are multiplied, in order, by the
elements of another row (or column), show that the sum of
the products 1s zero

(c) Show thata skew-symmetric determinant of odd
order vanishes,

RAJASTHAN UNIVERSISY B.Sc. PAPERS
1962
1. Prove that
a*—be b*-ca ¢*—ab |X| a b I3
ct—ab a*—bhe b*-ac ¢ a b
bleca F—ab a*—bc b ¢ a
=(a®+ b3 4 ¢3—3abc)®
1963
1. DProve that | (b-+c)? a* be J
(c+a)* b* ca f,
{a+b)? ¢z ab |
=(at-}-b1+c?) (a+b+c) (a—b) (6—c) (c—a)-
1965
(b) If w is the cube root of unity, prove that
at+ha+cw?
is a factor of
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c a b
and hence find the value of the determinant.

1966
(@) Prove that x=—1 is a root of the equation
2-x 3 3

3 4-.x 5 |=0

3 5 4—x
and find the other roots,
AGRA UNIVERSITY B.Sc. PAPERS
1960
1. (a) Prove that the product of two determinants
each of the third order is a determinant of third order.

{b) Express | 2bc—a? I b2
c? 2ac—-b* a?
b a*  2ab—c? {
as a product of two determinants, and find its value.
1961
1. @) If a4 b--c=0, solve the equation
a—x ¢ b =0.
c b—x a
b a c—x

(b) Use the properties of determinants to solve the
equations
arx4-byteztde=0, r==1, 2, 3.
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19

Determinants
1962
Show that
(b+c)? ar at
b (c+a) bt
c2 c? {a +by

Find the valug of | x

xt 32
yroax
1963
Show that
bit-c? ah ac
ba ct4a? be
ca b a?4-b%
Solve the equation
at+x a—x a—x |=0.
a—x a+x a-—x
a—x a--xX a+x
1964
Find the value of | [+4a 1
1 1+5

=2abc (a+b4-c)%

=da?h%?,
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2. 1f
x xt 423 {=0, prove that xyz=—1
y 1 140
L S
1965
1. (a) Evaluate
X a aa
a x a a
a a x a
a a a X
(b) Show that
@Gty at a? |=2abcla+4b+c)?

b (e+ap

¢? e (atb)®
1966
2. (a) Show that
Ay =B G a b oo P

—dy By ~Co |=| a3 by ¢ |

Ay —By C a, by ¢
the capital letters denoting the munors of the corresponding
small letters in the deternnant on the right.
(b} Evaluate

14a 1 1 1
! 145 1 1
i 1 e 1

i 1 1 144



166 Determinants

VIKRAM UNIVERSITY B. Sc. PAPERS
1962

1. Find the value of
a*4-A* abtex ca—-br X A e —b

ab—cA b*4X beta) —c A a
ca+bx be—al A b ~a A
1963

1. Show that
3 —_
n’:—b c . =4abe.,
bt yc?
a i
a
c24-at
b b -3
1961
1. Show that
(&) a? at (=2abe (a+b+c)
b (@) B :
c? ¢t (a4b)

1965
2, (a) Prove that
2be—a®  * b a b e
et 2ae-b at |=! b ¢ a
b a* 2ab—-c* tead

2= (Q¥ 483+ = 3abe)’,
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1966

1. (a) Prove that
1 bedad Bcrard

1 catbd ca24-b3d
1 ab-ted athi4ctd?
= = (boec) (¢ ~a) (a—b) (a—d) (b—d) (c~d).

SAGAR UNIVERSITY B. Sc. PAPERS
1962
I. Provethat}] 4 5§ 6 x [=(x—=2y+2)%

567y
678

1Y

xyz 0
1963

1. Calculate the value of the determinant
21 17 7 10

24 22 6 10
6 8 2 3

5 71 2
2. Prove that
(b+o)t a? at  |=2abc (atb+e)

b (ct+a)? B®
i c? (a+b)*

167
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1964

(a) Prove that if two rows or two columns of a deter-
minant are 1dentical, the determinant vanishes.

(b) Express the following determinant as a product of
two determinants and find 1ts value :

2bc—q? Pd b2
2 2ac—b*  a*
b2 a* 2ab—c?
1965

5. (a) Explain the use of determinants 1n solving linear
simulteneous equations, '
(b) Calculate the valve of the determinant :—

21 17 7 10

24 22 6 10

6 8 2 3

5 71 2
1966

1. (a) Prove that if tworows or two columns of a
determinant are identical, the determinants vanishes.

(b) Evaluate.
at a® a 1
b bt b 1
e 1

d ar 4 1
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RIHAR UNIVERSITY PAPERS
1965
2. (a) Find the value of
yEY 3T ¥bs
2BxF ¢ xx

wht o oxy X4y

1966
Prave that
ERE R I L Y
tx 1t
11 x 1
t 11 ox

BIHAR UNIVERSITY IIONS. PAPERS

. 1966
1. (1) Show that

yr—xt zx—yd Xyt e o ),
x—)* ay—2* yr--x? wort o
Xp-z? yre-xt zx--yt G T ]

where r2=x®4-334-2% and wh=yz42x4xp,

{b) If Ay, By, Cr.nvate the cofactors of
the determinant, O B el

4=l @ by e Ay By Cy =4

a by o A, B, C,

A by g

4; By C,
then show that ' e
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KERALA UNIVERSITY 1965
VENEATESWARA AND JIWAII 1966
Show that | a*  3a 3a 1 |=(a-1*%
a* a*42a 2a+41 1
a 2a+1 a2 1
1 3 3 1

1965
MYSORE UNIVERSITY PAPERS .

(a) Prove that

a—b—c 2a 2a
2b b—c—a 2b
2¢ 2a c—a—b
is perfect cube.
1966
(a) Show that N

(CO 1

I
Gomkhpur 67 eeru( 67 Rajnslh:m 67

=(x—a) (x—b) (x—¢)

1
B
1,1 1,1
11 =xy:t(1—;+;+;+;)-

14t
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(b) Prove that

456 x

567 y j=(x—2ptnt
6 7 8 2 +

X ¥y z oo

Lucknow 67
2. (@) Prove that
U ot abxdg-bextdde e
Uu=ﬂx=+2b.\'~'f-c

Upp=bxt42cv 4 d
Uy = ex24-2dx e,
a b ¢ U
" a b ¢
b c d U,
Lot ==U| b ¢ d
¢ d U
toe " e d e
UH Ul: Uti 0
Calcutty 67
4. (@) Factorisc a, 8, v |into four linear
. factors,
o B
B4dvta, atf
Mysore 67

.5 (a) Show that a determinant is unaltered by changing
its rows into columns and.its columas into rows.

(b) Show that s .
at+b b4c cta a b .
. By 4d a4b =216 o o

¢ a" a"b" L’+c' ¢ a

'd

’
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{e) Evaluate —

3 7956
8 4 538
710 3 5
6 29 g
Allahabad 67, 7. (a) Prove that
b+ a a

b c+a § =dabe

c ¢ a--b
(6) Solve the following by Cramer's ryle 1
Nefydr=1]

2xX—6p—=z 0,
4y +-2z=0,
) m 1€ equatjon

X

HERY

Py

=0,
‘2

x4

-
iayweStret™hat equations

ot bxta=0 and ety o
possess a common root only if
a, b,

@ b bia I / LR ]
l ) by e G oy ]
Agra 68, 4, Prove that

bt-c a—c a-b

bh—e cta b—a =8abec.

c—=b c—a a+b






