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PREFACE TO THE FIRST EDITION.

IN the following work [ have investigated the more
clementary propertics of the Ellipse, Parabola, and Hy-
perbola, defined with refercuce to a focus and directrix,
before considering the teneral Equation of the Second
Degree. 1 helieve that this arrangement is the best for

hegimiers.

The examples in the body of each chapter are for the
most. part very easy applications of the book-work, and
have been carcfully selected and arranged to illustrate
. the principles of the subjeet.  The examples at the end of
cach chapter are more difticult, and include very many of
those which have been st in the recent University and
College examinations, and in the examinations for Open
Seholarships, in Cambridge,

The answers to the examples, together with occasional
hints and solutions, are given in an appendix. I have
also, in the body of the work, given complete solutions
of some illustrative examples, which I hope will be found
especially useful.

SOU8, b



Vi PREFACE.

Although I have cndeavoured to present the ele-
mentary parts of the subject in as simple a manner as
possible for the benefit of beginners, I have tried to make-
the work in some degree complete; and have therefore
included a chapter on Trilinear Co-ordinates, and short
accounts of the methods of Reciprocation and Conical Pro-
.jection. For fuller information on thesc latter subjects
the student should consult the works of Dr Salmon,
Dr Ferrers, and Dr C. Taylor, to all of whom it will be
seen that I am largely indebted.

I am indebted to scveral of my friends for their kind-
ness in looking over the proof sheets, for help in the
verification of the examples, and for valuable suggestions;
and it is hoped that few mistakes have escaped detection.

CHARLES SMITH.

SipNky Susskx ConnLege,
April, 1882,

PREFACE TO THE SECOND EDITION.

THE second edition has been carefully revised, and some
additions have been made, particularly in the last
Chapter.

SioNry Bussex CoLnrck,
July, 1883,
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CHAPTER 1.

CO-ORDINATES.

L. T¥in a plane two fixed straight lines YOX', YOV’
be taken, and through any point > in the plane the two
straight lines PA, PL be drawn parallel to YOX', YOV
respectively ; the position of the point £ can be found

s
T

Y

when the lengths of the lines PM, I’L are given. For we
have only to take OL, OM equal respectively to the
known lines M, PL and complete the parallclogram
LOMP.

The lengths MP and LP, or OL and OM, which thus
define the position of the point P with reference to the

8.C. S, 1



2 CO-ORDINATES.

lines OX, OY are called the. co-ordinates of the point P
with reference to the azes OX. @g’ The point of inter-
section of the axes is called the origin. When the angle
between the axes is a right angle the axes arc said to be
rectangular; when the angle between the axes is not a
right angle the axes are said to be oblique.

OL 1s generally called the abscissa, and LP the or-
dinate of the point .

The co-ordinate which is measured along the axis OX
is denoted by the letter 2, and that measured along the
axis OY by the letter . If, in the figure, OL be a and
OM be b; then at the point P, 2 =a, and y=>, and the
point is for shortness often called the point (e, b).

2. Let OM be taken equal to OM, and OL' equal to
OL, and through A, L' draw lines parallel to the axes, as
in the figure to Art. 1. Then the co-ordinates of the three
g{)ints Q, R, S will be equal in magnitude to those of I

ence it is not sufficient to know the lengths of the lines
OL, LP, we must also know the directions in which they
are measured.

If lines measured in one direction be taken as positive,
lines measured in the opposite direction must be taken as
negative. We shall consider lincs measured in the di-
rections 0X or OY to be positive, those therefore in the
directions OX' or OY’ must be considered negative.

We are now able to distinguish between the co-ordi-
nates of the points 2, @, B, 8. The co-ordinates of R arc
OL’, IR, and these are both measured in the negative
direction ; so that, if the co-ordinates of P be a, b, those of
R will be —«, —b. The co-ordinates of S will be a, —b;
and those of @ will be —¢, b.

3. It must be carefully noticed that whether a line is
positive or negative depends on the direction in which it is
measured, and does not depend on the position of the
origin ; for example, in the figure to Art. 1, the line LO is
negative althougﬁ the line OL is positive.

If any two points K, L be taken and the distances
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0K, OL, mcasured from a point O in the line XL, be a
and b respectively, then the distance K7, must be K0+ OL,
or —OK + OL, that is —a+b, and this will be the case
wherever the point O, from which distances are measured,
may be.

If 0A=--3, and OB=4; thon AB~=- (-3)+4=7. If 04 :3, and
OB= —4; then AB= ~3+(-4)=-1T.
The reader may illustrate this by means of & figure.

4. To express the distance between two points n terms
of their co-ordinates.

Let P be the point (2, %), and @ the point («”, %"),
and let the axes be inclined at an angle o.

Y,

"/E ;
Draw PM, QL paralle]l to Y, and QR parallel to (.Y,
as in the figure. ‘
Then OL=a", LQ=y", OM=a", MP =y
By trigonometry
PQP= QR+ RP*—2QR.RPcos QRP.
But QR=LM=0M - OL =2 —2a",
RP=MP-MR=MP-LQ=y—y",
and angle QRP =angle OMP= 7 —angle XO Y =7 —w,
S PRI=(@ =2+ (y — o)+ 2’ —2") (Y —y") cos w,
or PQ=4y{(s/ ~a"Y+ (f =y )"+ 2 — ) (f —y") con ).
If the axes be at right angles to one another we have
PR=1 V(@ —-2")+ (¥ -y}
1—2



4 CO-ORDINATES.

The distance of I” from the origin can be obtained from

the above by putting 2” =0 and y” =0. The result is
OP= + y{(a" + y* + 22’y cos w},
or, if the axes be rectangular,

. 0P='_"4/{-‘ﬂm+!/m}-

Except in the case of straight lines parallel to one
of the axes, no convention is made with regard to the
direction which is to be considered positive. We may
thercfore suppose either P’Q or QP to be positive. If
however we have three or more points P, @, R... in the
same straight line, we must consider the same direction
as positive throughout, so that in all cases we must have

_PQ -+ QR = IJR.

5. To find the co-ordinates of a point which divides in
a given rato the straight line joining two given points.

Let the co-ordinates of P be @, v, and the co-ordi-
nates of @ be , y, and let B (z, y) be the point
which divides' PQ 1n tho ratio & : .

/C
Draw PL, RN, QM parallel to the axis of 3, and PST
parallel to the axis of #, as in the figure.
Then LN:NM:PS:S8T:PR:RQ:=k:1;
l.LN-Fk.NM=0,
or l(@w—a)—k(x,—x)=0;
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I, + ka,
= l+k '
Similarly y= lyﬁ,’f”*.

The most useful case is when the line P@) is bisected :
the co-ordinates of the point of bisection are

Yo +a) 3y +).
If the line were cut esternally in the ratio k:1 we
should have

LN:MN ::k:l,

or LN :NM:k:-1,
and therefore z= L'% : fﬂ.‘ , Y= L‘Ii -—iv ',

The above results are truc whatever the angle between
the co-ordinate axes may be. But in most cases formulae
become more complicated when the axes are not at
right angles to one auother. We shall in future con-
sider the axes to be at right angles in all cases except
when the contrary is expressly stuteds

Ex. 1. Mark in a figure the position of the point z=1, y=2, and
of the point x= — 3, y-- —1; and shew that the distance Lotween them
is 5,

Ex. 2. Find the lengths of the lines joining the following pairs
of points: (i) (1, —1) and (-1, 1); (ii) («, -«) and (-5, 8); (iii) (3, 4)
and (-1, 1).

Ex. 3. Shew that the three points (1, 1), (- 1, — 1) and (— /3, A/3),
are the angular points of an equilateral triangle.

Ex. 4. Shew that the four points (0, —1), (-2, 3), (6, 7) and (8, 8)
are the angular points of a rectangle.

Ex. 5. Mark in a figure the positions of the points (0, - 1), (2, 1),
(0, 8) and (~2, 1), and shew that they are at the corners of a square.

Shew the same of the points (2, 1), (4, 3), (2, 5) and (0, 3).

Ex, 6. Shew that the four points (2, 1), (5, 4), (4, 7) and (1, 4) are
the angular points of a parallelogram,

Ex. 7. If the point (2, y) be equidistant from the two points (3, 4)
and (1, -2), then will 2+ 3y=

s

. e



6 CO-ORDINATES.
6. To express the area of a triangle in terms of the
co-ordinates of its angular povnts.

Let the co-ordinates of the angular points 4, B, C be
z, 9,; &, 9, and x,,y, respectively.

Y (
A

B

0 K L M X

Draw the lines AK, BL, CM parallel to the axis of y,

as in the figure.

A ABC=KACM - MCBL — LBAK.

Now KACM = A ACM+ A AKM
=3 KM .MC+3KM.KA
=} (2, — ) (3, +9)
Similarly MCBI. =1(x,— ) (y,+y,),
and LBAK =1(z,— ) (y,+v);

A ABC= ; {(ys + :'/1)(‘”:1 - ‘7"1) + (.'/s + yn) (.’L', - ws)
L. . + (?/,'l‘ yn) ('”1 - 'ra)} H
or, omitting the terms which cancel,
A ABC= } {"”'1?/2 — &Y, + XY, — 2y, + &Y, — wlys}
Zy Yo 1 |
=}|2, 9 1
3y Yy 1
. The above expression for the area of a triangle will be found to be
positive if the order of the angular points be such that in going round the
triangle the arca is always on the left hand. Whenever on substitution

a negative result for the area is obtained, a reverse order of proceeding
round the triangle has been adopted.
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7. To express the urea of a quadrilateral in terms of
the co-ordinates of its angular points.
Let the angular points 4, B, C, D, taken in order, be
(mp 3/,): (‘za’ 12)’ (‘ca’ :’/3) and (wl’ y4)'

o] K L N M X

Draw AK, BL, OM, DN parallel to the axis of y, as in
the figure.
Then the area ABCD
= KABI + LBOM — MCDN — NDAK.
And, as in the preceding Article,
KABL=1}(y,+y, (x,—x,),
LBOM = % (.?/4 +ya) (xa —-'L',‘),
]‘ICD‘Z\Z= % (.z/a +.%) (.’Ba - wq))
NDAK = % (3/4 + yl) (a;‘—a:,).
Hence ABOD = % {(:’/1 + :‘/2) (ms - ‘zx) + (.1/11 +."/a) ("""s - wz)
+ (¥ + ) @ =)+ @, +y,) (@, — 2}
or, omitting the terms which canccl,
ABCD = % {ylws— Yoyt Yoy — YTyt Yoo — Y Ty + Y 2 — yme'
The area of any polygon may be found in a similar
manner.

Ex. 1. Find the area of the triangle whose angular points are (2, 1),
(4, 3) and (2, 5).

Also find the area of the triangle whose angular points are (4, -5),
(5, —6) and (3, 1). Ans. 4, §.
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Ex. 2. Find the area of the quadrilateral whose angular points are

(1, 2), (8, 4), (5, 3) and (6, 2).
Also of the quadrilateral whose angular points are (2, 2), (-2, 3),
(-8, —8)and (1, -2). Ans. 1, 20,
- 8. If a curve be defined geometrically by a property
common to all points of it, there will be some algebraiocal
relation which is satisfied by the co-ordinates of all points
of the cufve, and by the co-ordinates of no other points.
This algebraical relation is called the equation of the curve.

Conversely all points whose co-ordinates satisfy a given
algebraical equation lie on a curve which is called the locus
of that equation.

For example, if a straight line be drawn parallel to the
axis 0Y and at a distance a from it, the abscissae of points
on this line are all equal to the constant quantity a, and
the abscissa of no other point is equal to a.

Hence 2 = @ is the equation of the line.

Conversely the line drawn parallel to the axis of y
and at a distance a from it is the locus of the equation
z=u.

Again, if @, y be the co-ordinates of any point P on a
circle whose centre is the origin O and whose radius is
cqual to ¢, the square of the distance OP will be equal to
&'+ 3 [Art. 4. But OP is equal to the radius of the
circle. Therefore the co-ordinates z, y of any point on the
circle satisfy the relation #*+3*=¢" That is, 2" + 4" = ¢*
is the equation of the circle.

Converscly the locus of the equation #*+3*=c"is a
circle whose centre is the origin and whose radius is equal
toc

In Analytical Geometry we have to find the equation
which is satisfied by the co-ordinates of all the points on a
curve which has been defined by some geometrical pro-
perty; and we have also to find ¢he position and deduce
the gcometrical properties of a curve from the cquation
which is satisfied by the co-ordinates of all the points on it.

An cquation is said to be of the nth degree when,
after it has been so reduced that the indices of the vari-
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ables are the smallest possible integers, the term or terms
of highest dimensions is of n dimensions. For example,
the equations +bz+c=0, 2"+aysa+b=0, and
Nz +4/y=1 are all of the second degree.

Ex.1, A point moves 8o that its distances from the two points, (3, 4),
and (5, - 2) arc equal to one another; find the equation of its locus.
Ans. x- 3y =1.
Ex. 2. A point moves so that the sum of the squares of its distances
from the two fixed points (z, 0) and (- a, 0) is constant (2¢) ; find the
equation of its locus. Ans, *+yi=c2-a?
Ex. 3. A point moves so that the difference of the squares of its
distances from the two fixed points (a, 0) and (-«, 0) is constant (c?);
find the equation of its locus, Ans. 4dar=: x¢,
,Ex. 4. A point moves so that the ratio of its distances from two
fixed points is constant; find the equation of its locus.
Ex. 5. A point moves so that its distance from the axis of x is half
its distance from the origin; tind the equation of its locus.
Ans. 3y*-a2*=0.
Ex. 6. A point moves so that its distance from the axis of z is equal
to ity distance from the point (1, 1); find the equation of its locus.
Ans. 2?—2x-2y+2=:0,

9. The position of a point on a plane can be defined
by other methods besides the one described in Art. 1. A
useful method is the following.

If an origin O be taken, and a fixed line OX be drawn
through it; the position of any point P will be known, if
the angle XOP and the distance 0/ be given.

Thesc are called the polar co-ordinates of the point P.
The length OP is called the radius vector, and is
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usually denoted by 7, and the angle XOP is called the
vectorial angle, and is denoted by 6.

The angle is considered to be positive if measured
from OX contrary to the direction in which the hands of
a watch revolve.

The radius vector is considered positive if measured
from O along the line bounding the vectorial angle, and
negative if measured in the opposite direction.

If PO be produced to P, so that OF is equal to OP
in magnitude, and if the co-ordinates of P be r, 6, those
of P’ will be either », w + 8 or — 1, 6.

10. 7o find the drstance between two points whose polar
co-ordinates ure given.
Let the co-ordinates of the two points P, @ be » , 6,;
and r,, 6,.
Then, by Trigonometry,
PQ*=0P*+ 0Q*—-20P. 0Q cos POQ.
But OP=7,0Q=r,and : POQ= XO0Q-:XO0P=6,-6;
P =r?+1r}—2rr,cos (6,—0,).
The polar equation of & circle whose centre is at the point (a, «) and

whose radius is ¢, is ¢2=a?+12 - 2arcos (0 - a); where r, 6 arc the polar
co-ordinates of any point on it.

1. To find the area of a triungle having given the
polar co-ordinates of its angular points.

R

o X

Let Pbe (r,, 6,), Q be (r,, 8,), and R be (r,
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Then area of triangle PQR = A POQ+ A QOR- A POR,

and A POQ=}%0P.0@Qsin POQ
= % "7y sin (01: - 01)!

50 A QOR=}r, 7, sin (6,—4,),

and A POR=}r,» sin (6,—0,)

=—}rnsin(0,—0);
S APQR=4 {r,7,5in(0,—6,) +r,7,sin (6,—6,)
+ 7,7, 8in (6, - 6,)}.

12.  To chunge from rectungular to polar co-ordinates.

Y

o N X

If through Oa line be drawn perpendicular to 0X, and
0X, O be taken for axes of rectangular co-ordinates, we
have at once

2= ON= OPcos XOP=rcos 8,
and y=NP= 0Psin XOP=rsin#.

Ex. 1. What are the rectangular co-ordinates of the points whose
T

polar co-ordinates are (l. g) , (2, 4,) and ( -4, - I) respectively?

Ex. 2. What are the polar co-ordinates of the points whose rect-
angular co-ordinates are (-1, - 1), (-1, 4/3) and (3, - 4) respectively?

Ex. 3. Find the distance between the points whose polar co-ordinates
are (2, 40°) and (4, 100°) respectively.

Ex. 4. VFind the area of the triangle the polar co-ordinates of whose

angular points are (1, 0), (l. ;}) and (V2, I) respectively.



CHAPTER II.

THE STRAIGHT LINE.

13. 1o find the equation of a straight line parallel to
one of the co-ordinate axes.

Let LP be a straight line parallel to the axis of =
and meeting the axis of y at L, and let OL=0b.

Y
P
L J.
[0} N X

Let 2,y be the co-ordinates of any point I’ on the line.

Then the ordinate NPis equal to OL.

Hence y =0 is the equation of the line.

Similarly 2#=a is the equation of a straight line
parallel to the axis of y and at a distance « from it.

14.  To find the equation of « straight line which passes
through the origin.
Let OP be a straight line through the origin, and let
the tangent of the angle XOP =m.
Let z, y be the co-ordinates of any point P on the
line.
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Then NP =tan NOP . ON.
Hence y = ma is the required equation.
Y
3
~lo N X

15.  To find the equation of any straight line.

P
Q
M/
L/
- o N X

Let LAMP be the straight linc meeting the axes in the
points L, M.

Let OM' == ¢, and let tan OLM =m.

Let #, y be the co-ordinates of any point I° on the line.

Draw PN parallel to the axis of y, and O parallel to
the line LMP, as in the figure.

Then NP =NQ+ QP
=ONtan NOQ + OM.
But
.N P=y, ON=g, OM=c,and tan NOQ = tanOLM=m.
Y=MEF Covennrinininaninnnnnns (i)

wlnch is the required equation.

So long as we consider any particular straight line the
quantities m and ¢ remain the same, and are therefore
called constants. Of these, m is the tangent of the angle
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between the positive direction of the axis of x and the
part of the line above the axis of , and ¢ is the intercept
on the axis of . .

By giving suitable values to the constants m and ¢ the
equation y=ma+ ¢ may be made to represent any straight
linc whatever. For example, the straight line which cuts
the axis of y at unit distance from the origin, and makes
an angle of 45° with the axis of «, has for equation
y=a+1

We see from (i) that the cquation of any straight line
is of the first degree.

16. To shew that every equation of the first degree
represents a straight line.

The most general form of the equation of the first
degree is

Az + By+C=0...ccceeueeiirennnns (1)

To prove that this equation represents a straight line,
it is sufficient to shew that, if any three points on the
locus be joined, the area of the triangle so formed will be
zero.

Let («, y), (", "), and (™, ¥') be any three points
on the locus, then the co-ordinates of these points will
satisfy the cquation (i).

We therefore have

Ad + By +(0=0,
Az” + By” + C=0,
Az"+ By + C=0.
Eliminating 4, B, C' we obtain
=0,
I wn‘ y"’ 1

s

x , yll/, 1

the area of the triangle is therefore zero [Art. 6].
The equation Az + By +C =0 is therefore the equa-
tion"of a straight line.
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17. The equation Aax+ By+ (=0 appears to in-
volve three constants, whereas the cquation found in Art.
15 only involves two. But if the co-ordinates z, y of any
point satisfy the equation Az + By + C =0, they will also
satisfy the equation when we multiply or divide through-

out by any constant. If we divide by B, we can write
Y

the equaticn y=—4 w—g, and we have only the two

B
constants —% and — g which correspond to m and ¢ in the

equation y = ma + c.

18.  To find the equation of a straight line in terms of
the intercepts which it makes on the axes.

Let A, B be the points where the straight line cuts
the axes, and let 04 = @, and OB =).
Let the co-ordinates of any point P on the linc be
x, ¥. -
¥

o N A\x

Draw PN parallel to the axis of y, and join OF.

Then A APO+ A PBO= A ABO; |
ay + bz = ab,

¥_

5= 1.

This equation may be written in the form

le+my=1,

x
-4
a
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where { and 1 are the reciprocals of the intercepts on the
axes.

19. 7o find the equation of « straight line in terms of
the length of the perpendiculur upon it k/'rom the origin and
the angle whick that perpendicular makes with an axs.

Let OL be the perpendicular upon the straight line
ADB, and let OL = p, and Ict the angle XOL=a.

Let the co-ordinates of any pomnt P on the line be
x, 1.
Draw PN parallel to the axis of y, NM perpen-
dicular to OL, and PK perpendicular to NM, as in the
figure,

Y
~
L
P
M

K

o 3

Then, OL=0M+ ML=0M+ KD
=0ONcosa+ NPsina;
or p=acosa+ysing,

which is the required equation.

. 20. In Articles 15, 18 and 19 we have found, by
inde{)endcnt methods, the equation of a straight line
involving different constants. Any onc form of the
cquation may however be deduced from any other.

For example, if we know the equation in terms of the
intercepts on the axes, we can find the cquation in terms
of p and a from the relations @ cosa=p and bsin a = p,
which we obtain at once from the figure to Art. 19. Hence
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substituting these values of @ and b in the equation

Z 1, we get 2 cosa+ysina=p.

If the equation of a straight line be
Az+By+ C=0;
then, by d1v1d1ng throughout by ./4* + B? we have

0.
VA"+B‘ tvasEY tvarE

a.re the cosine and sine

A B
Now —- 4/A* and A/A’

respectively of some angle, since the sum of their squares
is equal to unity. If we call this angle a, we have -

zcosa+ysina—p=0,
where p is put for —

VA T+ B

Ex. 1. If 3z-4y-5=0, then dividing by A/32+4? we have
dr -4y —1=0. Thisis of the form zcosa+ y sin e~ p=0, where cosa=§,
sina=—4%,and p=1,

Ex. 2. The equation xz+¥+5=0, is equivalent to

2L. Yo find the position of a straight line whose
equation is given, it is only necessary to find the co-

Y

~or”
. \

el
lolﬁ

ordinates of any two points on it. To do this we may give
8.C. 8. 2
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to # any two values whatever, and find from the given
et};xation the two corresponding values of ﬁy The points
where the line cuts the axes are easiest to find.

Ex. 1. If the equation of a line be 2z + 5y=10. Where this cuts the
axis of z, y=0, and then z=5. Where it cuts the axis of y, 2=0, and
y=2

Ex. 2. The intercepts made on the axes by the line 4z - y +2=0 are
-3, and 2 respectively.

Ex. 3. 2-2y=0. Here the origin (0, 0) is on the line, and when
x=4,y=2.

The lines are marked in the figure.
2%. If we wish to find the equation of a straight line
which satisfies any two conditions, we may take for its
equation any one of the general forms.

() y=ma+o, (ii) ”;"+i—’=1,

(iii) lz+my=1, (iv) zcosa+ysina—p=0,
or (v) Ax+ By+C=0.

We have then to determine the values of the two
constants m and ¢, or a and b, or I and m, or a and p,

or‘—g- andg for the line in question from the fwo con-

ditions which the line has to satisfy.

v~ Ex.1. Find the equation of a straight line which passes throngh the
point (2, 3) and makes equal intercepts on the axes.
Let Z + %:1 be the equation of the line.
Then, since the intercepts are equal to one another, a=b.
Also, since the point (2, 3) is on the line,
4+ § =1;
a a
2,9
§*5 1,
.Ex, 2. Find the equation of the straight line which passes through
the point (n/3, 2) and which makes an angle of 60° with the axisof z.
Let y=mx + ¢ be the equation of the straight line.

.. a=5=> and the equation required is
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Then, since the line makes an angle of 60° with the axis of =,
m=tan 60°= /3,
Also, if the point (.,/3. 2) be on the line, 2=m. A/3+¢, thereforec= -1,
. and the required equation is y= /32 1.
23. To find the equation of a straight line drawn
through a given povnt in a given direction.

Let ',  be the co-ordinates of the given pomt and
let the line make with the axis of « an angle tan™ m,

Its equation will then be
y=mx+c,
and, since (', ') is on the line,
¥ =mx +c,
therefore, by subtraction,

The line given by (i) passes through the point (', ')
whatever the valuc of m may be ; and by giving a suitable
value to m the t,quamon will represeut any straight line
through the point (2, ¥).

If then we know that a straight line passes through a
particular point («, ') we at once writc down y—y
=m (z— ') for its equation, and find the valuc of m from
the other condition that the line has to satisfy.

24. To find the equation of a strasght line whwh
passes through two given points.
Take any one of the general forms, for example,

Y=ME A Cerrrnrniriirninnnrennne, ().
Let the co-ordinates of the two points be #/, y’ and 2", "
respectively. Then, since these points are on the line (i),

we have
Y =m& +Cureriiiniinininnnnnn. (ii),
and Y'=ma e (iii).
From (i) and (ii), by subtraction,
Y~y =m@—a) e, (iv).
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From (iii) and (ii), by subtra.ctmn,

Y- _/ =m @ =) (v),
and therefore 47 Y - =2 g
y -y o -4
This equation could be found at once from a figure.
Ex. The equation of the line joining the points (2, 3) and (3, 1) is

'1’ : :—2,ory+2z 7=0.

25. Let the straight line 4P make an angle 0 with
the axis of z. Let the co-ordinates of 4 be «, %/, and
those of P be z, y, and let the distance AP be .

Y ——
P
K
lo N M X .

Draw AN, PM parallel to the axis of y, and AK
parallel to the axis of 2.
Then AK = APcos 6, and KP = APsin 6,
or g—a'=rcos 0, and y —y =rsiné.
The equation of the line AP may be written in the
form
x—a _y-y _

cosf  siné

26. Let the equation of any stralght line be
Az+ By+ C=0..ccccuucuvunnnninn. (i).

Let the co-ordinates of any pomt Q be &, v, and let
the line through @ parallel to the axis of y cut the glven
straight line in the point P whose co-ordinates are o', y".

Then it is clear from a figure that, so long as @
remains on the same side of the straight line, QP is drawn
in the same direction ; and that QP is drawn in the oppo-
site direction, if @ be any point whatever on the other side
of the straight line.
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That is to say, QP is positive for all points on one side
of the straight line, and negative for all points on the other
side of the straight line.

Now QP =y — 4 eeiiiiiiiinnnnnnnn. (i),
and Az’ + By +C=Ax'+ By +C— (4z'+ By" + C),

[for («, ¥”) is on the line, and therefore 4z’ + By” + C'= 0]
o A+ By + C=—=B(y' ' —y)......... (iii).

From (ii) and (iii) we sec that 42'+ By + C is positive
for all points on one side of the straight line, and negative
for all points on the other side of the line.

If the equation of a’straight line be Az + By +C =0,
and the co-ordinates ', ¥° of any point be substituted
in the expression 4z + By + ('; then if 4a’+ By’ +C be
positive, the point (2/, ') is said to be on the positive side
of the line, and if A2’ + By’ + C be negative, (&, ¥) is
said to be on the negative side of the line.

If the equation of the line be written

—Az-By—-C=0,

it is clear that the side which we previously called the
positive side we should now call the negative sude.

Ex. 1. The point (3, 2) is on the negative side of 2z -3y —1=0, and
on the positive side of 3z -2y —1=0.

Ex. 2. The points (2, - 1) and (1, 1) are on opposite sides of the line
3x+4y~6=0.

Ex. 3. Shew that the four points (0, 0), (-1, 1), (- /%, 0) and (2, 33
are in the four different compartments made by the two straight lines
2z -3y+1=0, and 3z - 5y +2=0.

27.  To find the co-ordinates of the point of intersection
of two given straight lines.
. Let the equations of the lines be
ax +by +c=0 .coovviniinnnnnnn. @),
and az+by+c =0, (ii).

Then the co-ordinates of the point which is common to
both straight lines will satisfy both equations (i) and (ii).
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We have therefore only to find the values of z and y
which satisfy both (i) and (ii).
These are given by :
x y 1

b=V e —da~ i —ab
28. 7o find the condition that three straight lines may
meet tn a point.
Let the equations of the three straight lines be
az+by+c=0...(1), dx+by+c=0...(2),
a’z+b"y +¢" =0...(3).
The three straight lincs will meet in a point if the
point of intersection of two of the lines is on the third.
The co-ordinates of the point of intersection of (1) and
(2) are given by
ey 1
b —bc ca'—ca ab —ab’
The condition that this point may be on (3) is
Wbl =be ,cd —cu
Var=us T st =0
or, a”"(bc—=0b¢c)+8" (ca —ca)+c” (ab —ab)=0.

EXAMPLES.

1. Draw the straight lines whose equations are
@) z+y=2, (ii) 3z -4y=12,
(iii) 42-3y+1=0, and (iv) 2z+5y+7=0.
2. Find the equations of the straight lines joining the following pairs
of points—(i) (2, 3) and (-4, 1), (ii) (e, ) and (5, a).
Ans. (i) z- 3y +7=0, (ii) z+y=a+0.
8. Write down the equations of the straight lines which pass through
the point (1, - 1), and make angles of 150° and 30° respectively with the

axis of z. 1
- Ans. y+1= *:/-é (==1).
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4. Write the following equations in the form 2 cos a+y sin a — p=0,—

(i) 3z +4y - 156==0, (ii) 122 - 5y+10=0.
Ams. (i) §z+4y - 30, () - Ha+fy -12=0.
5. Find the equafion of the straight line through (4, 5) parallel to
2~ 38y -5=0. Ans. 22— 8y+7=0.
6. Find the equation of the line through (2, 1) parallel to the line
joining (2, 3) and (3, -1). Ans. 4z +y=9.
7. Find the equation of the line through the point (5, 6) which makes
equal intercepts on the axes. Ans. x+y=11.
8. Find the points of intersection of the following pairs of straight
lines (i) 5z + 7y =99 and 3z + 2y + 77=0, (ii) 2z~ 5y + 1=0andz+y +4 =0,

i) £+ Y= z. Y
(ul)a+b—1 andb+ a_l'
: . ab ab
Ans. (i) (- 67, 62), (ii) (-3, —1), (iii) (a"+b , a,:l-_b) .
9. Shew that the threc lines 5z+3y-7=0, 3z-4y-10=0, and
-+ 2y =0 meet in a point.
10. Shew that the three points (0, 11), (2, 3) and (8, —1) arcon a
straight line.
Also the three points (3a, 0), (0, 3)) and (a, 20).
11. Find the equations of the sides of the triangle the co-ordinates of
whose angular points are (1, 2), (2, 3) and (-3, -5).
Ans. 8z- 6y-1=0, Tz -4y +1=0,2-y+1=0.
12. Find the equations of tho straight lines cach of which passes
through one of the angular points and the middle point of the opposite
sidc of the triangle in Ex. 11.
Ans. 2z -y=0, 3z -2y=0, bz -3y=0.
13. Find the equations of the diagonals of the parallologram the
equations of whose sides are z—a=0, x-4=0,y- ¢=0and y - d=0.
Ans. (d—c)z+(a—b)y+bc-ad=0and (d-c) z+(b—a)y+ac-bd=0.
14, What must be the value of a in order that the three lines
3z+y-2=0, ax+2y—3=0, and 2z — y—3=0 may meet in a point?

Ans. a =5.
15~ In what ratio is the line joining the points (1, 2) and (4, 8) divided
by the line joining (2, 3) and (4, 1)? Ans. The line is bisected.

16. Are the points (2, 8) and (3, 2) on the same or on opposite sidgs
of the straight line 5y — 6x+4=0?
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17. Shew that the points (0, 0) and (3, 4) are on opposite sides of
the line y - 22+ 1=0.
18. Shew that the origin is within the triangle the equations of whose
sides are x— Ty +26=0, 5x+ 3y +11=0, and 8x-2y-1=0.
29. To find the angle between two straight lines
whose equations are given.
(i) If the equations of the given lines be
zcosa+ ysina—p=0,andzcosa’ +ysina —p'=0,
the required angle will be a— o’ or 7 — a — .
For a and @' are the angles which the perpendiculars
from the origin on the two lines respectively make with
the axis of , and the angle between any two lines is equal

or supplementary to the angle between two lines perpen-
dicular to them.

(i) If the equations of the lines be
y=mz+c and y=n'z+c;
then, if 6, @ be the angles thc lines make with the
axis of z, tan @ = m and tan &' =m/;
s tan(@—0)=-"2"""
m—m )
1+ mm'/’

The lines are perpendicular to one another when
1 4+ mm’ =0, and parallel when m =m'.

(iii) If the equations of the lines be
an+by+c¢=0, and a'z+ by +¢ =0,
these equations may be written in the forms

.. the required angle is tan™ (

y-—-—-%'a:— g, and y=—g;a:—g,.
Therefore, by (ii), the required angle is

_2.8
tan™ b ¥ or tan™ ba' —b'a
aa’ ’ aa' +bb' "

T+

+
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~ The lines axz+by+c¢=0 and az+b'y+c' =0 will'
be at right angles to one another, if aa’+bb' =0, and

will bo parallel to one snother if bu’ —ba =0, or if = 1.

30. The condition of perpendicularity is clearly satis-
fied by the two lines whose equations arc

ur+by+¢=0and bz—ay+c' =0.

The condition is also satisfied by the two lines

@ ’
az + by +¢ =0 and 8_%-'-0 =0.

Hence if, in the equation of a given straight line, we
interchange, or invert, the coefficients of # and ¥, and alten
the sign of one of them, we shall obtain the equation of
a perpendicular straight line; and if this line has to satisfy
some other condition we must give a suitable valuc to the -
constant term.

Ex. 1. The line through the origin perpendicular to 4y+2x=7 is
2y —4x=0.

Ex. 2. Theline through the point (4, 5) perpendicular to 3z - 2y 4-5=0
is 2(x—-4)+3(y-5) =0, for it is perpendicular to the given line, and it
passes through the point (4, 5).

Ex. 3. Tho acute angle between the lines

2zr+3y+1=0, and x—-y=0 is tan~15.

31. To find the perpendicular distance of a fiven point

Jrom a given straight line.
Let the equation of the straight line be

»

J* xeosa-+ysina—p="~0............... (1),
N N’
N~
P
N
L
o LN \ b4

and let o', y' be the co-ordinates of the given point P.
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The equation
@cosa+ysina—p =0....ccceuun... (ii)
is the equation of a straight line parallel to (i).
It will pass through the point (o, ¥) if
Z'cosa+y sina—p =0............... (iii).
Now if PL be the perpendicular from P on the line (i),
and ON, ON' the perpendiculars from the origin on the
lines (i) and (ii) respectively, then will
LP=NN'
=p -p
=4’ cos a + ¥ sina — p [from (iii)].
Hence the length of the perpendicular from any point
on the line xcosa+ysina —p=0 s obtained by substi-
tuting the co-ordinates of the point in the expression
zcosa+ysina—p.
The expression &’ cos @ + ¥ sin a — p is positive so long
as p’ is positive and greater than p, that is so loug as
P («, ') and the origin are on opposite sides of the line.

If the equation of the line be az + by + ¢ =0, it may be
written

a c .
’ — B e = Y e =0.....

Vo' + b’w '\/a’+b’y Va? +b° )
which is of the same form as (i) [Art. 20]; therefore the
length of the perpendicular from (2, ¥') on the line is

___‘.L_ - .w’+ _._b,__ q'+___c —
Vv T VEre ! Ve
ax' + by +c¢
or —T?Tﬁ_ ........................ (V).

Hence, when the equation of a straight line is given in
the form ax+ by +c=0, the perpendicular distance of a
given point from it is obtained by substituting the co-ordi-
nates of the point in the expression az + by + ¢, and dividing
by the square root of the sum of the squares of the coeffi-
cients of z and y.
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If the denominator of (v) be always supposed to be
positive, the length of the pefpendicular from any point
on the positive side of the line will be positive, and
the length of the {x:rpendicula.r from any point on the
ncgatlve side of the line will be negative. [See Art. 26.]

. 32, To find the equations of the lines which bisect the
angles between two given strasght lines.

The perpendiculars on two straight lines, drawn from
any point on cither of the lines bisecting the angles be-
tween them, will clearly be equal to one another in mag-
nitude.

Hence, if the equations of the lines be

az+by+e=0...ccooiiiii. (i),

’

and dC+VY+ =0, (ii),
and (2, ') be any point on cither of the biscctors,
WAL O g GOV
va*+ b Va'® + b*
must be cqual in magnitude.

Hence the point (2, ¥') is on one or other of the

straight lines
az +by+c do+by+c
JEEH Jan + i

The two lines given by (iii) are therefore the required
bisectors.

We can distinguish between the two bisectors; for, if we
take the denominators to be both positive, and if the
upper sign be taken in (iii), ax+ by +c and a'z+ D'y + ¢
must both be positive or both be negative.
ar+by+c _ dz+bx+c .

Jat 4+ b =+ Jar gy (iv),
cvery point is on the positive side of both the lines (i) and
(i), or on the negative side of both.

If the equations are so written that the constant terms

are both positive, the origin is on the positive side of both

=3

Hence in
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lines; hence (iv) is the bisector of that angle in which the
origin lies.

Ex. The bisectors of the angles between the lines 4z — 3y + 1=0, and
12z 4+ 6y +13=0 are given by 43—_53!'*'—1: *}_21%53_/_4;1_3; and the upper
sign gives the bisector of the angle in which the origin lies.

3

33. To find the equation of a straight line through the
point of intersectipn of two given straight lines.

The most obvious method of obtaining the required
equation is to find the co-ordinates a', ¥’ of the point
of intersection of the given lines, and then use the form
y—y =m(x—a) for the equation of any straight linc
through the point («, ¥). The following method is how-
ever sometimes preferable.

Let the equations of the two given straight lines be

ar+by+c=0..ccceccrrerunrnn.(i),
dx+by+c=0.ccrienniennn.n. (11).

Consider the equation
az +by+c+ A (@z+by+c)=0......... (i),

It is the equation of a straight line, since it is of the
first degree; and if («/, y') be the point which is common
to the two given lines, we shall have

ax’ + by +¢=0
and ax’' +b'y +¢ =0,
and therefore (a2’ + 8y +¢) + N\ (a2’ + 0y +¢)=0.

This last cquation shews that the point (#, y') is also
on the line (iii). )

Hence (1ii) is the equation of a straight linc passing
through the point of intersection of the given lines. Also
by giving a suitable value to A the equation may be made
to satisfy any other condition, it may for example be made
to pass through any other given point. The equation
(iii) thereforc represents, for different values of 2, all
straight lines through the point of interscction of (i)
and (ii),
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Ex. Find the equation of the line joining the origin to the point of
intersection of 2z + by — 4=0 and 3z — 3y +2=0.
Any line through the intersection is given by
22+ 6y —4+\ (32 -2y +2)=0.
This will pass through (0, 0) if ~4+2A=0, or if A=2;
. 2045y -4+42 (3z - 2y + 2)=0,
or 8z+y=0, is the required equation.

34. If the equations of three straight lines be
az+by+c¢=0,adz+dy+c¢'=0,and a"z+b"y +¢"'=0

respectively; and if we can find three constants A, u, v such
that the relation

AMaz+by+c)+p(@x+by+c)+v (@'z+ b 'y+c")=0...(1)
is identicully true, that is to say is true for all values of
z and g, then the three straight lines will meet in a point.
For if the co-ordinates of any point satisfy any two of the
equations of the lines, the relation (i) shews that it will
also satisfy the third equation. This principle is of fre-
quent use.

Ex. The three straight lines joining the angular points of a triangle
to the middle points of the opposite sides meet in a point,

Let the angular points 4, B, C be (2, ¥'), (<", ¥"), («”, "), respectively.
Then D, E, ¥, the middle points of BC, Cd, AB respectively, will be

(-z'l_._-wﬂl y”_'j’?L" (zlll+w Jﬂl _‘~ ) d (.,E l .B" y +,y')
y .

2 2 2
The equation of 4D will therefore be
Y-y x—a
v_ig:y__y, ”'3 i

ory (" +2" -2z ) -z (y"+y" -2+ 2 (¥ +y") -y (2" + 2")=0.
So the equation of BE and CF will be respectively
Y@+ - 22) - 2 (Y Y - BN+ (" Y)Y (@ +2) =0
and y(z'+2" - 2") -z (¥ +y" - ") + 2" (¥’ +y") -y (' +2")=-0.
And, since the three equations when added together vanish ldentxon.lly,
the three lines represented by them must mecet in a point.
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EXAMPLES.

1. Find the angles between the following pairs of straight lines—
(i) y=2z+5and 3z+y=1T,
(ii) =z+2y-4=0and 2z-y+1=0,
(iii) Az+ By + C=0 and (4 + B)z - (4 - B)y =0.
Ans. (i) 45°, (ii) 909, (iii) 45°.

2. Find the equation of the straight line which is perpendicular to
2x+ Ty - 5=0 and which passes through the point (3, 1).

Ans. Tz-2y=19.

8. Write down the equations of the lines through the origin perpen-
dicular to the lines 3z + 2y — 5=0 and 4z + 8y — 7=0. Find the co-ordinates
of the points where these perpendiculars meet the lines, and shew that
the equation of the line joining these points is 23x + 11y — 85=0.

4. Find the perpendicular distances of the point (2, 3) from the lines
42 +8y-7=0, 52+ 12y~ 20=0, and 3z+4y - 8=0. Ans. 2.

5. ‘Write down the equations of the lines through (1, 1) and (-2, —1)

" parallel to 3z+ 4y +7=0; and find the distance between these lines.
Ans. 7.

6. Find the equations of the two straight lines through the point
(2, 3) which make an angle of 45° with x+2y=0.

Ans. x-3y+7=0, 3z+y=9.

7. Find the equations of the two straight lines which are parallel to
z+Ty+2=0 and at .trﬁj)% distance from the point (1, - 1).

Ans. z+Ty+6+5,/2=0,

8. Find the equatlon of the line joining the origin to the point of
intersection of the lines £ ~4y ~7=0 and y +2x-1=0,

Ans. 13z + 11y=0.

9. Find the equation of the straight line joining (1, 1) to the point of
intersection of the lines 3z + 4y - 2=0 and z— 2y +5=0.

Ans. Tr+26y-83=0.

10. Find the equation of the line drawn through the point of inter-
gection of y — 4x —1=0 and 2z + 5y - 6=0, perpendicular to 3y +4x=0.

Ans. 88y —66x—101=0,

11. Find the lengths of the perpendiculars drawn from the origin on
the sides of the triangle the co-ordinates of whose angular points are (2, 1),
3, 2)and (-1, -1).

12. Find the equations of the straight lines bisecting the angles
between the straight lines 4y + 32 —12=0 and 8y +4x-24=0; and draw
a figure representing the four straight lines.

Ans. y-z+12=0, Ty+T7x-36=0,
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13, Find the equations of the diagonals of the rectangle formed by
the lines #+ 8y-10=0, z+3y 20=0, 3z - y+5=0, and 3x-y-5=0;
and shew that they intersect in the point (§, $).

14, Find the area of the triangle formed by the lines y-2=0,
y+2=0, x~c=0. Ans, e

16. The area of the triangle formed by the strught lines whose
equations are y — 22=0, y - 32=0, and y=5z +4 is §.

16. Find the area of the triangle formed by the lines y—=2z+4,
2y +32=5, and y + 2 +1=0. : Ans. 338,

17. Shew that the area of the triangle formed by the lines whose
equations are y=mx+c,, Yy =mz+ ¢y, and =0 is

3 (e -

18. Shew that the area of the triangle formed by the straight lines

whose equations are y =m;z +¢,, y=myr + ¢, and y=mgz + ¢y is
(6— c,,) (es—cr)? | (=)
i"‘n oy i”‘a ey ’km,—m, [Use Ex. 17.]

19. Shew that the locus of a point which moves so that the sum of

the perpendiculars lef fall from it upon two given straight lines is constant
is a straight line.

35. A homogeneous equation of the nth degree will
represent n straight lines through the origin,

Let the equation be
Ay + By x + Cy" '+ ... + Ka* = 0...(1).
Divide by 2" and we get

n a1 n-2
4 (y) +B(;Z) + O(Z) +oo + K =0... (i),
Let m,, m,, m,......m, be the roots of this equation.
Then it is the same as

AL m)

and therefore 18 satisfied when

y_ m,=0, when y_ m, = 0, &c.,
x z
and in no other cases.
Therefore all the points on the locus represented by (i)
are on one or other of the n straight lines
y—max=0, y—mzx=0,...... y—m,e=0,
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36. To find the angle between the two stnght lines
represented by the equation Az*+ 2Bxy+ Cy'=

If the lines be y —mz=0, and y—mz= 0 then
(y —max)(y — m,:c) 0 is the same as the glven equation

2B A
towyty Z=0;
Lomy My =— 2—: ...... (i) and mm,= % ...... (ii).

If 6 be the angle between the lines,
=m=m (B -40) i) and (ii

tan @ T+mm, AT C , from (i) and (ii).

If B*— AC is positive the lines are real, being coin-
cident if B*— AC =0.

If B*~ AC is negative the lines are imaginary, but .,
pass through the real point (0, 0).

The lines given by the equation 42"+ 2Bzy + Cy*= 0
will be at right angles to one another if A +C=0; that
is, if the sum of the coefficients of a* and y" is zero.

37. To find the condition that the general equation of
the second degree may represent two straight lines.
The most general form of the equation of the second
degree is
ax® + 2hwy + by + 29z + 2fy + ¢ =0......¢J).
If this is identically equivalent to
(lz+my +n) (Tz+my+n)=0......... (i),
we have, by equating coefficients in (i) and (ii),
W=ua, mm'=>b, nn'=c,
mn’ +m'n=2f, nl' +n'l=2g, Im’'+ U'm=2h,
By continued multiplica.tion of the last three, we have
8fgh = 2ll'mm'nn’ + U’ (m*n* + m*n ")
+mm' (0" + ™) 4+ an C(Pm? + T'm”)
= 2abc + a (4" — 2bc)
+b (49" — 2ca) + ¢ (41 — 2ab).
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Hence abc — af*— bg* — ch*+ 2fgh=0........ .(iii)
is the required condition.

Unless the coefficients of 2 and #* are both zero, we
can obtain the above result more simply by solving the
equation as a quadratic in 2 or in y.

Suppose « is not zero; then if we solve the quadratic
in z, we have

az+hy+g=+ V{(W’—ab) v+ 2 (hg — af ) y + §* — ac}.
Now in order that this may be capable of being reduced
to the form ux+ By + C =0, it is necessary and sufficient
that the quantity under the radical should be a perfect
square. The condition for this is
(%* — ab) (g* — ac) =(hg — uf ),
which is equivalent to (iii).

38. 70 find the equation of the lines joining the origin

to the common points of
an + 2hary + by + 292+ 2fy + ¢ =0............ (i),
und letmy=1......cc.oooninnn. (i1).

Make equation (i) homogeneous and of the second
degree by means of (ii), and we get
az’ + 2hxy + by* + 2 (g2 + fy) (Le + my) + ¢ (ke +my)* =0

...(1i1),
which is the equation required.

For equation (iii) being homogeneous represents
straight lines through the origin [Art. 35]. To find where
the lines (iii) are cut by the line (ii), we must put
lz +my=1 in (iii), and we then have the relation (i)
satisfied; which shews that the lines (iii) pass through the
points common to (i) and (ii).

*39. To find the equation of the straight lines bisecting
the angles between the two straight lines
az’ + 2hxy + by' = 0.
If the given lines make angles 6, and 6, with the axis
of , then (y —ztan 6)) (y —« tan 6,) = 0 is the same as
the given equation : and we obtain

8. ¢, 8. 3
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tan 6, + tan B, == o Q).
and tan 6,tan 0, ="...ccccocerrerenrnrn . (ii).

b
If @ be the angle that one of the bisectors makes with
the axis of z, then will

0,+6,
=5 $orf=

0, 0, + 9 +7
g "ty
and in either casc
tan 260 = tan (0, + 6,),
2 tan 8 tan 0, +tan 6,

or 1<tan*d” 1= tanﬂ tan0

If («, y) be any point on a blscctor, '/ =tan 6;

0¥
,,. tan 6, + tan 6,
14 1= ta.n(i tan ('I
a*

therefore, making use of (i) and (ii), we have for the re-
quired cquation

hence

2zy _ 2k

ity
o=y _wy
a=-b k-
EXAMPLES.

« 1.“ 8hew that the two straight lines 3?-2xysecf+22=0 make an
angle @ with one another.
. »2, Shew that the equation 2?+xy- 63+ Tx+ 81y - 18=0 represents
two straight lines, and find the angle between them. Ans, 45°.
v 3. Bhew that each of the following equations represents a pair of
agmxght lines, and find the angle between each pair:
? i) &-a)y-a)=0, (ii) 2*-4°=0,
(iii) ay=0, (iv) 2y-2z-3y+6=0,
(v) 22-5xy+4y°=0, (vi) 2?-bxy+4y®+3x-4=0,
(vii) 2%+ 2xycot2a-y?=0. .

or



THE STRAIGHT LINE, 35

+ 4, For what value of A does the equation f-‘_'f _m _‘_"’iff
122% - 102y + 23+ 11z - By + A =0
represent two straight lines? Shew that if the equation represents
straight lines, the angle between them is tan—1}, Ans, =2,
» 5. For what value of A does the equation
122% + My + 22 + 11z - 5y +2=0
represent two straight lines ?
+ 6. For what value of X does the equation
124% 4 86y +My? + 62+ 6y + 3=0
represent two straight lines? Are the lines real or imaginary? A4ns. 28,
7. For what value of N\ does the equation Mry+5x+3y+2=0
represent two straight lines? Ans. =19,
8. Shew that the lines joining the origin to the points common to
8z + by - 8y?+ 22 + 3y=0 and 3z - 2y =1 are at right angles,

The lines are 3z + 5xy — 3y*+ (25+ 3y) (3z — 2y) =0.

Ans. -10, or - 3f,

OBLIQUE AXES.

40. To lzﬂnd the equation of a straight line referred to
ut an angle .

axes tncline

~L /o N X
Let LMP be any straight line meeting the axes in the
points L, M.

Let z, y be the co-ordinates of any point P on the
line.

Draw PN parallel to the axis of y and OQ parallel to
the line LMP, as in the figure,

3—2
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Then NP=NQ+QP.......cccovuv..... @)
. NQ_ sinNOQ _
But ON = sins (@ = NOQ) — constant = m suppose,
and QP = OM = ¢ suppose;

therefore (i) becomes y=mx+c, which is the required
equation.

If 8 be the angle which the line makes with the axis
of z, then

_ siné
"= i (0 —6)’
ctang= OO
14+ mcosw

41. Many of the investigations in the preceding
Articles applly equally whether the axes are rectangular
or oblique. These may be easily recognised.

*42.  To find the ungle between two straight lines whose
equations, referred to axes inclined at an angle w, are
gwen.

If the equations of the lines be

y=ma+c and y=m'z+c,
and if 8, &' be the angles they make respectively with the
axis of z, then [Art. 40]
tan @ = —2 S0 sin o , and tan @' = ud si,n ©_ ;

1+meosw 14+ cosw

. N (m—m")sin @ .
therefore tan (6 —8')= T (i ) cos @ £ i (1),
or the angle between the lines is

- (m—m') sinw
an”’ - — ~ ;.

1+ (m+m') cos o + mm'
The lines will be at right angles to one another, if

14+ (m+ m') cos @ +mm' =0............... (ii).
If the equations of the two straight lines be

ar+by+¢=0,and a'z+ by +c¢' =0,

"and 6 be the angle between them, then m=—~q', and

b
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' :
m=— Z—, , and substituting these values in (i) we have,

___(db—ab)sine
toan =2 +bb' —(ab'+a'b) cos o’
The lines will be at right angles to one another, if
aa’ + bb’ — (ab'+ a’) cos w =0............ (iid).

*43. To find the perpendicular distance of any point
(f, 9) from the line Az + By+ C=0.

Let the line cut the axes of z and y in the points KX, L
respectively, and let L be the point whose co-ordinates arc
/.9, and let PN be the perpendicular from it on the linc
LK. Then

APLK=APOK+ APLO-ALOK......(3),
“wPN.LK = 0K .gsinw+ OL.fsino — OK.OLsinw...
(i1).

The relation expressed in (i) requires to be modified
for different positions of the point and of the line, unless
we make some convention with respect to the sign of the
arca of a triangle, but the equation (ii) is universally true.
The student should convince himself of the truth of this
by drawing different figures.

C C
Now OK_—E’ 0L="'B:

also LK*= 0K+ OL*—-20K . Ol cos 0
2
= Aqu’ (A% + B* —2A4Bcos w);
. . _ Af+Bg+ C .
.~ from (ii) PN_\/{A’+ BP—9AR cmsm w.

*44.  To find the angle between the lines
az® + 2hay + by’ = 0,
the axes being inclined at an angle o.
If the lines be ~ y=m'z and y=m"=,

then will mym =-=,
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w
and m " = B’

whence w —m” = 24/ .’.‘b'f_"'b_

But the angle between ¥ = m'z and y =m"z is

tant (m' —m”) sin @ ., [Art. 42;

1+ (m +m") cos @ + m"
therefore the angle required is
4 2W/{#* — ab} sin @
an~t 2V b
tan b—2hcosw+a’

The lines aa® + 2hay + by* = 0 arce at right angles to
onc another, if

: a+b—2hcosw=0.

Porar Co-ORDINATES.

45. T find the polur equation of a straight line.

Let ON be the perpendicular on the given line from
the origin, and let ON =p, and XON = .

Let P be any point on the line, and let the co-ordinates
of Pbe r, 6.

P

X
° AN
Then, in the figure, 2 NOP is (f —a), and
OPcos NOP =ON.
Therefore the required equation is
rcos (6 — a) =p.
This equation may also be obtained by writing  cos 8
for #, and r sin @ for y in the equation £ cosa+ ysina=p.
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46. To find the polar equation of the line through two
given points.
Let P, Q be the given points and let their co-ordinates
be v, 0 and ", 8" respectively.
Let R be any other point on the line, and let the
co-ordinates of R be (r, 6).
Then, since
A POQ+ A QOR— A POR=0,
we have
7" sin (" —6) ++"rsin (0 —0") — r'sin (0 — ) =0
The required equation is therefore,
/2" sin (6" — @) +7"rsin (0 — 6”) + 22" sin (6 — 6) =0.

EXAMPLES.
1. Shew that the lines given by the cquation 3% - z2-=0 arc at right
angles to one another whatcver the angle betwceen the axes may be.

2. TYind the equation of the straight line passing through the point
(1, 2) and cutting the line x4-2y=:0 at right angles, the axes being

inclined at an angle of 60°. Ans. x=1.
3. Find the angle the straight line y =5x+ 6 makes with the axis of
z, the axes being inclined at an angle whose cosine is 3. Ans. 450

4. If y=mx+cand y=m'z+c make cqnal angles with the axis of z,
then will m +m' + 2mm’ cos w=0. .

5. 1If the lines d®+2Bzy -+ Cy?==0 make equal angles with the axis
of x, thon will B=4 cos w.

6. Shew that the lines given by the equation

2% + 2y co8 w +y? cos 2w =0

are at right angles to onc another, the axcs being inclined at an angle w.

7. TFind the polar co-ordinates of the foot of the perpendicular from
the pole on the line joining the two points (ry, 6,), (ry, 6.).

47. 'We shall conclude this chapter by the solution of

some examples.

(1) On the sides of atriangle as diagonals, parallelograms are described,

having their sides parallel to two given straight lines ; shew that the other
diagonals of these parallelograms will meet in a point.,
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Take any two lines parallel to the sides of the parallelograms for the
axes. Let 4, B, C, the angular points of the triangle, be (z, ¥'), (=", ¥")
and (z", y") respectively. .

/o pd
Then the cxtremities of the other diagonal of the parallelogram of
which 4B is one diagonal will be seen to be (z, ") and (z”, ¥).
Therefore the equation of the diagonal FK will be

y-y _z-a
!I""!/” e 2 - :I:',
or 2 (yl - :’/") +y (1[ - xn) +ﬂ7”y" - Ilylz().

Similarly the cquation of HE will be
z (y”_ym) +y (z" - o) +.t'"y"' oy’ =0,
and the cquation of GD will be
z (ym_y!) +y (-’l:"' - mr) +xry1_ a;’"y'":().
The sum of these three equations vanishes identically, therefore the
three straight lines meet in a point. [Art. 34.]
(2) dny straight line is drawn through a fized point A cutting two
given straight lines OX, OY in the points P, Q respectively, and the paral-
lelogram OPRQ is completed: find the equation of the locus of R.

Y
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Take tho two given lines for the axes, and let the co-ordinates of the
point 4 be f, g.

Let the equation of the line PQ in any ono of its possible positions be
X ) .
s ().

Then the co-ordinates of the point R will be a and 8.

But, sinco the line PQ passes through the pomt (/, 9), the values z=f,
y=g satisfy the equation (i). Therefore

CofLe

u+ﬂ—

Hence the co-ordinates a and 8 of the point R always satisfy the

relation (ii). Calling the co-ordinates of the point R, x and y instead
of a and B, we have for the equation of its locus

f,9.
Ly

ISR (id).

(8) Through a fixed point O any straight line is drawn meeting two
given parallel straight lines in P and Q; through P and Q straight lines
are drawn in fixed directions, meeting in R: prove that the locus of R is a
straight line. .

Take the fixed point O for origin, and the axis of y parallel to the two
parallel straight lines; and let the equations of these parallel lines be
r=a, x=h.

Then, if the equation of OPQ be y=mx, the abscissa of I’ is a, and
therefore its ordinate ma; also the abscissa of @ is b, and therefore its
ordinate mb.

Let PR be always parallel to y =m'x and QR always parallel to y =m".,
then the equation of PI will he

Y-ma=m'(@®-a) ... ...cccoooer vn enenns (i),
and the equation of QR will bo
y-mb=m" (- b).. ... .. ... oo (i)

At the point R the relations (i) and (ii) will both hold, and we can find,
for any particular value of m, the co-ordinates of the point R by solving
the simultancous equations (i) and (ii). This however is not what wo
want, What we require is the algebraic relation which is satisfied by the
co-ordinates (z, y) of tho point It, whatever the value of m may be, To
find this we have only to eliminate m between the equation (i) and (ii).



42 THE STRAIGHT LINE.

The result is
(b-a) y=m'b(x—~a)-m'a (z-b).
This equation is of the first degree, and therefore the required locus is
o straight line,

(4) To find the centres of the inscribed circle and of the escribed circles
of a triangle whose angular points are given.

Liet («, ¥), (2, ¥")s &", y"') be the angular points 4, B, C respectively.
The equation of BC is

Yy —2") -z " -y")+y"d" —2"y"=0............... (i),
the equation of C4 is
y@"-a)-z(y"-y) +y" 2"y =0......... ..... (ii),

and the equation of AR is
y(@'-z2")-x(y' -y)+yz"-2y" =0............... (iii).

The perpendiculars on theso lines from the centre of any ono of the
circlos arc equal in magnitude.

The centires of the four circles are therefore [Art. 81} given by

R e R
J(.t" - mm)g + (y/ - ym)u
Y@ =)=zl =)+ g - 2y
=k = M e
~/(:';nl _ z/)g + (ym __ yr)g
o Y@= 2l -y) g oy
N =) - y)

If the co-ordinates of the angular points 4, B, C of the triangle be
substituted in the equations (i), (ii), (iii) respectively, the left hand mom-
bers of all three will bo the same. Hence, [Art. 26] the angular points
of the triangle are cither all on the positive sides of the lines (i), (ii), (iii),
or all on the negative sides.

Tho perpendiculars from the centre of the inscribed circle on the
sides of the triangle are all drawn in the same direction as those from
the angular points of the triangle. Hence in (iv) the signs of all
the ambiguities are positive for the inseribed ecircle.

For the escribed circles the signs are — + 4, + - +, and + + —
respectively.
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Exampries oN Cuarrer [I.

1. A straight linc moves so that the sum of the recipro-
cals of its intercepts on two fixed intersecting lines is constant;
show that it passes through a fixed point.

2. Prove that ba’— 2haxy + ay® = 0 represents two straight

lines at right angles respectively to the straight lines
ax® + 2hay + by’ = 0.

3. Find the cquation to the n straight lines through
(«, b) perpendicular respectively to the lines given by the
equation

PY +PY TR+ PY T+ +pat:-0,

4. Find the angles between the straight lines represonted

by the equation
o* + 3oy — 3wy’ — y" = 0.

5. 04, OB arc two fixed straight lines, A, B being fixed
poiuts; I’ () are any two points on these lines such that the
ratio of A2 to B is constant; shew that the locus of the
middle point of 7’ is a straight line.

6. If a straight line be such that the sum of the perpendi-
culars upon it from any number of fixed points is zero, shew
that it will pass through a fixed point.

7. PM, PN are the perpendiculars from a point P on two
fixed straight lines which meet in O; 4[Q, N are drawn
parallel to the fixed straight lines to meet in @ ; prove that, if
the locus of /” be a straight line, the locus of @ will also be a
straight line.

8. A straight line OPQ is drawn through a fixed point O,
meeting two fixed straight Jines in the points 2, @, and in the
straight line OI’Q a point R is taken such that 02, OR, 0Q
are in harmonic progression; shew that the locus of 2 is a
straight line.

9. Find the equations of the diagonals of the parallclogram
formed by the lines

a=0, a=¢, a'=0, o= ¢,
where a=xcosa+ysina—p,
and o' =xcosa +ysina —p.
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10.  ABCD is a parallelogram. Taking 4 as pole, and 4B
as initial line, find the polar equations of the four sides and of
the two diagonals,

11. From a given point (k, k) perpendiculars are drawn
to the axes and their feet are joined ; prove that the length of
the perpendicular from (%, k) upon this line is

hksin'o
I+ B+ 20k cos )’
and that its equation is Az — ky=1*— &

12. The distance of a point (z,, Jl) from each of two
straight lincs, which pass through the origin of co-ordinates,
is 8; prove that the two lines are given by

(@y-=y,)'=8"(="+4").
13. Shew that the lines FC, KB, and AL in the figure to
Euclid 1. 47 meet in a point.

14. Tind the cquations of the sides of a square the
co-ordinates of two opposite angular points of which are 3, 4
and 1, - 1.

15. TFind the equation of the locus of the vertex of a
triangle which has a given base and given difference of basc
angles,

16. Find tho equation of the locus of a point at which

two given portions of the samo straight line subtend equal
angles,

17.  The product of the perpendiculars drawn from a point
on the lines
xcosf+ysinf=a, xcond+ysing:=a
is equal to the square of the perpendicular drawn from the
same point on the line .

+¢ 0+¢ 0-¢
g

0
@ co8 —5— +Jsm--- =@ cos

shew that the equation of the loeus of the point is 2* + 3* - @®

18, PA, PR are straight lines passing through the fixed
points A, B and intercopting a constunt length on a given
straight line; find the oquation of the locus of />,
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19. The area of the parallelogram formed by the straight
lines 3z + 4y =Ta,, 3z + 4y=Ta, 4x+ 3y="Tb,, and 4x+ 3y=Tbh,
i8 7 (a,— a,) (b,— b,)-

20. Shew that the area of the trianglo formed by the lines
a2 + 2hay + by =0 and le+my+1=0is

2 J(%* = ab)
am’ = hdm + bl

21. Shew that the angle between one of the lines given by
ax’ + 2haxy + by® == 0, and one of the lines

a® + 2hay + by* + X (' + y°) = 0,
is equal to the angle between the other two lines of the system.

22.  Jind the condition that one of the lines

ax® + 2hey + by - 0,
may coincide with one of the lines
@t + 20y + 0y =0.
23.  TFind the condition that one of the lines
ai’ + 2y + by’ -0,
may he perpendicular to one of the lines
a2+ Wy + 0’y =0,

24. Shew that the point (1, 8) is the ceutre of the inscribed

circle of the triangle the equations of whose sides are
4y +3x=0, 12y - bx =0, y—15 =0, respectively.

25, Shew that the co-ordinates of the centre of the circle
inseribed in the triungle the co-ordinates of whose aungular points
are (1, 2), (2, 3) and (3, 1) are § (8 + ,/10) and } (16— ,/10).
Find also the centres of the eseribed circles distinguishing the
diflerent cases.

. 26. If the axes be rectangular, prove that the equation

' (& — 3y") & = my (y* — 32")
represents three straight lines through the origin making equal
angles with one another.

27. Shew that the product of the perpendiculars from the
point (2, 9/) on the lines aa’ + 2hxy + by*-- 0, is equal to

ax” + 20’y -+ by
,Jiu— v) + e
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28. 1If p,, p, be the perpendiculars from (z, y) on the
straight lines ax® + 2Axy + by’ = 0, prove that

P2+ 02) {(@=bB) + 41} =2 (=) (aa® ~by)
( + 4h (@ +b) xy + 44* (&' + ¥°).
29. Shew that the locus of a point such that the product

of the perpendiculars from it upon the three straight lines
represented by

ay’ + by*x + cya® + da’ =0
is constant and equal to &°
*is ay’ +by'e+ cyx® + da? — K \J (0 - o) + (b—d) = 0.
30. Shew that the condition that two of the lines re-
presented by the equation
Az® + 3Baty + 3Cay* + Dy’ =0
may be at right angles is
A*+34C +3BD + D*=0.
31. Shew that the equation
a (x' +y*) - by (2 — y*) + bex'y* = 0
represents two pairs of straight lines at right angles, and that,
if 207 == a* + 3ac, the two pairs will coincide.
32. The necessary and suflicient condition that two of the
lines represented by the equation
ay' + bxy’ + cx’y® + da’y + ex’ - 0
should he at right angles iy
(b+d)(ad+be)+(e~a) (@+c+e)=0.
33. Shew that the straight lines joining the origin to the
points of intersection of the two curves
ax® + 2hay + by + 292 =0,
and a'z® + W xy + V'y* + 2¢'x =0,
will be at right angles to one another, if g'(¢+ b) =g (a’ + ).
34. Prove that, if the perpendiculars from the angular
points of one triangle upon the sides of a second meet in
a point, the perpendiculars from the angular points of the
second on the sides of the first will also meet in a point.
35. If the angular points of a friangle lie on three fixed
straight lines which meet in a point, and two of the sides pass

through fixed points, then will the third side also pass through
a fixed point.



CHAPTER IIIL

CHANGE OF AXES. ANHARMONIC RATIOS, OR CROSS
RaTi0s. INVOLUTION.

CHANGE OF AXEs.

48. When we know the cquation of a curve referred
to one set of axes, we can deduce the equation referred to
another set of axes.

49. To change the origin of co-ordinates without
changing the direction of the awes.

/ / //*’

/N X
/o /K M X
Let 0X, OY be the original axes; 0'X’, 0'Y’ the new
axes; 0'X’ being parallel to OX, and 0'Y" being parallel

to OY. Let h, k be the co-ordinates of O’ referred to the
original axes,
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Let P be any point whose co-ordinates referred to the
old axes are @, y, and rcferred to the new axes &', ¥
_Dral.vw . PM parallel to 0Y, cutting OX in M and O'X’
in N.

Then r=0M=0K+KM=0K+ON=h+2,

y=MP=MN+ NP=KO' +NP=k+y.
Hence the old co-ordinates of any point are found in terms
of the new co-ordinates; and if these values be substituted
in the given equation, the new cquation of the curve will
be obtained. ’

In the above the axes may be rectangular or oblique.

50. To change the dirvection of the awes without
changing the origin, both systems being rectungular.

Y Y

o

Let OX, OY be the original axes; 0X’, OV the new
axes; and let the angle X0X' =6,

Let P be any point whose co-ordinates are z, y re-
ferred to the original axes, and «, y' referred to the new
axes. Draw PN perpendicular to OX, PN perpendicular
to 0X’, N'M perpendicular to OX, and N'L perpendicular
to I’N, as in the figure.

Then 2=0ON=0OM-NM=0M-LN
=O0ON’cos § — N'Psind
=a' cosf—y'sin 6;
y=NP=NL+ILP=MN'+ LI
=ON'sin@+ N'P cos @

=a'sin 0+ y' cus 6.
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Hence the old co-ordinates of any point are found in
terms of the new co-ordinates; and 1f these values be
substituted in the given equation, the new equation of the
curve will be obtained.

Ex. 1. What does the equation 3z*+ 2xy+ 3y? — 18x — 22y + 50=0 be-
come when referred to rectangular azxes through the point (2, 3), the new
axis of x making an angle of 45° with the old?

First change the origin, by putting 2’ +2, ¥’ +3 for x, y respectively.

The new equation will be

3(x'+2)%+2(2'+2)(y'+3)+ 3 (y +3)2-18 (¢’ +2) - 22 (y' +3) +50=0;

whieh reduces to 33+ 22"y’ + 3y~ 1=0,
or, suppressing the accents, tc
B2+ 20y +3y2=1 ... i e (i).

To turn the axes through an angle of 45° we must write «’

Vz v \/z
for , and x’ '\/ 2+ Y —= \/ 3 for y. Xquation (i) will then be

x -y & y :c +J oy
208 +2 T () =
which reduces to 4224 2y2=1.

“ Ex.o. What does the equation z2 - y?+ 2x + 4y=0 become when the
origin is transferred to the point (- 1, 2)? Ans, 22~ y* 320,

-/ Ex. 8. Shew that the equation 6.c2+ 5zy — 6y - 172 + Ty +5 - 0, when
referred to axes through a certain point parallcl to the original axes will
become 6.x3 + b5xy — 6y3=0.

- Ex. 4. What does the equation 4x* + 2\/3zy + 2% — 1=0 become when
the axes are turned through an angle of 30°? Ans. 52%+y*—1_0.

~ Ex. 5. Transform the equation z? -2ry+y*+r-3y—0 to axes
through the point (-1, 0) parallel to the lines bisecting the angles be-
tween the original axes. Ans. /292 —x=0.

Ex. 6. Transform the equation x2 4 cxy + y*=a?, by turning the rect-

angular axcs through the angle : .

51.  To chunge from one set of oblique awes to another,
without changing the origin.

8.C. 8. 4
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Let OX, OY be the original axes inclined at an angle
w; and 0X, 0Y be the new axes inclined at an angle
o' ; and let the angle X0X' = 6.

(o] M H K X

Let P be any point whose co-ordinates are «x, y re-
ferred to the original axes, and o,  referred to the new
axes ; so that in the tigunre OM=a, MP=y, OM' =o',
and {y "P=y', MP being parallel to OY and M’'P parallel
to OY".

Draw PK and M'H perpendicular to 0X, and M' G
perpendicular to PR,

Then KP=KG+ GP =1+ (P
soysine =2 sin X0X'+ g sin XOY'
=u'sin 6 + y' sin (0 + o).

Similarly, by drawing PL perpendicular to OY, we

can shew that -
zsinw =2 sin X'OY — y'sin YOY’
=a'sin (0 — ) — ¥ sin (0’ + 0 — w).

These formulax are very rarcly used. The results which
would be obtained by the change of axes are gencrally
found in an indirect manner, as in the following Article.

X
P

*52. If by any change of ames ax®+ 2hawy + by* be
“changed into a'a’™ + 20'a’y' + b'y"*, then will
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a+b-— 2hcosw « + b —2]» cos_m
sin® @ sin® o’

’

ab =W «b'—h?
an(l =g,
sinfo sin® o

where o and o' are the angles of inclination of the two
sets of azxes.

If O be the origin and P be any point whosc co-ordi-
nates are @, y referred to the old axes and &, y' referred to
the new, then OP* is cqual to #* +y* + 24y cos w, and also
cqual to &’ +y + 22’y cos ',

Hence 2* + y* + 22y cos w 1s ¢hanged into
«" +y"+ 22"y cos w'.
Also, by supposition,

az’® + 2hxy + by" is changed into o'« + 20’y + b’y
Therefore, if A be any constant,
ax® + 2hzy + by® + N (28 + 2wy cos  + y*) will be changed
into dx”® + 20 a5y + b'y? + N (27 + 22y cos o' + %),
Thereforc, if X be so chosen that one of these expressions

is a perfect square, the other will also be a perfect square
for the same value of A.

The first will be a perfect squarc if
(@+M) d+A) —(h+Acosw)’=0,
and the secoud if
(@ +7N) B +N) = +rcosw') =0.
These two quadratic equations for finding A must
have the sane roots. Writing them in the forms
a+b—2hcosw,  ab— I

L A AT RO, 90 ),
sin’ @ sin’ @
v ’ 7 12
and A+ a-l.—l,-—. %hICOSw 7\+ab o =1,
sin® @ sin’ @’
we sce that
a+b 215303_«3 o'+ b - 2/: c_qsw GQ)
“sin® @ = sinf’ T ’
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ab — h:’ b —h*

——sill’ ® = —gi;;g—(",, ............... (ll).
If both scts of axes are at right angles these equations
take the simpler forms

a+b=d +0, and ab—F=ab"'—h".........(ii1).

53. The degree of un equation is not altered by any
alteration of the axes.

For, from Articles 49, 50, and 51, we sec that, however
the axes may be changed, the new cquation is obtdined
by substituting for « and y cxpressions of the form

I +my +n, and e’ +m'y + 2.
These cxpressions are of the first degree, and therefore if
they replace # and y in the equation the degrec of the
equation will not be raised. Neither can the degree
of the equation be lowered, for, if it were, by returning to
the original axes, and therefore to the original cquation,
the degree would be raised.
.y lbee
A ij. 1. Prove, by actual transformation of rectangular axes, that if
.ax?+ 2haey + by become o'z’ + 202y -+ V'y'?, then will a+b=a'+{’, and
h—ab=N2—-a'b'.
4 Ex. 2. If the formula for transformation from one set of axes to

another with the same origin be w=mx’ + ny/, y =w'x’ +n'y’; shew that
REB Y -1
wt4n?-1  nn'’
[#2+ y2- 22y cos w will become o2+ y'? 21"y’ cos o',  Substitute there-
fore the given expressions for x and y, and cquate coeflicients of «2 and
y'? to unity, and then eliminate cos w.]

and

ANHARMONIC ok CRross Rartios.

*H4. A sct of points on a straight linc is called a
range; and a set of straight lines passing through a point
is called a pencil; cach line is called a ray of the pencil.

If P, Qf,)e R, 8§ be four points on a straight line, the
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ratio zg : gﬁ or PQ.RS: PS.RQ is called the anhar-
monic ratio or cross ratio of the range P, Q, R, S, and is
cxpressed by the notation {PQRS}.

If OP, 0Q, OR, OS be a pencil of four straight lines
the ratio sin POQ . sin ROS : sin POS . sin ROQ is called
the anharmonic ratio or cross ratio of the pencil, and is
expressed by the notation O{PQRS}.

If the cross ratio of a pencil or of a range is equal to
—1 it is said to be harmonic.

It is casy to shew that if {PQRS}=—1, then

PQ:PS:: PR-PQ: PS—PR,
so that PQ, PR, P§ arc in harmonical progression.

If P, @ R, S be a harmonic range, then @ and S are

said to be harmonically conjugate with respect to £ and R.

*55. If four straight lines intersecting in « point
O be cut by any straight line in the puints P, (), R, S,
the cross ratio of the range P, Q, R, S will be equal
to that of the pencil O, OQ, OL, ON.

/P / ]Q R\ AN

For, if p be the length of the perpendicular from () on
the line PQRS, we have
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p . PQ=0P.0Qsin POQ,

p . RS =0R.08sin ROS,

p.LPS=0P.08sin POS,

p.RQ=00Q.0Rsin ROQ.
Q. RS _sin POQ.sin ROS
PS. RQ  sin POS. sin ROQ’
that is {PQRS} = O {PQRS}.

If the pencil be cut by any two straight lines in
the points P, @, R, § and P, @, R', 8’ respectively, as in
the figure, the cross ratios of the ranges P, @, R, S and
P, Q, R, S will be equal to one another, since they are
both equal to the cross ratio of the pencil.

If we draw the transversal I’"("R" parallel to OS,
it will meet OS at an infinitely distant point, aud, represent-
ing this point by the symbol o, we have

O{PQRS}={I"'Q"R’ w0} = LU P"_Qi’ .

P B'Q" ™ R'Q"

since 5,; 1S unity.
P o y

Hence

*56. To find the cross ratio of the pencil formed by the

lines whose equations are
2=0, y—mx=0, y=0 and y—m'z=0.

Draw the line z =% cutting ¥y —mx =0 in £, the axis
ofzin Nyand y—m'z=0in . °

Then NQ = m'h, and NP =mh,

_ «P.NQ NQ wh_w
OYPXQ =10 PNGY= 0" Np = NP =k = m"
From the above we see that the four lines
=0, y—mr=0, y=0 and y+me=10
form a harmonic pencil.

If the axes are at right angles to one another the lines
y—ma =0, and y +mz =0 make equal angles with either
axis.

Hence, if a pencil be harmonic and two alternate rays
be at right angles to one another, they will bisect the
internal and external angles between the other two.
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*57. To find the cross ratio of the pencil formed by the

Jour lines
y=lca:, 3/=lw, Y =mx, y=n.

Y,

L

K
o H X
Draw any line parallel to OY cutting the given lines
in the points K, L, M, N respectively, and the axis of  in
H, and let OH = «'.

" - KL.MN
Now KL=HL-HK =l — k«,

MN = HN - HM = nz' —ma’,
KN =HN — HK=na'~ k/,
ML=IL -HIM=1+—m.

Hence O{KLMN} = Et :Q )(Z:)z - %z)) _

*58. To find the condition that the lines given by the two
equations ax® + 2hay +by* =0 und @'a® + 2hzy + Uy =0
may be harmonzcally conjugute.

Let the pairs of lines be y=ax, y=a'ax;
and y = Pz, y= Bz
Then, if y=az, y=PLz, y=dz, and y=L% form a har-
monic peucil, we must have [Art. 57]

(«—B)x~B) __;
(@—8) («—B) ’
or 2aa’ + 288 = (¢ + a’) (B + B)-
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. But, from the given equations we have
+ e .2_’_11_ an’ =+
at+a = A = b

.2 , @
B+B=-2, B =}

Hence the condition required is
ab’ + a'b =241,
*59. Wecan shew in a similar manner that the pairs
of points given by the equations )
ur®+2hx +0=0, and o'a* + 20z + V' =0,
are harmonically conjugate it
ab’ + a'b= 200"

*60. Liach of the three diugonals of @ quadrilateral is
divided harmonicully by the other two diagonals.

Let the straight lines QAB, QDC, PDA and PCB be
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the sides of the quadrilateral. The line joining the point
of intersection of two of these lines with the point of
intersection of the other two is called a diagonal of the
quadrilateral. There are thercfore three diagonals, viz.
PQ, AC, BD in the figure.

We have to prove that

{AOCR} ={BODS} = {QSPR} =-1.

Let QO cut AD in K and BC in L.

Then, from Art. 55,

{[AOCR}=Q{AOCR} = {AKDDI}
=0{AKDP}={CLBP}
=Q|CLBP} ={COAR).

And, since {AOCR}={COAR]},
¥ A0.CRE_CO. AR
AR.CO  CR. A’
5. [AOCR}=+1.
We must take the negative sign, for two of the rays
coincide if the anharmonic ratio of a pencil be equal to + 1.
This follows from Art. 55, for if = 1, then " and R’

Rll Q/I

or

are coincident.
Hence the diagonal 4 C is cut harmonically.

We can prove in a similar manner that the other
diagonals are divided harmonically.

INVOLUTION.

*Gl. Def. Let O be a fixed point on a given straight
line, and I, I'; Q, @; R, B’; &c. pairs of points on the
line such that

OP.0P' =0Q.0Q"=0R.0OR =...... =a const. = k.

Then these points are said to form a system in <nwvolution,
of which the point O is called the centre. Two points
such as P, P’ are said to be conjugate to one another. The
point conjugate to the centre is at an infinite distance.
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If. each point be on the same side of the centre as its
conjugate, there will be two points K, K, one on each side
of the centre, such that OK 2= OK i_0P.0P'. These
points K, K, arc called double p pomts or foct.

It is clear that when the two foci are given the involu-
tion is completely determined.

An iuvolution is also completely determined when two
pairs of con_]uga,te points are given.

For, let a, a’ and b, b’ be the distances of these points
from any point in the straight line upon which “they lie,
and let z be the distance of the centre of the involution
from that point. Then we have the relation

(a—a) (@ —2) = (b—) (¥ - 2),
or (a+a"—b-V)2=aad—bb.
Hence thero is only ore position of the centre.

The position of the centre can be found geometrically
by drawing circles one through each of the two pairs of
conjugate points, then [Euchd 111 37] the common chord
of the circles will cut the line on which the points lie in
the required centre.

*62. If any number of points be in involution the cross
ratio of any four points s equal to that of their four con-
Jugates.

Let P, @, R, S be any four points, and let the distances
of these points from the centre be p, ¢, 7, s respectively and

therefore those of their conjugates P’ é, e respectively.

Then [PQRS) = EZ ;’))((; ;

el
Ll_r__ (P=9q)(r=9)
k k)( ) (p—90—9q°
Hence {PQRS} ={PQRES}.
The above gives us at once a means of testing whether
or not stz points are in involution. For P, P’ will be con-

and [PQRS}=
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jugate points in the involution determined by 4, 4’ and
B, B, if {ABA'P}={A'B'AP}.

*63. Any two conjugate points of an involution and the
two foct form a harmonic range. -

Let K,, K, be the two foci, and O the centre of
the involution, and let X, 0 =c¢ = OK,.

Then, if P, P’ be the two conjugates we have to prove

that

KP.KP 1

KP.KP "
or (e +OP)(OFP —c) + (c+ OL")(OP —¢) =0,
or OP.0OP =¢,

which we know to be truc.

*64. If any number of pairs of points in involution
be joined to any point O we obtain a pencil of lines which
may be said to be in involution.

Such a pencil is cut by any other transversal in pairs of
-points which are in involution, "This follows from Articles
55 and 62.

EXAMPLES.

1. If P, @, R, S be any four points on a straight line, then
PQ.RS+PL.SQ+PS.QR=0.
2. Shew that
{PQRS}:. {QPSR}:-{RSPQ}={SRQP}.
3. Shew that

{PQRS} = =1-{PRQS}.

1
{PSRQ}

4. Shew that, by taking four points in different orders, six and only
six diffcrent cross ratios are obtained, and that of these six threc are the
reciprocals of the other three.

5. If {PQRS}=-1, shew that {SRQP}= -1, {PRQS}=2, and
{PSQRY =1,

6. Tf{PQRS}= - 1, and O be the middle point of PR, then

0P2=0Q. 08.

1 1 2 1 1 2
\ P .. L -
7. I {PQRS}=: - 1, shew that PQ tpy PR and RQ *ps T Rp-
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Tar CIRCLE.

65. To find the equation of « circle referred to any
rectangulur awes.

o M N X

Let C be the centre of the circle, and P any point on
its circumfercnce. Let d, e be the co-ordinates of C'; =, y
the co-ordinates of P; and let @ be the radius of the circle,
Draw CM, PN parallel to OY, and CK parallel to OX, as
in the figure. Then

CK*+ KP'=CP:.
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But CK =x—d,and KP=y—¢;
S@—dY @y —e=d . @),
is the required equation,

If the centre of the circle be the origin, d and e will
both be zero, and the equation of the circle will be

The cquaticn (i) may be written
2+ y'— 2dz —2ey + &+ ¢ —a’= 0.
The equation of any circle is therefore of the form
: L4y + 292+ 2y +e=0......... (i),

where g, f and ¢ are constants.

Conversely the cquation (iii) is the cquation of a
circle.

For it may be written

@+’ + +f)'=g"+f"~c;
and this last equation shews that the distance from any
puint on the locus of the equation (iii) from the point

(—g, —f) is constant and cqual to Vg* +f2—c. The
equation (iii) therefore represents a circle of radius
'E/ g +f "f—) ¢, the centre of the circle being at the point
—'q, — .

If ¢* 42— ¢ = 0 the radius of the circle is zero, and the
circle 1s called a point-circle.

If 9 + f* — ¢ be negative, no real values of & and of »
will satisfy the equation, and the circls is called an imagi-
nary circle. o

66. We have seen that the gencral equation of a

circle is
2L+ 9y + 292+ 2fy + ¢ = 0.

This equation contains three constants. Tf we want to
find the equation of a circle which passes through three
given points, or which is defined in some other manner, we
assume the equation to be of the above form and deter-
mine the values of the constants g, f; ¢ for the circle
in question from the given conditions.
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For example—To find the cquation of the circle which
passes through the three paints (0, 1), (1, 0) and (2, 1).
Let the cquation of the circle be
. 2+ y'+ 292+ 2fy +c=0.
Then, since (0, 1) is on the circle, the equation must be
satisfied by putting =0 and y=1;
S 14+2f+e=0.
Also, since (1, 0) is on the curve,
14+29+¢=0.
And, since (2, 1) is on the curve,
4+ 1+ 49+ 2 +c=0.
Whence g=f=—1,and ¢=1.
The required cquation is therefore
a4y -2 —-2y+1=0.

67. To find the equation of a circle when the axes are
welined at an angle .
The 'square of the distance of the point (x, y) from the
point (d, e) will be equal to
@—dy+(@y—e’+2w—d) (y—e)cosw. [Arl. 4.]
Thercfore the cquation of the circle whose centre is at
the point (d, €), and whose radius is @, will be

(—d)+y—e'+2(wr—d)(y—e)cosw=d...... (),
or &+ ¥ +2zy cos w — 2 (d + ¢ cos w) — 2y (¢ + d cos )
+d*+ e +2decosw—a*=0............ (it).

Any circle thercfore referred to oblique axes has its

cquation of the form
o' + '+ 22y cos w + 29z + 2fy + ¢ =0......(iii),

where g, f, ¢ are constants so long as we consider one
particular circle, but are different for different circles.

The equation (iii) will still be true if we multiply
throughout by any constant ; it then takes the form

Aa*+24 cosway + Ay +2Gz+ 2Fy+ C=0...... (iv).

Hence the equation of a circle referred to oblique axes is
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of the second degree, the cocfficients of #* and 4* are
equal to one another, and the ratio of the coefficients
of zy and a* is 2 cosw, where w is the angle between
the axes.

We can find tho centre and radius of the circle represented by the
equation x*+3y?4 2aycosw+29x+2/y+c¢=0. For it will be identical
with (z-dp+(y—e)*+23(x-d)(y -c)cos w—a?=0, if dtecosw= -y,
e+dcosw= —f, and @+ ¢?  2de cos w—a®=c. We therefore have dsin’w
=fcosw—g,csindw=gcos w- f,and a?sin? w=:1*| g?—2fy cos w - ¢sin*w.

FXAMPLES.

1. Find the radii and-the co-ordinates of the centres of the circles
whose equations are (i) «* | y2~r -y -0, (ii) Jo® t 4y2+ 4r - 8y+3-0.
Ans. i. centre (3, 3), radius ,\;T.e; 1i. centre (-4, 1), radius ’52 f
2. Find the equation of the circle which passes through the points
(0, 0), (e, 0) and (0, D). Ans. 0| y? — ax— by =¥,
8. Find the equation of the circle which passes through the points
(a, 0), (- @, 0) and (0, ).
a- )?
Ans. 22+ y? + Y —a?-=0.

4. Shew thas, if the co-ordinates of the extremities of a dinmeter of a
circle be (&', y) and (2", y") respectively, the equation of the circle will be
(k- x)(z-2")+(y~y)y y")=0.

[The line joining any point P (r, y) on the circle to («, y') makes with

r
the axis of = an angle tan'lg-z—y’—!, the line joining P to (+”, y") makes

an angle tan-1 Z—_—Z—,, . Since these lincs are at right angles, we have
y - y! l’_" yu -
Moy ®

or (z-2) (e-2")+(y -y} (y-y")=0]

5. Shew that if the co-ordinates of the extremities of a diameter he
(«, ¥') and (z", ") respectively, the equation of the circle will be
(z-2) (- 2")+ly-¥) -y +{ly-¥) (z-2") + (y-y") (r-2')} cos &

=0

« being the angle between the axes. '
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6. If the equation z?+xy+y®+22+2y=0 represent a circle, shew
that the axes are inclined at an angle of 60, and find the centre and
radius of the circle. . 2

A=e :'j_ R enanali Sk ST centre (— 3,~3); mdmc\/3

7. Find the equation of the circle through the threc points (<, '),

(«", y"), and (2", y™).

68. Def. Let two points I, @ be taken on any curve,
and let the point @ move along the curve nearer and nearer
to the point P; then the limiting position of the line PQ,
when ¢ moves up to and ultimately coincides with P,
is called the tangent to the curve at the point P.

The line through the point P perpendicular to the
tangent is called the normal to the curve at the point P.

69. To find the equation of the tangent at uny pomt of
the circle whose equation is x* + y* = a’.

Let «/, 5" and 2", " be the co-ordinates of two points
on the cn‘cle

The equation of the secant through the points (2, ¥)
and (2", y") is

z=a _y=Y i
S Ty (1).
But, since the two points are on the circle, we have
T+ =d’ and 2" + ¥y =a*;
Ly (ii).

Multiply the corresponding sides of the equations

(i) and (ii), and we have
(@—&)(@+2)=—W~-Y)T+Y")...... (iii).

Let («”, ") move up to andultimately coincide with
(=, y’) then in the limit the chord becomes the taugent
at (), J) The equation of the ta.ngent at (x y) is there-
fore obtained by putting 2" =2', and y" = ¢/. m equation
(iii); the’result is

(@—2)a +@y-y)y' =0,
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or ax' +yy =" +y";
X tyy =a’
is the required equation of the tangent at the point (', y/').

70.  To find the equation of the tangent at any point of
the circle whose equation s
P+y+ 2+ 2fy+c=0.
The equation of the secant through the two points
', ¥), (=", ") will be

z—& _y—y
x —a J':_g}
Since the two points are on the circle, we have
w"+y"'|'2g£l+ nyl_'_c: 0’
wllg+ yuz+ 2y£”+ 2fyrl +c= 0’
) (¢ +a”+29) == (¥ —y") (' +¥"+ 2f)...(10).

Multxply the corresponding sides of the eyuations (i)

and (ii), and we get for the equation of the secant
(@—a) (@ +a"+29)=— (y—y) (¥ +y"+ 2f).
. The equation of the tangent at («’, y") will therefore
e
(= 2) (@ +9) + (y—¢) (& +f) =0,

or xr +yy + g8 +fy =2+ y" + 9o + .

Add gz’ + £y + ¢ to both sides; then, since (', ¥') is on
the circle, the equatlon of the tangent becomes

za +yy' +9 @+5) +f(y +y) +e=0

71. 10 find the equation of the normal at any point of
a circle.

Let the equation of the clrcle be

&+ yt=a

If («/, y') be any point on the circle, the equation of the

tangent at that point will be
zd Yy =a..iiiiiiinn, @).

The equation of the line through (2, y') perpendicular

to (i) is [Art. 30]
@-2)y—(y—y)a =

8.C.8. 5
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or ay —yx'=0..cooerernninnnnnn. (ii).
This is the required equation of the normal at (', ¥').

It is clear from equation (ii) that the normal at an
point of the circle passes through the origin, that is through
the centre of the circle.

72. To find the points of intersection of u given straight
line and « circle.

Let the equation of the circle be

B+y=a’.iiiiiin (1),
and let the equation of the straight line be
Y=MBFCorvrrvrvnrneneonrnennnns (ii).

At points which are common to the straight linc and the
circle both these rclations are satisfied. Points on the
straight line satisfy the equation ¥* = (mz + ¢)?, and points
on the circle satisfy the equation %*=a’—2'; hence for
the common points we have

(mx +c)' =g’ — a®,
or (1 +m?) + 2mez + ¢ — & =0......... (iit).
This is a quadratic equation, and every quadratic eyuation
has two roots, real, coincident or imaginary.

Hence there are two valucs of z, and the two corre-
sponding values of y are found from (ii). So that every
straight line meets a circle in two real, coincident, or
imaginary points—imaginary points being those onc or
both of whose co-ordinates are imaginary.

It is impossible to represent geometrically the two
imaginary points of intersection of a straight line and
a circle : we shall find however that imaginary points and
lines have often an important significance: and it is
nccessary to consider them in ordex to enunciate our
theorems in their most general forms.

The roots of the equation (iii) will be equal to one
another, if .

(1 +m") (" - a*) =m'c’,
that is, if A=a’(1+m% oo covnvinnennne. (iv).
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If the two values of @ are equal to one another the two
values of y must also be equal to one another from (ii).

Therefore the two points in which the circle is cut by

the line will be cotncident if ¢ =a./1+ m®

Hence the line y=mz+as1+m® will touch the
circle @*+ y* =a® for all values of m. '

Since either sign may be given to the radical J/1 4,
it follows that therc are two tangents to a circle for every
value of m, that is, therc are two tangents parallel to any
given straight line.

73. To find the locus of the middle points of « system of
parallel chords of a circle.
Take the centre of the circle for origin, and the axis of
z parallel to the chords.
Let the cquation of the circle be :
Pty =at . veeen() 5

and let the equation of any one of the parallel chords be
Y—c=0.oiiiiiriiiinnniannn, (ii).
Where (i) and (ii) mect we have
2 + = at;
o=t ] =

Since the two values of # arc equal and opposite, it
follows that the middle point of the chord has its abscissa
zero, that is, the middle point of the chord is always on
the axis of y. This is true for all values of ¢. If ¢>a
the two values of x are both vmaginary, but their sum
is still zero, and thercfore the middle point of the chord is
still on the axis of 3. .

The locus of the middle points of parallel chords of a
circle is therefore 4he straight line through the centre
which is perpendicular to the chords: the locus need not
however be supposed to be limited to that portion of this*
line which is within the circle.

74. In the preceding Articles we have assumed no
geometrical properties of the circle except that the distance

5—2
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from any point to the centre is constant. Some of our
results may be obtained more readily by assuming the
propositions proved in Euclid, Book 111.  For instance, let
(', ¥') be any point on the circle whose equation is
z* + y* =a’; the cquation of the line from (2, y) to the

centre of the circle is 2 ;—9-, =0, and the equation of a
perpendicular line through (2, y’) is [Art. 30]

(x—a)a' +(y—9y)y'=0 or ax’ +yy —a’=0.
And by Euclid 111. this line is the tangent at the point.

75. Two tangents can be drawn to a circle from any
point ; and these two tangents will be real if the point be
outside the circle, coincident if the point be on the circle, and
imaginary if the point be within the circle.

Let the equation of the circle be

L+y=d,
and let &, k& be the co-ordinates of any point. Let x/, 3/ be
the co-ordinates of any point on the circle, then the
equation of the tangent at («', y) will be
zx' + yy =a'.
The tangent at (2, y) will pass through the point

(h, &) i

B+ Ry = @ e (i),
But («, %) is on the circle, therefore

Syt =a’ . (ii).

Equations (i) and (ii) determine the values of 2’ and of
y for the points the tangents at which pass through the
particular point (h, k). Substitute for 3 in (ii) and

we get . .
Q,’ + (a_# = a’:
or z* (R + k') - 2a’ha’ + a* (a*— k") =0 ...... (iii).

Equation (iii) gives the abscissae, and from (i) we get
the corresponding ordinates. Since equation (iii) is a
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quadratic equation, there are two points the tangents at
which pass through (h, k).

The roots of (iii) are real, coincident, or imaginary
according as

a'h® — a® (a* — &%) (W + &)

is greater than, equal to, or less than zero.

That is, according as

B+E—-d

is greater than, equal to, or less than zero. That is,
according as (h, k) is outside the cirele, on the cirele,
or within the circle.

EXAMPLES.

1. Find the co-ordinates of the points where the line y=2z+1 cuts
the circle #2 4-y2=2, Ans, (-1, - 1) and (}, §)-

2. Shew that the line 3z — 2y =0 fouches the circle #* +y? — 3z 4- 2y =0.

8. Shew that the circles 22+ y2=2 and 22+ y*- 6. — 6y +10=0 touch
one another at the point (1, 1).

4. Shew that the circle 23+ y2 — 2ax ~ 2ay + «*=0 touches the axes of

xzand y.
5. Find the equation of the circle which touches the lines =0, y- 0,
and z=c. Ans. 452+ 4y® - tex ey +¢2=0.

6.¥ Find the equation of the circle which touches the lines z=0, z=a,
and 3z +4y + 5a =0.
Ans. &*+y? - ux + 2ay + a®>=0 or 2+ y? - ax + Jay + 1} a?=0,
7. Shew that the line y=m (x-a)+anITm? touches the circle
224 y% =20+, whatever the value of m may be.
8. Two lines are drawn through the jpoints («, 0), ( - ¢, 0) respectively,
und make an angle 6 with one another; find the locus of their interscetion.
The circles x*+y* - a®=: & 2ay cot 6.
9. A circle touches one given straight linc and cuts off a constant
length (21) from another straight line perpendicular to the former; find
the equation of the locus of its centre. Ans. y*—x2=-7.
10. A line moves so that the sum of the perpendiculars drawn to it
from the points (4, 0), (- , 0) is constant ; shew that it always touches o
circle.
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11. Find the equations of the two tangents to 2%+ y%=3, which make
an angle of 60° with the axis of . Ans. y=+/3 (z£2).

12. Find the equation of the circle inscribed in the triangle the
equations of whose sides arc z =1, 2y=>5 and 3x - dy=5. )

Ans, (z-2)2+(y - 3)2=1.
13. Shew that the two circles

224 y? - 20z - Bby - 2ab=0 and 2° + 2+ 2br + 2ay — 2ab=0
cut one another at right angles, [This requires es that the squarc of the
distance hetween the centres of the circles is equal to the sum of the
squares of their radii,]
14, Shew that the two circlos represented by the equations
2242+ 2dr FA2=0, 2+ y2+2dy - k=0
intersect at right angles.

76.  Tangents are druwn to u circle from any point; to
Jind the equation of the straight line jovning the points qf
contact of the tangents.

Let the co-ordmateq of the point from which the tan-
gents are drawn be " y'.  Let the co-ordmates of the two
points of contact be , & and 2, £, and let 2>+ ) —a* =0
be the equation of the circle.

The equations of the two tangents will be [Art. 69]

ah + yk — a*=0,
ah' + yk' —u* = 0.

Since both these tangents pass through the point
&, ¥) therefore both equations are satisfied by the co-
ordinates ,y ;

S Zh+yk—-a*=0............. ...(1),
and W+ Yk —a?=0..ceenenniiennannnn. (11)

But the cquations (i) and (ii) are the conditions that
the two points (k, k) and (¥, &) may lie on the line whose
equation is

o+ yy—a' =0uceiveeninnn (i)

Hence (iii) is the required equation of the straight line
through the two points of contact of the tangents which
pass through (2’ y').

If the cquation of the circlo be z3+y%+ 29z +2fy +¢=0, we can shew
in a similar manner (by assuming the result of Art. 70) that the equation
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of the line joining the points of contact of the tangents which pass
through (v, ¥) is
o +yy' +9 (@+2)+ [ (Y §y) +o=0.

1If the point (&, ¥") be outside the circle the two tan-
gents will be real, and the co-ordinates 4, k and &', &’ will
all be real. If however the point (2, %) be within the
circle the two tangents will be imaginary ; but, even
in this case, the linc whose cquation is (iii) is a rcal
linc when &' and y’ are rcal. So that there is a real line
joining the imaginary points of contact of the two imagi-
nary tangents which can be drawn from a point within the
circle.

Def. The straight line through the points of contact of
the tangents (real or imaginary) which can be drawn from
.any point to a circle is called the polur of that point
with respect to the circle.

The point of intersection of the tangents to a circle at
the (rcal or imaginary) points of intersection of the circle
and a straight line is called the pole of that line with re-
spect to the circle.

77. Let TP, T'Q be the two tangents to a circle from
any point 7. Let @ move up to and ultimately coincide
with the point P, then 7' will also move up to and
ultimately coincide with P, and the tangents 7'P, TQ
will ultimately coincide with one another and with the
chord I’Q. That is to say, the polar of T, when T' is on
the circle, coincides with the tangent at that point.

/ P Q\

This agrees with the result of Art. 76. For the
cquation of the polar is of the same form as the equation
of the tangent, and hence the polar of a point which is on
the circle is the tangent at that point.
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78. If the polar of a point P pass through Q, then
will the polar of Q pass through T,

Let P be the points(z, y'), and @ be the point (", "),
and let the equation of the circle be o* + y* — a* = 0.

The equations of the polars of (., ¥') and (2", ") are

@’ +yy —a’=0.cccerrnirnnnnns @),
and o'+ Yy — ' =0 .o, (ii).
If Q be on the polar of P, its co-ordinates must satisfy the
equation (i);
. .,”nw/ + ynyr _ (l«, = 0;
but this is also the condition that P may be on the line
(i), that is on the polar of @, which proves the proposition.

If @ be any point on a fixed straight line, and I be
the pole of that line; then the polar of @ must pass
through P, for by supposition the polar of P passes
through Q.

Couversely, if through a fixed point P any straight line
be drawn, and @ be the pole of that line; then, since P is
on the polar of @, the point ¢ must always lic on a fixed
straight line, namely on the polar of P.

79. If the polars of two points P, @ mect in R, then
R is the pole of the line PQ. For R is on the polar
of P, therefore, by Art. 78, the polar of R goes through P;
i)imil;t%y it goes through @; and therefore it must be the
ine PQ.

80. To give a geometrical construction for the polar of
a point with respect to « circle.
Let the equation of the circle be
e o U
let P be any point, and let the co-ordinates of P be o/, y'.

The equation of the polar of P with respect to the
circle is

ax'+yy —a*=0.coceniinnnnnn. ().
The equation of the line joining P to O, the centre of
the circle, 1s z y
= [ N (ll)
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We see from the equations (i) and (ii) that the polar of
any point with respect to a circle is perpendicular to the
line joining the point to the centre, of the circle.

f ON be the perpendicular from O on the polar,
2

a

ON= 7;’7’-'-7; [A.l'tv. 31]
also OP =/z*+y7;
therefore ON.OP =d*

We have therefore the following construction for the
polar. Join OP and let it cut the circle in 4 ; take N on
the line OP such that OP : 04 :: 0A : ON, and draw
through N a line perpendicular to OP.

P N
A A

N P|

[]
-
(=

Ex. 1. Write down the polars of the following points with respect to
the circle whose equation is 22+ y%=4,
i) (,3), (i) (3,-1), i) (1, -1).
Ex. 2. Find the poles of the following lines with respect to the circle
whose equation is #2+y3=35,
(i) 4z+6y-T7=0, (ii) 8z—2y-5=0, (iil) ax+dy-1=0.
Ans, (i) (20, 80), (i) (21, - 14), (iii) (35a, 35b).
Ex. 3. Find the co-ordinates-of the points where the line z =4 cuts
the circle 2? +y%==4; find the equations of the tangents at those points, and
shew that they intersect in the point (1, 0).
Ans. (4, £,/°T3), 4v /= 19y =4.
Ex. 4. If the polar of the point 2/, ' with respect to the circle
a? 4 y?=a? touch the circle (z - a)? +y?=a?, shew that "+ 2ax’'=a?
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81. To find the polar equation of a curcle.

Let € be the centre of the circle, and let its polar
co-ordinates be p, a, and let the radius of the circle be
equal to a.

X

Let the polar co-ordinates of any point P on the curve

be 7, 0.

Then  CP*=00%+ 01*—20C . 0P cos COP.

But CP=q, 0C=p, OP=7r, ¢ XOC=aqa, : XOP =40,
@ =p"+1"—2rpcos (0 —a)......... (i),

which is the required equation.

If the origin be on the circumference of the circle p =,
and we have from (i)

r=20c08 (0 —a) ..oeirrnnnnnn (ii).
If, in addition, the initial line pass through the centre, «
will be zero, and the equation will be
r=2ac080.....cccveuiininnn. (iii).

From cquation (i) we see that if », 7, be the two values

of r corresponding to any particular value of 6, then
T, =p =i (iv),
8o that », 7, is indepcn(fent of 6.

This proves that, if from a fixed point a straight line
be drawn to cut a given circle, the rectangle contained by
the segments is constant.

From (iv) we see that if the origin be within the circle,
in which case p is less than a, r, and », must have different
signs, and are therefore drawn in different directions, as is
geometrically obvious.
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82. To find the length of the tungent druwn from o
grven point to a circle.

If T be the given point, and TP be one of the
tangents from T' to the circle whose centre is C, then we
know that the angle CPT is a right angle;

s IPP=0T"-CP . ().
Let the equation of the cirele be
@—a)+ @y —5b"—c"=0....... (i),
and let the co-ordinates of 7"be o/, y'.
Then CT" = (2 — a)*+ (y = b)*%;
therefore from (i) we have
IP=@—a)'+ @y =07 —c...... (iii).

TP* is thercfore found by substituting the co-ordiuates
#, ¢ in the left-hand member of the equation (ii).

We see, therefore, that if 8=0 be the equation of a
cirele (where § is written for shortness instcad of o+ 4
+ 2g2 + 2fy + ¢), and the co-ordinates of any point be sub-
stituted in S, the result is cqual to the square of the length
of the tangent drawn from that point to the circle; or
[Euelid 111 37] to the rectangle of the scgments of chords
drawn through the point. 1f the point be within the circle
the rectangle is negative, and the length of the tangent
imaginary.

If the equation of the circle be

Az’ + Ay*+ 2Gx+ 2Fy + C=0,
to find the square of the length of the tangent from any
point to the circle we must divide by 4 and then substi-
tute the co-ordinates of the point from which the tangent
is drawn.

83 If @ +y'+ 2 +2fy +c=0....()
be the equation of one circle,
and &+ 3 +29% + 2f y+ ' =0......(i1)

be the equation of another circle, the equation
o'+ '+ 295 + Uy +c =2+ 3 + 29’z + 2f y + ¢'....(iil)
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will clearly be satisfied by the co-ordinates of any point
which is on (i) and also on (ii). Equation (iii) represents
therefore some locus passing through the points common to
the two circles.

But (iii) reduces to

2(-9)ae+2(f—f)y+ec—c=0....>v),
which is of the first degrce, and therefore represents a
strasght line.

Hence (iii), or (iv), is the equation of the straight line
through the points common to the circles (i) and (ii)..

Although the two circles (i) and (ii) may not cut one
another in real points, the straight line given by (iii) or by
(iv) is in all cases real, provided that g, £, ¢, ¢/, if’, ¢ are
recal. We have here thercfore the case of a real straight
line which passes through the imaginary points of inter-
section of two circles.

Another geometrical meaning can however be given to
the equation (iii). )

For if §=0 be the equation of a circle, in which the
coefficient of 2* is unity, and the co-ordinates of any point
be substituted in 8, the result is equal to the squarc of the
tangent drawn from that point to the circle §=0. [Art. 82.]

Now if z, ¥ be the co-ordinates of any point on the
line (iii) the i{aft side of that equation is equal to the
square of the tangent from (z, y) to the circle (i), and the
right side is equal to the square of the tangent from (z, y)
to the circle (i1).

Hence the tangents drawn to the two circles from any
point of the line (i) are equal to onc another.

Def. The straight line through the (real or imaginary)
points of intersection of two circles is called the radical
azis of the two circles.

From the abové we see that the radical awzis of two
circles may also be defined as the locus of the points from
which the tangents drawn to the two circles are equal to
one another.
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The co-ordinates of the centres of the two circles are
—g, = f and —g', — f respectively : the equation of the
line joining them, therefore is

which [Art. 30] is perpendicular to the line (iv).

Hence the radical axis of two circles is perpendicular
to the line joining their centres. This is geometrically
obvious when the circles cut in real points.

: 84. The three radical axes of three circles taken in.
pairs meet in a point.

If 8=0, 8'=0,8" =0 be the equations of three circles
(in each of which the coefficient of 2 is unity), the equa-
tion of the radical axis of the first and seccond will be
S—8=0.

The equation of the radical axis of the second and third

will be

S—-8"=0.
And of the third and first will be

8" —-8=0.
And it is obvious that if two of these équations be satisfied
by the co-ordinates of any point, the third equation will
also be satisfied by those co-ordinates.

The point of intersection of the threc radical axes

is called the radical centre of the three circles.

*85. To find the equation of a system of circles every
pair of which has the same radical aas.

If the common radical axis be taken for the axis of y,
and a line perpendicular to it for the axis of #, then all the
circles cut @ = 0 in the same two points.

Hence, if o'+ 3y"+29x+2fy+c=0 be the general
equation of the circles, when we put =0 the roots of the
resulting equation y*+ 2fy + ¢=0 must be the same for
all the circles.

Therefore £ and ¢ must be the same for all the circles.
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If we take as origin the point midway between the two
points where « = 0 cuts the circles, f will be zero, and the
equation becomes

2+ Yy +2c+c=0.cccuineenn.n. (),
which is the required equation, ¢ being the same for all
the circles. .

The radical axis cuts the circles in real points if ¢ be
negative, and in ¢maginary points if ¢ be positive.

The equation (i) can be written

(z+9)+y'=g"—c.
Hence, if g be taken equal to + /¢ the circle will reduce
to one of the points (¥ 4/, 0). .

These points are called the limiting points of the system
of co-axial circles. When ¢ is positive, that is when the
circles themselves cut in imaginary points, the limiting
points are real, and conversely, when the circles cut in real
points the limiting points are imaginary.

*86. If S=0and S = 0 be the equations of two circles,
S-S =0 will, for different values of N, represent all
circles which pass through the points common to S =0 and
S =0.

For, if S=0and §'=0 be

2+ Yy +29z+2fy +¢=0.......... @),
L+ Yy +29c+2f'y+¢ =0......... (ii),
then will S —A 8 =0 be
Z+y+ 292+ 2fy+c—Na' + 47 + 20z + 2y +c'})
=0urvio.. (ii).
Now (iii) is clearly the equation of a circle, whatever A
may be. .

Also, if the co-ordinates of any point satisfy both (i)
and (ii), they will also satisfy (iii).

Hence S—A 8 =0 is, for any value of A, a circle
passing through the points common to S=0 and ' =0.

By giving a suitable value to A the circle (iii) may
be made to pass through any other point; therefore
S—AS8 =0 represents all the circles through the inter-
sections of §=0and §' =0.
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The geometrical meaning of the equation S —A 8’ =0
should be noticed. From Art. 82 we see that any point
whose co-ordinates satisfy the equation S=2\S$" is such that
the square of the tangent from it to the circle §=0 is
equa.l to N times the square of the tangent from it to
8 =0. We have therefore the following proposition—the
locus of a point which moves so that the tangents from it
to two given circles are in a constant ratio, is another circle
which passes through their common points.

87. If O, O be the centres of two circles whose radii
are a, a' respectively, the two points which divide the
line OO internally and externally in the ratio o : o are
called the centres of sumilitude of the two circles.

The properties of the centres of similitude arc best
treated geometrically.

The most important of the properties are (1) Two of
the common tangents to two circles pass through cach
centre of similitude; (2) Any straight line through a
centre of similitude of two circles is cut similarly by the
two circles, :

EXAMPLES.

1. Find the length of the tangent drawn from the point (2, 5) to the
circlo 2% + % - 22— 3y ~ 1=0.
Also the length of the tangents from (4, 1) to the circle
4zt + 4yt~ 32—y - T=0. Ans, 3, 2 /8.
2. Find the equation of the circle through the points (3, 0), (0, 2) and
(-1, 1); and find the value of the constant rectangle of the scgments of

all chords through the origin. Ans. 22,
3. Find the radical axis of the circles 2*+y*+2z+3y-7=0 and
€4y -2z-y+1=0, Ans. x+y-2=:0,

4. Find the radical axis of the two circles «?+y3+bx+by—c=0 and
az® +ay’ +az +bly =0, Ans. ax- by+uif—b=0.
5. Find the radical axis and the length of the common chord of the

circles 2?+yd+az +by+c=0 and 2*+3°+bx+ay +c=0.
Ans. z-y=0, {}(a+b)’-4cjh.
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* 6. Shew that the three circles
23+ 9?4+ 32+ 6y +12=0, 2?+ y*+ 224 8y + 16 =0, and 2?+y? + 12y + 24 =0,
have a common radical axis.
.7. Find the radical centre of the three circles
22492+ 42+ 7=0, 222+2y%+3x+5y+9=0, and 22+y?+y=0.
Ans. (- 2, - 1).

8. Find the equations of the straight lines which touch both the
circles £2+y*=4 and (r-4)*+y%?=1. Find also the co-ordinates of the
centres of similitude.

Ans. o+ A/Ty-8=0, and x=4/15y-8=0; (8, 0), (§, 0).

9. If the length of the tangent from (f, g) to the circle 2*+42=6 be
twice the length of the tangent from ( f, g) to the circle 22+ 32 + 8x + 3y =0,
then will f2+¢2+4f+49+2=0. ’

10. If the length of the tangent from any point to the circle
x2?+3%4+2-:=0 be three times the length of the tangent from the same
point to the circle 22+ y2—4=0, shew that the point must be on the
circle 4r*+4y?—x-18=0.

11, Tind the equation of the circle thi.ugh the points of intersec-
tion of the circles #?+y* +22+3y~7=0 and 22+ y2+32-2y—1=0, and
through the point (1, 2). Ans, 22+ y*+4r—Ty+5=0.

12. Find the equation of a cirele through the points of interseetion of
2*+y?-4=0 and x*+ y* - 2z - 4y + 4=0 and touching the line z-2y=0.

. Ans, 2 +y* -2~ 2y=0,

*88. We shall conclude this chapter by the solution
of some examples,

(1) To find the equation of the cirele which cuts three given circles at
right angles.
Let the equations of the given circles be

234y + 20+ 2y =00 (i),
24y + 20+ 2y +¢ =0 (i),
e+ Y2+ 20" +2f"y+ " =0... . (iii).
If the circle whose equation is .
2 4+y?+2G2+2Fy +C=0......cccevvennnens (iv)

cut (i) at right angles, the square of the distance between their centres is
equal to the sum of the squares of their radii. Hence we have
(G-gP+(F-fP=G+F-C+g+[?-¢,

or 2Gg+2Ff~C-c=0...c.coevvirnnnnnns (v).
‘We also have, since the other circles are cut at right angles,
! 2Gg + 2Ff'~ C=¢'=0..cccceerrerenrrns (vi),

2Gy" +QFf" — C=¢"=0.......c.oovee..... (vii).
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Eliminating G, F, C, from the equations (iv), (v), (vi), and (vii), we
have for the required equation
a14+ys w1
=-¢ I8 f , =1
- c’s y’r f ,’ -1
~c", 9", f"’ -1

(2) The polars of any fixed point with respect to a series of co-axial
circles pass through a.wother fized point, and the polar of one of the
limiting points of the system is the zame for all the circles.

The system of circles is given by the equation

2y 2axte=0..oiiiiiiiiiiiae (i),
where ¢ is the same for all the circles [Art. 85].

The limiting points of the system are (£+/c, 0).

Let the co-ordinates of the fixed point be (f, g), then the cquation of
the polar with respect to (i) will be

ftygta(c+f)+e=0....cccoovviiinvinninnnn (ii).

And, whatever the value of « may be, the straight line (ii) always
passes through the point given by .«of + yy +¢=0 and v+ f=0.

If f=4+/c and y=0, equation (ii) reduces to S (r+f)a(c+f)--0;
and therefore x + f=0.

Hence the polar of one of the limiting points is the line through the
other limiting point parallel to the radical axis,

(3) If ABC be any triangle, and A'B'C’ be the triangle formed by the
polars of the three points A, B, C with respect to « cirele, so that B'C’ is
the polar of A, C'A’ is the polar of B, and A’'B’ is the polar of C; then will
the three lines AA', BB, CC' meet in a point.

Let the equation of the circle be

s yl=al . . . (i),
and let tho co-ordinates of tho points A, B, G be x' y ; &7, _/ cmd x:”’ Yy
respectively.

Then the equations of the three lines B’C’, ¢'A’, A'B’ will be

=0,

.rn:'+yy’—a'= 00 L (i),
. o’ gy - a*=0....... e e (i),
and 22"+ Yy - @=0..ccooooneni s u(iv).

A4’ ix a line through the intersection of (iii) and (iv), its equation is
therefore [Art. 33] included in
xz” +yy" - a*=\ (zz" + yy"' - a?).
We find \ by making the above lino pass through ., whose co-ordinates
are v/, y’; we get therefore
z'e" 4+ y'y" - =\ (V2" + y'y"” - o¥).
8. C.8, 6

"
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Hence the equation of A4’ is
(" +yy" - a?) (=" +y"y’ - a¥) - (x2” +yy" - a?)('2" + y'y" — a*) =0...(v).

The other equations can now be written down from symmetry.

They will be )

(x2” + yy" - @) (@'z" +y'y" - a*) - (x5 +yy’ - a?)(2"2" +¢"y" - a¥) =0...(vi),
and
(@ + gy - )" + 9y - @) - (@ + gy - @)+ "y - ) =0... (v,

Since the three equations (v), (vi), (vii) when added together vanish
identically, the three lines AA’, BB’, CC’ represented by those equations
must meet in a point, [Art. 34.]

(4) O is one of the points of intersection of two given circles, and any
line through O cuts the circles again in the points 1, Q respectively. Find
the locus of the middle point of PQ.

Let O be taken for origin, and let tho equations of the circles be
[Art. 81]

r=2acos (0 ~a), and r=20 cos (8 - 8).
Then, for any particular value of 6,
0L =2acos (0 - a),
and 0Q=2b cos (0 - B).
If R be the middle point of IQ,
OR=4 (0OP+0Q);
Ol =acos(0-a)+bcos (0~ ).
The locus of R is thercfore given by
r=acos (0 -a)+bcos (¢ - B)
=(a cos a+b cos B) cos § + (« sin a + b sin B) sin 6.
The locus is therefore the circle whose equation is
r=Acos (0 - B),
where A and B are given by the equations
Acos B=acosa+bcos B, and A sin B=asin a+ bring.

(8) If from any point O on the circle civcumscribing a triangle ABC,
perpendiculars be drawn on the sides of the triangle, the feet of these per-
pendiculars will lie on a straight line.

Take the point O for origin, and the diameter through it for initial
line, then the equation of the circle will be =2a cos 4.

Let the angular co-ordinates of the points 4, I3, ¢ be a, 8, y respec-
tively.

The line BC is the line joining (2a cos B, B) and (2acosy, ). To
find the polar equation of BC take the geneial form p==recos (0 - ¢)
[Art. 45] and substitute the co-ordinates of B and of C. We thus obtain
two equations to determine pand ¢. The equations will be

p=2acosBcos (8- ¢), and p=2« cos y cos (y - ¢).



THE ClRCLE. 83

Hence ¢=8+17, aud p=2a eos cosy. The equation of BC is therefore

2¢ 008 BCOBYy=7008 (0 — B=7)......00vv trnnniiiinn (i).
Similarly, the equations of C4 and of 4B will be respectively

20 o8 Y COBa=7C08 (0 — ¥~ @)ueerrineniiiiiniinnnn (ii),
and 2a cosacos B=rcos (@—a—F)........cooeeuennnnnns (idi).

The co-ordinates of the feet of the perpendiculars on the lines (i), (ii),
(iii), from the point O, are 2acosScosy, 8+7v; 2acosycosa, y+a;
and 2zcosacos B, a+B. Theso three points are all on the straight line
whose equation is

2aco8acos Beo8y=7c08(0~a—~B—7).cc..cccrnnrin (iv).

The line through the feet of the perpendiculars is called the pedal line
of the point O with rospect to the triangle.

Let D be another point on the circle, and let the angular co-ordinate
of D be 8. The four points 4, B, C, D can be taken in threes in four
ways, and we shall have four pedal lines of O corresponding to the four
triangles. We have found the equation of one of these pedal lincs, viz,
equation (iv). The equations of the others can be written down by sym-
metry ; they will be

2acosBcosycos §=reos (6 —~F—v-98)....ccoee oo ),
2208 yCOB3Co8a=rco8 (0 —7—0—a).ccceeuueanns (vi),
and 2acosdcosacos B=rcos(0—-8-a—f)..c.......... (vii).

The co-ordinates of the feet of the perpendiculars from O on the lines
(iv), (v), (vi) and (vii) will be 2a cos acos f# cosy, a+B+7, and similar
expressions. These four points are all on the line whose equation is

2a cos @ cos B ¢os y cosd =1 cos (0 —a—f~v—3).
This proposition can clearly be extended.

KExamries oN CHapreg 1V.

1. A point moves so that the square of its distunce from
a tixed point varics as its perpendicular distance from a fixed
straight line; shew that it deseribes a circle.

2. A point moves so that the sum of the squares of its

distances from the four sides of a squarc is constant ; shew
that the locus of the point is a circle.

3. The locus of a point, the sun of the squares of whose
distances from » fixed points is constant, is a circle.

6—2
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4. 4, B are two fixed points, and > moves so that
PA =n.PB; shew that the locus of P is a circle. Shew also
that, for different values of #, all the circles have a common
radical axis,

5. Find the locus of a point which moves so that the
square of its distance from the base of an isosceles triangle
is equal to the rectangle under its distances from the other
sidos.

6. Prove that the equation of the circle circumscribing
the triangle formed by the lines z+y=6, 2z+y=4, and
x+2y=>is

&+ y* =172 - 19y + 50-.0.

7. Find the equation of the circle whose diameter is the

common chord of the circles

+yr+2+3y+1-0, and 2+ ° + 42+ 3y +2=0.
¥ Y Y Y

8. TFind the equation of the straight lines joining the
origin to the points of intersection of the line x+ 2y~3=0,
and the circle ® + 3* — 2z — 2y - 0, and shew that the lines nre
at right angles to one another.

9. Any straight line is drawn from a fixed point O meeting
a fixed straight line in 2, and a point @ is taken on the line
such that the rectangle 0Q. 0L is constant; shew that the
Ideus of Q is a cirele.

10.  Any straight line is drawn from a fixed point O
meeting a fixed circle in £, and a point @ is taken on the line
such that the rectangle 0Q.OP is constant ; shew that the
locus of @ is a circle.

11.  Shew that the radical axis of two cireles bisects their
four common tangents.

12. 1f O be one of the limiting points of a system of
co-axial eircles, shew that a common tangent to any two circles
of the system will subtend a right angle at O.

13. Prove that the equation of two given circles can
always he put in the form

2+ yr+ax+b -0, 2P+y +ar+b=0,
and that one of the circles will be within the other if a«’ and
b are both positive.
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14. The distances of two points from the centre of a
circle are proportional to the distances of each from the polar
of the other.

15. If a circle be described on the line joining the centres
of similitude of two given circles as diameter, prove that the
tangents drawn from any point on it to the two circles are in
the ratio of the corresponding radii

16. Find the locus of a point which is such that tan-
geats from it to two concentric circles are inversely as their
radii,

17. If two points A, B are harmonic conjugates with
respect to two others C, D, the circles on A8 and CD as dia-
meters cut orthogonally.

18. Tf two circles cut orthogonally, every diameter of
either which meets the other is cut harmonically.

19. A point moves so that the sum of the squares of its
distances from the sides of a regular polygon is constant ; shew
that its locus is a cirele. -

20. A circle passes through a fixed point 0 and cuts two
fixed straight lines through 0, “Which are at right angles to one
another, in points P, ¢, such that the line PQ always passes
tln'ough a fixed point; find the cquation of the locus of the
centre of the circle.

21. The polar equation of the cirele on (¢, a), (b, 3) us
diameter is
7° =1 {acos (0 — a) + b cos (0 — B)} + ab cos (a— B) = 0.
22, Find the cquation for determining the values of » at

the points of interscction of the circle and the straight line
whose equations are

=2a cos 6, and rcos (0—)--p.
Deduce the value of p when the straight line becomes_a
tangent. ;
23. Find the co-ordinates of the centre of the inscribed
circle of the triangle the cquations of whose sides are
Ju—4y=0, Tx—24y =0, and Sc—12y-36=0,
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24. Find the locus of a point the polars of which ‘with
respect to two given circles make a given angle with one
another.

25. From any point on the radical axis of two circles
tangents are drawn, and the lines joining the points of contact
to the centres of the circles are produced to meet; find the
equation of the locus of the point of intersection.

26. 1If the four points in which the two circles

Py’ tax+bytc=0, *+y'+az+by+c’=0
are intersected by the straight lines
Az+By+C 0, A'z+ By+C' -0
respectively, lie on another circle, then will
-, b=b, ¢e-¢
4, B, c |=0.
A, B, Y
27. A system of circles is drawn througli two tixed points,

tangents are drawn to these circles purallel to a given straight
line; find the cquation of the locus of the points of contact.

28. 1If 4, B, C be the centres of three co-axial circles, and
t,t,, t, be the tangents to them from any point, prove the
relation

30t + CAt + ABL? - 0.

29. Tf ¢, ¢, t, be the lengths of the tangents from any
point to three given circles, whose centres are not in the same
straight line, shew that any circle or any straight line can be

represented by an equation of the form
At + Bt +Ct} - D.
What relation will hold between 4, B, C for straight lines ?
30. If a circle cut two of a system of co-axial circles at
right angles, it will cut them all at right angles.
31. Shew that every circle which passes through two

given points is cut orthogonally by each of a system of circles
having a common radical axis.

32. Prove that all circles touching two fixed circles are
orthogonal to one of two other fixed circles.
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33. If two circles cut orthogonally, prove that an inde-
finite number of pairs of points can be found on their common
diameter such that either point has the same polur with respect
to one circle that the other has with respect to the other. Also
shew that the distance between such pairs of points subtends
a right angle at one of the points of intersection of the two
circles,

34, If the equations of two circles whose radii are @, ' be
§=0, 8= 0, then the circles
55_ * §,— =0
«  a

will intersoct at right angles,

35. Find the locus of the point of intersection of two
straight lines at right angles to one another, each of which
touches one of the two circles

(e—a)+9 -0, (zt+a)+y =7,
and prove that the bisectors of the angles hetween the straight
Iines always touch onc or other of two other fixed circles.

36. Shew that the diameter of the cirele which cuty at
right angles the three escribed civeles of the triaugle ABC is
a

gin A (1 +cos .l cos B + cos B cos C' +cos Ccos A)é' .

37. TFind the locus of the point of contact of two equal
circles of constant radius ¢, each of which passes through one
of two fixed points at a distance 24 apart: and shew that, if
@ - ¢, the locus splits up into a ecirele of radius ¢ and a curve
whose equation may be put into the form (@*+ 9% - a® (2*—34°).



CHAPTER V.
TueE PARABOLA,

89. Definitions. A Conic Section, or Conic, is the locus
of a point which moves so that its distance from a fixed
point is in a constant ratio to its distance from a fixed
straight line. The fixed point is called a focus, the fixed
straight line is called a dvrectriz, and the constant ratio is
called the eccentricity.

It will be shewn hereafter [Art. 312] that if a right
circular cone be cut by any plane, the section will be in all
cases a conic as defined above. 1t was as sections of a cone
that the properties of these curves were first investigated.

We proceed to find the equation and discuss some of
the properties of the simplest of these curves, namely that
in which the eccentricity is equal to wnity. This curve is
called a parabola.

90. To find the equation of a parabola.

Let S be the focus, and let Y'Y be the directrix. Draw
SO perpendicular to Y'Y, and let OS=2a. Take 08 for
the axis of o, and OY for the axis of g.

Let P be any point on the curve, and let the co-
ordinates of P be z, y.

Draw PN, PM, perpendicular to the axes, as in the
figure, and join SP,
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Then, by definition, SP=PM ;

therefore PM*=8SP*= PN*+ SN?;

that is, =y + (z—2a)’,

or Y=4a(@—a)eeeninninnn. @i).
This is the required cquation of the curve.

Y

M P

K L

of A S N X
L

Y P~

The curve cuts the axis of « at a point A where y=0
and from (i) when y =0, z=a; that 15, 04 =a.

The point A4 is called the vertex of the parabola.

If we transfer the origin to A, the axes being un-
changed in direction, equation (i) will become [Art. 49]

P =4 oo ().
The focus is the point (¢, 0). The directrix is the line
z+a=0.
Also SP=MP=0A+AN =u+a.

91. Since the equation of the parabola is g*=4aaz,
and 3* is a positive quantity,  must always be positive,
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and therefore the curve lics wholly on the positive side of
the axis of y.

For any particular value of x there are clearly two
values of ¥ equal in magnitude, one being positive and the
other negative. Hence all chords of the curve perpen-
dicular to the axis of x arc bisected by it, and the portions
of the curve on the positive and on the negative sides of
the axis of  are in all respects equal. -

As z increases y also increases, and there is no limit
to this increase of x and v, so that there is no limit to
the curve on the positive side of the axis of y.

The line through the focus perpendicular to the direc-
trix is called the aats of the parabola.

The chord through the focus perpendicular to the axis
is called the lutus-rectum.

In the figure to Art. 90, SL= LK =08 =2«. There-
fore the whole length of the latus-rectum is 4a.

02. We have found that 3*—4aax =0 for all points
on the parabola.
For all points within the curve 3* — 4ax is negative.

For, if @ be such a point, and through @ a line be
drawn perpendicular to the axis mecting the curve in J°
and the axis in N, then  is neaver to the axis than P
and therefore N ¢ is less than NP*. But, P being on the
curve, NP —4a. A N =0, and therefore NO* — 4a. AN is
negative.

Similarly we may prove that for all points outside the
curve y* — 4az is positive.

Hence, if the cquation of a parabola be 3 — 4a.r =0,
and we substitute the co-ordinates of any point in the left~
hand member of the equation, the result will be positive
if the point be outside the curve, negative-if the point
be within the curve, and zero if the point be upon the
curve,

93. The co-ordinates of the points common to the
straight line, whose equation is y = max + ¢, and the
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parabola, whose equation is y*=4ax, must satisfy both
equations,
Hence, at a common point, we have the relation,
(mz+c)l=4az....ccccceveninn.n.. @@).

Therefore the absciss® of the common points are given
by the equation (i), which may be written in the form

mia® - (2me—4a) € + ¢ =0............ (i1). =~

Since (ii) is a quadratic equation, we see that every
straight line meets a parabola in two points, which may
be real, coincident, or imaginary.

When m is very small, one root of the equation (ii) is
very great ; when m is equal to zero, one root is infinitely
great. Hence every straight line parallel to the axis of
a parabola meets the curve in one point at a finite distance, ,
and in another at an infinite distance from the vertex.

94. To find the condition that the line y=ma + ¢ may
touch the parabola y* — 4ax = 0.

As in the preceding Article, the abscissw of the points
common to the straight line and the parabola are given
by the equation

(mx + ¢)* = dau,
that is m*z* + (2me — 4a) x + ¢* = 0.

If the line be a tangent, that is if it cut the parabola
in two coincident points, the roots of the equation must
be equal to one another.  The condition for this is

4m’¢® = (2me — 4a)?,
a
m’
Hence, whatever m may be, the line
!

i

which reduces to me=u, or ¢=

Yy=mz+ “
=T,
will touch the parabola y* — 4ax = 0.

95. 1o find the equation of the straight line passing
through two given pownts on a parabole, and to find the
equation of the tungent at any povnt.
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Let the equation of the parabola be
= 4uz,

and let &, ¢/, and 2", " be the co-ordinates of two points
on it.

The equation of the line through these points is
Y-y _z-2 : @)
Yy T a T .
But since the points are on the parabola, we have
= dax’, and Yy =4daz”;
Y=y t=da (@ =) ().
By multiplymg the corresponding bldes of the cqua-
tions (i) and (ii), we have

=)W +y)=(2-a) 4q,
or, since y* — 4az’ =0,

LU Y —dae =gy =0 ........... (i),
which is the equation of the chord joining thu twu given
points.

In order to ﬁnd the equatlon of the tangent at (', y')

we must put " =1 and 2" =2 in cquation (iii), and we
obtain

2yy’ — duw —y* =0
or, since y”* = 4ux’,
yy =2u(ec+ &) i (iv).
Cor. The tangent at (0, 0) is «=0; that is, the
tangent at the vertex is perpendicular to the axis.
96. We have found by independent methods [Articles 94 and 95] two
forms of the equation of a tangent to a parabola. Either of these could

"however have been found from the other. Thus, suppose we kunow that
the equation of the tangent at («, y') ig

Yy’ = 2a (x4 ),

then Y= 2 f:' T+ 2‘“,;' .
- oy Y
If this be the same line s that given by
ymetc

we must have
2a p

2ax
m=-", and ¢== "
y y

therefore mc—a, as in Article 94,
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In the solution of questions we should take whichever form of
the equation of a tangent appears the more suitable for the particular
case.

Ex. 1. T'he ordinate of the point of intersection of twe tangents to a
purabola is the arithmetic mean between the ordinates of the points of
contact of the tangents.

Tho equations of the tangents at the points («/, y') and (x”, y”) are

yy =2a(z+),
and yy"' =2a (x+2").
By subtraction, we have for their common point,

Yy - y")=2ax -- 2az"
=4 (y%-y");
- y=4 (y' +9").
Ex. 2. To find the locus of the point of intersection of two tangents to
a parabola which are at right angles to one another.
Let the cquations of the two tangents be

“ .
Y=mEt - .. (i),

a "
y=mr+—,. .. ... ... . ....[(i).
y o (i)

Then, since they are at right angles, mm'=— —1. Hence the second
equation can be written,

L —”-]-;.l:-(ulb. PPN (111

To find the ahseissa of their common point we have only to subtract
(iii) from (i), and we get

(me ) +o(n+2)
O=c(m+ = )+alm+—);
m mn

and therefore we have r +u=0.
The equation of the required locus is thercfore .+« =0, and this
[Art. 90] is the equation of the directrix.

97.  To find the equation of the normul at any point of
a parabola.

The equation of the tangent at (2, y') to the parabola
Y —4ax=0, is [Art. 9:)]

gy =2a (@+2) coieennnnn. veeen(1).
The normal is the perpendicular line through (&', y').
Therefore [Art. 30] its equation is
(y=9)2a+y (&—2)=0 ... ...(ii).
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The above cquation may be written

‘3
y=-Laty+ ().
’ ’3
If we put m=— Yy o then y' = — 2am, and 8t =~ @M
therefore (iii) becomes _
y=mz—2um—am’............... (iv).

Tlns form of the equation of a normal is sometimes
useful.

98. We will now prove some geometrical properties
of a parabola.

¥
P
M
H
z
R
o A s - N ¢ X

Let the tangent at the point I mcet the directrix in B
and the axis in 7. Let PN, PM be the perpendiculars
from P on the axis and on the directrix.

Let (7, the normal at P, meet the axis in G.

Then, if 2/, ¥ be the co-ordinates of P, the equation of
the tangent at P will be

¥y =2a(x+a)......... (i) [Art. 95].
Where this meets the axis, y=0, and at that point, we
have from (i), z+a' =0,
Td=AN......,ccocuunenen. (a);

. TS= AS+AN =8P 8):



THE PARABOLA. 95

and since 7'S=SP, the angle STP is equal to the angle
SPT; so that PT bisects the angle SPM............ (7).
We see also that the triangles RSP and RMP are
equal in all respects.
Hence the angle RSP =the angle RMP=a rlght aénglc
-+ (9)

Aga,m since M is the point (— «, ¥), and 8 is t.hc point
(a, 0), the cquation of the linc S is

4_y=?%§ ..................... (iD).

This is clearly perpendicular [Art. 30] to the tangent

at P which is given by the equation (i),
.. 8M is perpendicular to PT......... (e).

Since PT is perpendicular to SM and bisects the angle
SPM, it will bisect SM. If then Z be the point of inter-
section of SM and PT, SZ =7ZM. But SA=40. Therc-
forc AZ is parallel to OM, and is therefore the tangent at
the vertex of the para.bola, so that the line throwrh
the focus of a parabola perpendlcu].n to any tangent Pr
mects I’7" on the tangent at the vertex............... (

We may prove the last proposition as follows.

Let the equation of any tangent to the parabola be

Y=t e ~.(iii).

The equation of the line through the focus (a, 0) perpen-
dicular to (i) is

1
Y =— . (& —«)
xr a .
(V) = — T teesesreresatiacnnas .
! Y m + m (iv)

The lines (iii) and (iv) clearly mect where =0,
The cquation of the normal at I” (&, i) is [Art. 97]

Za(y—y)+y (w—w)—ﬂ.
At the point ¢ we have y =0, and therefore
—2ay +y (- 2) =0,
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or dQg=x—a =AG—-AN=NG.
A NG=2au i (7).

EXAMPLES.

1. Find the equations of the tangents and the equations of the
normals to the parabola y? —4ax=0 at the onds of its latus rectum.
Ans. zxy+a=0, yxaxs3a=0.
2. Find the points where the line y=3x-a cuts the parabola
y? — 4ax=0. Ans. (a, 2a), (g. —ga) .
3. Shew that the tangent to the parabola y2-4ax=0 at the point
(«, ') is perpendicular to the tangent at the point

u? - 4(&’)
2’ v .

4. Shew that the linc y= 2x+:; cuts y2 - 4ax=0 in coincident points.

Shew that it also cuts 20x*+ 20y%=a2 in coincident points.
5. A straight line touches both x*+y?=2a® and y*=8ax; shew that
, its equation is y = & (z+ 2a).
6. Shew that tho line 7z + fy=13 is a tangent to the curve
y3 -T2~ 8y+14=0.

7. Shew that tho equation 3+ 4ax +2ay=0 represents a parabola,
whose vertex is at the point (- 2a, 2a), whose latus rectum is 2¢, and
whose axis is parailel to the axis of y.

8. Shew that all parabolas whose axes are parallel to the axis of
y have their equations of the form

2+ 24x+ 2By + C=0.

9. Tind the co-ordinates of the vertex and the length of the latus
tectum of each of the following parabolas:

i) y*=5z+10, (i) 2°- da+2y=0, Weore
(ili) (y - 2)*=5 (x+4), and (iv) 3%+ 12z 8yx0.

dns. (i) (-2,0),5. (i) (2,2),2. (i) (~4,2),5. (V)N-2 -3), 8

10. Find the co-ordinates of the focus and the equabion of "the
directrix of each of the parabolas in question 9.

dns. (i) (-3 0), 424+18=0. (ii) (2, 3), 2y-5=0.

(ii) (-, 2), 4x+21=0. (iv) (-2, -3}), 6y+13=0.

.« 11. Write down the equation of the parabola whose focus is the

origin and directrix thé straight line 22x-y—-1=0. Shew that the line
2y=4x - 1 touches the parabola.
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12, If through a fixed point O on the axis of a parabola any chord
POP' be drawn, shew that the rectangle of the ordinates of P and P’
will be constant. Shew also that the product of the abscissm will
be constant. T

13. Find the co-ordinates of the point of intersection of tho tangents
y='mx+:i, y=m’.t+£;. Shew that the locus of their intersection is a

straight line whenever mm’ is constant; and that, whon mm'+ 1 =0, this
line is the directrix,

14. BShew that, for all values of m, the line y=m(c+a)+ :l will
touch the parabola y?=4a (r + a).

15. Two lines are at right angles to one another, and one of gwem
touches y* =4a (z+a), and the other y?= 1’ (x+ ') ;eshew that The. point
of intersection of the lines will bo on the line = ¢+ & =0.

16. If perpendiculars be let fall on any tangent to a parabola from
two given points on the axis equidistant from the focus, tho differeneo of
their squares will be constant.

17. Two straight lines 4P, AQ are drawn through the vertex of
a parabola at right angles to one another, mecting the curve in P, Q ; shew
that the line Q) cuts the axis in a fixed point.

18, If the circle #®+ y*+ A+ By 4- C =0 cut the parabola 3* - 4ar=0
in four points, the algebraic sum of tho ordinates of those points will he
Zero.

19. If tho tangent to the parabola y® — 4az=0 mect the axis in 7'and
the tangent at the verlex 4 in Y, and the rectamgle T'A Y@ be completed;;
shew that the locus of @ is the parabola y* |- wr=0.

20. If P, Q, R be threc points on a parabola whose ordinates are in
geometrical progression, shew that the tangents at P, Il will meet on the
ordinate of Q.

o 21, Shew that the arca of the triangle inscribed in the parabola
¥*-daz=0 is {';l;t W~y Wa~yy) (3~y), where 3y, s w, ore the
ordinates of the angular points.

99. Two tangents can be drawn to o purabola from
any pownt, which will be real, coincident, or vinaginary, ac-
cording as the point is outside, tipon, or within the curve.

s.c.s. 7
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The line whose equation is

will touch the parabola 4* = 4ax, whatever the value of m
may be [Art. 94].

The line (i) will pass through the particular point
«, y), if

oy =ma’ + @
Y m’

that is if 'z —my' +a=0..........(3).

Equation (ii) is a quadratic equation which gives the
directions of those tangents to the parabola which pass
through the point (2, ¥'). Since a quadratic cquation has
two roots, two tangents will pass through any point (<, y').

The roots of (ii) are real, coincident, or imaginary, ac-
cording as y*—4aa’ is positive, zero, or negative. That
is [Art. 92] according as (&', %) is outside the parabola,
upon the parabola, or within it.

100. To find the equation of the lLine through the
potnts of contact of the two tungents which can be drawn to
a parabola from any point.

Let 2/, 3’ be the co-ordinates of the point from which
the tangents are drawn.

Let the co-ordinates of the points of contact of the tan-
gents be h, k and I, ¥ respectively.

The equations of the taagents at (h, &) and (', L) are

yk=2a (z+1)

and yk'=2a (z +1).
We know that («/, 4’) is on both these lines;
S Yk=2a (@ +Rh) e )
and YkE=2a (@ +%)..cccou.o...... (it).

But the equations (i) and (ii) are the conditions that
the points (h, k) and (4, ¥') may lic on the straight line
whose equation is

Yy=2a (& + @) .ccccvveernnan. (iii).
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Hence (iii) is the required equation of the line through
the points of contact of the tangents from (z', y').

The line joining the points of contact of the two
tangents from any point P to a parabola is called the polar
of P with respect to the parabola. [See Art. 76.]

101.  If the polar of the puint P with respect tv «
parabola pass through the point Q, then will the polar of” Q
pass through I.

Let the co-ordinates of P be «/, %/, and the co-ordinates
of Q@ be &7, y”.

The cquation of the polar of I with respect to the
parabola ¥* —dax =0 is

Y = ta (z + a’).
If this line pass through @ (27, ¥”), we must have
YU =2a (2" + ).

The symmetry of tuis result shews that it is also the
condition that the polar of @ should pass through 1.

It can be shewn, exactly as in Art. 79, that if the
polars of two points 2, @ mcet in /2, then R is the pole of
the line 22Q. .

The equation of the polar of the focus (q, 0) isx+ a=0.
So that the polar of the focus is the directrix.

If ¢ be any point on the dirccetrix, @ is on the polar of
the focus &S, therefore the polar of @ will pass through S,
so that if tangents be drawn to & parabola from any point
on the directrix the line joining the points of contact will
pass through the focus.

102. The locus of the muddle points of a system of
parallel chords of « ﬁl’rabold 18 a stratght line pavallel to
the axis of the parabola. :

The equation of the straight line joining the two
points (2, ¥/), (", ¥’) on the parabola y*— 4ax =0 is
[Art. 95, (iif)]

YW +y)—dar—yy =0 .ueerenn (i)
Now, if the line (i) make an angle 8 with the axis of the

7—2
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parabola,

g0 0= (i),
y +

But, if the co-ordinates of the middle point of the
chord be (#, ¥), then will
2r=2a'+4", and 2y =y'+y".

Hence, from (ii), tan 0 = ;i"’ ,
or Y=2acot @ ..ccccuverrnnn.n. (iii),

so that ¥ is constant so long as @ is constant.

Hence the locus of the middle points of a system
of parallel chords of a parabola is a straight line parallel to
the axis of the parabola. .

Def. The locus of the middle points of a system of
parallel chords of a conic is called a diameter, and the
chords it bisects arc called the ordinates of that diameter.

We have scen in Art. 93 that a diameter of a parabola
only meets the curve in onre point at a finite distance from
the vertex. The point where a diameter cuts the curve is
called the extremity of that diameter.

103. The tangent at the extremity of a diameter s
parallel to the chords which are bisected by that diwmeter.

All the middle points of a system of parallel chords of
a parabola arc on a diameter. Hence, by considering the
parallel tangent, that is the parallel chord which cuts the
curve in coincident points, we sec that the diameter of a
system .of parallel chords passes through the point of con-
tact of the tangent which is parallel to the chords.

» 104. To find the equation of a parabola when the axes
are any diameter and the tangent at the extremity of that
diameter.

Let P be the extremity of the diameter, and let the
tangent at P make an angle  with the axis.
hen NP=2q cot 8 [Art. 102 (iii)],
s .

o AN= 5;1-"- —acotd,
a
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Let the co-ordinates of @ referred to the new axes'be
z, y respectively, and draw QM perpendicular to the axis
of the parabola, cutting the diameter I’V in K.

Then
MNQ=NP+KQ=2wcotf+ysind...... (1),
AM=AN+NM=AN+PV+ VK
=acot’@+xz+ycosb................. (ii).
But QM =4q.AM,;
therefore, from (i) and (ii),
(2a cot 0 +y sin 0)* = 4a (¢ cot®  + x + y cos 6),

or Yy sin® 0=4ar............... (iii).
But AN = «cot? 8; therefore SP=a+ AN = ;ﬁ% P

Therefore, putting ¢’ for SI” or s-il‘{z’_ﬂ:’ the equation of
the curve is YP=A4'e il @iv).

105. If the equation of a parabola, referred to any
diameter and the tangent at the extremity of that diameter

as axes, be y* —4az =0; the line y=mz'+7% will be a

tangent for all values of m; the cquation of the tangent
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at ‘any point (', ') will be yy' —2a(z+) =0; the
equation of the polar of («/, y) with respect to the
parabola will be yy' — 2a (z + 2') = 0 ; and the locus of the
middle points of chords parallel to the line y=ma will

be y=-q2£.

These propositions require no fresh investigations; for
Articles 94, 95, 100 and 102 hold good cqually whether
the axes arc at right angles or not.

106. The equation of the normal at any point (2, y')
of the parabola 3* — 4az =0 is

Y , .
y—y +2J(;(:l;—w)=0 ............ ().
L the line (i) pass through the point (%, k) we have
a0\ .
k—y'+ % (h v Occeet veenen (ii).

The cquation (ii) gives the ordinates of the points the
normals at which pass through the particular point (4, k).
The cquation is a cubi¢c equation, and therefore through
any point three normals can be drawn to a parabola.

Since there is no teri containing %* we have, if y,, ¥,,
Y, be the three roots of the equation (1i),

Yo+ Yot Ypg=0.0c il (idi).
Now, for a system of parallel chords of a parabola, the sum
of the two ordinates at the ends of any chord is constant
[Art. 102]. Therefore the normals at these points meet on
the normal ata fixed point the ordinate of which added to
the sum of their ordinates is zero.

Hence the locus. of the intersection of the normals at
the ends of a system of parallel chords of a parabola is a
straight line which is a normal to the curve.

. 107. We shall conclude this Chapter by the solution
of some examples.

(1) To find the locus of the point of intersection of two tangents to a
parabola which muke a given angle with one another.
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The line y = mz+ xs a tangent to the parabola y? — 4ax=0, whatever

the value of m may be [Art. 94.]
If (x, y) be supposed known, the equation will give the directions of
the tangents which pass through that point.
The cquation giving the directions will be
mix - my+a=0,
And, if the roots of this quadratic equation be m, and m,, then
will
Y a
my g =" and mm,= g
2 _
oo (my - mz)’=y- ;ﬂ

But, if the two tangents make an angle a with one another,

tan u:.ﬁ":ﬂ!.’
14 mym,

*. tan3 a=L 4'“
x)’

So that the equation of the roqunred locus is
—dax - (x+a)? tan®a=0.

(2) To find the locus of the foot of the perpendicular drawn from
a fixed point to any tangent to a parabola.

Let the equation of the parabola be y2—~ fax==0, and let 2, k be the
co-ordinates of the fixed point 0.
The cquation of any tangent to the parabola is

“ .
Y = max+ g T s e e (i).
The equation of a line through (h, k) perpendicular to (i) is

y-k= 1 (a:— L) P (ii).
To find the locus we have to elumnntc m between the equations (i) and

(1i).

From (ii) we have m=— 3’_‘;" ;
therefore, by substituting in (i), we got
J+’ hera¥ o
Y- z-h "
or y(y-K (x- h)+:¢:(z heP+a(y--5?=0 .............. (ii).

The locus is therefore a curve of the third degree.
From (iii) we sce that the point O itself is always on tho locus. If
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the point O be outside the parabola this presents no difficulty, for two real
tangents can in that case be drawn through O, and the feet of the perpen-
diculars from O on these will be O itself. When the point O is within the
parabola the tangents from O are imaginary, and the perpendiculars to
them from O are also imaginary, but they all pass through the real point
0, and therefore O is a point on the locus.

When h=a, k=0, that is when O is the focus of the parabola, (iii)
reduces to & {y*+ (x-a)?}=0; so that the cubic reduces to the point
circle y*+ (x - a)*=0, and the straight line 2 =0. [See Art. 98 ¢].

(3) The orthocentre of the trianygle formed by three tangents to
a parabola is on the directrix.

Let the equations of the sides of the triangle be

“
-,y and y=m"
mll ’ y

The point of interscetion of the second and third sides is

a a + a
w'm"’ m ")

The linc through this point perpendicular to the, first side has for
equation

!, a ", a
y=mzt o, y=n'st 2t

a a 1 a
Y= ~w" " w (x - m"m‘”) '
Now this lino cuts tho dircctrix, whose cquation is £—< ~«, in the
point whose ordinate is equal to

1 1 1 1
al =S+ ptomto i)
m m m mom-m .
The symmetry of this resnlt shews that the other perpendiculars eut
the diroetrix in tho same point, which proves the theorem.

(4) To find the locus of the point of intersection of two normals
which are at right angles to one another.

The line whose cquation is

Y=mE-2am —am? .......o.oeeiiiiiiiniiinnn (i)

is a normal to tho parabola 32 - 4az=0, whatever the valuo of m may be.

If the point (z, y) be supposed known, the equation (i) gives the
directions of the normals which pass through that point.

If the roots of the equation (i) be m,, m;, m;, we have

Myt Mg Fmg=0.....ccovririinirinnnnns (i),
2a -
My o+ My + Mty = — — s (iii),

My Ny = —3;/; ........................... (iv).



THE PARABOLA. 105

If two of tho normals, given by m,, m, suppose, be perpendicular to
one another, we have
mymg=—1 . 0..ccoiiiiiiiiiinnnns (V).
"The elimination of m,, m,, m, from the equations (ii), (iii), (iv) and (v)
will give the locus required.
The result is y*=a (x~3a).

"FxampLes oN Cuaprrer V.

1. The perpendicular from a point 0 on its polar with respect
to a parabola meets the polar in the point M and cuts the axis
in @, the polar cuts the axis in 7, and the ordinate through 0
culs the curve in P, I”; shew tha.b the points 7', P, M, @, I”
arc all on a cirdle whose contre is S,

2. Prove thal the two parabolas »* - awx, a®-~by will
cut one another al an angle

1Bt
2(ak + 83)

3. If PSQ be a focal chord of a parabola, and A meet
thoe directrix in M, shew that J/Q will be parallel to the axis
of the parabola.

4. Shew that the locus of the point of intersection of two
tangents to a parabola at points on the curve whose ordinates
are in a constant ratio is a parabola.

5. The two tangents from a point P to the parabola
¥'—4ax=0 make angles 6,, 6, with the axis of a; find the
locus of /> (i) when tan, +ta.n€ is constant, and (u) when
tan®6, + tan®d, is constant.

6. Find the cquation of the locus of the point of inter-
section of two tangents to a parabola .which make an angle
of 45° with one another.

7. Shew that if two tangents to a parabola intercept a
fixed length on the tangent at the vertex, the locus of their
intersection is another equal parabola.
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8. Shew that two tangents to 4 parabola which make equal
angles respectively with the axis and directrix but are not at
right angles, intersect on the latus rectum.

9. From any point on the latus rectum of a parabola
perpendiculars are drawn to the tangents at its extremities;
shew that the line joining the feet of these perpendiculars
touches the parabola.

10. Shew that if tangents be drawn to the parabola
y* —4ax <0 from a point on the line x + 4@ =0, their chord of
contact will subtend a right angle at the vertex.

11. The perpendicular 77V from any point 77 on its polar
with vespect to a parabola mects the axis in Af; shew that if
TN.TM is coustant the locus of 7' is a parabola ; shew also
that if the ratio 7'V : T is constant the locus is a parabola.

12. Two equal parabolas have their axes parallel and
a common tangent at their vertices: straight lines are drawn
parallel to the direction of either axis; shew that the locus of
the middle points of the parts of the lines intercepted between
the curves is an equal parabola.

13. Two parabolas touch one another and have their axes
parallel ; shew that, if the tangents at two points of these
parabolas intersect in any point on their common tangent, the
line joining their points of contact will be parallel to the
axis.

14. Two parabolas have tho same axis; tangents are drawn
from points on the first to the second; prove that the middle
points of the chords of contact with the second lie on a fixed
parabola.

15. Shew that the locus of the middle point of a chord of
a parabola which pusses through a fixed point is a parabola.

16. The middle point of n chord I’/” is on a fixed straight
line perpendicular to the axis of a parabola; shew that the
locus of the pole of the chord is another parabola.

17. If 7P, 1'Q be tangents to a parabola whose vertex is
4, and if the lines 4%, AT, AQ, produced if necessary, cut the
directrix in p, ¢, and ¢ respectively; shew that p¢ - ¢g.
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18. 1f the diameter through any point O of a parabola
meet any chord in P, and the tangents at the ends of that
chord meet the diameter in @, @'; shew that 0= 0Q. 0¢".

19. The vertex of a triangle is fixed, the basc is of
constant length and moves along a fixed straight line; shew
that the locus of the centre of its circumscribing circle is a
parabola.

20. Shew that the polar of any point on the circle
'+ — 2ax—3a’- 0,
with respect to the circle
o + 3 + 2ax— 3a® - 0,
will touch the parabola
¥ +dax =0,

21, PSP is a focal chord of a parabola; V is the middle
point of °F’, and VO is perpendicular to I’I” and culs the axis
in O; prove that SO, VO are the arithmetic and geometric
means between 77 and SP.

23, PSp, @Sq, BSr are threc focul chords of a parabola;
QR meets the diameter throngh p in 4, 27’ meets the diameter
through ¢ in 73, and @ meets the diameter through # in C';
shew that the threec points 4, B, ¢/ are on a straight linc
through S.

23. PI” is any one of a system of parallel chords of a
parabola, O is a point on £/” such that the rectangle /°0 . 0/”
is constant; shew that the locus of O is a parabola.

24. On the diameter through a point O of a parabola two
points I’ P are taken so that O . 07” is constant; prove that
the four points of intersection of the tangents drawn from /2, 17
to the parabola will lic on two fixed straight lines parallel to
the tangent at O and equidistant from it.

25, If a quadrilateral circumseribe a parabola the line
through the middle points of its diagonals will be parallel
to the axis of the parabola.

26. If from any point on a focal chord of a parabola two
tangents be drawn, theso two tangents ave cqually inclined
to the tangeuts at the cxtremities of the focal chord.
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27. If two tangents to a parabola make equal angles with
a fixed straight line, shew that the chord of contact must
pass through a fixed point.

28. Two parabolas have a coumon focus and their axes in
opposite directions; prove that the locus of the middle points of
chords of either which touch the other is another parabola.

29. Find the locus of the middle point of a chord of
a parabola which subtends a right angle at the vertex.

30. The locus of the middle points of normal chords of

Ly 4d®
the parabola %° — 4ax = 0 is ot v =z - 2a.
3l. PQ is a chord of a parabola normal at P, 4Q is
drawn from the vertex 4, and through £ a lino is drawn

parallel to 4Q meeting the axis in K. Shew that AR is
double the focal distance of P.

32. Parallel chords are drawn to a parabola; shew that the
locus of the intersection of tangents at the ends of the chords
is a straight line, also the locus of the intersection of the
normals is a straight line, and the locus of tho intersection of
these two lines is a parabola.

33. If the normals at the points P, @, B of a parabola
meet in a point; shew that the circle QA will go through
the vertex of the parabola.

34. If the normals at two points of a parabola be inclined
to tho axis at angles 6, ¢ such that tan 6tan ¢ =2, shew that
they intersect on the parabola.

35. The locus of a point from which two normals can be
drawn making complementary angles with the axis is a
parabola.

36. Two of the normals drawn to a parabola from a point
P make equal angles with a given straight line. Prove that
the locus of P is a parabola.

37. The normal at a point P of a parabola mcets the axis
in @, P@ is produced to I, so that GH =} P@; prove that the
other two normals to the parabola, which pass through H, are
at right angles to each other.
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38. The normals at three points P, ¢, R of a parabola
meet in the point O. Prove that Sl’+SQ+S’R+ S4 =200,
where § is the focus and OM the perpendicular from O on the
tangent at the vertex.

39. Any three tangents to a parabola, the tangents of
whose inclinations to the axis are in any given harmonical
progression, will form a triangle of constant area.

40, Shew that the area of tho triangle formed by three
normals to a parabola will be

2
% (m, ~ m,)(m, ~m,) (my ~m,)(m, +m, +m,)".

41. If a tangent to a parabola cut two given parallel
straight lines in 1’ (2, tho locus of the point of intersection
of the other tangents from P, @ to the curve will be a parabola.

42, If an equilateral triangle circumscribe a parabola,
shew that the lines from any vertex to the focus will pass
through the point of contact of the opposite side.

43. From any point on 3’=a(2 + ¢) tangents are drawn to
9* -~ 4ax; shew that the normals to this parabola at the points
of contact intersect on a fixed straight line.

44. 1f the normals at two points on a parabola intersect
on the curve, the line joining the points will puss through
a fixed point on the axis.

45. If through a fixed point any chord of a parabola be
drawn, and normals be drawn at the ends of the chord, shew
that the locus of the point of intersection of the normals is
another parabola.

46. If three normals from a point to the parabola 3*-- 4ax
cut the axis in points whose distances from the vertex are in
arithmetical progression, shew that the point lies on the curve
27ay’ -- 2 (x - 2a)".

47. If three of the sides of a quadrilateral inscribed in a
parabola be parallel to given straight lines; shew that the
fourth side will also be parallel to a fixed straight line.

48. Circles are described on any two focal chords of a
parabola as diameters, Prove that their common chord passes
through the vertex of the parabola.
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49. Two tangents to a given parabola make angles with
the axis such that the product of the tangents of their halves
is constant; prove that the locus of the point of intersection
of the tangents is a confocal parabola.

50, TIf the circle described on the chord PQ of a parabola
as diwmeter cut the parabola again in the points R, S, then
will 2°Q and RS intercept a constant length on the axig of the
parabola.

51. If the normals at P, ¢, X meet in a point O, and
rr, QQ', RE be lines through £, @, 2 making with the axis
angles equal to those made by L0, 0, RO respectively, then
will PP, Q@', BR' pass through another point 0', and the line
00’ will be perpendicular to the polar of 0.

52. The normals to a parahola at I’, @, R meet in O;
shew that 0’. 0Q.0R=«. 0L . OM, where OL and 0 arve
tangents from O to the parabola, and 4« is the length of the
latus rectumn.

53. If from any point in a straight line perpendicular to
the axis of a parabola normals be drawn to the curve, prove
that the sum of the squares of the sides of the triangle formed
by joining the feet of these normals is constant.

54. A triangle ABC is formed by three tangents to a
parabola, another triangle DEF is formed by joining the points
in which the chords through two points of contact meet the
diameter through the third. Shew that A4, B, C are the middle
point of the sides of DEF.

56. If ABC hbe a triangle inscribed in a parabola, and
A'B'C’ be a triangle formed hy three tangents parallel to the
sides of the trinngle 4 BC, shew that the sides of ABC will be
four times’the corresponding sides of 4’B'C".

56. * If four straight lines touch a parabola, shew that the
product of the squares of the abscissee of the point of inter-
section of two of these tangents and of the point of intersection
of the other two is equal to the continued product of the
abscigse of the four points of contact,
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57. TP, TQ arg tangents t6 a parabola, and p,, p,, p,
are the lengths of the per pendlculurs from P, T, respectlvely
on any other tangent to the curve; shew {hat PP,

58. 04, OB are tangents to a parabola, and AP, BP ave
the corresponding normals ; shew that, if 2 lics on a fixed line
perpendicular to the axis, O describes a parabola; and find
the locus of 0, if P lies on a fixed diameter.

59. P( is the normal at P to the parabola *—4ax. 0,
@7 being on the axis; ¢/ is produced outwards to @ so that
P -0P; shew that the locus of @ is o parabola, and that
the locus of the intersection of the tangents at 2’ and () is

v (2 + da) + 160° -0



CTIAPTER VI

Tiue ELLIPSE.

Definition. An Ellipse is the locus of a point which
moves so that its distance from a fixed point, called the
focus, bears a constant ratio, which is less than unity, to its
distance from a fixed line, called the direetrix.

108. 7o find the equation of un ellipse.

K K

N § 'y z

N
>
»
[5)

L \\L _

Let 8 be the focus and K7 the directrix.
Draw 8Z perpendicular to the directrix.
Divide ZSP in A so that SA : AZ =given ratio=¢
suppose.
_There will be a point 4’ in ZS produced such that
BA' : A7 e : 1.
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Let C be the middle point of A 4’, and let AA'=2q.
Then SdA=e.AZ, and 84'=e. A'Z;
o SA+8A'=e(AZ+ A'Z);
" 24C=2¢.ZC;

” a
JO= -é ........................... (l)
Also SA"—S8Ad =¢(A'Z - AZ);
or AA'—248=¢. A
. 8C=e.AC=ae.............. (11).

Now let € be taken as origin, 4’ as the axis of a,
and a line perpendicular to CA” as the axis of 4.

Let P be any point on the curve, and let its co-
ordinates. be @, y.

Then, in the figure,
SP* =& PM¥
. SN*+ NP*=¢'ZN*

Now SN=8C+CN =uae+ .;
and ZN=zn+cN=';';+w;

2
s (e =t (_.:: + ‘é) )

“or P+t (l-e) =4 (1-6),

. o’ s B

or & + = | . (iai).
Putting #=0, we get y=+a /(1 —c*); which gives

us the intercepts on the axis of y.  Tf thesc Jengths be

called + b, we have

BP=a®(l—=¢) coiiiiiinnnns @iv),
and the equation (iii) takes the form
LA v)
STl .
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The latus rectum is the chord through the focus
parallel to the directrix. To find its length we must put

& =— ge in equation (v).
4

Then Y =81 -e)=",, from (iv),

so that the length of the semi-latus rectum is % .

109. TIn equation (v) [Art. 108] the value of y cannot
be greater than b, for otherwise 2* would be negative ; and
similarly 2 cannot be greater than «.  Hence an ellipse is
a curve which is limited in all directions. )

If # be numerically less than «, y* will be positive;
and for any particular value of 2 there will be two equal
and opposite values of y. The axis of 2 therefore divides
the curve into two similar and equal parts.

So also, if ¥ be numerically less than b, «* will be
positive, and for any particular value of y thére will be two
valucs of & which will be equal and opposite. The axis
of y therefore divides the curve into two similar and cqual
parts. From this it follows that if on tlte axis of « the
points §’, Z' be taken such that ¢'S"=8C, and 0Z' =ZC,
the point 8" will also be a focus of the curve, and the line
through Z' perpendicular to CZ” will be the corresponding
directrix.

It (&, ') be any point on the curve, the co-ordinates

2

&,y will satisfy the cquation e +'%,—] =0; and it is
clear that in that.case the co-ordinates —a’, — ' will also
satisfy the equation, so that the point (—a', —y’) will also
be on the curve.  But the points (2, ) and (— 2/, —y/) are
on a straight line through the origin and arc equidistant
from the origin. Hence the origin bisects every chord
which passes through it, and is therefore called the centre
of the curve.

The chord through the foci is called the major azis,

and the chord through the centre perpendicular to this
the minor axts.
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110. o find the focal distances of any point on an
ellipse.
In the figure to Art. 108, since SP = e, we have

SP=cZN=e(ZC + 0N)=e(§ +w)=a+e.1:;

also S'P=¢.NZ'=¢(CZ —CN)=qa —cx;
s SP+ 8P =2a.

An cllipse is sometimes defined as the locus of a point which moves so
that the sum of its distances from two fixed points is constant.

To find the equation of the curve from this definition.

Let the constant sum be 2a, and the distance between the two fixed
points be 2ae.

Take the middle point of the line joining the fixed points for origin,
and this line and a line perpendicular to it for axes, then we have from
the given condition

iz —ae) +y*+ (o +acy +yi=2a
which, ‘When rationalized, becomes
- Ptz (l-e)=a?(1-¢?),
which is the equation previously obtained.

111. The polar equation of the ellipse reforred to the
centre as pole will be found by writing » cos@ for «, and
7 sind for y in the equation

£
E;+'*I—,-=1.

The equation will therefore be
7* cos’@ + rsin’@

et b L
1 cos’@  sin*d .
or A= g g e (@)

The equation (i) can be written in the form

rl,=$,-+(l},—d1,) §in0 ... ().

Since 51;—;’ is positive, we see from (ii) that the least

8§—2
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value of -},— is al; , and that :, increases as @ increases from
0 to Z—;, the greatest value of —:—, being -;,. Hence the
radius vector diminishes from o to b as @ increases from
o .
0 to 3"
112. We have found that for all points on the ellipse
? L7
S+d-1=0.

We can shew in a manner similar to that adopted in
Art. 92 that, if o,  be the co-ordinates of any point within
2 2 2
the curve, 't%,+ ‘Z, —1 will be negative, and that Z:+ ‘Z, -1
will be positive if z, y be the co-ordinates of any point
outside the curve.

113. To find the points of untersection of a given
straight line and an ellipse, and to find the condition that
a given straight line may touch the ellipse.

2

Noti. We shall henceforth always take ::+ '%—,— =1 as
the equation of the ellipse, unless it is otherwise expressed.

Let the equation of the straight line be

Y=MEFCovurnnenneninninininnns ). .

At points which are common to the straight line and
the ellipse both these relations are satisfied. Hence at
the common points we have

'  (mx+ o)

. o =
or &* (B + a*m®) + 2mea’e + a* (& — b) =0......(ii).

This is a quadratic cquation, and cvery quadratic
equation has two roots, real, coincident, or imaginary.

Hence there are two values of #, and the two corre-
sponding values of y are given by equation (i).

»
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The roots of the equation (ii) will be equal to one
another, if

. a (¢* = b") (b + a’'m’) = m’cu’,
that is, if = a'm’ + b°.

If the two values of # are equal to one another the two
. values of y must also be equal to one another from (i).

Therefore the two points in which the ellipse is cut by
the line will be coincident if ¢ = y/(a’m® + b7).

Hence the line whose equation is

y=mx+/(@'m' +0) .............. (iid)
will touch the ellipse for all values of m.

Since either sign may be given to the radical in (iii),
it follows that there are two tangents to the ellipse for
every value of m, that is, there are two tangents parallel
to any given straight line. These two parallel tangents
are equidistant from the centre of the ellipse.

114. To find the equation of the chord juining two
points on the ellipse, and to find the equation of the tangent
at any point,

Let «/, 4’ and «”, y” be the co-ordinates of two points
on the cllipse.
The equation of the sccant through the points (2, y')
and (7, ) is -
w—a' _y—y
.D’I —_ a‘.l - yl’ —-.I/I
But, since the two points arc on the ellipse, we have

wrk

2 /2 ’’2
a +:'Z's‘ =1, and %z +y2 =1;

wlm_x'ﬂ "’_?”" ..

L = _.y—b._,-,'!«...............(n).

Multiply the corresponding sides of the equations (i)

and (ii), and we have
(=)@ +2) __@=9) " +y)
o 4 '
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or E@H) oyl +y) _« (qc__+_q:)+y_(ybj_y_)4

ot b !
e B Y
or, since, + e 1,
‘Z;(w’_ +w//) .’I (-:,/r + .’l/”) _ x’w” :'/l:'//—/ .
& + I =1+ o + e ... (i11),

which is the equation of the chord joining the two given
points.

In order to. ﬁnd tlu. (-qu'ttmn of the tangent at (o7, ')
we must put &’ =, and y” =y in equation (iii), and we
obtain z Y .

o +* b= | (iv),

Cor. 1. The co-ordinates of the extremities of the
major axis arc ¢, 0 and —a, 0 respectively, and, from (iv),
the tangents at these points are 2=« and z=—a.

Hence the tangents at the extremities of the major
axis are parallel to the minor axis.

Similarly the tangents at the extremities of the minor
axis are parallel to the major axis.

Cor. 2. The tangent at the pomt («, ¥) is parallel
to the tangent at the point (—a:, —¥'), and these two
points are on a straight linc through the centre of the
curve,

Hence the tangents at the extremities of any chord
through the centre of an ellipse are parallel to one another.

115.  To find the condition that the line lz +my —n=10
may touch the ellipse. .

The equation of the lines joining the origin to the
points where the ellipse

p +'Z: =T, @),
is cut by the straight line
le+my=mn.......oooeeenniinn, (i),

is [Art. 38] i—: +7 (h’ ;my )

ll
~~
——
e
ot o
~—r
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If the line (ii) cut the ellipse in coincident points, the
cquation (iii) will represent coincident straight lines.
Therefore the left-hand member of (iii) must be a perfect
square : the condition for this is

1 l")(l _Ql,) l’m
(u“ AV R A

whence P+ =0" (iv).
Cor. The line wcosa+ysina—p=0 will touch the
ellipse, if .
p’ =d’ cos’a + D' sina............... (v).

116.  To find the equation of the normal at any point
of an ellipse.

The L(]llﬂ.t]()ll of the tangent at any point (2, ')
of the cllipse is

"

P Yt Z{ =1.

The normal is the line through («, ') perpendicular
to the tangent; its cquation is therefore [Art. 30]

’
KA -1
mow Yy

x g
s b
EXAMPLES.

1. Find the cccentricities, and the co-ordinates of the foci of tho
following ellipses:

i) 22%+8y2-1=0, (ii) B(z-1)*+6(y+1)*-1=0.
1 1 o
Oy (= 00)s @) & (0 ~Leeo)
2. Find the lengths of the latera recta of the ellipses in question 1.
Ans. 32 and } /6.

3. Shew that the line y =24 +/§ touches the ellipse 2%+ 3y%=1.

.

Ans. (i)
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4. Shew that the line 8y=x--38 cuts the curve 4®-3y"-2x=0 in
two points equidistant from the axis of y.

6. Is the point (2, 1) within or without the ellipse 22?+ 3y? - 12=0?

6. Find the equations of the tangents to j—:+ ‘Z—Z:l‘which make an
angle of 60° with the axis of x.

7. Find (i) the equations of the tangents and (ii) the equations of tho
normals at the ends of the latera recta of 222+ 3y*=-6.

The four points are (1, +34/3).

8. Pind the equations of the tangents to ?-3 + ¥ _1 which make

a b . .

equal intercepts on the axes. Ans. zry+ JaitbP=0.

9. Shew that the equation 4x?+2y*=G0z represents an ellipse whose

eccentricity is 3—2, and shew that the origin is at an extremity of the

minor axis.

10. Find the equation of the cllipse which has the point ( - 1, 1) for
focus, the line 4x - 3y=0 for directrix, and whose eccentricity is §.

Ans. 202® +24ay +27y* + 72 (x - y + 1) =0.
2N

11. If the normal at the end of a latus Mtum of an ellipse pass
through one extremity of the minor axis, shew that the eccentrioity of the
curve ig given hy the equation ¢4+ ¢2-1.20.

12. If any ordinate MP bo produced to meet the-tangent at the end
of the Iatus rectum through the focus § in @, shew that the ordinate of
Q is equal to the distance SP.

13. A straight line 4B of given length has its extremities on two
fixed straight lines 0.4, OB which are at right angles; shew that the locus
of any point C' on the line is an ellipse Whose semi-axes are equal to ¢4
afid CB respectively.

117. Two tangents can be drawn to un ellipse from
any pownt, which will be real, coincident, or imagwmary,
according as the point is outside, upon, or within the curve.

The line whose equation is

y=ma+ (@’ +0).................. @)

will touch the ellipse, whatever the value of m may be
[Art. 113].
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The line (i) will pass through the particular point
@, y), if

that is, if

y' =ma' +/(a’m® + 1Y),

(v —ma')* — a'm® — b* =0,
or w? (2 —a") — 2ma'y + y* — D' =0 .....(i0).
Equation (ii) is a quadratic equation which gives the
directions of those tangents to the ellipse which pass
through the point (2, ). Since a quadratic equation has
two roots, two tangents will pass through any point («, ¥).
The roots of (ii) are real, coincident, or imaginary,

according as

(@™ —a) (y* = b) — a"y"
. . - . z* Yyt .
is negative, zero, or positive ; or according as P —1is
positive, zero, or negative. That is, [Art. 112] according as
(¢, ¥') is outside the ellipse, upon the ellipse, or within it.

118. To find the equation of the line through the points
of contact of the tivo tungents which can be drawn to
an ellipse from any point.

Let 2/, 9’ be the co-ordinates of the point from which
the tangents arc drawn.
Let the co-ordinates of the points of contact of the tan-
gents be 4, k and &', & respectively.
The equations of the tangents at (b, k) and (&', k) are
zh. yk
@t =b
ah’  yk
e
We know that (27, y') is on both these lines;
zh  yk .
'(—z',' + yi)—,— = 1 .................... (l),

and

and Y =T, (ii).
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But (i) and (i) shew that the points (k, k) and (¥, k')
are both on the straight line whose equation is
5 +y,;,,- = .(iii).
Hence (iii) is the required equation of the line through
the points of contact of the tangents from («, ¥).
The line joining the points of contact of the two

tangents from any point P to an ellipse is called the polar
of P with respect to the ellipse. [Sece Art. 76.]

119, If the polar of « point P with respect to an ellipse
puss through the point Q, then will the polur of @ pass
through P.

This may be proved cxactly as in Art. 78.

120. 7o find the locus of the point of intersection of two
tangents to an ellipse which ure «t right angles to owe
another.

The line whose equation is
y=ma+ SO i (i)
will touch the ellipse, whatever the value of m may be.

If we suppose 2 and y to be known, the equation gives
us the directions of the tangents which pass through the

point (z, y).

The equation, when rationalized, becomes

m* (& — o®) — 2may + 4 b =0......... (ii).
Let m, and m, be the roots of (ii) ; then, if the tangents
be at right angles, mm,=—1;
2 2
. l’_:l’* =—1,
€T —a
or i =a"+0 (iii).

The required locus is therefore a circle.
This circle is called the director circle of the ellipse.
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121. The circle described on the major axis of an
ellipse as diameter is called the auziliury circle.

If the equation of the cllipse be

&y .

o + = | R (OR
the equation of the auXiliary circle will be

=1 ()

=l i

If therefore any ordinate NI of the ellipse be produced
to mect the auxiliary cirele iun p, we have from (i) and (i)

Nl”__l_‘(} P\
- @
. NP_D
. m—a.

Hence the ordinates of the cllipse and of the circle are
in a constant ratio to one another.

The angle A'Cp is called the eccentric angle of the
point P The point p on the auxiliary circle is said
to correspond to the point P on the ellipse.
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If the angle A’Cp be ¢, the co-ordinates of p will be
acos¢, asin g ; and those of P will be acos¢, bsin.

122.  To find the equation of the line joining two points
whose eccentric angles are given.

Let ¢, ¢’ be the eccentric angles of the two points;
then the co-ordinates are acos¢, bsin¢, and acos¢,
bsin ¢’ respectively.

Hence the equation of the line joining them is

z—acosp y—>bsin ¢

acosp—acosd’ bsing—bsing’’
g—cos¢ 'z——-silup
Ti@ e i@ 1)
w2l (p+¢) + Y sind (@ +¢) =cos (p—§)-.. (D),

which is the required cquation.

or

To find the tangent at the point ¢, we have to put
¢'= ¢ in equation (i), and we obtain

& Y .
"lC()b(ﬁ-i-b sing=1.........0e00e (i1).

123.  From equation (i) of the preceding article we see
that if the sum of the eccentric angles of two points on an
ellipse is constant and equal to 2a, the chord joining those
points is always parallel to the line

"fcosa+y sina=1;
a b
that is, the chord is always parallel to the tangent at the
point whose eccentric angle is a.
Conversely, if we have a system of parallel chords
of an ellipse the sum of the eccentric angles of the
extremities of any chord is constant.
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124. To find the equation of the normal at any puint
of an ellipse in terms of the eccentric angle of the pont.
" Let ¢ be the eccentric angle of a point P on the
ellipse ; the equa.tlon of the ta.ngent at P 1s [Art. 122]

cos¢+ -sin ¢ =1.

The equation of the lmo through («cos ¢, bsin ¢)
perpendicular to the tcmgent is [Art. .3()]

(= acos¢) ¢ —(y —bsing) - b¢

ax by _ e
cos$p sine o - b (

125, We will now prove some «umu,tru,(»l properties
of an ellipse.

Let the tangent at P meet the axes of & and y in
T, t respectively, and let the normal mecet the axes in @, g.
Draw 87, S'Z', CK perpendicular to the tangent at P;
draw also OF parallel to the tangent at P, meetmg
the normal in F, .md the focal distance SP in K.

or

K
P
o
.
G NS X T~
> .
g
B
Then if 4/, ¥ be the co-ordinates of the point P,
the equation of thc tangont at P will be
Jb?/ Lo ).
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Where this cuts the axis of z, ¥ =0, and at that point
we have from (i),

arr
"a'n =1 H
QJZ 2Oy, o oN.CT=0d"..... (@)
Similarly NP. Ct=CBeeeeeeeeer... ).

The cquation of the normal at P is
z—a y—y

T = :l[ ...................... (II)
a’ »

Where the normal cuts the axis of o, we have y= 0, and
thercfore from (ii),

3 2
m—-’ﬂl=_,z*"’79 or w=.’l«"(1 _u,")zcu""l;
. CG=e.CN. ).
it
3 X
P
z

KB 3 G NS ¥ T
A

Also, since
SG@=8C+ CG =ae+ ¢’x, and GS =ae— ',
we have

SG _ae+ér’ ater SP

G8 " ae—dw  a—ex” 8P’
therefore PG bisects the angle SPS’.................. (8).
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Again, sincc PG"= GN* + NI"=(CN - CG)* + NP,

we have P@=y"+a"(1 ¢,
(L
or PG =0 V(F +d.).

And PF=KC = et [Art, 31];

VD

PF . PG=.cnnennnnnnns (e).
The line whose equation is
y=mz+ (@ + ). (i)

will touch the ellipse whatever the value of m may be.

Heunce, if 8Z, S'Z be the perpendiculars from the foci
on the line (iii), then [Art. 31]

Sy~ Mac+ N (a"m® + %)

2 .3 2
and g7 = e V(@ + V)

V(L +m?) NIEX
28 4 B — pilate?
o NL NG =TT G D)
SA4.NY e b ©

Again, the equation of the line through S perpendienlar
to (iil) is
my+x+ac=0.......c.......... (iv).
To find the locus of Z the point of intersection of (iii)
and (iv), we must climinate e frow the two equations.
The cquations may be written in the form

Y —ma = ('m? + %), and my + &= — ae.
Square both sides of these equations and add, we thus
obtain
(@ + ¥°) (14 0°) =u’m’ + U° + o’ = o* (1 + ")
therefore the locus of Z is the auxiliary cirele whose
equation is '

We should have arrived at the same result if we had
supposed the perpendicular to have been drawn from S,
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126. Let P be any point, and let Q@' be the polar of
P. Let QQ' meet the axes in T, t. Draw 87, 8'Z’, CK
and PO perpendicular to QQ’; and let PO meet the axes
in @, g. Then, if , y be the co-ordinates of P, the
equation of @@ will be [Art. 118]

xx’ / .
a—g + gg{ = 1 ....................... (1).
The equation of PO@G will therefere be [Art. 30]
r—x Y-y
B e (ii)
a 1‘)"2

From (i) and (ii) we can prove, exactly as in the
preceding Article,
() CN.CT=0C4* (B) NP. Ct=CH,
(y) CG=¢CN, and (3) KC .PG=V.

z L ]
Q%

EXAMPLES.

1. Shew that the focus of an ellipse is the pole of the corresponding
directrix.

2. Shew that the equation of the locus of the foot of the perpen.
dicular from the centre of an ellipse on a tangent is +3==a%cos?d + b*sin*0.
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8. Shew that the sum of the reciprocals of the squares of any two
diameters of an ellipse which are at right angles to one another is
constant. [See Art, 111.]

4. If an cquilateral triangle be inscribed in an ellipse the sum of the
squarcs of the reciprocals of the diameters parallel to the sides will
be constant.

5. An ellipse slides between two straight lines at right angles to one
another; shew that the locus of its centre is a circle. [See Art. 120.]

6. If the points &', H’ be taken on the minor axis of an ellipse such
that S'C=CH'=CS, where C is tho centre and § is a focus; shew that
the sum of the squares of the perpendiculars from S’ and 4’ on any
tangent to the ellipse is constant. =z "

7. Shew that the locus of the point of mtersectmn of tangents to an
ellipse at two points whose cecentric angles differ by a constant is an ellipse.

[If the tangents at ¢+ a and ¢ - « meet at (z', ') ; then ‘?:cos ¢seca,
’

Y __sin ¢ sec a. Eliminate ¢ for the locus.]

b

8. The polar of a point I’ ents the minor axis in ¢, and the perpen-
dicnlar from P to its polar cuts the polar in the point O and the minor
Yxis in g; shew that the eircle through the pomts t, O, g will pass through

{he foci. [Prove that tC'. C'y——S(, . C8.] Tl ' é .
9. Prove that the line lx+my - |~n—-0 is a normal to
g e (e
aT R 1t I m*—' nt
[Compare with ar by =a*~0?; wo have leas0 _  meiné
cosd  smé a b

b‘ : then eliminate 6.]

10. The perpendicular from the focus of an ellipse whose centre
is C on the tangent at any point P will meet the line CP on the
direetrix.

11. If Q be the point on the auxiliary circle corresponding to the
‘point P on an ellipse, shew that the normals at P and Q meet on a fixed
circle.

12. If Q be the point on the auxiliary circle corresponding to the point
P on an ellipse, shew that the perpendicular distances of the foci S, H
from the tangent at Q are equal to SP and HP respectively.

18. Shew that the aren of a triungle inseribed in an ellipse is

$ab {sin (8-7) +sin (y - a) +sin (a- B)}, \
s’\ere a, B, vy are the eccentric angles of the angular points. e

8.C. 8. 9
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127. To find the locus of the middle points of a system
of purallel chords of an ellipse.
"The equation of the line through the two points (2, y')

and (z”, ¥”) on the ellipse is [Art. 114] .
m $I+mll 2 :ll+ ?Il xlwll ?I. 4 .
@) g o 28 o)

If -the line (i) is parallel to the line y = me, theu

. bg .",', + w/l
—_ “-’2 El/'; +'yﬂ
Now, if @, y be the co-ordinates of the middle point of
the chord joining (27, %) and (2, y”), then 2z=2’+4",
and 2y =9 +3"; :

therefore, from (ii), we have

U} =

Hence the locus of the middle points of all chords
which are parallel to the line y =ma is the straight line

whose equation is
2

Y=— g Lerrrrirrinrnraiininn, (iv).

a’m
From (iv) we sce that all diumeters of an cllipse [Art.
102, Def’] pass through the centre.
Writing (iv) in the form y =z, we see that
2
M == g e (v).

It is clear from the symmetry of the rclation (v) that
all chords parallel to y =m'z are bisected by y = ma.

Hence, if one diameterof an ellipse bisect chords paral-
lel to a second, the second diameter will bisect all chords
parallel to the first.

Def. Two diameters are said to be conjugate when each’
bisects chords parallel to the other.

. 128, The tangent at an extremity of any diameter 13
parallel to the chords bisected by that diameter.
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All the middle points of a system of parallel chords of
an ellipse are on a diameter. Hence, by considering the
parallel tangents, that is the parallel chords which cut the
curve in coincident points, we see that the ‘diameter of
a system of parallel chords passes through the points
of contact of the tangents which are parallel to the
chords.

129. Let P, D be extremities of a pair of conjugate
diameters; let the co-ordinates of I” be «, y, and the

co-ordinates of D be &7, y”". The cquations of (‘P and

CD are 3!; =2 and ?/;. = ‘m';, ;
y « y =

’ 4 “
) b*
t. 127 we have ._/'!/j,__: —,
x'r

2

’ /,
ana 1/(/
-, e =0 1
R (i)
p
,//-~ T
P
D
, N’
Al M

If ¢, ¢’ be the eccentric angles of I and 1) respectively,
then 2’ =acos ¢, ¥ =bsing, 2" =acos¢, y’=bsindg.
Substituting these values in (i) we have

cos ¢ cos @’ +sin ¢psin ¢’ =0,

or ¢~¢'='§
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Hence the difference of the eccentric angles of two
points which are at extremities of two conjugate diameters
of an cllipse is a right angle.

If p(}]))', dCd’ be the diameters of the auxiliary circle
corresponding to the diameters PCP’, DCLY of the ellipse,
then pCp’, dCd’ will be at right angles to one another.
Hence the co-ordinates of D and of I’ can be at once
expressed in terms of those of P or of F”.

130. 7o shew that the suwmn of the squares of two con-
-jugute semi-diameters is constant.

Let P, D be extremities of two conjugate diameters of
the ellipse.
Let the cccentric angle of P> be ¢, then the eccentric

angle of D will be ¢ + "2’ [Art. 129].

The co-ordinates of I’ will be acos¢, bsing, and
those of D will be a cos (‘E i g) , b s‘in (d) + g) S
CI” =’ cos® ¢ + D* sin' ¢,
and (O D* =« cos® (¢ + Z:: ) + b®sin® (¢ + g) ;
CrE4 O =+
131. The area of the parallelogram which touches an

ellipse at the ends of conjugate diameters s constant.

Let PCP’, DCI be the conjugate diameters. The
area of the parallelogram which touches the ellipse at
P P, D, D is4CP.CDsin PCD, or 4CD .ClFwhere CFis
the perpendicular from C on the tangent at P.

Now if the eccentric angle of P be ¢, the eccentric
angle of D will be ¢ + g
o CD? = @? cos® (¢ + g) + 5 sin‘(¢ + g) ,
or CD'=q’sin® p+b'cos®p ... oeneen. ().
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The equation of the tangent at P will be [Art. 122]
z Yind =
acos¢+bsm¢ 1.
oF L

¥ =m, [Art. 31],
Tt T
) L i
or CF* = Py L RTTIIN 1) R

From (i) and (ii) we see that the area of the parallclo-
gram is equal tof4a
132. If 7, »" be the lengths of a pair of conjugate
scmi-diameters, and 6 be the angle between them, then
77 sin @ = ab [Art. 131].
Hence sin € is least when 9 is greatest.

Now the sum of the squares of two conjugate diameters
is constant; hence the product will be greatest when the
diameters arc equal to one another.

Hence the acute angle between two conjugate diameters;
of an ellipse is least when the conjugate diameters are cqual
to onc another.

133. Let the eccentric angles of the extremities P, D
of two conjugate diameters be ¢, ¢ + ; respectively; then
CP'= o’ cos® ¢ + b*sin’ ¢,

and CD = a’sin® ¢ +b* cos® ¢ ;
o CP? = CD* = (u* — b°) cos 2¢.
Hence CP = CD when ¢ is 'g or 3{ .

The cquations of the equal conjugate diameters are
therefore

e
T=t.

Hence the equi-conjugate diameters of an cllipéc are
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coincident in direction with the diagonals of the rectangle
formed by the tangents at the ends of its axes.

134. Def. The two straight lines drawn from any
point on an ellipse to the extremities of any diameter are
called supplemental chords.

Any two supplemental chords of an ellipse are parallel
to a parr of conjugate diameters.

Let the chords be formed by joining the point @ to the
extremities P, P’ of the diameter PCI”. Let V berthe
middle point of QP, and V' the middle point of QP
Then CV” and CV arc conjugate, for each bisects a chord
parallel to the other; and CV”, CV are parallel respec-
tively to QP and QP

Hence QP and Q. are parallel to a pair of conjugate
diameters.

135. We can find the position of a pair of#conjugate
diameters which make a given angle with one another.

For, draw any diameter PCP and on PP’ describe a
segment of a circle containing the given angle. If this
circle cut the ellipse in a point @), the angle PQP’ is equal
to the given angle, and QFP, QP are parallel to conjugate
diameters [Art. 134].

The circle and ellipse will not however intersect in any
real points besides the points P, P’ if the given angle
be less than that between the equi-conjugatc diameters of
the ellipse [Art. 132].

186. To find the equation of an ellipse referred to any
pair of conjugate diameters as axes.

Let the cquation of the ellipse referred to its major
and minor axes be

a ¥ i
a_,+b-,—-1 ....................... Q).

Since the origin is unaltered we substitute for z, y ex-
pressions of the form lr+my, U'z+m’y in order to obtain
the transformed equation [Art. 51].
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The equation of the ellipse will therefore be of the

form Aa’ + 2Hzy + By*=1............ (i1).

By supposition the axis of # bisects all chords parallel
to the axis of y. Therefore for any particular value of z
the two values of y found from (i) must be equal and of
opposite sign. Hence /I =0; the equation will therefore
be of the form AL+ B_z/’ =L, (i)

To obtain the lengths (a’, b) of the intercepts on the
axes of z, y, we must put y=0 and =0 in (iii); we
thusrobtain Ad®=1=Bb"

Hence the equation of an ellipse referred to conjugate
diameters is

f

where @, b’ are the Icngths of the semi-diameters.

137. By the preceding Article we sce that when an
cllipse is referred to any pair of conjugate diamcters as
axes of co-ordinates, its cquation is of the samec form
as when its major and minor axes are the axes of co-
ordinates.

It will be seen that Articles 113,114, 115,118 and 127,
hold good when the axes of co-ordinates are any pair of
conjugate diameters.

138. We shall conclude this chapter by the solution of
some examples.

(1) To find when the area of « triangle inscribed in an cllipse is
greatest. .

Lot the cceentric angles of P, @, R, the angular points of the triangle,
be ¢y, ¢, ¢y lot p, g, 7 be the threo corresponding points on the auxiliary
circle.

The areas of the triangles PQR, and pgr are [Art. 6]

} acosg, bsing,, 1 ,and} acos¢, using,, 1

acos ¢y, bsing,, 1 '@ Cos ¢y, asing, 1/

lacos¢,, bsing,, 1| ‘@eos ¢y, asing,, 1|
S APQR : Apgr 2 b i a.
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Hence the triangles PQR and pqr arc to one another in the constant
ratio b :a. Therefore PQR is greatest when pgr is greatest.
Now Apgr is greatest when lt is an equilateral triangle; and i in that

case ¢, ~ ¢,--¢,~¢’=¢3~¢1_- °r
Hence when a triangle 1nsu1bed in an ellipse is a maximum, the
4r

. 2
eccentric angles of its angular points are a, a+ " 3"

3ot

(2) If any pair of conjugate diameters of an ellipse cut the tangent at
a point P in T, 1"; shew that TP . P1"=CD? where CD is the diameter
conjugate to CP.

Take CP, CD for axcs of x and y, then the equation of the ellipse will
zl

be i+ ¥=1,
The equation of the tangent at P (¢, 0) will be z=a.

If y=mx, y=w'z be the equations of any pair of conjugate diameters,
then

.

, b .
mn' = - - [Art. 127 ..o o (i).
But PT=ma, and PT'=w'u;
W PT.PT =mw'd?........ e e e eeeee (ii)

. I'P.PI"=p? from (i).

(3) The line joining the extremities of any two diamcters of an
ellipse which are at right angles to one another will always touch a fized
circle,

Let CP, GQ be two diameters which are at right angles to one another,
and let the equation of the line PQ be

zcosa-ty sina=p.

The cquation of the lines CP, CQ will be [Art. 38]

% y* (wcosa+ysina)?
— Ty — e
! @bt r

But, since the lines CP, CQ are at right angles to one another, the

sum of the coeflicients of x* and »3 in (i) is zero [Art. 3G];

1. 1 1

at T 7
which shews that the perpendicular distance of the line PQ from the
centre is constant.

Hence the line IQ always touches a fixed cirelc.
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(1) To find the locus of the poles of normal chords of an ellipse.
The equation of the normal at any point 0 is

_ax by
cosf sind

The equation of the polar of any point (', ') is

I L {i).

The equations (i) and (ii) will represent the same straight line, if

2 _ )2 ”5'__“_ 2. y.l_.._ b_ H

(« b)a*—coso’and (a b“)b,_,—- sing’

a? »

or (a*-- b?) cos 0_.--, and (a®-0?) sin 0=- v i

therefore, by squaring and adding the two last equations, we have
Y]
@-vp=% 4 %
x't oy
Hence the equation of the locus is
2o° (a2 - BY)? = aby? + Pt

) If a quadrilateral circumscribe an ellipse, the line through the
middle points of its diagonals will pass through the centre of the cllipse.

Let the cceentric angles of the four points of contuct of the tangents
be a, B, v, 6.

The equations of the tangents at the points,u., B are

y

cosa.+bsma.-l and % cospH smﬂ -1,

These mecet in the point
( cos § (a+8) b“n i (at+p)
cos} (a~p)' cos f(a=g)/

The tangents at ¥ and § will meet in the point
(u cosd (y+9) ,sind(y+ 5))

cos § (y--8)"  cos i (v-9)
The co-ordinates of the middle point of the line joining these points of
interscction are given hy .
_acos y(a+p)cos§ (y—23)+cos}(y+3)cos §(a--
=3 cos }§ (y—8) cos § (a—pB)
_bsin}(a+p)cos } (y—5)+sinf(y+0)cos}(a— ﬂ)
) cos 4(y—9) cos } (a - B)




B S THE ELLIPSE.

" Therefore the line joining the centre of the ellipse to this point
makes with the major axis an angle the tangent of which is
b sin § (a+p) cos § (y—3) +sin 4 (y+0)cos j(a— A
acos } (a+f)cos (- 8)+cos § (y+9)cos} (a- f)’
which is equal to
b sin (s - a) + sin (s— ) + 6in (s - ) +sin (s - 3)
@ 608 (3 - @) + ¢0s (3 — B) +cob (¥ — ) +cos (s — 3)*
where 2s=a+ 8+ +38.
The symmetry of the above result shews that the line joining the
centre of the cllipse to onc of the middle points of the diagonals of
the quadrilateral will pass through the other two middle points.

ExAMPLES oN CHAPTER VI.

1. If SP, 8'P be the focal distances of a point 7 on an
ellipgc whose centre is C, and CD be the semi-diamcter conju-
gate to CP; shew that SP.S'P-CD"

2. The tangent at a point I of an ellipsc meets the
tangent at A, one extremity of the axis ACd’, in the point ¥;
shew that C'¥ is parallel to A’7P, C being the centre of the

curve.

3. A point moves so that the sum of the squares of its
distances from two intersecting straight lines is constant.
Prove that its locus is an ellipse, and find the eccentricity in
terms of the angle between the lines.

4. P, Q wre fixed points on an ellipse and B any other
point on the curve; V3 V' are the middle poiits of PR, QR,
and V@, V' G’ are perpendicular to I’R, @R respectively and
meet the axis jn ¢, ¢". Show that (G" is constant.

5. A series of ellipses are described with a given focus and
corresponding direcirix; shew that the locus of the extremities
of their minor axes is a parabola.

6. PNF is a double ordinate of an ellipse, and @eis any
point on the curve; shew that, if @, Q' meet the major axis
in M, M’ respectively, C.M . CM'=C4".
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7. Lines are drawn through the foci of an ellipse perpen-
dicular respectively to a pair of conjugate diameters and
intersect in @; shew that the locus of @ is a concentric ellipse.

8. The tangent at any point 2> of an cllipse cuts the
equi-conjugate diameters in 7', 7”; shew that the triangles 7C'P,
ZI"CP are in the ratio of CT" : CT".

9. If CQ Le conjugate to the normal at P, then will '/
be conjugate to the normal at @.

10. If P, D be extremities of conjugate diameters of an
ellipse, and PP, DD’ be chords parallel to an axis of the
ellipse ; shew that I’J)’ and D are parallel to the equi-
conjugates.

11. If P, D are extremities of conjugate diameters, and
the tangent at P cut the major axis in 7, and the tangent at
D cut the minor axis in 7”; shew that 7’7" will be parallel to
one of the equi-conjugates.

12. Q@' is any chord of an ecllipse parallel to one of the
equi-conjugates, and the tangents at @, @ mecet in 7'; shew
that the circle Q7'¢’ passes through the centre.

13. In the ellipse prove that the normal at any point is a
fourth proportional to the perpendiculars on the tangent from
the centre and from the two foci.

14. Two conjugate diameters of an ellipse arc drawn, and
their four extremities are joined to any point on a given circle
whose centre is at the centre of the ellipsc; shew that the sum
of the squares of the lengths of these four lines is constant.

15. PANI” is a double ordinate of an ellipse whose centre
is C, and the normal at P meets C£” in O; shew that the locus
of O0is an ellipse.

16. If the normal at any point P cut the major axis in @,
shew that, for different positions of £, the locus of the middle
point of PG will be an ellipse.

17. 4, A’ are the vertices of an ellipse, and > any point
on the curve; shew that, if >V be perpendicular to 422 and
PM perpendicular to 4'L, M, N being on the axis 44’, then
will M be equal to the latus rectum of the ellipse.
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18. Find the equation of the locus of a point from which
two tangents can be drawn to an ellipsc making angles 6,, 6,
with the axis-major such that (1) tan §, +tan 8, is constant,
(2) cot 8, + cot 8, is constant, und (3) tan 011 tan 6, is constant.

19. The line joining two cxtremities of any two diameters
of an ellipse is either parallel or conjugate to the line joining
two extremities of their conjugate dimneters.

20. If P and D are extremities of conjugate diameters of
an ellipse, shew that the tangents at /> and D meet on the

3

ellipse ::? +:Z:=2, and that the locus of the middle point of
2 2

PD s 4% -1,

21. A line is drawn parallel to the axis-minor of an ellipse
midway between a focus and the corresponding directrix ; prove
that the product of the perperdiculars on it from the extremi-
tics of any chord passing through that focus is constant.

22. If the chord joining two points whose cccentric angles
are a, 3 cut the major axis of an cllipsc at a distance d from the
centre, shew that tan ;tané 4 “ where 2a is the length

& 2 dia

of the major axis.

23. If any two chords be drawn through two points on the
axis-major of an ellipse equidistant from the centre, shew that

8
tan g tan 3 tan 27 tan 57 1, where a, B, v, 8 arc the cccentric
angles of the extremitics of the chords.

24, If S, H Vbe the foci of an ellipse and any point 4 be
taken on the curve and the chords ASB, BUC, CSD, DIIE... be
drawn and the cccentric angles of 4, 73, C, D,... be 6,,6,,4,,4,...,
g—‘tan% = cot%’ cot%‘ - tan %‘ tan -29=

25. Shew that the area of the triangle formed by the
tangents at the points whose eccentric angles are a, 8, y respec-
tively is ab tan } (8 - y) tan } (y —a) tan } (a — B).

26. Prove that, if tangents be drawn to an ellipse at

prove that tan
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pomts whose eccentric angles aro ¢,, ¢,, ¢, the radius of tho
circle circumseribing the triangle so formed is

AR AL S IS

P, ¢, 7 being the length of the (]mmet.em of the cllipse parallel
1o the sides of the triangle, and a, b the semi-axes of the ollipse.

27. From auny puint £ on an ellipse straight lines are
drawn through the foci S, I/ cutting the corresponding direc-
trices in @, £ respectively; shew that the locus of the point of
intersection of Q// and RS is an cllipse.

28. TIf P, p he corresponding points on an ellipse and its
auxiliary circle, centre €, and if €' be produced to meet the
auxiliary circle in ¢; prove that the tangent at the point @ on
the ellipse corresponding tv ¢ is perpendicular to Cp, and that
it cuts off from Cp a length equal w C'7

29. If 2, ¢ be the points of contact of perpendiculur tan-
gents {o an ellipse, and p, ¢ be the corresponding points on the
auxiliary circle; shew that Cp, ("¢ are conjugate diameters of
the ellipse.

30. From the centre C of two concentric circles two
radii €@, Cq are drawn cqually inclined to a fixed straight line,
the first to the outer circle, the second to the inner: prove that
the locus of the middle point P of Qg is an ellipse, that 1Q) is
the normal at 2 to this ellipse, and that g is equal to the
diameter conjugate to C' L.

3l. Tf v is the difference of the eccentric angles of two
points on the ellipse the tangents at which are at right angles,
prove that @b sin w=Ap, where A, p are the scmi-diameters
parallel to the tangents at the points, and «, b are the semi-axes
of the ellipse.

32. Two equal circles tonch one another, find the locus of
a point which moves so that the sum of the tangents from it
to the two circles is constant.

33. Prove that the sum of the products of the perpen-
diculars from the two extremities of each of two conjugate
diameters on any tangent to an ellipse is equal to the square of
the perpendicular from the centre on that tangent.
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34. @isa point on the normal at any point 2 of an ellipse
whose centre is C' such that the lines C'P, CQ make equal
angles with the axis of the ellipse; shew that P is proportional
to the diameter conjugate to C 1.

35. Tf a pair of tangents to a conic be at right angles to
one another, the product of the perpendiculars from the centre
and the intersection of the tangents on the chord of contact is
constant,

36. Find the locus of the middle points of chords of an
ellipse which all pass throngh a fixed point.

37. Tf P be any point on an ellipse and any chord 7@ cut
the diameter conjugate to C2’ in £, then will Q. PR be equal
to half the square on the diameter parallel to 2¢).

38.  Find the locus of the middle points of all chords of
an ellipse which arc of constant length.

39. Tangents at vight angles are drawn to an ellipse; find
the locus of the middle point of the chord of contact.

40. If three of the sides of a quadrilateral inseribed in an
cllipse are parallel respectively to three given straight lines,
shew that the fourth side will also be parallel to a fixed straight
line.

41. The area of the parallelogram formed by the tangents
at the ends of any pair of diameters of an ellipse varies inversely
as the area of the parallelogram formed by joining the points of
contact.

42, 1If at the extremities P, Q of any two diameters
CP, CQ of an ellipse, two tangents Pp, Qg be drawn cutting
each other in 7' and the diameters produced in p, and g, then
the areas of the triangles 7'Qp, 7'’ will be equal.

43, From the point O two tangents OP, OQ are drawn to

2 2

the ellipse :, + %& - 1; shew that the area of the triangle CPQ

is equal to
@b JEIT + o'k - a'b*
- b+ okt B
and the area of the quadrilateral 0PCQ is-equal to
(°1° + R — a'b?)},

C being the centre of the ellipse, and 4, & the co-ordinates of O.
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44, T'P, T'Q are tangents to an ellipse whose centre is C,
shew that the area of the quadrilateral CP7') is ab tan [ (¢ —¢);
where a, b are the semi-axes of the ellipse, and ¢, ¢ arc the
eccentric angles of P and Q.

45, PCP' is a diameter of an ellipse and QC(’ is the
corresponding diameter of the auxiliary circle; shew that the
area of the parallelogram formed by the tangents at £, 7, Q, ¢

84°b
™ (a=b)sin %’

46. A parallelogram cirenmscribes a circle, and two of the
angular points are on fixed straight lines parallel to one an-
other and equidistant from the centre; shew that the other two
are on an ellipse of which the circle is the minor auxiliary
circle.

where ¢ is the eccentric angle of /.

47. 'T'wo fixed conjugate diameters of an ellipse are met in
the points £, ¢ respectively by two lines 0, OQ which pass
through a fixed point O and are parallel to any other pair of
conjugate dinmeters; shew that the locus of the middle point
of @) is a straight line,

48. If from any point O in the plane of an cllipse the per-
pendiculars 0./, ON be drawn on the equal conjugate diameters,
the direction OF of the diagonal of the parallelogram J/ON.P
will be perpendicular to the polar of 0.

49. Three points 4, P, B3 are taken on an ellipse whose
centre is C. Parallels to the tangenis at 4 and B drawn
through 2 mect CB and (‘A respectively in the points @ and £,
Prove that Q2 is parallel to the tangent at 2,

50. Find the locus of the point of intersection of normals
at two points on an ellipsc which are extremities of conjugate
diameters,

51. Normals to an ellipse are drawn at the extremities
of a chord parallel to one of the equi-conjugate dinmeters;
prove that they intersect on a diameter perpendicular to the
other equi-conjugate.

52, If normals‘be drawn at the extremitics of any focal
chord of an ellipse, a line through their intersection parallel to
the axis-major will bisect the chord.
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53. If a length 2Q be taken in the normal at any point P
of an cllipse whose centre is C, equal in length to the semi-
diameter which is conjugate to CP, shew that @ lies on one or,
other of two circles.

LTS Shew that, if ¢ be the angle between the tangents to

fl_

the ellipse —,+ = 0 drawn from the point («, y'), then

a7
will tan ¢ (2 + " - " - %) = 2ad J“Z + %5 -

5. I'P, TQ ave the tangents drawn from an external

2
If‘ 1=0; shew that, if S be a
STy
SPRQ @ e

2
point (=, %) to the cllipse g'-, +

focus,

06, If two tangents to an ellipse from a point 7' intersect
at an angle ¢, shew that S7'. /7' cos ¢ = C1" — a* —b*, where
C is the centre of the ellipse and .5, // the foci.

57. 1If the perpendicular from the centre € of an ellipse
on the tangent at any point 2 meet the focal distance 877
produced if necessary, in /; the locus of £ will be a circle.

68, If two concentric ellipses be such that the foci of one
li# on the other, and if ¢, ¢’ be their eccentricities, shew that
WEXT

2T .

their axes are inclined at an angle cos™ e
¢

59. Shew that the angle which a diameter of an ellipse
subtends at either end of the axisg-major is supplementary to
that which the conjugate diameter subtends at the end of the
axis-minor.

60. If 6, & be the angles subtended by the axis major of
an ellipse at the extremitics of & pair of conjugate diameters,
shew that cot”6 + cot’¢’ is constant.

61. If the distance between the foci of an ellipse subtend
angles 26, 26’ at the ends of a pair of conjugate diameters, shew
that tan*@ + tan"#' iy constant.
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62. If A, X' be the angles which any two conjugate diame-
ters subtend at any fixed point on an ellipse, prove that
cot®A + cot’ )\’ is constant.

63. Shew that pairs of conjugate diameters of an ellipse
are cut in involution by any straight line.

64. A triangle whose sides touch an ellipse and enclose
it, is & minimum; shew that each side of the triungle touches
at its middle point, and that the triangle formed by joining the
points of contact is a maximum.

65. A4, B, C, D are four fixed points on an ellipse, and 7’
any gther point on tho curve; shew that the product of the
perpendiculars from £’ on 4B and CD bears a constant ratio to
the product of the perpendiculars from » on BC and DA4.

66., Find the locus of the point of intersection of two
normals to an cllipse which are perpendicular to one another.

67. Find the equation of the locus of the point of inter-
section of the tangent at one end of a focal chord of an ellipse
with tho normal at the other end.

68. Two straight lines arc drawn parallel to the axis-major

of an ellipse ab a distance - “b_ from it; prove that the part
a0

of any tangent intercepted between them is divided by the

point of contact into two parts which subtend cqual angles at

the centre.

69. LG is the normal to an ellipse at 7’ ¢ being in the
major axis, G’ is produced outwards to @ so that PQ = GL1;
shew that the locus of @ is an ellipse whose eccentricity is
& - b’ )

b
the tangents at /> and ¢.

, and find the equation of the locus of the intersection of



CHAPTER VII

TaeE HYPERBOLA.

Definition. The Hyperbola is the locus of a point
which moves so that its distance from a fixed point, called
the focus, bears a constant ratio, which is greater than
unity, to its distance from a fixed straight line, called the
directrix.

139. To find the equation of an hyperbola.

Let S be the focus and Z3{ the directrix.

Draw SZ perpendicular to the directrix.

Divide Z8 in 4 so that SA : AZ=given ratio=e: 1
suppose. Then A is a point on the curve.

There will also be a point A" in SZ produced such that

SA" : A7 ::e: 1.
Let C be the middle point of AA', and let AA = 2a.
Then Sd=e.AZ, and SA'=¢. A'7Z;
~SBA+8A"=e(AZ+ A'7Z);
. 28C=2¢.AC,;
SO8=a e @).

Also 84" -SAd=e(A'Z—-AZ),

or AA'=e(Ad'-242);
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 AC=e. ZC,
or CZ== ittt ().
Now let C be taken as origin, C4 as the axis of ,

and a linc perpendicular to C4 as the axis of .
Let £ be any point on the curve, and let its co-

ordinates be @, y.
M Y M /

%P
I s |AZ ql) Z| A S N X
4 .
s .
Then, in the figure

SP =P ?,
. SN* 4+ NI =¢"ZN"

Now SN =CN —-CS =u— ue,
and ZN::(;‘N— (,'Z.—:w—‘—:;

2
. (m—ae)’+.'/'=c"(:v-g>,

or Py+a*(l—é)=da*(1—¢"),
ml ?/
or 2tad-e) ) (m)
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Siuce e is rrrea.ter than unity @'(1—¢’) is negative;
if we put —b* for o* (1 —¢€%), the cquation takes the form
© Y (iv)
= L .

The latus rectum is the chord through the focus parallel
to the dircctrix. To find its length we must put 2 =«e
in cquation (iv).

4

Then y*=0(—1)= 2, , since U =a* (¢* —1);
2
so that the length of the semi-latus rectum is ‘b; .

140. In equation (iv) [Art. 139] «® cannot be less than
a’, for otherwise »* would be negative.
Hence no part of the curve lies between

p=—q and r=a.

If 2: be greater than «, y* will be positive ; and for any
particular value of « there will be two equal and opposite
values of y. Therefore the axis of # divides the curve
into two similar and equal parts.

For any value of g, 2* is positive; and for any particular
value of y there will be two equal and opposite values of .
Therefore the axis of y divides the curve into two similar
and equal parts. From this it follows that if on the axis
of # the points §', Z' be taken such that C8’=SC, and
CZ'=7Z0, the pomt S’ will also be a focus of the curve,
and the line through 7 perpendicular to CZ' will be the
correspondm directrix.

If (o, o) ie any point on the curve, it is clear that the
pomt (-w, —y') will also be on the curve. But the points
(', ¥') and (—2’, —y') are on a straight line through the
origin and are cquidistant from the origin. Henca the
origin bisects every chord which passes through it, and is
thercfore called the centre of the curve.

From equatlon (iv) [Art. 139] it is clear that if " be
Eca.tcr than o, y* will be positive, and will get larger and

rgor as ' becomes larger and larger, and there is no
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limit to this increase of z and y. The curve is therefore
shaped somewhat as in the figure to Art. 139, and consists
of two infinite branches.

AA’ is called the transverse axis of the hyperbola.
The line through C' perpendicular to A4’ does not meet
the curve in real points ; but, if B, B be the points on this
line such that BC' = CB’ =0, the line BB’ is called the
conjugate axis,

141. To find the focul distances of any point on an
hyperbola.

In the figure to Art. 139, since SP=ePM, we have
SP=¢ZN=¢(CN— 0Z)=e(a: —%’)=ea:—-a:

also S'P=e.PH' =e¢(CN+ZC) =e(a: + %) —ezta;
. 8P — 8P =12,

142, The polar equation of the hyperbola referred to
the centre as pole will be found by writing » cos@ for a,
and 7 sin@ for y in the equation

The equation will therefore be
rcos’@ ' sin’d
B et

1 cos’d sin®@ .

’):2 = (1:2 - — b‘ ................... (l)

The equation (i) can be written in the form

1 1 1 1\ ., ..
0= (“',_,+b;_,> sin®@ ... ().

We see from (ii) that ;—1, is greatest, and thercfore » is

or

. . 1 .. ..
least, when @ is zero. As @ increases, -, diminishes, and
L) 9

is zero when sin’*f = i that for this value of 6,
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b 1 .
m, , ;—, will be
negative, so that a radius vector which makes with the

» i8 infinite. If sin’@ be greater than

axis an angle greater than sin™ does not meet

the curve in real points. i (¢" + )

143. Most of the results obtained in the preceding
chapter hold good for the hyperbola, and in the proofs
there given it is only necessary to change the sign of b
We shall therefore only enumerate them.

Let the equation of the hyperbola be
£ 3
¢ FT
(i) The line y=ma + +/(¢’n’ — b®) is a tangent for all
values of m [Art. 113].
(i) The equation of the tangent at (¢, ') is
wwl ’
(i) The equation of the polar of (a’, ') is

f'%'g_?/b{= 1. [Art. 118]

(iv) The equation of the normal at (&, %) is
w_:,ﬂ = L;,l . [Art. 116]
o i

(v) The line lz +my =2 will touch the curve, if
@'l — b*m*=n® [Art. 115]

(vi) The line zcosa+ysina=p will touch the
curve, if p'=a’ cos’a—b* sin*a [Art. 115].

(vii) The equation of the director-circle of the hyper-
bola is #* + y* =" — b* [Art. 120].

The director-circle is clearly imaginary when « is less
than b, and reduces to a point when a = b.
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(viii) The geometrical propositions proved in Art. 125
are also true for the hyperbola.

(ix) The locus of the middle points of all chords of
the hyperbola which are parallel to y = mi is the straight

line y = m'x, where mm' = —, [Art. 127].

144. The lines y =ma, y = m'z are conjugate if
2
mmn’ =

These two dlameters meet the curve in points whose
absciss® are given by the equations

z (;}i b’) 1, and a:"(a %’—';2) =1

The first equation gives real values of @ if m be less

than 3, and the second gives real values if w0 be less than

2
But, since 'mm’=d,, m and m' cannot both be less

than Ié, nor both be greater.

Thercfore, of two conjugate diameters of an hyperbola
one mecets the curve in reel points, and the other in
tmaginury points.

. . . . b
The two conjugate diameters are coincident if m = + 2

145. Let P, D be extremities of a pair of conjugate
diameters; let the co-ordma.tes of Pbe «, 3, and the
co-ordinates of D be 2”,y". We know from Art. 144 that
if one of these two points be real the other will be
imaginary.

The equations of P and CD are

y_z y_=z
Y= and i

Hence, from (ix) Art. 143, we have



152~ THE HYPERBOLA.

ml “,I " . .
-—(‘;,- - y’by,,' X (1),
wn wﬂu rg 119
whence P I.:{ s

or, since («, y') and (z”, y”) are both on the curve,

"g /9 w"iﬁ ]
20 )-(5-0%

x”’ 3
or - Syt H
=+ -(é'y' N/ (i1),
and - from (i) ¥’ =4 gx = SO (i),

From (ii) and (iii) we have
2 2
CP*+ O =+ g~ %y~ oy
—a (% J"") _ (% ;'/.”’)
=0 ( (L‘ b b ( @t AN
=a’ =

So that, as in the case of the ellipse, the sum of the
squares of two conjugate diameters is constant.

146. Definition. An asymptote is a straight linc which
meets a curve in fwo points at infinity, but which is not
altogether at infinity.

To find the asymptotes of an hyperbola.

To find the abscissie of the points where the straight
line y = ma + ¢ cuts the hyperbola, we have the equation

a? _(ma+e) .
o* T
1 m* 2me ¢t .
or {(”(‘—l’—ﬁ)— —l;,‘—.’l'—l')—s—].:() ......... (l).

Both roots of the equation (i) will be infinite if the
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coefficients of #* and of @ are both zero; that is, if
1_»
o b

b
Hence we must have ¢ =0, and m = + A

=0, and mc =0,

2
The hyperbola f':: - ?l/), =1
has therefore two real asymptotes whose equations are

b . .
“ﬁ’ i‘;w ; or, expressed in one equation,

A N— a. ||

Draw lincs through B, B’ parallel to the transverse
axis, and through 4, A’ parallel to the conjugate axis;
then we see from (ii) that th- asymptotes are the diagonals
of the rectangle so formed.

The ellipse has no real points at infinity, and therefore
the asymptotcs of an ellipse are imaginary.

147.  Any straight line parallel to an asymptote will
mect the curve in one point at infinity.

For, one root of the cquation (i) Art. 146 will be in-
finite, if the coefficient of a2 is zero. This will be the case
if m=+ g So that the line y=4¢ {:a: +¢ wmeets the
curve in one point at infinity wh: tever the value of ¢ may be.

148. The equation of the hyperbola which has BB’ for
its trangverse axis and AA’ for 1ty conjngate axis is

@y =1
This hyperbola and the original hyperbola, whose

equation is

are said to be conjugate to one another.
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We append some properties of a pair of conjugate
hyperbolas.

(1) The two hyperbolas have the same asymptotes.

(2) If two diameters be conjugate with respect to one
of the hyperbolas, thcy will be conjugate with respect
to the other. :

This follows from the condition in (ix) Article 143.

(8) The equations of the hyperbolas (ii) and (i) can
[Art. 142] be written in the forms

1 _cos’d sin*d

r* «* [/
1 _cos’@ sin*@
" a? v

It is clear that if, for any value of 8, +* is positive for one
curve it is negative for the other.

Hence every diameter meets one curve in real points
and the other in imaginary points; moreover the lengths
of semi-diameters of the two curves are, for all valucs of 8
connected by the relation »* = — 2

(4) If two conjugate diameters cut the curves (ii) and
(1) in P and d respectively, then CP* — ('d* = o* — b*.

Let «, y° be the co-ordinates of P, and a”, y” the
co-ordinates of d.



THE HYPERBOLA. 155

Then the equations of CP and Cd are

P
d ——y7=0, and -, —-J;;= 0.
z Y £
2
The condition for conjugate diameters, viz. mm' = ,,
. zx 3 .
gives P Jlg S=0 i, (iii),
12,072 /2,072
«a 3
. iy
a b
And, since (@', ¥') is on (ii), and (2", ") on (i), we
2 e "3 /2
) Y _1\=Y (% _1)
have ~ ( b ]) b ka’, ,
. w/n yus
or Al Ol
y” « .
lb =, e (iv),
7!
@ 9
and, .. from (iii), Se= i‘-/- e, (v).
« b
Hence CP— O =a”+ y* -~y
2 2
. P O /o
=&ty =yt e

% a2
=@ =9l =%)s
S OP = CdP = a® = 0%,

(5) The parallelogramn formed by the tangents at
P, P, d, d is of constant arca.

The parallelogram is cqual to 40P . ('dsin PCd, or
equal to 4Cd . CF, where CF is the perpendicular from (!
on the tangent at P.

* CP and Cd must not be looked upon as conjugate semi-diameters,
since the points P and d are not on the same hyperbola. The line dCd’

cuts the original hyperbola in two imaginary points; and if these points
be D, D', we see from (3) that CD?= - ('d2,
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Now the equation of the tangent at P is

@’ _yy _q
‘z’ b* H
OF = 2.
z Y
T
" !
And Cd* = b" y 4+ b, = a‘b’( 'z:)
Hence COd . CF = ab.

(6) The asymptotes bisect Pd and Pd’.
If 2, y be the co-ordinates of the middle point of Pd,
then
2e=a'+a", and 2y=9 +9";

J+-L

therefore the middle points of Pd and of Pd’ arc on one
or other of the lines

Also, since CPIKd is a parallelogram CK bisects Pd
or Pd, and therefore is one of the asymptotes, so that the
ta.ngcnts at D, D' meet those at d, d’ on the asymptotes.

(7) The equations of the polars of (2, ') with respect
to the hyperbolas (ii) and (i) rmp(-ctivcl) are :

zr' vy
(;""—LI!’_: 1, and — =, +-/5f— =1

Hence the polars of any pomt w1th respect to the two
curves are parallel to one another and equidistant from the
centre.

If (#,9") be any point P on (ii), then its polar with
respect to (i) is

v (—&) y(—vy
+ Jb{ =1, or (a’ /) —‘/-(-b,-,l/-—-)= 1.
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But the last cquation is the tangent to (ii) at the point
(— «', — '), which is the other extremity of the diameter
through P.

Hence, if from any point on an hyperbola the tangents
PQ, PQ be drawn to the conjugatc hypcrbola, the line
Q@ will touch the original hyperbola at the other end of
the diameter through />

149. 7o find the equation of an hyperbola referred to
any pair of conjugate dvameters as wwes.

The cquation of the hyperbola referred to its transverse
and conjugate axes is

2t
Gt

Since the origin is unaltered we substitute for , y ex-
pressions of the form Le+my, e+ 'y in order to obtain
the transformed cquation [Art. 51].

The equation of the hyperbola will therefore be of the
form

da’ + 2oy + By =1............ ().

By supposition the axis of w biscets the chords parallel
to the axis of . Thereforc for wny particular value of @
the two values of y fvund from (i) must be equal and
opposite. Hence /I=0; the equation will thercfore be
of the form

A+ Byf=1o. (i1).

Of the two semi-conjugate diameters one is real and
the other imaginary. If their lengths be o and / — 10
since these are the intercepts on the axes of « and y re-
spectively, we obtain from (ii)

Aa®=1=— 1"

Hence the required equation is
2 2

4 " see
:,g' - l{'“ =1 (i11).

150. . Since the equation of the curve is of the same form
as before, all investigations in which it was not assumed
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that the axes were at right angles to one another still hold
good. For example (i), (i), (1ii), (v) and (ix) of Art. 143
require no change. Art. 146 will also apply without change,
so that the equation of the asymptotes of the hyperbola
whose equation is (ii) is

@ Y

o T

151. 1o find the equation of un hyperbola when referred

to its asymptotes as wres of co-ordinates.

Let the asymptotes be the lines CK, CK' in the

- b
figure, and let the angle ACK" =a, so that tan a = o

’

Let P be any point (#, ) of the ewrve, and let o/, y
be the co-ordinates of P when referved to CK, CK'. Draw
PM parallel to CK’ to meet CK in M, and draw PV
perpendicular to the transverse axis. '

Then CM=a', MP=y, CN=r, NP=y.

Now CN=CMcosa+ MPcosa,
or =0 +9) oSt ().
Also NP= MPsin a— CMsin a,

or y=@U —a)sina.............. (i1).
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Hence, by substituting in the cquation

w’
ad Z:— 1
we obtain
cosz' :'+'I!l in2 ! 4'2 ces
M.}_(Z‘[___.’/) _sm “(éls =) g (iii).

sinfa_cos'a 1
BT e et
Hence, aupplessmg the accents, we have from (iii)
dry=a’+ b
which is the required equation.

The equation of the conjugate hyperbola, when referred
to the asymptotes, will be

doy = — (" + ).

But tana =I(_: , therefore

132. The equations of an hyperbola, of the asymptotes,

and of the conjugate hyperbola arce

a* & 2yt

e l::—l o b/,—O,zmd i.,=—1
respectively.

If the axes of co-ordinates be changed in any manner,
we should, in order to obtain the new equations, have
to make the same substitutions in all three cases.

Hence, for all pusitions of the axes of co-ordinates, the
equations of an hyperbola and of the conjugate hyperbola
will only differ from the equation of the asymptotes hy
constants, and the two constants will be eqnal and opposite
for the two hyperbolas.

153. To find the equation of the tangent at any point
of the hyperbola whose equation is 4ay = a’ + b*.

The equation of the line joining the two points (2, ¥'),
( w/l, :’/ //) is
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But, since the points (2, ¥) and (z”, y”) are on the
curve,
., a4,
ay =" =2y
v TV
Se Y =Y =—py—=,
y—y=—r—Jy
:,/II -_y/ _ .w/ _ -7:'” ii
or Y JIZ2NRTT PR (ii).
From (i) and (ii) we have
y=y __w—x
:'/1 - a;// .

The equation of the tangent at («, y') is therefore

— 7 p _wl
Y=y +'_’"'

’ ==,
Y @
or oY e (iii).
oy

From (iii) we see that the intercepts on the axes are
22" and 2y,

Hence the portion of the tangent intercepted by the
asymptotes is bisected at the point of contact.

The area of the triangle cut off from the asymptotes
by any tangent is from (ii1) equal to 2.2y sinw ; or, since
2ab

4y =a’+ 0, and sinw = Y

the area of the triangle

is equal to ab.

154. When the angle between the asymptotes of an
hyperbola is a right angle it is called a rectangular hyper-
bola.

b

d »
and thereforc when the angle is a right angle we have
b=a. On this account the curve is sometimes called an
equilateral hyperbola.,

The angle between the asymptotes is equal to 2 tan™
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155. The asymptotes and any pair of conjugate diame-
ters of an hyperbola form a harmonic pencil,

The tangent at the extremity of any diameter of an
hyperbola is parallel to the conjugate diameter; also
[Art. 153], the portion of the tangent intercepted by the
asymptotes is bisected at the point of contact. Hence
[Art. 55] the percil formed by the asymptotes and a pair
of conjugate diameters is harmonic.

156. We may, as in the case of the ellipse, express the
co-ordinates of any point on the hyperbola in terms of a
single parameter. We may put 2 =a sec §, and y=>5tan6,
since for all values of 6, sec’d — tan®*0 =1.

If PN be the ordinate of any point P on the curve, and
NQ be the tangent from N to the auxiliary circle; then
ON =ascc ACQ. Hence ACQ is the angle 6.

157. The cquation of an ellipse or hyperbola referred
to a vertex as origin is found by writing z — « for « in
the equation referrcd to the centre as origin, The equation
will therefore be

‘L___aR 12
( 2 ) i"‘gﬂ= 4
2 2
or ’(_;.,J_,%_?f=()..................(i).

Now, if the distance from the vertex to the nearer focus
remain fixed (4 supposc), and the eccentricity become
unity, the curve will become a parabola of latus rectum 4d.

The equation of the parabola can be deduced from (i).
For, since a (1 —e) =d, @ must be infinitc when e=1.

2
Also a (1 —¢*) =d (1 + ¢) =2d ; thercfore % = 2d.
Hence, from (i)

+ —"'f —2x =0,

!

QI8
&

or, since « is infinite,
o' = +4dz.
S. C. 8. 11
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"The parabola therefore is a limiting form of an ellipse
or of an hyperbola, the latus rectum of which is finite, but
the major and minor axes are infinite. The centre and
the second focus are at infinity.

It is a very instructive exercise for the student to
deduce the propertics of a parabola from those of an ellipse
or hyperbola.

158. Let the focus of a conic be on the directrix.

Take the focus as origin, and let the dircetrix be the

axis of y; then the equation of the conic will be
o+ ys =,

or Z(l-e)+y' =0

This equation represents two straight lines which are
real if e be greater than unity, coincident if e be equal to
unity, and imaginary if e be less than unity.

Hence we must not only consider as conics an ellipse,
a parabola, and an hyperbola, but also two real or imaginary
straight lines.

It should be noticed that the directrix of a circle is at
an infinite distance; also that the foci and directrices of
two parallel straight lines are all at infinity.

ExampLes oN CHArTER VIL

1." AOB, COD are two straight lines which bisect one
another at right angles; shew that the locus of a point which
moves so that PA. PB=PC. PD is a rectangular hyperbola.

2. If a straight line cut an hyperbola in @, @’ and its
asymptotes in R, R', shew that the middle point of Q@' will
be the middle point of RE',

3.~ A straight line has its extremities on two fixed straight
lines and passes through a fixed point; find the locus of the
middle point of the line.
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4.* A straight line has its extremities on two fixed straight
lines and cuts off from them a triangle of constant area ; find
the locus of the middle point of the line.

5. 04, OB are fixed straight lines, P any point, and PJ/,
PN the perpendiculars from > on O, OB ; find the locus of
P if the quadrilateral OJ/ I’V be of constant area.

6. The distance of any point from the centre of a rectan-
gular hyperbola varies inversely as the perpendicular distance
of its polar from the centre.

"

7. PN is the ovdinate of a point 2> on an hyperbola, ¢
is the normal meeting the axis in @; if N2> be produced to
meet the asymptote in @, prove that QG is at right angles to
the asymptote.

& If ¢ ¢ be-the cccentricities of an Iiyperbola and of the

1

conjugate hyperbola, then will 'lg + o 1.

9. The two straight lines joining the points in which any
two tangents to an hyperbola meet the asymptotes are parallel
to the chord of contact of the tangents and are cquidistant
from it.

10. Prove that the part of the tangent at any point of an
hyperbola intercepted between the point of contact und the
transverse axis is a harmonic mean between the lengths of the
perpendiculars drawn firom the foci on the normal at the same
point.

11. Tf through any point O a line OPQ be drawn parallel
to an asymptote of an hyperbola cutting the curve in 7> and
the polar of O in @, shew that P is the middle point of 0Q.

12. A parallelogram is constructed with its sides parallel
to the asymptotes of an hyperbola, and one of its diagonals
is a chord of the hyperbola; shew that the direction of the
other will pass through the centre,

13. - A4, A’ are the vertices of a rectangular hyperbola, and
P iz any point on the curve; shew that the internal and external
bisectors of the angle APA’ are parallel to the asymptotes.

11—2
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14. A, A’ are the extremities of a fixed diameter of a
circle and P, I arc the extremities of any chord perpendicular
to this diameter ; shew that the locus of the point of intersee-
tion of 4P and A'F” is a rectangular hyperbola.

15. Shew that the co-ordinates of the point of intersection
of two tangents to an hyperbola referred to its asymptotes as
axes arc harmonic means between the co-ordinates of the points
of contact.

16. From any point of one hyperbola tangents are drawn
to another which has the same asymptotes; shew that the chord
of contact cuts off a constant area from the asymptotes,

17.  The straight lines drawn from any point of an equi-
lateral hyperbola to the extremities of any diameter are equally
inclined to the asymptotes.

18. The locus of the middle points of normal chords of
the rectangular hyperbola 2* — 3 = a® i (3° — o°)* = 4a’2?y".

19. Shew that the line a - 0 is an asymptote of the
hyperbola 2zy + 3a® + 4z =9.

‘What is the equation of the other asymptote ?

20. Find the asymptotes of zy — 3x— 2y .- 0.
What is the equation of the conjugate hyperbola ?

21. Shew that in an hyperbola the ratio of the tangents
of half the angles which the radii vectores from the foci to a
point on the curve make with the axis, is constant.

23. A circle intersects an hyperbola in four points ; prove
that the product of the distances of the four points of inter-
section from one asymptote is equal to the product of their
distances from the other.

23. Shew that if a rectangular hyperbola cut a circle in
four points the centre of mean position of the four points is
midway between the centres of the two curves.

24. If four points be taken on a rectangular hyperbola
such that the chord joining any two is perpendicular to the
chord joining the other two, and if a, 8, v, 8 be the inclinations
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to either asymptote of the straight lines joining thesc points
respectively to the centre; prove that tane tan Stan y tand-- 1.

2
35. A series of chords of the hyperbola ;—, _E’!Z__l are

b
tangents to the circle described on tho straight line joining
the foci of the hyperbola as dinmeter; show tlm.t the locus of
their polos with respect to the hyperbola i ls 4 + R 1 B

26. 1If two siraight lines pass through fixed points, and
the bisector of the anglo between them is always parallel to a
fixed line, prove that the locus of the point of intersection of
the lines is o rectangular hyperbola.

27. Shew that pairs of conjugate diamcters of an hyperbola
aro cut in involution by any straight line.

28. The locus of the intersection of two equal ecircles,
which are described on two sides 4B, AC of a triangle as
chords, is a rectangular hyperbola, whose centre is the middle
point of BC, and which passes through 4, B, C.



CHAPTER VIIL

PoLar EquaTtioN oF A Coni¢, THE FocUS BEING THE
PoLE.

159. To find the polar equation of a conic, the focus
being the pole.

Let 8 be the focus and ZM the dircctrix of the conic,
and let the cccentricity be e.

L

(
\

L

N
w
2

Draw SZ perpendicular to the directrix, and let SZ be
taken for initial line.

Let LSL’ be the latus rectum, then e¢.SZ=SL =1
suppose.
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Let the co-ordinates of any point P on the curve be
r, 0. Let PM, PN be perpendicular respectively to the
directrix and to SZ.

Then we have

"SP=¢.PM=¢.NZ=¢.NS+e.82
or r=e.rcos(m—0)+1;

;l;=1+ecos0.

If the axis of the conic make an angle « with the
initial line the equation of the curve will be

i-'=1 + ecos (6 —a).
For in this case SP makes with SZ an angle 6 — a.

160. If », 0 be the co-ordinates of any point on the
directrix, then
l

rcos §=S7 = o
therefore the equation of the directriz is

<~ =ecos 0.
r

The equation of the directrix of f =1+eccosf—a is
4
;= ecos (0—a).

161. To shew that tn any conic the semi-latus rectum is
a harmonic meun between the segments of any focal chord.

If PSP be the focal chord, and the vectorial angle of
Phe 8, that of P will be 6 + .

Hence, if SP=r, and SP’ =", we have

ft=1 +ecosd, and ;l,-=1+ecos @+m);

N~
S~
~iro O

<+

Hence
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162. To trace the conic é =1+ ecosf from its equation.

(1) Let e=1, then the curve is a parabola, and the
equation becomes .

f'=1+cos&9.

..

T~

At the point 4, where the curve cuts the axis,

6=0 and 'r=%.

As the angle 6 increases, (1 + cos 8) decreases, that is
l . .
- decreases, and therefore r increases: and » increases

without limit until § =7, when 7 is infinite. As @ in-
creases beyond m, 14 cos @ increases continuously, and
therefore 7 decrcases continuwously until when =27 it

again becomes equal to ; The curve therefore is as in
the figure going to an infinite distance in the direction AS.



POLAR EQUATION OF A CONIC. 169

(2) Let e be less than unity, then the curve is an
ellipse.

. A
A .epom s 0, and 17 iTe
. l
As 6 increcases cos@ dcereases, and therefore - decreases,
. . l .
that is 7 increases, until 6 = ar, when » = iZe [Since e<1,
this value of » is positive.]
T P
Z A 5 A
\_’_///
The curve therefore cuts the axis again at some point

A’ such that S4’'= -l——
1-¢

As 0 passes from 7 to 2, cos @ increases continuously

l . .
from —1 to 1; hence . increases continuously, and » de-

. l
creases continuously from 7ot ot
Since, for any value of 6, cos 8 = ¢os (27 — 6), the curve
is symmetrical about the axis.
Thercfore when e is less than unity, the equation repre-
sents a closed curve, symmetrical about the initial line.

(8) Let e be greater than unity, then the curve is an
hyperbola.

. l
At the point 4, §=0 and » ={4e"



170 POLAR EQUATION OF A “CONIC.

As 6 increascs cos 6 decrcases, and therefore » increases
until 1 +ecos @ =0. For this value of 6, which we will
call  (the angle ASK in the figure), the value of » will be
infinitely great.

As 6 increases beyond the valuc &, (1 + ¢ cos 6) becomes

negative, and when @=1r, r=— 1= S4’ in the figure.

(1+ecosf) will remain negative until @ is equal to
(27 — a), the angle ASK' in the figurc. When 6 is equal
to (27 — @), r is again infinite. If @ is somewhat less than
this, » is very great and is negative, and if 8 is somewhat
greater,  is very great and is positive. The values of r
will remain positive while 8 changes from (27 — a) to 2.

The curve is thercfore described in the following order.

First the part ABC, then C'PA’ and A'DE, and
lastly £'QA.

The curve consists of two scparate branches, and the
radius vector is negative for the whole of the branch
C'PA'DE. :

If, as in the figure, a line SQP be drawn cutting the
curve in the two points @ and P which are on different
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branches, the two points @ and P must not be considered
to have the same vectorial angle. The radius vector SP
is negative, that is to say S/”is drawn in the direction
opposite to that which bounds its vectorial angle, the
vectorial angle must thereforc bc ASp, p being on IS
produced. So that, if the vectorial angle of @ be 6,
that of P will be 6 —r.

163. 7o find the polar equation of the straight line
through two given points on a conic, and to find the equation
of the tangent at any point.

Let the vectorial angles of the two points P, @ be
(a—B) and (a + B) respectively.

Let the equation of the conic be

£=1+ec030 .................. ).

The straight line whose equation is
§-_=A0030+Bcos(0—a) ............ (i), -

will pass through any two points, since its cquation con-
tains the two independent constants 4 and B.

It will pass through the two points I, @ if » has
the same values in (ii) as in (i) when 6 =a — 8, and when
6=a+p.

This will be the case, if

1+ ecos (@a—B) =4 cos (a —B) + BcosB,
and 1+ecos(a+8)=Acos(@a+pB)+ Beos B;
s A=e and Beos 8=1.

Substituting these values of 4 and B in (ii) we have

the required cquation of the chord, viz.

S=¢ cos 8 +sce B cos (0 —a).......... (iii).
To find the equation of the tangent at the point whose
vectorial angle is a, we must put 8=0 in (iii), and we
obtain

;=ccos O+cos(@—a)............ (@v).
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Cor. If the equation of the conic be
f_= 1+ecos(0—v),

the chord joining the points (a— @) and (x+ B) has for
equation

f' = ¢ cos (6 —ry) + sec B cos (0 — a),
and the tangent at a has for equation
%:ccos (0 — &) + cos (8 — a).

164. To find the equution of the polar of « point with
respect to w conic.

Let the equation of the conic be
§;=1+ecosﬂ .................... (),

and let the co-ordinates of the point be r,, 6,.

Let a + 8 be the vectorial angles of the points the tan-
gents at which pass through (»,, 6)).

The cquation of the line through these points will be

f—'= e cos 0 + sec B cos (0 —a)......... (ii).
The equations of the tangents will be
£=ecos 0 +cos (0 —a+B),

o~

and ~-=ecos § +cos (6 —a — B).

-

Since thesc pass through (r,, 6,), we have

é= ecos @ +cos(0,—a+p);
1

and 7—{=ecos01+cos(0!—a—ﬁ);

l
‘hence 6,=a, and cosB=--—ecos 0,
¢ 7
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Substitute for « and B in (ii), and we have
G_ —ecos 0) (; —ecos 0,) = cos (6 — 8))...(iii),

1
which is the required equation.

165. We will now solve some examples.

(1) The equation of the tangents at two points whose vectorial angles
are a, B respectively are

=¢cos 6+cod (0-a),

and

RV~ %~

=ecos §+cos (9 - 8).

Where these meet
cos (0 - a)=cos (8 - B) ;
_a+p
T2
Hence, if 1' be the point of intersection of the tangents at the two
points P, Q of a conic, ST will bisect the angle PSQ. If however
the conic be an hyperbola, and the points be on different branches of the
curve, S7' will biscet the exterior angle PSQ; for, as we have secn,
the vectorial angle of P (if P be on the further branch) is not the angle
which SP makes with SZ, but the angle PS produced makes with SZ.

(2) If the tangent at any point P of a conic meet the directric in K,
then the angle KSP is a right angle.

If the vectorial angle of P be a, the cquation of the tangent at
P will be

-:-=econ30+cos 0 -a).

[ 4
This will meet the dircctrix, whose equation is I=e rcos 8, where
cos (0 - a)=0.
Hence, at the point K, 6 - a= *;.
L ]
Therefore the angle KSP is a right angle.

(8) If chords of a conic subtend a constant angle at a focus, the
tangents at the ends of the chord will meet on a fized conic, and the
chord will touch another fired conie.

Let 28 be the angle the chord subtends at the focus. Let a -8 and
a+ f be the vectorial angles of the extremities of the chord.
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The equation of the chord will be
é=e cos 8+ sec 8 cos (0 - a),

or »lf.;—?-p:c cosfB.cos 0 +cos(f-a).............. (i)
But (i) is the equation of tho tangent, at the point whose vectorinl
angle is @, to the conic whose equation i
l
c‘r’ﬁ':l +ECOBR.COR ..., (ii)-

Hence the chord always touchces a fixed conic, whose cccentricity
is ¢ cos B, and semi-latus rectum I cos 8.
The equations of the tangents ut the ends of the chord will be

l_—.e cos 0+ cos (0 —a-+B),

r
and ; =eco8 @+cos (0--a--B).

Both these lines meet the conic

l
, =008 O+cos B

. . . l
in the same point, viz. where 6=:a and 7 =¢cosa+cos .

Heneo, the locus of the intersection of the tangents at the ends of the

chord is the conic

1 se
_s_:o_ﬁ= l+eseaf.co80 ... . .o, (iii).

Both the conies (ii) and (iii) have the same focus and directrix as the
given conie.
(4) To find the equation of the circle circumseribing the triangle formed
by three tungents to a parabola.
Lot the vectorial angles of the three points 4, B, C be «, f, ¥
respectively.
Let the equation of the parabola be
1—: 1+4cos 0.
r

The equations of the tangents nt A, B, (' respectively will be

cos 84 cos (0 - a),

cos 6 +cos (6 - 8),

i~ w5

cos 0 +cos (0 — 7).
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The tangents at B and C meet where
B oos?

o CO8 .

1
0=%(8+%), and .-, ;=2cos2 2

The tangents at C and 4 meet where
60=%(y+a), and £=2cos7-cos
T 2
And the tangents nt 4 and B meet where

&
ye

= Lo 9cos®cos®
0=3% (a+p), and y _.zcosé cos .

By substitution we see that the three points of intersection are on the
circle whose equation is

r:—l—-—-—eos o_al__g_-y R
2cosgcoséo037 222
272779

The circle always passes through the focus of the parabola.

(8) To find the polar equation of the normal at any point of a conic,
the focus beiny the pole,

Let the equation of the conic be
! =1-ecos0.
r
The equation of the tangent at any point a is
;—.ecos 0+ cos (0 - a).

The equation of any line perpendicular to the tangent is

g:ecos 0+E + cos 0+£—a),
r 2 2

or -(:z—e sin 0- sin (0 - a).
This will be the required equation of the normal provided C is so

chosen that the point (
must have

l_fezcosa . u) may be on the line. Henee we
6,1+elcosa=__e sina,
—lesina
1+ecosa’
Hence the equation of the normal is

legina 1

Tiecona” ;_:e sin 0+ sin (6 - a).

or C=
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ExamrLEs oN Cuaprer VIIL

1. The exterior angle betwcen any two tangents to a
parabola is equal to half the difference of the vectorial angles
of their points of contact.

2. The locus of the point of intersection of two tangents
to a parabola which cut one another at a constant angle is a
hyperbola having the same focus and directrix as the original
parabola.

3. 1If PSP and QSQ’ be any two focal chords of a conic
at right angles to one another, shew that PS’_IS-I_’; + Q—S—l SQ

is constant.

4. If 4, B, C be any three points on a parabola, and the
tangents at these points form a trianglo 4'3'C’, shew that
SA.88.8C=84".88.8C", 8§ being the focus of the para-
bola,

5. If a focal chord of an ellipse make an angle a with the
axis, the angle between the tangents at its extremities is
Jesin a
an=1 o8 S
tan 1 e

6. By means of the equation ; =- 14 ¢ cos 6, shew that the

ellipse might be generated by the motion of a point moving so
that the s of its distances from two fixed points is constant.

7. Find the locus of the pole of a chord which subtends
a constant angle (2a) at a focus of a conic, distingunishing the
cases for which cosa>=<e.

8. PQ is a chord of a conic which subtends a right angle
at a focus. Shew that the locus of the pole of PQ and the
.locus enveloped by P@Q arc cach conics whose latera recta are
to that of the original conie as \/2: 1 and 1 : /2 respectively.

9. Given the focus and directrix of a conic, shew that the
polar of a given point with respect to it passes through a fixed
point.
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10. If two conies have a common focus, shew that two of
their common chords will pass through the point of intersection
of their directrices.

11. Two conics have a common focus and any chord is
drawn through the focus meeting the conics in 2, /" and @, @’
respectively.  Shew that the tangents at /> or 2" meet those at
@, @ in points lymg on two straight lines through the inter-
section of the directrices, these lines being at right angles if
tho conics have the same eccentricity.

12. Through the focus of a parabola any two chords LSL’,
MSAM are drawn; the tangent at Z mcets those at Af, M’ in
the points &, V' and the tangent at ' mects them in A7, K.
Shew that the lines AY, A’'N' are at right angles.

13. Two conics have a common focus about which ono is
turned ; shew that two of their common chords will touch
conics having the fixed focus for focus.

14, Shew that the cquation of the locus of the point of
interscction of two tangents to ;: 1+ecosd, which are at

right angles to one another, is »* (¢ ~ 1) — 2le 7 cos @ + 20° — 0.

15. If PSQ, PHR be two chords of an ellipse through the

.y PSS P, o
foci S, H, then will 50 + IR be independent of the position

of D.

16. Two conics are described having the same focus, and
the distance of this focus from the corresponding directrix
of each is the same; if the conics touch one another, prove that
twice the sine of half the angle between the transverse axes is
equal to the difference of the reciprocals of the cccentricitics.

17. A circle of given radius passing through the focus of
a given conic intersects it in 4, B, C, D; shew that
S4.8B.8C.8D
is constant.
8. C. 8. 12
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18. A circle passing through the focus of a conic whose latus

rectum is 2/ meets the conic in four points whose distances
1 1 1 1" 2

» T Ty 73 Prove that Sttt =7

1

2 rﬂ ? L} l

from the focus are »

19. A given circle whose centre is on the axis of a
parabola passes through the focus S, and is cut in four points
A, B, C, D by any conic of given latus rectum huving N
for focus and a tangent to the parabola for directrix ; shew
that the sum of the distances S, SB, 8C, S0 is coustant.

20. Two points [,  arve taken one on each of two conics,
which have a common focus and their axes in the same
direction, such that /S and @5 arc ab right angles, S being the
common focus. Shew that the tangents at > and ¢ meet on a
conic the square of whose eccentricity is equal to the sum of
the squares of the eccentricities of the original conics.

21. A serics of conics are deseribed with a common latus
rectum; prove that the locus of points upon them, at which
the perpendicular from the focus on the tangent is equal to
the semi-latus rectum, is given by the equation ¢ = —» cos 26,

22. If POL’ be a chord of a conic through a tixed point O,
then will tan } P'SO tan L SO be constant, 5 being a focus of
the conic.

23. Conics are described with equal latera recta and
a common focus. Also the corresponding directrices en-
velope a fixed confocal conic. Prove that thesc conies all touch
two fixed conics, the reciprocals of whose latera recta are the
sum and difference respectively of those of the variable conic
and their fixed confocal and which have the sume directrix as
the fixed confocal.



CHAPTER 1IX.
GENERAL KQUATION OF TIHE SECOND DEGREE.

166. WE have «cen m the preceding Chapters that
the cquation of a conic is always of the second degree: we
shall now prove that every cquation of the second dbgre(,
represcnts a conic, and shew how to determine from any
such equation the nature and position of the conic which it
represents.

167. 1 shew that every curve whose equation is of the
second, degree 18 « conic.

We may suppose the axes of co-ordinates to be rect-
angular; for if the equation be referred to oblique axes,
and we change to rectangular axcs, the degree of the cqua-
tion is not altered [Art. )3]

Let then the cqlntlon of the curve be

a2’ + 2hay + by* + 29« + 2fy + e =0......... (.

As this is the most general form of the cquation of the
second degree it will include all possible cases.

‘We can get rid of the term containing zy by turning
the axes through a certain angle,

For, to turn the axes through an angle  we have to
substitute for » and y rospectively acos @ — y sin 6, and
@ 8in 6 + y cos O [Art. 50].

12—2
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The equation (i) will become
a (z cos @ — y sin 6)* + 2h (2 cos @ — y sin ) (¢ sin 6 + y cos 6)
+b (xsin 0+ycosf)*+2g (wcos §—ysin ) +2f (wsin 0+ycosh)
FC=0 it e (i1).
The coefficient of zy in (ii) is
2 (b — a) sin 0 cos @ + 2h (cos’d — sin’6) ;
and this will be zero, if

tan 20 =&-2__% ......... soeeen(ii])-
Since an angle can be found whose tangent is equal to
anyfeal quantity whatever, the angle = } tan™ a2_h 2 isin

all cascs real.
Equation (ii) may now be written
Az'+ By +2Gz+2Fy+ C=0......(iv).
If neither A nor B be zero, we can write cquation (iv)
in the form

JTES ROTPRR o B

or, taking the origin at the point (— g = g) )
2 N
;%If the right side of (v) be zero, the equation will repre-
sent two strasght lines [Art. 35].
If however the right side of (v) be not zcro, we have
the equation

T a *3 . =1
L L D W s
(it w9 3(x+u-9)

which we know represents an ellipse if both denominators
are positive, and an hyperbola if one denominator is posi-
tive and the other negative.

If both denominators arc negative, it is clear that no
real values of z and of y will satisfy the equation. In this
case the curve is an vmaginary ellipse.
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Next let 4 or B be zero, 4 suppose. [A and B cannot
both -be zero by Art. 53 Equation (iv) can then be
written

B(y+§)’=-2am—0+% ......... (vi).

If G =0, this equation represents a pair of parallel
straight lines.
If G be not zero, we may write the equation

(o= T ).

which represents a parabola, whose axis is parallel to the
axis of 2.

Hence in all cases the curve represented by the general
equation of the second degree is a conic.

168. T find the co-ordimates of the centre of a conic.
We have seen [Art. 109] that when the origin of co-
ordinates is the centre of a conic its equation does not
contain any terms involving the first power of the variables.
To find the centre of the conic, we must therefure change
the origin to some point (2, ¥), and choose @/, ', so that
the coefficients of # and y in the transformed equation may
be zero.
Let the equation of the conic be
az® + 2hay + by* + 29« + 2fy + ¢ =0.
The equation referred to parallel axes through %he
point (', ¥) will be found by substituting « + «” for «, and
y + 3 for y, and will thercfore be
a@+)+2h (@+2)(y+y)+b(y+y) +2¢ (x+2)
2 (y+y)+e=0,
or ax’® 4 2hxy + by’ + 2z (e’ + hy' + g) + 2y (ha’ + by’ + f)
+ az® + 2ha'y’ + by + 2g2' + 2fy + ¢ =0.
The coefficients of # and y will both be zcro in the
above, if ' and y' be 8o chosen that
axr’ + by + g =0..cccoccuvee... (i),
and h! +by +f=0...c.oeonn. (1i).
The equation referred to («, ') as origin will then be
aa’ + 2hxy + by* + ¢’ =0............ (i),
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where ¢ =ax” + 2ha’y’ + by + 292 + 2fy +c......(v).

Hence the co-ordinates of the centre of the conic arc the

values of =’ and % given by the cquations (i) and (ii).
The centre is therefore the point

=ty gh=of)
(ab;h“ ab—1)"
‘When ub—»A*=0, the co-ordinates of the centre are
infinite, and the curve is thercfore a parabola [Art. 157].

If however 2f — bg =0 and ab — h*=0; that is, if
«_h_g
L™b
the equations (i) and (ii) represent the same straight line,
and any point of that linc is a centre. The locus in this
case is a pair of parallel straight lines.
In the above investigation the axcs may be either
rectangular or oblique.
Subsequent investigations which hold good for oblique
axes will be distinguished by the sign (w).

169. Multiply cquations (i) and (ii) of the preceding
Article by 2/, ¥ respectively, and subtract the sum from
the right-hand member of (iv); then we have

=94 +fy+c
hf —b h —
S A
_abc+ 2fgh — af* — bg* — i’
= o
170. The expression abe +2fgh — af*—bg*—ch® is

usually denoted by the symbol A, and is called the
discriminant of
ax’® + 2hxy + by* + 292 + 2fy + c.
A =0 is the condition that the conic may be two
l straight lines.

For, if A is zcro, ¢’ is zero; and in that casc equation
(iii) Art. 168 will represent two straight lines.

This is the condition we found in Art. 87. (o)
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171.  To find the position and magnitude of the axes o
the conic whose equation s ax® + 2hxy + by* = if 4

If a conic be cut by any concentric circle, the diameters
through the points of intersection will be equally inclined
to the axes of the conic, and will be coincident if the
radius of the circle be equal to either of the semi-axes of
the conic.

Now the lines through the origin and through the
points of intersection of the conic and the circle whose
equation is 2* +y? =", are given by the equation

(a-—;ﬁ) & + 2hay + (b-;l,)y'=o.......(i).

These lines will be coincident, if

(a—,—i) (b_},) B = O (i),

and they will then coincide with one or other of the axes
of the conic.

Hence the lengths of the semi-axes of the conic are the
roots of the equation (ii), that is of the equation

b i @m0

1 is either of the

Multiply (i) by (a—-,},); then, if X

roots of the cquation (ii), we get

( -—1:,)’-’0’+ 2h (a—;l;) xy + Ky =0;

7

whence (w -,-,-1',) 2+ hy=0..ccccuouennn. (iv).

Hence if we substitute in (iv) cither root of the equation
(iii) we get the equation of the corresponding axis.

In the above we have supposed the axes to be rect-
angular. If however they are inclined at an angle  the
investigation must be slightly modified, for the equation of
the circle of radius r will be 2* + 2zy cos @ + y* =7,
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172, To find the aais and latus rectum of a purabola.
If the equation
a2’ + 2hay + by* + 29z + 2fy + ¢ =0
represent a parabola, the terms of the second degree
form a perfect square. [This follows from the fact that the
equation of any parabola can be expressed in the form
¥’ =44’z =0, and thercfore with any axes the equation
will be of the form
(le+my + n)* —4a’ (V2 +m'y +2) =0.]
Hence the equation is equivalent to
(az+ By)' + 292+ 2fy +c=0......... ),

where a®=a, and 82=D.

From (i) we sce that the square of the perpendicular
on the line aw + By = 0 varies as the perpendicular on the
line 2¢a + 2fy+c=0. These lines may not be at right
angles, but we may write the equation (1) in the form

(ax+By +1)'=2x Aa—g) + 2y M8 —f) + A\ —¢,
and the two straight lines, whose equations are
az+ By+X =0, and 2z (Na—g) + 2y AB —f) + A= ¢=0,
-will be at right angles to one another, if
a(Aa—g) +B (M8 —f)=0,
or if A=Y +8f

a+8 "
Now take
az+ By +A=0and 2(@A— )z +2(BA—f) y +N*—¢c=0
for new axes of  and y respectively, and we get
¥=4dpz,
and this we know is the equation of a parabola referred to
its axis and the tangent at the vertex.

To find the latus-rectum, we write the equation in
the form

(g{:] Jﬁ%}); p (2R 2 2B g _—_e} ;
a*+

Vi (@A =g ¥ (BN -5
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PR OCEY ST )

hence Py
Hence (i) is a parabola whose axis is the line
axr+ By +A=0,

and whose latus-rectum is

2V —g) + BN —f)}_ 2(of = By)

a’+ 8 (a’+/3’)' ’
since h=%{}g.

173. We will now find the nature and position of the
conics given by the following equations.
(1) 7x%-17.cy+6y?4 236 -2y -20=0.
(2) «*-bay+y+8x—-20y+15=0.
(3) 36w+ 24ry + 20y -- 722 + 126y +81=0.
() (5r—12y)2 - % - 29y - 1=0,
(1) 'The equations for finding the centre are [Art. 168, (i), (ii)]
142 - 17y’ +23—0
~172 +12y' —2=0§ "
These give «'=2, y'=3. Therefore centre is the point (2, 3).
The equation referred to parallel axes through the centre will be [Art.
169]
Tat~ 1Ty + 4+ 5 2~ 1.3 - 20=0,
or 7% - 172y + 6y -0.
The equation therefore represents two straight lines which intersect
in the point (2, 3). They cut the axis of «, where 72?4+ 23x - 200, that

x
is where = 4, and where w:%.

(2) - 5zy+y?+8z-20y+15=0.
The equations for finding the centre are
22’ -5y’ +8=0, and - 52’ +2y' —20=0;
o= 4, y'=0,
The equation referred to parallel axes through the centre will be
22— By + yi+4 (- 4)+15=0,
or a*~bry+y*—1.
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The semi-axes of the conic are the roots of the equation
'14- (a+b)r1;_,+ab- B=0 [Art. 171, (iii)];

1 2 25
< —;2+1——‘4'—0,
or 2174 4+8r2—4=0;

2

'r’=g or-g.

79

RNIPUR R
The curve is thercfore an hyperbola whose real semi-axis is 7 V14,

T |
and whose imaginary semi-axis is 3 NAY S

The dircetion of the real axis is given [Art. 171, (iv)] by the equation

7 5
(l—g)z—gy_o,

or z+y=0.
(3) 8622+ 24xy+29y° - 722+ 126y + 81 =0.
The equations for finding the centre are
862’ +12y - 36=0, and 122’ + 29y’ +63=0;
coxd=2, y=-3.
The equation referred to parallel axes through the centre, will be
3627 + 24y + 29y? — 72+ 63 ( - 8).4+-81=0,

2t 2 29
* RS TR AN Loty
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The semi-axes of the conic are the roots of the equation

1 1
- - - h2=0.
” (a,+b)rg+ab 12=0,

© 65 13
And (t+b=1—8-6=3§,
29 1 1
=2 L.
b= =560~ 395 = 36

» 36-13r2+94=0,
Henco the squares of the semi-axes are 9 and 4.

The equation of the major axis is [Art. 171, (iv)]

11 1
(B - 6) T+ 159=0
or 4x+3y=0.
(4) (5x-12y)%-2x~20y-1=0,
The equation may be written
(52— 12y +N)2=2x (1-+5N) +3 (29 — 24N) +2¢ 4 1.
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The lines 3z -12y+1=0
and 2(L+5\) o+ (29 - 24\) y+ A2 +1=0
are at right angles, if

10+ 50\ - 348 + 288\ =0;
that is, if A=1.

The equation is therefore equivalent to
(@_—;_12.1/:! t_ 1 12z+5y+2 @3
” ) =g R ;
therefore 5z — 12y + 1=0 is the equation of the axis of the parabola, and
12z+ 5y +2=0 is the equation of the tangent at the vertex.
Every point on the curve must clearly be on the positive side of the
line 12z + 5y + 2.0, since the left side of equation (i) is always positive.

174. To find the equation of the usymptotes of a conie.

We have seen [Art. 146] that the equations of a conic
and of the asymptotes only differ by a constant.

Let the equation of a conic be
az® + 2hay + by* + 29z + 2fy +¢=0 ...... @@).
Then the equations of the asymptotes will be
az® + 2hzy + by’ + 2g9x + 2fy + ¢ + A =0......(i1),

provided we give to A that value which will make (ii)
represent a pair of straight lines.

The condition that (i) may represent a pair of straight
lines is [Art. 170]

ab(c+N) + 2fgh— af* —bg* — (c+N) ' =0;
SA(@b =1+ A=0.
Hence the equation of the asymptotes of (i) is

ax® + 2hzy + by* + 2g= + 2fy+c—-ub—_A_—h4,= 0.

The equations of two conjugate hyperbolas differ from
the equation of their asymptotes by constants which are
equal and opposite to one another [Art. 152]; therefore
the equation of the hyperbola conjugate to (i)is -

2A

aa® + 2hzy + by* + 292 + 2fy + ¢ — b

0.
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Cor. The lines represented by the equation
ax’ + 2hxy + by*=0
are parallel to the asymptotes of the conic. (w).

Ex. Find the asymptotes of the conic
2} - zy - 252+ 3y - 2=0.
The asymptotes will be x? - xy— 2%+ 3y -2 +\=0, if this equation
represents straight lines. Solving as a quadratic in z, we have

=Y 9 yr_sy+2-
z=g & \/%431’ 3y+2 7\‘.

Hence [Art. 37], the condition for straight lines is 9 (2-2A)=9, or A=1.
The asymptotes are therefore z? - zy — 2y*+ 3y —1=0.

175. To find the condition that the conic represented
by the general equation of the second degree may be a rect-
angular hyperbola.

If the equation of the conic be

ax’ + 2hay + by* + 29 + 2fy +¢c= 0,
the equation :
ar® + 2hay +by" =0 coenineeennniee @
represents straight lines parallel to the asymptotes.

Hence, if the conic is a rectangular hyperbola, the
lines given by (i) must be at right angles.

The required condition is therefore [Art. 44]

a+b—2hcosw=0.....c......... (it).

If the axes of co-ordinates be at right angles to
onc another the condition is

a+Db=0..cccociiiiiinininin. (iii).

The required condition may also be found as follows.

If the axcs of co-ordinates be changed in any manner
whatever, we have

g,_+b— 2hcosw _a’ +b — 2 cos o’
sin® @ - sin? o’

[Art. 52].

But, if the conic be a rectangular hyperbola and
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the asymptotes be taken for axes, the equation will be
xy + constant = 0; .
La'=b=cosw’ =0.

Hence a+b—2hcosw=0. (w).

ExamerLes oN Cnarrer IX.

1. Find the centres of the following curves:
(i) 3’ -bay+6y°+1lx— 17Ty +13 0.
() ay -+ 3ux— 3ay =-0.
(iii) 3a? —Tay —6y° +3x—- 9y + 5
Find also the cquations of the curves u.fcnul to parallel
axes through their centres.

2. What do the following equa.tions ropresent ¢
(1) ay-22+y-2--0. (i) o - 2ay+dax--0.
(i) ¥ +ax+ay+a’=0. (iv) (w+y) —-a(x- ./)
(v) $(ee+2y)" + (y - 2w)*==5a’.  (vi) %' —a’ —2ax =0,

3. Draw the following curves:

(1) ay+ar-2ay=0. (2) «*+2%y+y"'—2~1=0.
3) 22+ bwy+ 32 +3y—2=0.

§4) a’+ 4oy + 4y —-11=0,

(5{ (22 + 3y)* + 2x + 2y + 2= 0,

6) a’—4dxy -2+ 10c+4y=0.

57) 41+ 24y + 94° — 1300z — 60ay -+ 11642 == 0.

- 4. Shew that if two chords of a conic biscct cach other,
their point of intersection must be the ceuntre of the curve.

5. Shew that the product of the semi-axcs of the conic

whose cquation is
(—-2y+1)°+ (4w +2y—3)"-~10=0,1s 1,

6. Shew that the product of the semi-axes of the ellipse

whose equation is
¥ —zy+ 2 22— Gy -+ 7- 0ig - J7’
and that the equation of its axes is
@t =yt =2y + 8y - 8=0.
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7. Find for what value of A the equation
20 + Ay —y* -3+ 6y —9=0
will represent a pair of siraight lines,

8. Find the equation of the conic whose asymptotes are
the lines 2z+ 3y —- 5=0 and 5z + 3y— 8 = 0, aud which passes
through the point (1, —1).

9. TFiund the equation of the asymptotes of the conic

3a® — 2oy - By + Tw— 9y = 0;
and find the equation of the conic which has the same asymp-
totes and which passes through the point (2, 2).
10. Find the asymptotes of the hyperbola
62° — Ty — 3y° — 22— 8y -6 - 0;
find also the equation of the conjugate hyperbola.
11. Shew that, if
@’ + 2hay + by — 1, and @af + Wxy + Uy’ |
represent the same conie, and the axes are rectangular, then
(@ =b) + 4h* = (« = V') + 44",

12, Shew that for all positious of the axes so Jong as they
remain rectangular, and the origin is unchanged, the value of
g*+J* in the equation wz’+ 2hxy + by’ + 29 + 2fy +¢=0 is
constant.

13. From any point on a given straight linc tangents are
drawn to each of two circles: shew that the locus of the point
of intersection of the chords of contact is a hyperbola whoso

asymptotes arce perpendicular to the given line and to the line
joining the centres of the two circles.

14. A variable circle always passes through a fixed point O
and cuts a conic in the points P, @, R, N; shew that
00.00.0%.08
(radius of circle)®
is constant.
15. If ax®+ 2hxy + by =1, and da’+ 2Hay+ By’ —1 be
the equations of two conics, then will @d +bB + 241 bhe un-
altered by any change of rectangular axes.



CHAPTER X.
MISCELLANEOUS PROPOSITIONS.

176. Wz have proved [Art. 167] that the curve
represented by an equation of the second degree is always
a conic.

We shall throughout the present chapter assume that
the equation of the conic is

az’ + 2hxy + by* + 29w + 2fy + ¢ =0,
unless it is otherwise expressed.

The left-hand side of this equation will be sometimes
denoted by ¢ (w, ).

177. To find the equation of the straight line passing
through two points on & conic, and to find the equation of the
tangent at any point.

Let (/, y) and (2, 3”) be two points on the conic.

The equation
a(@—a)(@—a") +h{(z—~2) (y-y") + (@—2") (y -y}
+b(y—y) (y—y")=ax"+ 2hay + by’ + 292+ 2fy + ¢ ... (i)
when simplified is of the first degrec, and therefore
represents some straight line,
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If we put z=2" and y=y in (i) the left side vanishes
identically, and the right side vanishes since (2, 4') is on
the conic. Hence the point (#/, %) is on the line (). So
algo the point (2”,'y”) is on the line (i).

" Hence the equation of the straight line through the
two points («, ¥) and (", ¥”) is (i), and this reduces to
ue (& + ') + by (& +a7) + ho (4 + )+ by (f +1) + 2ge

+2fy +c=az'2" + b (zy +y'2")+ by y”...(2i).

To obtain the tangent at (&, ) we put +” =2, and
y” =y in (ii), and we get
2uaa’ + 20 (xy' + 2'y) + 2byy’ + 29 + 2fy + ¢ = ax”

+ 2ha’y’ + by,

Add 292" + 2fy +c to both sides: then, since («/, v') is
o the conic, the right side will vanish; and we get for the
equation of the tangent

wr'w+h (Yo +2Y)+oyy+g @ +2)+/Y+y)+e=0.

It should be noticed that the cquation of the tangent
ab (29, ) is obtained from the equation of the curve
by writing «'« for «*, y'w+ o'y for 2y, y'y for y*, a4 a' for
2z, and y + 5’ for 2y. (w).

178.  To find the condition that «. given straiyht line
may be « tangent tv « conic.
Lel the cquation of the straight line be
le+my+n=0............. ().

The equation of the straight lines joining the origin to
the points where the line (i) cuts the conic ¢ (v, y)=0,
are given [Art. 38] by the cquation

aa’ + 2hay + by* — 2 (g + fy) Iaq_—l_;:my

2
+eo (Lﬁﬁﬂ’/) =0 (i)

If the line (i) be a tangent it will cut the conic in
coincident points, and thercfore the lines (ii) must be
coincident. The condition for this is

8.C 8, 13
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an® — 2gln + cl?) (bn* - 2fmn + em
( 4 )| 4 = 81,11’ — fln — gmn + clm)’,
or I (be — 1) + 2® (cw — ¢°) + n* (ab — 1%) + 2mn (gh — fu)
+ 2nl (hf — gb) + 2lm (fg — he) =0...... (iii).
The equation (iii) may be written in the form
AU+ Bw? + On* + 2Fmn + 2 Gl + 2Hlm = 0.. .(iv),
where the coefficients 4, B, C, &e. are the minors of
‘, b, ¢, &e. in the determinant
ay h, gl
o f -
9 )c (w).

179. To find the equation of the polar of any pont with
respect to « conic.

It may be shewn, exactly as in Article 76, 100, or 118,
that the cquation of the polar is of the swme form as the
equation of the tangent.

The equation of the polar of («, 3') is therefore

ad’z+h (Yx+ 2y) +by'y+ g (@+ )+ f(y +y)+c=0,
or (w2’ +hy'+9)+y(had + by + )+ g2 +fy +¢=0.

The equation of the polar of the origin is found by
putting &' =y = 0 in the above; the result is

g+ fy +c=0.

180. If two points P, () be such that Q is on the polar
of I’ with respect to a conic, then will I’ be on the polar of

with vespect to that conic.

Let the co-ordinates of I” be 2/, ', and those of @
wll, yfl'

The equation of the polar of Iis

ur'z+ h Yz +ay) +byy+g@+2)+f(y+y) +c=0.

Since (2", ¥') is on the polar of I, we have * ,
aw’w"'*‘h (y’m”"‘x’:‘/”)'l‘by’y”"‘g (.‘:/+wll)+f<3//+ yll) +c=0-

The symmetry of this result shews that it is also
the condition that the polar of @ should pass through I
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1f the polars of two points P, @ mcet in R, then R is
the pole of the line PQ.

For, since R is on the polar of £, the polar of R will
go through P; similarly the polar of R will go through Q;
and therefore it must be the line Q.

If any chord of a conic be drawn through a fixed point
@, and P be the pole of the chord ; then, sinec @ is on the
polar of P, the point P will always lie on a fixed straight
line, namely on the polar of ¢.

Def.  Two points are said to be conjugate with respeet
to a conic when each lies on the polar of the other.

Def. Two straight lines are said to be conjugate with
respect to a conic when each passes through the pole of the
other. Conjugatc diamecters, as defined in Art. 127, are
conjugate lines through the centre.

181. If any chord ?f a conic be drawn through «
pomt O it will be cut harmonically by the curve and
the polar of 0.

Let OPQR be any chord which cuts a conic in P, R
and the polar of O with respect to the conic in Q.
Take O for origin, and the line OPQR for axis of «;
and let the cquation of the conic be
ax® + 2hzy + by + 290 + 2fy + ¢ = 0.
Where =0 cuts the conic we have
az’+29x+c=0;
11 2% :
.."(TI3+ OR™ " g e Q).
The equation of the polar of O is
gx+jfy+c=0;

! g ..
. o ‘()Q=—c ..................... (ll).
From (i) and (ii) we see that
1.1 2
0Pt OR ™ 0Q'

132
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182. To find the locus of the middle points of a system
of parallel chords of a conic. :
Let (2, ) and («”, ) be two points on the conic.
The equation
a(@—2) (@—a") +hilz-o) @ —y") + (z-a") (y — y)}
+b(y —y) (y—9") = aa’ + 2hay + by" + 29= + 2fy 423'
(i
is the equation of the straight line joining the two points.
In (i) the coefficient of # is a (2’+2”") + k(¥ +y") + 29,
and the coefficient of y is h(e' +2")+b(y + ') +2f;
hence if the line is parallel to the line y = ma, we have
_a@+a)+h(y+y) +2 (i)
W@ Ea )+ Ty .
Now, if (2, ) be the middle point of the chord joining
(«,9) and (a’, y"), then 2e=2a' +2"', and 2y=y +9";
therefore, from (ii), we have

m=

n=_2thytg
m= hz+ by + f°
or z (@ +mh) +y (h + md) + g + mf = 0...(iii),

which is the required equation.
If the line (iii) be written in the form y =/« + k, then
- we have
,__a+mh

Tt mb’
or a+h(m+m')+bmm'=0......... @iv).

This is the condition that the lines y =ma and y =m'z
may be parallel to conjugate diameters of the conic given
by the gencral equation of the second degree. (@).

183. To find the condition that the two lines given by
the equation Aa* + 2Hxy + By' =0 may be conjugate dia-
meters of the conic az®+ 2hzy + by* =1.

If the lines given by the equation Aa*+2Hzy+ By'=0
be the same as y —mz =0, and y — m'z2=0; then

m+ =—2E,.’md mm =45
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But y —ma=0 and y—m'z=0 are conjugate diamcters

if a+h(m+m') +bmm’ = 0.
Therefore the required condition is
H .4
(L—2IL.B+I)—B =0,
or aB +b0d =2LH. (w).

[The above result follows at once from Articles 155
and 38.]

Ex, 1. 1o find the equation of the equi-conjugate diameters of the conic

ax? 4 2hxy + by =1.

The straight lines through the centre of a conic and any concentric
circle give cqual diamoters. Through the interscetions of the conic and
the circle whosc equation is X\ (22 + y* + 22y cos w) =1, the lines

(@ —N) 22+ 2 (h -\ cos w) zy + (b — N) 2 =0 pass,

These are conjugate if

b(aw—N) Fa(b—N) =2k (h-\cosw).

Substituting the value of X so found, we have the required equation

2 (ab - 1?)

249 2 —
ae®+ 2y + by b 2h cos w

(&2 4y + 22y cos w) —0.

Ex. 2. To shew that any two concentric conics have in general one
and only one puir of common conjugate diameters.
Let the equations of the two eonics be
ax? + 2hry+by*—1, and «'&® 20wy + 0y 1.
The diameters .1e*-+2Hzy + By*=0 arc conjugate with respect to

both conics if
Ab-2Hh |- Ba -0,

and AV =20+ Ba'=-0;
A —our B
R T A ey Y
The equation of the common conjugate diameters is therefore
(het — alt’) @ — (ab’ - a'b) zy + (VI — b'R) y*=—0.
Since any two concentric conies have one pair of conjugate diameters

in common, it follows that the cquations of any two concentric conics
can be reduced to the forms

az?+by*=1, dz*+b'yP=1.
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184. To find the length of a straight line drawn from
a given point tn @ given direction to meet a comic. .

Let («/, ) be the given point, and let a line be drawn
through it making an angle 6 with the axis of #. The
point which is at a distance # along the line from (<, ¥/) is
(@ +rcosf, y +rsin ), the axes being supposed to be
rectangular ; and, if this point be on the conic given by the
general cquation, we have .

a(«'+r cos 0)' +2h (&' + r cos 0) (y'+ 7 sin 6) + b(y'+ r=inf)*
+ 20 (2 + rcos ) +2f(y +rsin ) +¢ =0,
or ? (@ cos® 0 + 2k sin @ cos 6 + b sin® 6)
+ 21 cos@(az'+hy +g) + 2rsin 0 (ha'+ by’ +f ) + ¢ («, ') =0.
The roots of this quadratic cquation are the two values
of r required.

185. If the point (#, ¥) be the middle point of the
chord intercepted by the conic on the line, the two values
of », given by the quadratic equation in the preceding
Article, will be cqual in magnitude and opposite in sign ;
hence the cocfficient of 7 must vanish ; thus

(az’ + hy +g) cos @ + (ha' + by’ + f)sin§=0.

If the chords are always drawn in a fixed direction, so
that 6 is constant, the above equation gives us the relation
satisfied by the co-ordinates a’, %" of thc middle point of
any chord.

The locus of the middle points of chords of the conie
which make an angle 8 with the axis of » is thereforc a
straight line. [Sce Art. 182.]

186. The rectangle of the segments of the chord
which passes through the point (z/, y) and makes an angle
@ with the axis of 2, is the product of the two values of »
given by the quadratic cquation in Art. 184; and is equal to

e Y
a cos’@ + 2h sin 0 cos 6 + b sin*@”

Cor. 1. If through the same point (2!, y') another

chord be drawn making an angle ¢ with the axis of , the
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rectangle of the segments of this chord will be
o eEy)
acos’ @ +2hsin @ cos @' + bsin® @'

Hence we see that the ratio of the rectangles of the seg-
ments of two chords of a conic drawn in given directions
through the same point is constant for all points, including
the centre of the conic, so that the ratio is equal to the
ratio of the squares of the parallel diamcters of the conic.

Cor. 2. The ratio of the two tangents drawn to a conic
from any point is equal to the ratio of the parallel diame-
ters of the conic.

Cor.3. If through the point (2, ') a chord be drawn
also making an angle 8 with the axis of @, the rectangle
of the segments of this chord will be

I s )
acos* @+ 2h sin @ cos @+ bsin® 0’

Hence the ratio of the rectangles of the segments of
any two parallel chords drawn through two fixed points
(@, y) and (2", y”) is constant and cqual to the ratio of
¢ («, y) to ¢ (2, ¥").

Cor. 4. 1If a circle cut a conic in four points 1, Q, R, S,
the line PQ joining any two of the points and the line RS
joining the other two make equal angles with an axis of
the conic.

For, if PQ and RS mect in 7} the rectangles 7P . TQ
and TR. T8 arc cqual since the four points are on a circlo.
Therefore by Cor. 1, the parallel diameters of the conic are

equal; and hence they must be equally inclined to an axis
of the conie.

Ex. 1. If a, 8, v, 3 be the eccentric angles of the four points of inter-
section of a circle and an ellipse, then will a+fB-+y+3=2nm.

The cquations of the lincs joining a, 8 and v, § are

Zoon}(a+8)+Ysin 4 (a 1 ) =con} (@),
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and ":cosi(-y+8)+%nina}(7+3)=eos§(7—5).

These two chords arc equally inclined to the axis by Cor. 4 : therefore
tan } (a+p)=~tan} (y-+38), or § (a+8)=nw—}(y+3); therefore
a+4B+y+0=2nx.
Fx. 2. A focal chord of a conic varies as the square of the parallel
diameter. [Soe Art. 161.]

Ex. 3. If a triangle circumscribe a conic the three lines from the
angular points of the triangle to the points of contact of the opposite sides
will meet in a point.

Let the angular points be A, B, C and the points of contact of the
opposite gides of the triangle be A’, I¥', C'; also let ry, 1, 75 bo the semi-
diameters of the conic parallel to the sides of the triangle. Then

BA' : BC'=r;: ry; OB : Cd'=7r, : 15 and AC' : AB'=r; : 1,
Hence BA'.CB' . AC'=BC'. AB'. CA',
which shews that the three lines meet in a point.

Ex. 4. If a conic cut the three sides of a triangle ABC in the points
A’ and A", B’ and B", C' and C" respectively, then will

BA' . BA” .CB' .CB" . .AC" . AC"=BC" . BC" ,CA' . CA” . AI' . AR".

(Carnot’s Theorem.)

[BA". BA" : BC'.BC"=nr?:r? and so for the others; 7, r,, r, being
the semi-diamecters of the conic parallel 1o the sides of the triangle.]

Ex. 5. If a conic touch all the sides of a polygon ABCD...... the
points of contact of the sides AB, BC...... being P, Q, R, S...... ; then will
AP.BQ.CR.DS...... be equal to PB .QC .RD......

187. If S be written for shortness instead of the left-
hand side of the equation
az® + 2hay + by + 292 + 2fy + ¢ =0,
and §' be written instead of the left-hand side of the
_equation
@@+ 2k wy + Uy + 2¢'x + 2f'y + ¢’ =0,
then §—A8 =0 1is the cquation of a conic which
passes through the points common to the two conics
8=0,8=0.
For, the equation S—2AS8"=0 is of the second degree,
and therefore represents some conic. Also if any point be
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on both the given conics, its co-ordinates will satisfy both
the equations S=0 and §'=0, and thereforc also the
cquation S— A S'=0. :

By giving a suitable valuc to A, the conic S—A8'=0
can be made to satisfy any onc other condition.

If the conic §' =0 really be two straight lines whose
cquations are Iz + my +n =0 and {'z + 'y + n’ = 0, which
for shortness we will call u =0, and v=0,then S—Auv =0
will, for all valucs of A, be the equation of a conic passing
through the points where S = 0 is cut by the lines » = 0 and
v=0.

If now the line »=0 be supposed to move up to
and ultimately coincide with the line w=0, the equation
S—Au'=0 will, for all values of A, represent a conic
which cuts the conic S = 0 in two pairs of coincident points,
where §=0 is met by the line »w=0. That is to say
S—Auw’'=0 is a conic fouching §=0 at the two points
where §=0is cut by u=0. (w).

Ex. 1. .1 conics through the points of intersection of two rectangular
hyperbolas are rectangular hyperbolas.

If S=0, $'=0 be the equations of two rectangular hyperbolas, all
conies through their points of interscction are included in the equation
8 -A8'==0, Now the sum of the cocflicicnis of #? and y* in § -\ 8'=0
will be zero, since that sum is zero in S and also in §’, the axes being at
right angles. This proves the proposition. [Art. 175.]

The following are particular cases of the above.

(i) If two rectangular hyperbolas intersect in four points, the line
joining any two of the points is perpendicular to the linc joining
the other two. (For the pair of lines is a conic through the points
of intersection.) (i) If a rectangular hyperbola pass through the
angular points of a triangle it will also pass through the orthocentre.
(For, if 4, B, C be the angular points, and the perpendicular from 4 oh
BC cut the conic in D; then the pair of lines.1 D, BC is a rectangular hy-
perbola, since these lines are at right angles ; therefore the pair BD, AC
is also a rectangular hyperbola, that is to say the lines are at right
angles,)

Ex. 2. If two conics have their axes parallel a circle will pass
through their points of intersection.
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Take axes parallel to the axes of the conics, their equations will
then be ax?+ by? + 292+ 2fy + ¢ =0,
and a'zd+ Vy? +29'c+ 2y + ¢'=0.
The conic az? + by* + 29z + 2fy + ¢ -+ X (@22 + V'y? + 29’z + 21’y + ¢) = 0 will go
through their interscctions. But this will be a circle, if we choose \ so
that a +\a’ =) + V', and this is clearly always possible.

Ex. 3. If TP, TQ and T'I”, T'Q’ be tangents to an ellipse, @ conic
will pass through the six points T, P, Q, 1", P', (.

Tet the conic Le ar?+bhy?=1, and let T bo («, y') and I’ be
(«"y ¥"). The equations of PQ and P'Q' will be azx’-+byy’—1=0 and
axx’ +byy”" —1=0, Tho conic

A (az®+by? - 1) — (azx’ + byy’ —1) (wxx” + byy” - 1)=0
will always pass through the four points P, Q, P!, Q. It will also pass
through T if \ be such that
A (ax®+ by - 1) - (ax'®+ by? 1) (aa’z” +by'y" — 1) =0,
or if AN=ax'x’ +by'y" - 1.
The symmetry of this result shews that the conic will likewise pass
through 7.

Ex, 4. If two chords of a conic be drawn through two points on
a diameter equidistant from the centre, any conic through the extremities
of those chords will be cut by that diameter in points equidistant from the
centre.

Take the diameter and its conjugate for axes, then the equation of
the conic will be ax?-+by?-1. Lot the equations of the chords be
y-m(z—c)=0 and y—w' (x+¢)=0. Then the equation of any conic
through their cxtremities is given by

ai?+by?—1-N{y-m(x-c)} {y—w (x+c)}=0.

The axis of x cuis this in points given by «.c2 - 1 — Amm’ (2 - ¢?) =0,
and these two values of z are clearly equal and opposite whatever A, m
and »' may be.

As a particular case, if ’SQ and I"S'Q’ be two focal chords of a conie,
the lines PP’ and Q@' cut the axis in points equidistant from the centre.

188. To find the equation of the pair of tangents
drawn from any point to « conic.

Let the cquation of the conic be
ax® + 2hxy + by* + 29z + 2fy + ¢ =0......(>i).
If (#, y") be the point from which the tangents are
drawn, the equation of the chord of contact will be
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aza’ + h (xy + ya') +byy +g9 @+ «)+f(y+y)+c=0.
The equation
az’ + 2hay + by® + 292 + 2fy + ¢
=M {az’ +h (zy' +y&) +byy +9 (x+2) + [ (y +y(’)_;L of*
...... i
represents a conic touching the original conic at the two
points where it is mect by the chord of contact. The two
tangents are a conic which touches at these two points and
which also passes through the point (2, ¥) itsclf. The
equation (ii) will therefore be the cquation required if A
be so chosen that (2, i) is on (ii); that is, if
ar” + 2ha'y’ + by* + 294" + 21y + ¢
=\ {ax™ + 2hz'y’ + by + 294" + 2fy’ + ¢}
Therefore
1= {aa” + 2ha’y’ + by + 292" + 2fy + ¢} =N (2, ).
Substituting this value of A in (i) we have
(ax® + 2hazy + by* + 292 + 2fy + ¢) ¢ («, y)
= {uxd’ + b (vy’ +ya) + byy' + 9 (v + ) +f(y+y) + o],
which is the required equation. (w).

The above equation may be found in the following manner.

Let 7@, TQ' be the two tangents from (+, y'), let P (&, y) be any
point on 7'Q, and let I'N, PM be the perpendiculars from 7' and P on the
chord of contact Q@'
™ i—&:il’ R )

sor s PQ* ¢, y)
But [Art. 186, Cor. 3] Q¢ ¢ )’
and [Art. 31]

P2 farx--h(xy - yx) Fhyy +g (e 2) R fly 1Y) e
TN2T T Tl 2k byt 20 R 2y el ’
therefore from (i) we have
9 (2 1) ¢ (& o) = {awa’ + o (o +3) by +9 (& +2) +1 (g +) + el

189. To find the equation of the divector-circle of u

conic.

The equation of the tangents drawn from (2, %) to the
conic given by the general equation is
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(aa’ + 2hay + by* + 292 + 2fy +0) ¢ (', ¥)
={aza’ + h(ay +ya) +byy +9 (@ +2)+/ Y +y) + "
The two tangents will be at right angles to one
another if the sum of the coefficients of «* and 3" in the
above equation is zcro. This requires that :
(¢ + D) (aa” + 2hx’y’ + by + 294"+ 2fy' + ¢)
— (&' + by’ + g)" — (ha' +by' + )" =0.
The point (2, y') is thercfore on the circle whose
equation is

(ab— k%) (@ +y*) + 2&8%) —:q)?gzl)-2y(fa—hg)+c(a+b)
or Co* + Oy — 20 —2Fy + A + B=0...... (i),
where 4, B, C, F, (G, Il mecan the same as in Art. 178,

If B* — ub =0, the cquation reduces to
20 (by — 1)+ 2y (fuu—hg) + ¢ (a+ B —f* =g =0,
or 20w+ 2Fy—A —B=0.............. (it).
The conic in this case is a parabola, and (ii) is tho
equation of its directri.

Ex. 1. Trace the curve 11a*- 21xy § 4y* - 224 16y +-11==0, and show
that the equation of the director-circle is a3+ y3+2c-2y. 1.
Ex. 2. Shew that the equation of the dircetrix of tho parabola
«*+2xy+y* - 4+ 8y—6=0 is 3x-3y-+8=:0.

190. To shew that a central conic hus four and only
Jour foci, two of which are real and two tmaginary.
Let the cquation of the conic be

@+ byt —1= 0o G).

Let (2, 9") be a focus, and let zcosa+ ysina—p=0
be the equation of the corresponding directrix ; then if e
be the eccentricity of the conie, the equation will be

(z— )+ (y— )" — € (x cos @ + y sin a — p)* = 0...(ii).
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Since (i) and (ii) represent the same curve, and the
coefficient of &y is zero in (i), the cocfficient of xy must be
™
§ .

Hence a directrix is parallel to one or other of thc
axes,

Let a=0, then since the coefficients of « and y are
zero in (i), we have 3 =0 and o' =¢’p.

Also, by comparing the other coefficients in (i) and (ii),
we have

zero in (ii); hence « is 0 or

1—¢ 1 a"—ép*’
e= \/(1 - %) .................. (i),
O (iv),
L 11
and af e V).

From (v) we sec that therc are two foci on the axis of

2 whose distances from the centre are + '\/ ((];— }—)) .

From (iv) we sce that a directrix is the polar of the
corresponding focus.

T . .
If a= g » We can shew in a similar manner that there
are two foci on the axis of y whose distances from the

centre are i+ ,\/ (% - (1;) Of the two pairs of foci one is

clearly real and the other imaginary, whatever the values
of a and b (supposed real) may be.
The eccentricity of a conic referred to a focus on the

;,-l); the eccentricity

referred to a focus on the axis of y will similarly be

,\/ (l - g) . If the curve be an ellipse a and b have the

axis of z is from (iii) equal to / (1 -
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same sign, and one of these eccentricities is real and the
other imaginary. 1f however the curve be an hyperbola,
e and b have different signs and both cccentricities are
real.

In any conic, if ¢, and e, be the two eccentricities, we
have

1 1 « b
etei"a—stp=a= "
101. To find the eccentricity of « conic given by the

general equation of the second degree.

By changing the axes we can reduce the conic to the
form

ar’ + Byt +y=0..coccerrininninnn. @).
If e be one of the cceentricitios of the conie,
a=B(1 =€), (ii).

But [Art. 52], we know that
at+B=a+b...eni (i),
and aB=ab—=I" i (iv).
Eliminating a and 8 from the equations (ii), (iii) and

(iv), we have
(2__ 2)2_ (a + b)e
1—¢  ab—1*’
a—b)'+4h*

e'+ (—C-;()')—'T_ (G’-- 1) =0 ...-..........(V).
If the curve is an cllipse, ab— A" is positive, and one
value of ¢® is positive and the other ncgative. The real
value of e is the eccentricity of the ellipse with reference
to one of the real foci, and the imaginary value is the
eccentricity with reference to onc of the imaginary foci.

If the curve is an hyperbola both values of & are
positive, and therefore both cccentricities are real, as we
found in Art. 190; we must therefore distinguish between
the two eccentricities.

The signs of « and 8 in (i) are different when the curve
is an hyperbola; and, if the sign of « be different from

or
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that of ¢, the recal foci will lic on the axis of 2. Hence
to find the eccentricity with reference to a real focus;
obtain the values of @ and B from (iii) and (iv), then (ii)
will give the eccentricity required, if we take for a that
value whose sign is different from the sign of 4.
Ex. Find the eccentricity of the conic whose equation is
a% - 4oy - 2y + 102+ 4y =0.

The equation reforred to the centre is 22 ~ 4ry — 2y° - 1=0. This will
become ax?-|-By*—1=0, where a+8-:~1 and a3=- 6. Ilence a—2
B=-3. The cccentricity with referenco to a real focus is given by
2=-3(1-¢); therefore e=+/}.

192. 70 find the foci of a conic.
Let (2, y) be one of the foci of the conic
az® + 2hay + by® + 292+ 2fy + ¢ =0 ........ (i).
The corresponding dircctrix of the conic is the polar of
(2, y'); thercfore its cquation is
x(a +hy +g)+y (ha’ + by + ) + 92 + fy + ¢ =0.
The equation of the conic may therefore be written in
the form
(=2 + (y—y )~ Nz (e’ + 2y +9) +y (b’ + by - f)
+gx' +fy +c}=0...... ().
Since (i) and (ii) represent the same curve, the coefti-
cients in (ii) must be equal to the corresponding coefticients
in (i) multiplied by some constant. We have thercfore

1=\ (ar'+ 02y +9g)° = ka,
—N(ar' + hy +g) (ha' + by +f) =kh,
1A'+ by +f) = kb,

=& =N(a& +hy +9) (9 +fy +¢) =hy,
Y =Aha + by +f) (95 +fy' +¢) =kf;
and 2%+ Y — N (92 +fy +c) =ke.
From the first three of the above cquations we have
(@ + by +9) = (b + by +17)

a-b
_(ax +hy +g) (b2’ + by + f) (i)
= 7 ..(iii).
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Multiply the fourth and fifth cquations by #/, 3/ respec-
tively and add them to the sixth; then, comparing with
the second, after rejecting the-factor gz’ + £y’ + ¢, we get
o (a2 +hy +9) +y (0o +by +f) + 92 + 1y + o

_ (aa + by +g) (ha' + by +f)
h ’

o o (@, y) = @Y + mh,(’!f'_t 5 A1) v,

The four foci are therefore from (iii) and (iv) the four
points of intersection of the two conics

(ax +hy +9)"— (hx +by + f)* _ (az+hy +g) (he +by +)
a—> I

= ¢ (z, y).

193. The equation of a conic referred to a focus as
origin is 2* + y* = ¢’ (¢ cosa + y sina — p)*.

Either of the lines # + /= 1y =0 meets the conic in
cotncident points.

Hence the tangents from the focus to the conic are the
imaginary lines @ + y /— 1 =0, or as onc cquation

' 2+ =0.

Since the equation of the tangents from a focus is in-
dependent of the position of the directrix, it follows that
if conics have one focus common they have two imaginary
tangents common, and that confocal conics have four
common tangents.

Now if the origin and axes of co-ordinates be changed
in any manuer, the equation of the tangents from a focus
will be changed from

2 +y*'=0 to a* +y*+ 292+ 2fy +c=0.

Hence the equation of the tangents to a conic from o
Jocus satisfies the conditions for a circle.

We may therefore find the foci of a conic in the
following manner.
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'The cquation of the tangents from (2, ¥') to the conic
¢z y)=0is
(az® + 2hzy + by* + 2g.¢ + 2fy +¢) ¢ (¢, ¥')
={aa'z+h(@y+yz)+byy+g (@+2) +/(y +y)+
If («, %) be a focus of the conic, this equation satisfics
the conditions for a circle, viz. that the coefficients of z*
and y” are equal, and that the cocfficient of xy is zero.
Hence we have
ag (&, ) — (s’ + g/ +g) = b (&, 3) — (! +y/ + Y,
and b (&, y) = (aa’ + by +g) (i + by +1).
The foci are therefore the points given by
(az + by +9)° — (e + by +7 )"
a—b
_(az + Ly +,q)h(/u, +by4-7) - &, y).
The cquations giving the foci may be written
() () 0o
du dy) _dv dy
a—b T 4.

194. 1o find the equation of the axes of « conic.

The axes of a conic biscet the angles between the
asymptotes, and the asymptotes arc parallel to the lines
given by the cquation az®+ 2hyz + by’ =0 [Art. 174]. Hence
[Art. 39] the axes are the straight lines through the ceutre
of the conic parallel to the lines given by the equation

o —y'_ @y
w—b " A

We may also find the equation of the axes as follows,

If a point. P be on an axis of the conie, the line joining
P to the centre of the conic is perpendicular to the polar

of P.

Let @, 3" be the co-ordinates of P, then the equation
of the polar of P is

@(aa'+hy'+9) +y (ha'+ by +.£) + g2’ + [y + ¢ = 0..(0).
5. C. 8. 14
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The cquation of any line through the centre of the
conic is az+hy+g+n(ha+by+f)=0....... (). -
Since (ii) is perpendicular to (i), we have e
(a+2h) (ax’+hy +g) + (h+Nb) (b’ +by +£) =0...(iii).
Since (ii) passes through (2, ¥'), we have
az’ +hy' + g+ (b’ +by +f) =0.......(iv).
Eliminate A from (iii) and (iv), and we see that (z, %)
must be on the conic
(az+hy + g'— (ha+ by +f)* _ (ux+hy+g) (lnw+bJ+f)
a—b 3 h
which is the equation required.
The equation of the axes may also be deduced from
Aunticle 192 or 193; for one of the conics on which we have

found that the foci lie passcs through the centre,«and
therefore must be the axes.

Ex. 1. Shew that all conics through the four foci of a conic are
rectangular hyperbolas.
Ex. 2. Prove that tho foci of the conic whose equation is
az®+ 2hzy + by*=1,
lie on the curves
2=y == 1
a-b " h  k-ab’
Ex, 3. Shew that the real foci of the conic
a?— 6y 4% - 26— 2y+5--0 are (1, 1) and ( - 2, — 2).
Ex. 4. Tho co-ordinates of the real foci of 2x®—8xy—4y®-4y+1=0

5
nre (0 ) and ( —-6) .
Ex. 5. The focus of the parabola 7+ 2zy+y?— 4248y ~6=0 is the
point (-3, - 3).
Ex. 6. Shew that the product of the perpendiculars from the two

imaginary foci of an ellipse on any tangent to the curve is equal to the
square of the semi-major axis.

Ex. 7. Shew that the foot of the perpendicular from an imaginary
foous of an cllipse on the tangent at any point lies on the circle
described on the minor axis as diameter.



TANGENT AND NORMAL AS AXES. 211

Ex. 8, If a circle have double contact with an ellipse, shew that the
tangent to the circle from any point on the ellipse varies as the distance
of that point from the chord of contact.

195. o JSind the equation of « conic when the axes
of co-ordinateg are the tangent and normal at any point.

The most general form of the cquation of a conic is
az’ + 2hxy + by* + 292 + 2fy + ¢ =0.
Since the origin is on the curve, the co-ordinates (0, 0)
will satisfy the equation, and therefore ¢ = 0.

The line y =0 meets the curve where ax®+ 29z = 0.
If y =0 is the tangent at the origin, both the valucs of a
given by the cquation .’ + 2g« =0 must be zero; there-
fore g=0.

Heunce the most general form of the equation of a conic,
when referred to a tangent and the corresponding normal
as axes of # and y respectively, is

ax’ + 2hxy + by* + 2fy = 0.

Ex. 1. All chords of a conic which subtend a right angle at a. fixed
point O on the conic, cut the normal at O in a fired point.

Take thc tangent and normal at O for axcs; then {ho cquation
of the conie will be

ax?+ 2hey + by + 21y - 0.

Let the equation of PQ, one of the chords, be le+my -1=0. The

equation of the lines OP, 0Q will be [Art. 38]
ax? 4 2hxy - b2+ 21y (lr+my) =0....onvveean, ().

But OI', 0Q are at right angles to one another, thercforc the sum of
the coeflicients of »? and »2 in (i) is zcro. Tence we have a4-b+2fm=0;
which shews that m is constant, and m is the reciprocal of the intercept on
the normal.

Ex. 2. If any two clhords OP, 0Q of a conic make equal angles with
the tangent at O, the line P'Q will cut that tanyent in a fixed point.

196. The cquation of the normal at any point (<, %)
of the conic whose equation is az”+ by*=11is
a=d_y=y

ax by’

14—2
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This will pass through the point (k, k) if
h—a k& -fl’l/_l_

/

ar b!ll 3
Le. if &£y (@ —b) + bhy' — aka’ = 0.

Therefore the feet of the normals which pass through a

particular point (h, k) arc on the conic
zy (@a—0) +bhy — ke =0............ @).

The four real or imaginary points of intersection of the
conic (i) and the original conic are the points the normals
at which pass through the point (b, k).

The conic (i) is clearly a rectangular hyperbola whose
asymptotes are parallel to the axes of co-ordinates, that is
to the axes of the original conic. Tt also passes through
the centre of that conic, and through the point (, k) itself.

197. If the normals at the cextremitics of the two
chords le+ my —1=0 and l'w+m'y—1=0 mcet in the
point (, k), then, for some value of A, the conic

wr® +by' —1 AN (le +my —1) (lw+m'y — 1) =0...3),
which, for all values of A, passes through the four extremities
of the two chords, will [Art. 19G] be the same as
ay (@ —b)+bhy —aka: =0............ (ii).

The cocflicients of «® and g and the constant term are
all zero in this last equation, and therefore they must be
zero in the preceding.

We have therefore

a—A'=0,b—Amm’ =0, and T4+ A=0.

Henece, if the normals al the ends of the chords
lz+my—1=0and l'e+m7—1 =0 meet in a point, we
have

W maw
0= = (iii).

198. By the preceding Article we sce that normals to
the cllipsec whose axes are 2a, 2 at the extremities of the
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chords whose equations are
le+my—1=0,and I'z + w0’y — 1=,
will mcetdn a point, if
@’ =0mm' =—1............... @).

If the eccentric angles of these four points be a, 8 and
v, 8, the cquations of the chords will be

z a+pB a+B _a—f
(;COS ’—2‘"‘-+Z‘4lll '—2 = C0S 2
w y+é y. q+8&_ gy—38
and &u)s 9 +b~%m 9 cos g

We have therefore, by comparing with (i),

Loﬁg;—ﬁ 7-;—8_'_(‘(”«2/3““7-2-8__0‘
and sin > i‘:—éqm v+2 — + cos ;B cos Y 2 -—-0.
By subtraction, we have
cos a+Bj7+8 Q,
whence a+B+g+8=Cad1)m. . ....... (ii).
Also the first equation gives
c‘ma+/3+fy-.'-8_|_ g @ TB—7—38 +msa-|_—vy_—-[;_l—_8
2 2 2
-+ cosa+8:ﬂ_7=(),

and, using the condition (ii), this becomes
sin (& + B) + sin (B + &) + sin (y + a) = 0...(iii).

Ex. 1. If ABC be « maximum triangle inscribed in an ellipse, the
normals at A, B, C will meet in a point,

The eccentric angles will be a, a+g5- , and a+ [Art 138]. The
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condition that the normals meet in a point is [Art. 198 (iii)]

s8in 2a -+ 8in (2¢.+2J ) +sm<2a+ ) 0,
which is clearly true.

Ex. 2. The normals to « central conic at the four pomta P,Q,R, S
meet in a point, and the circle through P, Q, R cuts the conic again in 8';
shew that SS' is a diameter of the conic.

S8’ will be & diameter of the conic if RS and RS’ are parallel to
conjugate diameters [Art, 134].

Now if PQ be lx-+my-—-1=0, RS will bcf;.z;+ sty+ 1=0 [Art. 197];
also RS’ will be parallel to 1z —my=0, since P, Q, R, §' are on a circle;
lence 8§ is a diameter, for [Art. 182] Lz - my=0, and fE.c+ ,%y-—() are
conjugate diameters of ax3+by*=1.

[The proposition may also be obtained from Art. 198 (ii), and
Art. 186, Ex. (1).]

Ex. 8. If the normals to an ellipse at 4, I3, C, D meet in a point, the
axis of a parabola through A, B, C, D is purallel to one or other of the
equi-conjugates.

If &, k be the point where the normals meet, .1, B, C, D are the four
points of intersection of the conics

a® _/ _ 1 hy ke
a1 1and 'J(:x b‘)+l'~' o 0.
All conices throu(..h the intersections are included in the equation

et y° 1 1 hy lz;
2t 1 ‘7‘% o (u’ b’) ¥ e -0.
If this be a pn.tabuls the terms of the secoud dq,'rco wwmust be a perfect

square, and therefore must be the square of =! . The equation of every

such parabola is therefore of the form (“ * '—) +dx+By+C=0, Their

b
axey are therefore [Art. 172] parallel fo one or other of the lines z + !’f =0.

Ex. 4. The perpendicular from any point P on its polar with respect to
a conic passes through a fixed point O; prove (a) that the locus of Pis a
rectungular hyperbola, (8) that the circle circumscribing the triangle which
the polar of P cuts off from the axes ulways passes through a fized point O,
() that a parabola whose focus is O' will touch the axes and all such
polars, (8) that the directriz of this parabole is CO, where C is the centre
of the conic, and (c) that O and O are interchangeable.
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2
Lot the equation of the conic be f: + %=1, and let (k, ) be the co-or-

]
dinates of the fixed point 0.
If the co-ordinates of any point P be («/, y’'), the equation of the line
through P perpendicular to its polar with respect to the conic will be

=

a? v
ate Wy o,
or 2 y'__a -2
If this line pasa through the point (4, k), we have
ah _Vk_ . B2 i
2y =a*=0 . (i)-

From (i) we sce that (<, ') is on a rectangular hyperbola ...... (@).
The equation of the cirele eircumseribing the triangle cut oft from the
axes by the polar of («/, ') will be

, aie Dy
Wyt =y =0
The circle will pass through the point (A, —2AL) if

2 17,
)\(IF+I.'=)=a~Jf - 'fyf‘ .

Hence, if («, y') satisfiey the relation (i), we have

a® - )*
A= AR
Hence the cireles all pass through the point (' whose co-ordinates are
a0 b o?
1;3 '|-' ,‘_! by M2kt Eoieiiiiiiiiiiiiiiiiiienns (ﬁ).

The point 0’ is on the eircle circumscribing the trianglo formed by the
axes and any one of the polars; hence the parabola whose focus is O’ and
which touches the axes will touch every one of the polars............ (v)

The parabola touches the axes of the original conie, therefore the centre
C is a point on the directrix of the parahola. Also the lines CO and
CO’ make equal angles with the axis of x, which is a tangent to the
parabola; thercfore ¢ being the focus, C0 is the directrix.......... (6).

Sinee CO'.C0O=a?- 1%, and (O, CU make equul angles with the
axis of x, and are on the same side of the axis of y, the points 0 and ('
are interchangeable ........ ........ F PP PP (¢).

199. Defimstion. Two curves are said to be simalar
and similarly situated when radii vectores drawn to the
first from a certain point O are in a constant ratio to
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pa.ra.lleg radii vectores drawn to the sccond from another
int O".
pe Two curves arc stmilur when radii drawn from two
fixed points O and O’ making a constant angle with one
. another are proportional.

The two fixed points O and 0’ may be called centres of
somalarity.

«200.  If one puir of centres of similarity exist for two
curves, then there will be an infinite number of such pairs.
Let O, () be the given centres of similarity, and let
OP, (' F be any pair of parallel radii. Take C any point
whatever, and draw (O'C’ parallel to OC and in the ratio
OF : OP. Then, from the similar triangles COP, and
L we sce that OF is parallel to ¢'P and in a
constant ratio to it ; which proves that €, € ar¢ centres of
similarity.

201.  If two central conics be similar the centres of the
two curves will be centres of simalarity.

Let O and (F be two centres of similarity. Draw
any chord I’0Q of the one, and the corresponding chord
PO () of the other. Then by supposition PO. 0Q: P U'. O ¢f
is constant for cvery pair of corresponding chords. But
since O is a fixed point P0O. 0Q is always in a constant
ratio to the squarce of the diameter of the first conic which
iy parallel to it. The same applies to the other conic.
Therefore corresponding diamcters of the two conics are
in a constant ratio to one another; this shews that the
centres of the curves are centres of similarity.

202. To find the conditions that two conics may be
stmalar and ssmilarly situated.
By the preceding Article, their respective centres
arc centres of similarity.
Let the equations of the conics referred to those
centres and parallel axes be
ax’ + 2hxy + by’ + ¢

=0,
and W'a® + 20y + 'y + ¢ =0;
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or, in polar co-ordinates,
7% (@ cos® @ + 2k sin @ cos 6 + b sin® ) + ¢ =0,
and 7" {u’ cos® @+ 24" sin @ cos @ + b’ sin® 6} + ¢’ = 0.
If therefore 72 : »” be constant, we must have
a cos™@ + 2l sin @ cos 8 + b sin’6
o’ cos*d + 21 sin @ cos @+ b sin* @
the same for all values of 6.

kD
TN
of the two conics are parallel. [This result may be obtained
in the following manner : since » : 7 is constant, when one
of the two becomes infinite, the other will also be iufinite,
which shews that the asymptotes are parallel.]

Conversely, it these conditions be satisfied, and if each
fraction be equal to A, then
™ ¢

This requires that ::,— Hence the asymptotes

g : M' ’

thevefore the ratio of corresponding radii is constant, and
therefore the curves are similar,

If ¢ and A¢’ have not the same sign the constant ratio
is tmaginary, and s zero or infinite if ¢ or ¢ be zero.

The conditions of similarity are satisticd by the three
curves whose equations are

zy=c,ay=0,and ay= -c

Therefore an hyperbola, the conjugate hyperbola, and
their asymptotes are three similar and similarly situated

curves; the constant ratio being o/ — 1 for the conjugate
hyperbola, and zero for the straight lines.

These curves have not however the same shape. For
similar curves to have the same shape the constant ratio
must be rewl and finite.

208. To find the condition that two conics may be
sinular although not simalarly situated.

We have seen that the centres of the two curves must
be centres of similarity.
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Let the equations of the curves referred to their
respective centres be :

e’ +2hxy + by ¢ =0 .oueennens (),
awt + 2wy + ¥y +c'=0 ............ (ii),

and let the chord which makes an angle @ with the axis of
 in the first be proportional, for all values of 6, to that which
makes an angle (6 + «) in the second. If the axes of the
second conic be turned through the angle @, we shall then
have radii of the two conics which make the same angle
with the respective axes in a constant ratio.

Let the equation of the second conic become
Awt 4+ 2H'xy + By + ¢ = 0.
Then, by the preceding Article, we must have
A_H_ B
a kD’
A+ JA'B =17
a+d — W(ab -1
But [Art.52] A'+ B'=«'+ b, and A'B — =o'l — I*;
therefore the condition of similarity is
Wbl =i
(@D (¢ + 0"
The above shews that the angles between the asymp-
totes of similar conics are equal. [See Art. 174.]

This result may also be obtained in the following
manner : since radil vectores of the two curves which are
inclined to one another at a certain constant angle arc in a
constant ratio, it follows that the angle between the two
directions which give infinite values for the one curve
must be equal to the corresponding angle for the other,
that is to say the angle between the asymptotes of the one
cogic is equal to the angle between the asymptotes. of the
other.

therefore
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ExampLes oN Cuaprer X.

1. If ¢ and £ be any two points, and € the centre of a
conic; show that the perpendiculars from ) and C on the polar
of P with respect to the conic, are to one another in the same

ratio as the perpendiculars from P and €' on the polar of Q.

2. Two tangents drawn to a conic from any point are in
the same ratio as the corresponding normals.

3. Tind the loci of the fixed points of the examples in
Article 195, for different positions of O on the conic.

4. P0Q is one of a system of parallel chords of an ellipse,
and O is the point on it such that £0* + 0" is constant; shew
that, for different positions of the chord, the locus of O is a
concentric conic.

5. 1f O be any fixed point and OP/” any chord cutting a
conic in P, 7, and on this line a point D be taken such that
1 1
ont or T opr
is O,

6. If OPP Q' is one of a system of parallel straight lines
cutting one given conic in /, 7' and another in @, ¢, and O is
such that the ratio of the rectangles 02, 0" and 0@ . 0Q' is
constant ; shew that the locus of Ois a conic through the inter-
sections of the original conics.

7. POF, QOQ are any two chords of a conic at right
angles to one another through a fixed point O; shew that

1 1,
roor Q0. 0¢ iy constant.

8, If a point be taken on the axismajor of an ellipse,

gy
whose abscissa is equal to « , / :,;‘_ 2,, prove that the sum of

the squares of the reciprocals of the segments of any chord
passing through that point is constant. .

the locus of D will be a conic whose centre
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9. If PP be any one of a system of parallel chords of
a rectangular hyperbola, and 4, 4’ be the extremities of the
perpendiculur diameter;” P4 and 1”4’ will meet on a fixed
circle. Shew also that the words rectangular hyperbola, and
circle, can be interchanged.

10. If PSP be any focal chord of a parabola and LA, PM’
be perpendiculars on a fixed straight line, then will

Py N !_”,_ll '
TSP
bhe constant.

11.  Chords of a circle are drawn through a fixed point and
circles are described on them as dinmeters; prove that the
polar of the point with regard to any one of these circles
touches a fixed parabola.

12, From a fixed point on a conie chords ave drawn making
equal intercepts, measured from the centre, on o fixed dianeter ;
find the locus of the point of intersection of the tangents
at their other extremities.

13. If («, o) and (2", ¥") be the co-ordinates of the
extremities of any focal chord of an cllipse, and & 7 be the
co-ordinates of the middle point of the chord; shew that ' %
will vary as @ What does this hecome for a paurabola ?

14. S, Il are two fixed points on the axis of an ellipse
equidistant from the centee C'; PNQ, LI1() are chords through
them, and the ordinate M@ is produced to £ so that MR may
be equal to the abscissa of ' ; shew that the locus of R is
a rectangular hyperbola.

15. S, I are two fixed points on the axis of an ellipse
equidistant from the centre, and PSQ, PI[()’ arc two chords of
the cllipse; shew that the tangent at 2 and the line Q@' make
angles with the axis whose tangents are in a constant ratio.

16, Two parallel chords of an ellipse, drawn through the
foci, intersect the curve in points I’ 7” on the sume side of the

major axis, and the line through 2, /” intersects the semni-axes

N . . A¢t Bo* . . .
CA,CBin U,V respectively: prove that et yoi B invariable.
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17. From an external point two tangents are drawn to an
ellipse ; shew that if the four points where the tangents cut
the axes lie on a circle, the point from which the tangents are
drawn will lie on a fixed rectangular hyperbola.

18. Prove that the locus of the intersection of tangents to
an cllipse which make equal angles with the major and minor
axes respectively, but which are not at right angles, is a rect-
angular hyperbola whose vertices are the foci of the ellipse.

19. If a pair of tangents to a conic meet a fixed diameter
in two points such that the sum of their distances from the
centre iy constant; shew that the Jocus of the point of intersec-
tion is a conic. Shew also that the locus of the point of inter-
scction is a conic if the prodict, or if the sum of the reciprocals
be constant.

20. Through O, the middle point of a chovd AB of an
ellipse, is drawn any chord 7’0Q. The tangents al > and @
meet A B in S and 7' respectively.  Prove that A8 = BT

21.  Pairs of tangents ave drawn o the conic ax®+ By°- -1
50 a8 to be always parallel to conjugate diameters of the conic
az® + 2haxy + by’ - 1; shew that the locus of their intersection is

b

h
22, PT, PT" ave Awo tangents Lo an cllipse which meet the

tangent at a fixed point @ in 7', 7"; find the locus of 2 (i)

when the sum of the squares of Q7" and (V2" is constaut, and (i)
when the rectangle Q7'. Q7" is constant,

«
ax® + by’ + dhwy - - +
[

23. O is a fixed point on the tangent at the vertex A of a
conic, and /£, [”, are pointg on that tangent equally distant
from 0; shew that the locus of tho point of intersection of the
othor tangents from £’ and 1”7 is a straight line.

24, If from .any point of the circle circumseribing a given
squarc tangents be drawn to the circle inscribed in the same
square, these tangents will meet the diagonals of the squaro
in four points lying on a rectangular hyperbola.
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256. Find the locus of the point of intersection of two
tangents to a conic which intercept a constant length on a fixed
straight line.

26. Two tangents to a conic meet a fixed straight line WV
in P, Q: if P, @ be such that PQ subtends a right angle
at a fixed point O, prove that the locus of the point of inter-
section of the tangents will be another conic.

27. The extremities of the diameter of a circle are joined
to any point, and from that point two tangents are drawn to the
circle; shew that the intercept on the perpendicular diameter
between one line and one tangent is equal to that between the
other line and the other tangent.

28. Triangles are described about an ellipse on a given base
which touches the cllipse at 7; if the base angles be equidistant
from the centre, prove that the locus of their vertices is the
normal at the other end of the diameter through 2,

29. A parabola slides between rectangular axes; find the
curve traced out by any point in its axis; and hence shew that
the focus and vertex will describe curves of which the cquations

aro Y = d® (2 + o), &yt (2 + 9" + 30®) = o,
4a being the latus rectum of the parabola.
30. If the axes of co-ordinates be inclined Lo one another

at an angle a, and an ellipse slide between them, shew that the
cquation of the locus of the centre is

sin’a (2" + 3° — p°)" — 4 cos’a (o sin’a — ') = 0,

where p® and ¢° denote respectively the sum of the squares and
the product of the semi-axes of the ellipse,

31. If 0r, OQ are two tangents to an ellipse, and
CP, ('@ the parallel semi-diamcters, shew that
OP.0Q+CP.CQ .-08. 01,
S, I being the foci.
32. Through two fixed points P, @ straight lines 4.8, CQD

are drawn at right angles to one another, to meet one given
straight line in A4, ¢ and another given straight line perpen-
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dicular to the former in B, ); find the locus of the point of
interscction of A, BC; and shew that, if the line joining
P and Q subtend a right angle at the point of intersection of
the given lines, the locus will be a rectangular hyperbola.

33. Prove that the locus of the foot of the perpendicular
from a point on its polar with vespect to an cllipse is a rect-
angular hyperbola, if the point lies on a fixed diameter of the
ellipse.

34. The polars of a point I” with respect to two concentric
and co-axial conics intersect in o point @; shew that if P
moves on a fixed straight line, ¢ will describe a rectangular
hyperbola.

35. Shew that if the polars of a point with respect to two
given conics are either parallel or at right angles the locus of
the point is a conic.

36. The line joining two points 4 and B meets the two
lines 0Q, O in Qand />. A conic is deseribed so that O and
0@ arc the polars of A and /3 with respect to it.  Shew that
the locus of its centre is the line OR where R divides 4B so
that .
AR : RB :: QR : RP,

37.  Find the locus of the foei of all conics which have «
common director-circle and one common point.

38. Shew that the locus of the foci of conics which have a
given centre and touch two given straight lines is an hyperbola,

39. In the conic az’+ 2hay + by’ = 2y, the rectangle under
the focal distances of the origin is

L
ab—i*’
40. The focus of a conic iy given, and the {angent at
a given point; shew that the locus of the extrcmities of

the conjugate diameter is a parabola of which the given focus
is focus.

41. A series of conics have their foci on two adjacent sides
of a given parallelogram and touch the other two sides; shew
that their centres lie on a straight line.
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42. If TP, T'Q be tangents drawn from any point 7' to
touch a conic in P and @, and if .§ and H be the foci, then

st HT*
SP.8Q  HP.HQ
43.  An cllipse is deseribed concentric with and touching a

given ellipse and passing through its foci; shew that the locus
of the foci of the variable cllipse is a lemniscate.

44. Having given five points on a circle of radius «; shew
that the centres of the five rectangular hyperbolas, each of which
passes through four of the pomts, will all lic on a circle of

radius g

45.  Tf a rectangular hyperbola huve its asymptotes parallel
to the axes of a conic, the centre of mean position of the four
points of intersection is midway between the centres of the
curves.

46. Three straight lines arc drawn parallel respectively to
the three sides of a triangle; shew that the six points in
which they cut the sides lie on a conie.

47.  If the normal at P to an cllipse meet the axes in the
1 1

)0 1){' 1)(" ;

then will any chord through O subtend a right angle at 2.

48. Through a fixed point O of an cllipse two chords
0P, OF arc drawn; shew that, if the tangent at the other
extremity O’ of the diameter through O cut these lines pro-
duced in two points @, @' such that the rectangle 0'Q . 0'Q)’ is
constant, the line 7" will cut 00’ in a fixed point.

49. A chord /. is drawn parallel to the tangent at any
point 2 of a conic, and the line /R which bisects the angle
LPM meets LA in 2 prove that the locus of Kis a hyperbola
having its asymptotes parallel to the axes of the original conic.

50. A given centric conic xttouched at the cnds of a
chord; drawn through a given point in its transverse axis, by
another conic which passes through the centre of the former:
prove that the locus of the centre of the latter conic is also a
centric conic,

points G, ¢, and O be a point on it such that
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51. @QQ'is a chord of an ellipse parallel to one of the equi-
conjugato diameters, C being the centre of the ellipse; shew
that the locus of the centre of the circle QC'Q’ for different
positions of @@’ is an hyperbola.

b2, A circle is drawn touching the ellipse :; + 7?)/’"=1 ab
any point and passing through the centrc; shew that the locus
of the foot of the perpendicular from the centre of the ellipse
on the chord of intersection® of the ellipse and circle is the

. . . a'b*
ellipso a’z® + b°y* = @5y

53. Find the value of ¢ in order that the hyperbola
P
2xy — ¢ =0 may touch the ellipse ?;“ + g» 1--0, and shew that

the point of contact will he at an extremity of one of the
cqui-conjugate diameters of the ellipse.

Shew also that the polars of any point with respect to the
two curves will meet on that diameter.

54, Shew that, if (D, KF be parallel chords of two circles
which interscet in A and B, a conic scction can be drawn
through the six points A, B, €, D, K, F'; and give a construc-
tion for the position of the major axis.

55.  If the intersection /” of the tangents to a conic al two
of the poiuts of its intersection with a circle lic on the civele,
then the intersection /” of the tangents ab the other two points
will lie on the same circle.  In this case find the relations con-
necting the positions of /> and 1” for a central conie, and deduce
the relative positions of /2 and /7 when the conie is a parabola.

56. If 7, 1" be any two poinls cquidistant and on
opposite sides of the directrix of a parabola, and 7', 7'Q
be the tangents to the parabola from 77 and 77¢¢; 7"/ the
tangents from 7"; then will 7' 2, @, 77, 1”, ¢ ll lic on a rect-
angular hyperbola.

57. 1f a straight line cub two circles in A, A" and B, &
and if C, ¢’ be the common points of the circles, and if O be
any point; shew that the three circles OAA’, OB and 0CC’
will have a common radical axis.

8. C. S. 15
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58 With a fixed point O for centre circles are deseribed
cutting a conic; shew that the locus of the middle points of the
common chords of a circle and of the conic is a rectangular
hyperbola.

59.  With a fixed point O for centre any circle is described
cutting a conic in four points real or imaginary; shew that
the locus of the centres of all conics through these four points
is a rectangular hyperbola, which is independent of the radins
of the circle.

60. The normals at the ends of a foeal chord of a conic
intersect in O and the tangents in 7'; shew that 7'0 produced
will pass through the other focus.

61. If from any point four normals be drawn to an cllipse
mecting an axis in ¢, ¢, (,, ¢, then will
1 1 1 1 4

o Y OE T e, T ee, ca UG v ed v,

62, If the normals to an ellipse at A, B, C, 1) meet in 0,
find tho equation of the conic ABCDO, and shew that the
locus of the centre of this conic for a fixed point O is a straight
line if the ellipse he one of a sel of co-axial cllipses.

63. The four normals to an ellipse at 7, @, £, S meet at O.
Straight lines are drawn from 2, @, &, S bllc]l that they make
the same angles with the axis of the ellipse as CP, CQ, CR, CS
respectivoly : prove that these four lines meet in a point.

64. The normals at /°, @, &, S meet in a point O and lines
are drawn through P, @, £, S making with the axis of the
cllipse the same an;,les as OP, 0Q, OR, 0S8 respectively: provo
that these four lines meet in a pomt

65. The normals at P, Q, R, § meet in a point; and
I, @, I, § are the points of the auxiliary circle correspond
ing to P, Q, R, N respectively. If lines be drawn through
I, Q, R, K parallel to P’C, Q'C, RB'C’ and 8'C' respectively, shew
that thev will meet in a pomt

66. 1f from a vertex of a conic perpondxculars be drawn
to the four normals which meel in any point O, these lines
will meet the conic again in four points on a circle.
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67. Tangents are drawn from any point on the conic
2 ot

K )
?15 + "b/,—, --4 to the conie :’, + 'Z, =1; prove that the normals at
o

. .. @ - b7\’
the points of contact meet on the conic @'+ b%° - (— ) .

68, If ABC be a triangle inscribed in an ellipse such that
the tangents at the angular points are parallel to the opposite
sides, shew that the normals at A, B, C will meet in some
point 0. Shew also that for different positions of the triangle
the locus of O will be the ellipse 4a”s® + 46%° = (® — b*)%,

69. If the co-ordinates of the feet of the normals to 2y -«
from the point ({X,¥) be x, y5 2, ¥,; &, ¥,; ,, ¥,; then
Yoy vy +y+y,and X - 4w, +a 4w,

70.  The locus of the point of intersection of the normals
to a conie at the extremities of a chord which is parallel to a
given straight line, iy o conic.

71.  Any tangent to the hyperbola dxzy - ab meets the

2 3
cllipse ':‘, + Z 1 in points /%, ¢); shew that the normals to the
ellipse at. /” and @ mceet on o fixed diameter of the allipse.

72, If four normals be drawn from the point O to the
cllipse B%® + a’y® =a’W, and p,, p,, p,, p, be the perpendiculars
from the contre on the tangents to the ellipse drawn at the feet
of these normals, then if

1 1 1 1 1
N T o R S v
VI S P A
where ¢ is a coustant, the locus of 0 is a hyperhola.

73. Find the locus of a point when the sum of the

squares of the four normals from it to an ellipse is constant.

74. The tangents to an ellipse at the feet of the normals
which meet in ( /;y) formaquadrilateral such that if («/,5"), (=", %")
be any pair of opposite vertices ”’:(i; =Y bz -==—1, and that the
equation of the line joining the middle points of the diagonals
of the quadrilateral is fx + gy = 0.

75. Tangents are drawn to an ellipse at four points which
are such that the normals at those points co-intersect; and four

rectangles are constructed each having two adjacent sides along

15—2
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the axes of the ellipse, and one of those tangents for a diagonal.
Prove that the distant extremities of the other diagonals lie
in one straight line,

76. From a point /” normals are drawn to an ellipse
mecting it in 4, B, C, D). Tf a conic can be described passing
through 4, B, (', 1) and a focus of the ellipse and touching the
corresponding directrix, shew that P lies on onc of two fixed
straight lines.

77. If the normals at A, B, €, D) mcet in a point O, then
will 84.8B.8C. D=k .NO*, where S is a focus.

78. From any point four normals are drawn to a rect-
angular hyperhola; prove that the sum of the squares on these
normals is equal to three times the squarc of the distance of
the point from the centre of the hyperbola.

! '.!
79. A chord is drawn to the dhpse 2 b 3 1 meeting the

major axis in a point whose d]btanu, from the centre is

/ w—-0 .- .
a b At the extremities of this chord normals are drawn
w ..

to the cllipse; prove that the locus of their point of intersection
is a circle.

80. The product of the four normals drawn to a conie from
any point is equal to the continued product of the two tangents
drawn from that point and of the distances of the point from
the asymptotes,

81. I'ind the equation of the conic to which the straight
lines (& + Ay) —p° =0, and (@ + py)* — ¢° - 0 are tangents ab the
ends of conjugate diameters,

82, From any point 7' on the cirdc 2+ y*- o, tungents
at
70, TQ are drawn to the elli psn'— b =1, and the circle 77PQ

cuts tho ellipse agnin in I”(.,)'. Shew that the line P'@'
always touches the ellipse
. o« 3 /B B &
bl - (“a __()-).
83, A focul chord of a conic cuts the tangents at the
ends of tho major axis in 4, B; shew that the circlo on 45 as
diamcter has double contact with the conic.
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84. ABCD is any rectangle circumscribing an cllipse whose
foci are S and If; shew that the circle ABS or ABH is equal
to the auxiliary circle.

85. Any circle is described having its ceutre on the
tangent at the vertex of a parabola, and the four common
tangents of the circle and the parabola are drawn; shew that
the sum of the tangents of the angles these lines make
with the axis of the parabola is zero.

86. Tangents to an ellipse are drawn from any point on
the auxiliary circle and intersect the directrix in four points:
prove that two of these lic on a straight line passing through
the centre, and find where the line through the other two
points cuts the major axis.

87. Tfw :0, v=0 be the equation of two central conies,
and %, v, the values of «, v at the centres (/, ¢ of these conics
respectively, shew that wv = e is the equation of the locus ot
the intersection of the lines €'/, (17, wheve P, I” are two points,
one on each curve, such that 727”7 is parallel to CC’.  Examine
the case where the conics are similar and similurly situated.

88. Two circles have double internal contact with an
cllipse and a third circle passes through the four points of
contact. If +, ¢, 7' he the tangents drawn from any point on
the ellipse to these three civeles, prove that ¢ - 7'

R).  Find the general equation of o conic which has
double contact with the two civeles (- @)’ +y* .¢*, (#—0)*+y*=d’,
and prove that the cquation of the locus of the extremity of
the latus rectum of a counie which has double contact with the
circles (¢ = a)’ + y° - ¢ is y° (2" — ) (& — 0 + ) = ',

90. Shew that the lines le+my -1 and laz+w'y -1
ave conjugate dimmeters of any conic through the interscctions
of the two coniey whose equations are

(B - Un)a + 2(L= V) mwy + (e — ) man'y* - = S (Ine! — I'mi) ar,
and
(@ — ) y* + 2 (e —m’) Way + §=0) War = 2 (md —ad'l)y.
91. If through a fixed point chords of an cHipse be drawn,
und on these as dinmeters cireles be described, prove that the

other chord of interscetion of these circles with the ellipse also
passes through a fixed point.



230 EXAMPLES ON CHAPTER X.

92. The angular points of a triangle are joined to two
fixed points; shew that the six points, in which the joining
lines meet the opposite sides of the triangle, lic on a conic.

93. If three sides of a quadrilateral inscribed in a conic

8 through three fixed points in the same straight line, shew
that the fourth side will also pass through s fixed point in that
straight line.

94. Two chords of a conic 2’Q, '@ intersect in a fixed
point, and PP’ passes through another fixed point. Shew that
Q@ also passes through a fixed point, aud that PQ’, P'Q touch
a conic having double contact with the given conie.

95. A line parallel to one of the equi-conjugate diameters
of an ecllipse cuts the tangents at the ends of the major axis
in the points I, @, and the other tangents from P, () to the
ellipse meet in O; shew that the locus of O is a rectangular
hyperbola.

96. L, M, N, R arc fixed points on a rectangular hyper-
bola and I’ any other point on it, A is perpendicular to 7/
and meets N2 in @, PC is perpendicular to LN and meets /A
in ¢, B is perpendicular to LR and meets J/V in b. Prove
that P4 . Pu=PB. Ph-- PC . Pe.

97. P is any point on a fixed diameter of a parabola.
The normals from P mect the curve in A, B, C.  The tangents
parallel to P4, PB, PC interscct in A', 7, ¢".  Shew that the
ratio of the arveas of the triungles A8C, A'B'C’ is constant.

98, A point P is taken on the diamecter AB of a circle
whose centre is (/. On AP, B’ as diameters circles are
deseribed : the locus of the centre of a circle which touches
these three circles is an ellipse having C for one of its foci.

99. The straight lines from the centre and foci S, S’ of a
conic to any point intersect the corresponding chord of contact
in V, G, G'; prove that the radical axis of the circles described
on 8G, S'G” as diameters passes through 7.

100. 1f the sides of a triangle 4BC mect two given
straight lines in @, o ; 0, b,; ¢, ¢, vespectively; aund if round
the qugdrilaterals bbec,, cl(-,ala , wahbb, conics be de-
scribed; the three other’ common’ chords of these conics will

each pass through an angular point of 453C, and will all meet
in a point.



CHAPTER XIL
SYSTEMS OF CONICS.

204. THE most general equation of a conic, viz.

a’ + 2hxy + by + 29 + 2fy + ¢ =0,

contains the six constants «, L, b, g, £, c. But, since we

may multiply or divide the cquation by any constant

quantity without changing the relation bhetween @ and y

which 1t indicates, there are really ouly five constants

which are fixed for any particular conic, viz. the five ratios

of the six constants a, 2, b, g, £, ¢ to onc another.

A conic therefore can be made to satisty five conditions
and no more. For example a conic can be made to pass
through five given points, or to pass throngh four given
points and to touch a given straight line. The five con-
ditions which the conic has to satisfy give rise to five
cquations between the constants, and five independent
equations are both nccessary and sufficient to determine
the five ratios. '

The given equations may however give more than one
sot of values of the ratios, and therefore more than one
conic may satisfy the given conditions; but the number
of such conics will be finite if the conditions are really
independent.

If there are only four (or less than four) conditious
given, an nfinite number of conics will satisfy them.

The five conditions which any conic ean satisfy must
be such that cach gives rise to one rclation among the
constants; as, for instance, the condition of passing through
a given point, or that of touching a given straight line.
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Some conditions give two or more relations between
the constants, and any such condition must be reckoned
as two or morc of the fivre. We procced to give some
examples.

In order that a given point may be the centre two
relations must be satisfied [Art. 168].

To have a focus given is equivalent to having two
tangents given [Art. 193],

To have given that a line touches a conic at a given
point is cquivalent to two conditions, for we have two
consceutive points on the curve given.

To have the direction of an asymptote given is equiva-
lent to having one point (at infinity) given,

To have the position of an asymptote given is equivalent
to two conditions, for two points (at infinity) arc given.

To have the axes given in position is equivalent to
three conditions.

To have the eccentricity given is in general equivalent

At 2
to one condition, but since we have e ..=(u' b) +24 d

I—-é ab—h
[Art. 191], if we are given that e= 0, we must have both
a=band h=0.

205.  Throngh five points, no four of which are in a
straight line, one conic and only one can be drawn.

If three of the points are in a straight line, the conic
through the five given points must be a pair of straight
lines; for no straight line can meet an ellipse, parabola, or
hyperbola in three points. And the only pair of straight
lines through the five points is the line on which the three
points lic and the line joining the other two points.

Tf however not more than two of the points are on any
straight line, take the line joining two of the points for
the axis of #, and the line joining two others for the
axis of y,

Let the co-ordinates of the four points referred to these
axes be b, 0; Iy, 0; 0, k,; and 0, k, respectively.
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k h
and zy =0 are conics which pass through the four points.

Hence [Art. 187] all the conics given by the equation
e+ (Z+Y 1) (P44 1)=
My + (h, i 1) (ha *1, 1)=0
will pass through the four points.

This conic will go through the fifth point, whose co-

ordinates arc «, 3/, if A be so chosen that
o+ (24 ) (E Y 1) =
Ay +(h' L 1) (h,+k, 1>_o.

There is one and only onc value of A which satisfies
this last cquation, and thercfore one and only one conic
will pass through the five points.

If four points lic on a straight line, more than one
conic will go through the five given points, for the straight
line on which the four points lic and any straight live
through the fifth is such a conic.

The pairs of straight lines (w +L 1) ('E +- 1)=0
"’l .l kﬁ

Fx. 1. Tind the equation of the conic passing through the five points
2, 1) (1, 0), (3, 1), (1, 0) and (3, - 2).
The pairs of lines (x—y—-1) (¢ 1 4y+1)—0, and y (2r | y—5)=0, pasy
through the first four points, and therefore also the conie
(e~y—-1)(e14y+1)- Ay (2e +y-5)=0.
The point (3, -2) is on the latter conie if X = - 8; therefore the required
equation is £ Yy Lyt =45y 1= 0.
Ex. 2. Tind the equation of tho conic which passes through the five#
points (0, 0), (2, 3), (0, 3), (2, 5) and (4, 5).
Ans. 5e* =10y - 4y* 200 - 12y =0,

206. 7To find the general equation of @ conic through
JSour fized points.

Take the line joining two of the points for axis of
@, and the line joining the other two for axis of y, and
let the lines whose equations arc az+by—1=0 and
a@x+ by —1=0 cut the axes in the four given points,

Then zy=0, and (ar+by—1) (@'x+Vy—1) =0 are
two conics through the four points, and thercfore all the
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conics of the system are included in the equation

Aey + (az + by — 1) (da+ by —1)=0...... (M),
or ud' 2 + (ba’ + ab’ + \) xy + bb'y*
~(+a)e—-O+V)y+1=0......... (it).

207. The equation (ii), Art. 206, will represent a
parabola, if the terms of the sccond degree are a perfect
square; that is, if

4aa’V = (b’ + ab’ +0)%

This equation has two roots, thercfore two parabolas
will pass through four given points. These parabolas
are rcal if the roots of the equation are real, which
is the case when ww'bl’ is positive. Tt is casy to shew
that when a«'bd’ is negative the quadrilateral is re-en-
trant; in that casc the pambolas are imaginary, as is gco-
mctrlca,lly obvious,

_ When the terms of the second degree in (ii), Art. 206,
form a perfect square, the square wust be (Vaa'z + J0b'y)™
Hence [Art.172), the axes of the two p‘mmlmlns are parallel
to the lines whose cqm.tlom are Jad'z + Jbb'y=0, or as
one cquation ad'x® — Dby = 0.

These two straight lines are parallel to conjugate di-
ameters of any conic through the four points [Art. 183].

Hence all conies throngh four given points have a pair
of conjugate diameters parallel to the axes of the two pa-
rabolas through those points.

208. 7o find the locus of the centres of the conics which
pass through four fixed points.

As in Art. 206, the equation of any conic of the
system is
Ay + (ax -+ by —1) (a'z + D'y —1) =0.
The co-ordinates of the centre of the conic are given
by the equations
Ny +a (@2 +Vy—1)+a (ax+by—1)=0,
and A+ b (dw+0y—1)+ b (ax+ by —1) =0.
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Multiply these by « and y respectively and subtract ;
then we have, for all values of A, .

(az ~by) (@z+by—1) + (¢’ — V'y) (ax+ by—1) =0,
or 2aa'a® — 200'y* — (w+ )+ D+ D) y=0.

The locus of the centre is thercfore a conic whose
asymptotes are parallel to the lines aa’z*—bby*=0, i.c.
parallel to the nxes of the two parabolas through the four
points. [The two parabolas are conics of the system, and
their centres are therefore the points at infinity on the
centre-locus.]

209. The centre-locus in Art. 208 goes through the
origin, that is through the point of intersection of the line
joining two of the points and of the line joining the other
two; and by symmetry it must go through the intersection
of the other pairs of lines through the four points. [This
could have been scen at once, for the pairs of lines are
conics of the system and their centres are their points of -
intersection, and therefore these points of intersection are
points on the centre-locus.]

The centre-locus cuts the axis of # where =0 and

where =1 (21': + 3,) . Therefore the locus passes through

the point midway between G, 0) and C;,, 0), that is

through the middle point of the line joining two of the
fixed points, and therefore similarly through the middle
point of the line joining any other two of the four points.
If then 4, B, €, D be any four points, the three points
of intersection of A1 and CD), of AC and BD, and of AD
and B, together with the six middle points of AB, BC,
CA, AD, BD and CD all lic on a conic, and this conic is
the locus of the centres of the conies which pass through

the four points 4, B, C, D.

210. If aa’ and b0 have the same sign, we sec from
Art. 208 that the centre-locus is an hyperbola, and that if
aa’ and b’ have different signs the centre-locus is an ellipse.
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If aa’=>bl', that is if the four points are on a circle, the
centre-locus is a rectangular hyperbola. If aa’ = — b,
and the axes are at right angles, all the conics of the
system are rectangular hyperbolas, and the centre-locus is
a circle. In this case the lines joining any two of the
points is perpendicular to the linc joining the other two,
so that D is the ortho-centre of the triangle A BC.

Hence a circle will pass through the feet of perpendi-
culars of a triangle ABC and through the mid(ﬁe points
of AB, BC,CA, D, BD, CD where D is the ortho-centre
of the triangle ABC, and this circle is the locus of the
centres of all the conies (which are all rectangular hyper-
bolas) through A, B3, C, /). This circle is called the nine-
puint circle.

211. The asymptotes of any conic through the four
points defined as in Art. 206, are parallel to the lines
, Ay + (e + by) (@' + Uy) = 0,
or ad' s + (A +ab’ + «b)zy + b’y =0.
And [Art. 183] these lines are parallel to conjugate dia-
meters of the centre-locus.  Hence the asymptotes of any
coni¢ through the four points are parallel to conjugate dia-
meters of the centre-locus; as a particular case, the asymp-
totes of the rectangular hyperbola which passes through
the four points are parallel to the axes of the centre-locus.

Ex. 1. The polar of a fixed point with respect to a system of conies
through four given points will pass through  fixed point.

Tuke the fixed point for origin, and let

S _ax®+2hxy + by + 290 +2fy +¢=0,
and N a2y + V'Y + 29 e+ 2f'y + ¢’ =0,
he two of the conics; then any conic of the system is given by § - \8’=0.
The polar of the origin is
gTEfy-t e-Ny'z+fly +¢)=0,
and this, for all values of \, passes through the intersection of
gr+Jy-e=0, and ye+ 'y +¢'=0.

Ex. 2., The locus of the poles of a given straight line with respect to
the conies which pass through four given points is a conie.

Taho the fixed straight line for the axis of x, aud let the equation
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of any conic of the system be as in Ex. 1. The polar of (¢, y') is
x (ax’ + Iy’ +g) +y (he' + by +f) + 92’ +fy' +¢
~Mz(@Z + 1y +g)+y (W + 0y +f)+ 9% +fy +¢'} =0,

If this is the same line as y=0, tho coefficient of « and the constant
term must be zero. Equate these to zero and eliminate A

Ex, 3. Shew that the locus of thc pole of a given straight line
with respect to any conic which passes through the angular points of
a given square is a rectangular hyperbola.

[Take for axes the lines through the centre of the square parallel
to the sides; then the conies are given by x2? — a? -\ (42— a2)=0.]

Ex. 4. The nine-point circles of the four triangles determined by
four given points meet in a point.

212. If a=0 and B=0 arc the cquations of onc pair
of straight lines throngh four given points, and 4 =0,
8=0 the cquations of another pair, any conic through
the four points has an cquation of the form

a3 = k.

Now, if @ =0 be the cquation of a straight linc and
the co-ordinates of any point be substituted in a, the
result is proportional to the perpendicular distance of the
point from the line. Hence the geometrical meaning of
the above equation is

DPiPzr & PaPis
where p,, p,, pys p, are the perpendiculars on the four lines
a=0, 8=0, y=0, §=0 respectively, the perpendiculars
being drawn from any point on the conic.

218. If P, Q, R, 8, be four points on « conic, and
QP, RS meet in A, QS, PR in B, and IS, QR in C; then
of the three points A, B, C each s the pole with respect to
the conic of the line joining the other two.

Take A for origin, and the two lines ASR, AP Q for
axcs of « and y respectively.

Let the equations of PS and QR be
ar +by —1=0.0coivnninnni. (i),
de+ly—1=0.covrennnnn. (@).
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Then the equations of PR and QS will be 4
da+by —T=0.......ceeeiiis (iii),
and ax +-0y—1=0............... (iv).
The equation of any conic through the intersection of
the conies ay=0 and (sx+by—1)(a'x+by—1)=0,
will be
Ary + (ar+ by — 1) (@x +Vy— 1) =0,
The polar of the origin of this conic is [Art. 179]
(ec+ad)ya+@D+0)y—2=0.
Writing this in the forms
ax +hy—1+dax+by—1=0,
and de+by—1+ax 4-0y—1=0,
we sce that the polar of the origin goes through the point
of intersection of the lines (i) and (ii), and also through the
point of intersection of the linds (ii1) and (iv). The polar
of A with respect to the conic is thercfore the line BC.
It can be shewn in o similar manner that C4 is the

polar of B, and Af3 the polar of C.

A triangle which is such that cach of its angular points
is the pole, with respect to a conic, of the opposite side, is
called a self-conjugate, or self-polar triangle.

214. If a comic touch the sides of a quadrilateral and
ADC be the triangle formed by the diagonals of the quadri-
lateral ; then will ABC be a self-polar triangle with respect
to the oonic.

Let P, Q, I}, S be the points of contact.

Then, in the figure, . is the pole of P@, and N is the
pole of SR; therefore LN is the polar of the point of
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intersection of P’Q and SRE. Similarly KA is the polar
of the point of intersection of SI” and £ Q.

Henee A, the point of in-
terscction of LN and KM, is
the pole of the line joining
the point of interseetion of £°¢),
SR and the point of intersec-
tion of SP, IRQ.

But [Art. 213] the point of
intersection of PR and S¢ is
the pole of this last line.

Hence 4 is the point of
intersection of I°R and S¢).

So also B3 is the point of
intersection of S and  RQ),
and € is the point of inter-
scetion of I’Q and SI2.

Henee from Art. 213 the
triangle ABC is sclf-polar. &

215.  To find the general equation of « conic whick
touches the awes of co-ordinates.

If the equation of the line joining the points of contact
be ar+by—1 =0, the equation of a conic having donble
contact with the conic 2y = 0, where it is met by the line
az+by —1=0, is [Art. 187]

(az+ by —1)" — 2azy = 0.

216. To find the general equation of a conic which

touches four fixed straight lines.

Take two of the lines for axes, and let the equations
of the other two be le+my—1=0, and l'z+ mw'y—1=0.
The cquation of any conic touching the axes is

(az + by — 1)*— 22zy = O.eeeeeenn (i),

The lines joining the origin to the points where
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le+ my=1 cuts (i) arc given by the equation
(ax + by — bz — my)® = 2Azy .......... (it):

The line will touch the comic if the lines (ii) are

coincident, the condition for which is
(a=0*@—my={a—0)(b—m)—\*;

whence A=2(e—1)(—m).

Henee the general cquation of a conic touching the
four straight lines

z=0, y=0,lz+my—1=0, and Iz +m'y—1=0,

is (ax+dy — 1) = 2nay 5
the parameters «, b, A being conunceted by the two
cquations

A=2@w—=0b—-m)=2(w-—=")0—w).
217. To find the locus of the centres of contcs which
touch four; given straight lines.
TIf two of the lines be taken for axes, and the equations
of the other two lines he
le+my—1=0, and Vw4 my—1=0,
the equation of the conie will be
(ax + by — 1) — 2ney == 0,
with the conditions . )
A=2(@—0)b—m)..................(d),
A=2@—=U) -m)ccoiiiiil. (ii).
The centre of the conie is given by the equations
w(ar+ by —1)-Ay=0, and b(uc +by —1) = =0;
“oux—=by, and o 2er—1)== Ay ....... (iii).
To obtain the required locus we must climinate «, b
and A from the equations (i), (it), and (iii).
From (i) and (iii), we have
aue—1)=2y(a—1) (b —m)=2(-1) (by—my);
therefore, since aw = by,
a (2lz + 2my — 1) =2lmy.
Similarly, from (ii) and (iii) we have
aUx+ 2w’y — 1) =20'm'y.
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i‘liminating a, we obta.in the equation of the locus of
centres, viz.
2z +2my—1 _ 21.1 + 2m'y — l
Im Im/
The required locus is therefore the straight line whose

equa,tion is
( ) +2 (l v lm l’;lp},' =0

This straight line can easily bv shewn to pass throngh
the middle points of the diagonals of the quadrilateral, as
it clearly should do, for any one of the diagonals is the
limiting form of a very thin ellipse which touches the four
lines, and the centre of this ellipse is ultimately the middle
point of the diagonal. Hence the middle points of the
three diagonals of a quadrilateral are points on the centre-
locus of the conies touching the sides of the quadrilateral,

218, <All conics touching the axes at the two points
where they are cut by the line az +by — 1 =0 arc given
by the equation

(az + by — 1)* =2y,

The conic will be a parabola if A be such that the
terms of the second degree form o perfect square: the
condition for this is
’ 0* = (ab — \)%;

** A=0, or A= 2ab.

The value A=0 gives a pair of coincident straight
lines, viz. (az + by —1)"= 0.

Hence, for the parabola, A =2ab, and the cquation
of the curve is

(az + by — 1) = 4abxy.
The above equat.lon can be rcduced to the form

Jaz+ /by =

219. To find the equation of the ta,ngent at uny point of
the parabola az + by =1.

We may rationalize the equation of the curve and then
8.C.8. 16
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make use of the formula obtained in Art.177. The result
may however be obtaiged ina simpler form as follows,
The equation of the;ﬁne joining two points (<, ¥') and
(«*, ') on the curve is
b Yy 0)

T3 T/ T g sesescecscsnsrseeren

’’ ’

=2y =y
with the conditions
Jaz' + Jby =1 = Jar" + Jby".........(10).
From (ii) we have
Na (ol — Na") = — b Wy —Ay”) .......(11).
Multiply the corresponding sides of the equations (i)
and (iii), and we have
SNty = N :
N+ N (@ —a)=- A\T’IJ—'-I- v}Tr Y-y
The cquation of the tangent at (+/, y’) is therefore
N oAb ,
Vo T gy W= =0

or, since JJao' + /by =1,

.1:«/f£,+g/\/b—,=l.
& Yy

To find the equation of the polar of any point with
respect to the conic, we must use the rationalized form of
pect o
“the equation of the parabola.

Ix, 1. 1o find the condition that the line lr -my —1=-0 may touch

the parabola ,,/ ae+8/by -1=0.
"Tho equation of the tangent at any point (2, y') is

[ h
kY /J‘—t—,»l—y \/le;
which iy the same as the given equation, if 1= ¢ yand m= 9—,;
' y
or if f‘-:,‘/(;.;i and —Q:Ji'?.
TN m

Hence the required condition is
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Ex, 2. To find the focus of the parabola whose equation is

Jar+i/high ‘
The circle which touches 7'Q at I' n.m! which passes through I’ will
also pass through the focus [see Art. 165 (4), two of the tangents bomg

coincident]. The two points P, Q are (i. ) and ( y }‘) Therefoie
the focus is on both the circles whose equations are

@t 2y cos w-tyt - ';=0,

and x"+2xyc«mw+y"-—%=o.

Hence the focus is given by

x+y% 4 2y cos «.::;'lE - !,{ .

Ex. 3. o jind the directrix of the parabola Jll:b‘ -|-,J by =1.

The directrix is the locus of the intersection of tangents at right
angles; now the line le+my=1 will be perpendicular to y=0 if

m -l eos w=0, and the line will touch if ‘IL 4 1’;:1. Therefore the inter-

cept on the axis of x made by a tangent perpendicular to that axis iy

given by } (u -+ E}z—;’ =1,

Hence the point ( OoRW_ , 0) is on the divectrix.
h+acosw
CON w

Similauly the point (0 P Theos w

) is on the directrix.

Hence the required equation is
% (b+ a cos w) +y («+b cos w) = cos w,
220. Since the foci of a conic are on its axes, if two
conics arc confocal they must have the same axes. -
The cquation
wR 2 .
et i =1,
a+ N b A
will, for different values of A, represent different conics of a

confocal system. For the distance of a focus from the
centre is

V{(@®+ 1) = (0* +7)} or y{a'—D7}.
16—2
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221. The equation of a system of confocal conics is
w! . y’ _ .
I L Y =1
If A is positive the curve is an ellipse.

The principal axes of the curve will increase as A
increases, and their ratio will tend more and more to
equality as A is increased more and more; so that a circle
of infinite radius is a limiting form of onc of the confocals.

If N be negative, the principal axes will decrease as
2

A increases, and the ratio z,:-; will also decrease as A

increases, so that the cllipse becomes flatter and flatter,
until ) is equal to — b’, when the minor axis vanishes, and
the major axis is equal to the distance between the foci.
Hence the line-ellipse joining the foci is a limiting form
of one of the confocals.

If b+ M is negative, the curve is ag, hyperbola.
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If b°+ X is a small negative quantity the transverse
axis of the hyperbola is very nearly equal to the distance
between the foci ; and the complement of the line joining
the foci is a limiting form of the hyperbola.

The angle between the asymptotes of the hyperhola
will become greater and greater as —A becomes greater
and greater and in the limit both branches of the curve
coincide with the axis of ¥.

If A is negative and numerically greater than o?, the
curve is imaginary.

222, Two conics of u confocul system pass through any
gtven pount.  One of these conics s an ellipse and the other
an hyperbola.

Let the cquation of the original conic be

R
Ay
The equation of any confoeal conic is
.’l,i_ + - _:'/2_. =1
&+ VN T
This will pass through the given point (o, ¥), it
w’ﬂ ylz
@ T =l
In the above put  J*+A=2';
then N + Y (N +d'e’) =N (N +a¥e?) = 0,
or X’i — X' (uc’ﬁ +y'2 — a‘leﬂ) — aleﬂy’ﬂ —_ 0'

The roots of this quadratic in A" are both real, and are
of different signs. Therefore there are two conics, and
b*+ M is positive for one, and negative for the other, so
that one conic is an cllipse and the other an hyperbola.

223.  One conic of @ confocul system und only one will
touch a given straight line.

Let the equation of the given straight line be
lx+my—1=0.
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The line will touch the conic whose equation is

m! ys _
PR s Sl
if (@ +AN) P4 P+ A) m=1 [Art. 115],

which gives one, and only one, value of A. Hence one
confocal will touch the given straight line.

224, Two confocul conics cut one another at right
ungles at all their common points.

Let the equations of the conies be

wﬂ

2 2
,,+:Z-,=], :md v +b v —],
.n.ml ](,t, (@, ') be a common pomt thcn the co-ordinates
z', y will sa,t,mfy both the above cequations.

Hence, by subtraction, we have
rlil + 7/ 0 I
(t ((t + )\) b (bu +X) ......... (1).

Now the equations of the tangents to the conics at
(«, y) arc

0 we LYY
+% =1, and N b’+7\. 1

respcctive]y.

The condition (i) shews that the tangents are at right
angles to one another.

225. The difference of the squares of the perpendiculars
drawn from the centre on uny two parallel tungents to two
given confocul conics 1s constant.

Let the equ.ttlons of the conics be
2

at P Y
. I’ =1, and - ’+7\. = =1.

Lot the two straight lines
zeosa+ysina—p=0, wcosa+ysing—p'=0,
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touch the conics respectively; then [Art. 115, Cor.] we

have * p=da’cos’ g+ Vsin*a, |
and P7= (" 4+ N) cos® a + (U* + A) sin’a;;

Sopt=pt =N

226. If « tangent to one of two confocdl conics be
per pamlwular to a tungent to the other, the locus of their
point of intersection s « circle.

Let the egnations of the confocal conies be
£ 9 w” 7
f—t,’i+'l{’i=]’ and @+ 4 :—7\. =1.
The lincs whose equatinns' are
wcosa+ ysin a=4/(a’ cos’ a+ Hsin‘a)........ e @,
wsina —yeos a =4/[(¢ +N) sin®a + (¥ + )u) cos’aj... (i),
touch the conies respectively, and are at right angles
to one another.
Square hoth sides of the equations (i) and (i) and add,
then we have for the equation of the required locus
+y=+ 0+
If we suppose the minor axis of the second ellipse
to become indefinitely small, all tangents to it will pass

indefinitely near to a focus; so that Art. 125 () is a
particular case of the above.

Ex. 1. Any two parabolas which have a common focus and their axes
in opposite directions intersect at right angles.

Ex. 2. Two parabolas have a common focus and their axes in the
same straight line; shew that, if I'P, I'Q he taugents one to each of tho
parabolas, and 7P, TQ be at right angles to one another, the locus of '
is a straight line.

Ex. 8. TQ, TP are tangents one to cach of two confueal conics whose
centre is C; shew that if the tangents arc at right angles to one another
CT will bisect PQ.

Let the tangents be

L8
a,+b.;= d—“‘+b'! =1,
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the equation of T will be

e = v Y\ _
o(5 ) v (1) =

This will pass through the middlo point of P, if

(' + ") ( ,’).1 Wy (’ - b,ﬂ)_.();
v ((:'-; - (;1,) 19y’ ( bl, - bl) =0;

or, sinco the conies are confocal, if
" 'y 0.
a2 T

That is, if the tangents arc at right angles.

that s, if

Ex. 4. TP, T'Q are tangenis one to cach of two parabolas which have
a common focus and their axes in the same straight line; shew that, if
a line through T parallel to the axis bisect P, the tangents will be at
right angles.

Ex. 5. If points on two confocal ellipses which have the same cecen-
tric angles are called corresponding points; shew that, if P,Q be any
two points on an ellipse, and p, ¢ be the corresponding points on a
confocal cllipse, then Pq= Q.

227.  Thelocus of the pole of a given straight line with
respect to a series of confocul conics is « straight line.

Let the equation of the confocals be

g +7L+b’+)~ ................... @),
and let the equation of the given straight line be
le+my=1.. ...().
The equation of th(, polar of tho pomt ( y/) with
rospect to (i) is ' + bJJ S R (iii).
If (ii) and (iil) ruprescnt the same straight line, we
@ y
must hayc b b,'ix—m, )
W ey o
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Hence the locus of the poles is the straight line whose
equation is

AW iy ¥

I m ’

This straight line is perpendicular to the line (ii).
One confocal of the system will touch the line (ii), and the
point of contact will be the pole of the line with respect to
that confocal.

Hence the locus of the poles is a straight line perpen-
dicular to the given straight line and through the point
where it touches a confocal.

228.  Irom any puint 1’ the two tangents TP, I'P" are
drawn to one conic, and the two tungents T'Q, TQ' to a con-
Jocul conic; shew that the straight luines QP Q'L will make
equal angles with the tungent at P.

Let TP and the normal at P eut Q@ in K, I
respectively.

Then [Art. 227] the pole of T, with respeet to the
conic on which @, @’ lie, is on the line P7L. Also, since
T is the pole of Q@) with respeet to that conic, the pole
of TP is on Q@ [Art. 180]. Theretore the pole of I'PK
is at L, the point of intersection of QQ" and L.

Therefore [Art. 181] the range X, @, L, ¥, and the
pencil PK, PQ, L, P¢), are harmonic.
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Hence, since the angle KL is a right angle, P @ and
L ¢ make cqual angles with PL or PK [Art. 56].

Cor. 1. Let the conic on which @, ¢ lie degencrate
into the Iimc-cllipse joining the foei, then the proposition
becomes—-The lines joining the foci of a conic to any point P
on the curve make equal angles with the tungent at P.

Con. 2. Let the conic on which P, P’ lic degencrate
into the line-cllipse, and we have—-Two tangents to a conic
subtend equal angles at « focus.

Con. 3. Let the conic on which P, I’ lie pass through
1, and we have- -The two tangents drawn to « conic from
any pomt T make equal angles with the tangent at 1'
to either of the confocul conics which puss through 1.

229. If QU be any chord of « given conic which
touches « fired confocal conic, then will Q@ vary as the
square of the purallel diameter. Also, 1f CK be drawn
through. the centre parallel to the tungent ot Q and
meeting QQ' in 1u, then will QE be of constunt length.

T Q \\

Let 7' be the pole of @@, and let CT' cut Q@ in V, and
the curve in I’.  Also let CD be the semi-diamcter paral-
lel to QQ".

Let p’, p be the lengths of the perpendiculars from the
centre on Q@’, and on the parallel tangent to the cllipse
QPQ ; then [Art. 225] we have

P=pi=n
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g!/'l _ Q V’z .

i o cpr

therctore, since p . (') = ub, we have

Hence L,= 1-P _1-
p

(67) Y
QVi=n. T CIr;
fQV=YR O o
Alsu
QE CT “v.cr cr: cly

QVT VT~ ov.or= ov:T Ur— ovrT Qe
therefore from (i) we have

QE=_(/'])” b

QV:JX ............... (ii).

Ex. TP, TQ are tangents one 1o each of two fived confocal conies;
shew that, if the tangents are at right angles to one another, the line PQ
will always toueh a third confocal conie.

If @ be the common eentre, then sinee the tangents are st right angles
to one another the line U7 bisects I'Q [¥x. (3) Art. 226]. Therefore
CT and QP make equal angles with the tangent at (). If therefore CE
be parallel to the tangent at (), and meet QP in E, we have QF.:('T.

But CT is constant [Art. 226]. Hence QF is constant, and therefore
QEP touches a fixed confocal.

230. When two of the points of interseetion of any
two curves are coincident, that is when the two curves
touch, they are said to have contuct of the first vrder at the
point.  When three points of intersection are coincident
the curves are said to have contact of the second order,
and so on.

A curve which has with a given curve a contact of
the highest possible order is called an osculating curve.

A circle can only be made to pass through three given
points; hence the circles which osculate a curve have
contact of the second order with it.

The circle which has contact of the second order with
a given curve at a given point is generally called the circle
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of curvature at that point, and the radius of the circle is
called the radius of curvature at the point.

Two conics intersect in four points. Hence two
conics cannot have contact with one another of higher
order than the third. If they have contact of the second
order they will have one other common point.

231, To find the general equation of a conic which has
contact of the second order with « yiven conic at a given
point.

Lot =0 be the cquation of the given conic, and let
T=0 be the cquation of the tangent to 8= 0 at the given
point (27, ¥).

The cquation of any straight line through (2, y) is

y—y —m(x—a)=0.
Hence the equation
S—-AT{y—9)—m@—2)}=0...... (1)
is the equation of a conic passing through the points where
tl’nc straight lines 7'=0, and y— 4 —m (x—2") =0 cut
8§=0.
Hence (i) intersects S = 0 in three cotncident points.
The two constants A and m being arbitrary, the conic
iven by (i) can be made to satisfy two other conditions.
They can for instance be so chosen that the equation (i)
shall represent a circle.

If the line y— 4" —m (w—a)=0 coincides with the
tangent, all four points of intersection are coincident. The
conic § — N 1™ = 0 therefore has contact of the third order
with §=0; that is to say, is the equation of an osculating
conic.

Ex. 1. Find the cquation of the circle which osculates the conic
ax?+2bry + cy® +2dx =0 at the origin.
All the conies included in tho equation
¢ az?+ 2bxy +cy*+2dx - Az (y —mx) =0
have contact of the second order.
The conditions for a circle are 25— \=20 and a-+Am=-c.
Thercfore the circle required is cx®-+ cy?+ 2dx =0,
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Ex. 2. Fiud the equation of the parabola which has contact of the
third order with the conic a.r?+ 2bzy + cy® + 2dz =0 at the origin.
The conio az?+ 2bry + cy® + 2dz — \z*=0 cuts the given conic in four
coincident points,
The curve is a parabola if (@ —\) c=#2
The equation of the required parabola is therefore
b2x® + 2bexcy + c2y? + 2dcx =0,

232. Since the line joining any two of the points of
intersection of a circle and a conic, and the line joining the
other two points of intersection, make equal angles with
the axis of the conic, we sec that, if the circle of curvature
at a point P of a conic cut the conic again in O, the
tangent at P and the chord £ 0 make equal angles with an
axis of the conic.

233. If a, B, v, 8 be the eccentric angles of four points
on an cllipse, a circle will pass through those four points, if
a+ B+ g+ 8= 2umw [Art. 184, Ex, 1].

Hence the circle of curvature at the point o will cut
the cllipsc again at the point 8 where

From (i) we sec that, through any particular point 8
three circles of curvature will pass, viz. the circles of
curvature at the points } (27 — 8), (4 — 8), and } (G — 8).
These three points are the angular points of a maximum
triangle inscribed in the ellipse [Art. 138 (1)]. Also, since
S+ 1 (2r—8)+1(dmr —8)+ } (6w —8) =4mr, the point 8
and the three points the circles of curvature at which pass
through 8 arc on a circle.

234. To find the equations of the three pairs of straight
lines which can be drawn through the puints of intersection
of two conics.

Let the equations of the conies be

S = az®+ 2hxy + by’ + 2gx + 2fy +¢=0,
and  S'=dl4+20zy+ 0y +29 2+ 2y + =0,
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The equation of any conic through their points of in-
tersection is of the form

S+A =0 irreeiiianns (@).

The conic S+A8 =0 will be a pair of straight lincs,

if
YoM, B A, g+ Mg | =0 ().
N, DAY, f+ N
JHNL FHENM, e+

We have therefore a cubic for the determipation of A.
If any root of this cubic be substituted in (i) we have the
equation of one of the three pairs of straight lines,

If X be climinated between the cquations (i) and (ii)
we have an equation of the sixth degrec which represerits
the three pairs of straight lines.

Since one root of a cubic equation is always real, one
value of N is in all cases real.

It can be shewn that at least ono pair of straight lines
is in all cases real. [See Salmon’s Conics, Art. 282.]

235. The equation (ii) Art. 234 is usually written
A+2O + MO + NA =0,

If the axes be changed in any manner, and the equa-
tions of the two conics become % =0 and 3/ = 0, the cqua-
tion S 4+ AS =0 will become 3, +A3 = 0; and if A be such
that S+A8 =0 represents a pair of straight lines, so
also will % +A%" =0. Hence the values of A for which
S+AS =0 represents straight lines must be independent
of any particular axes of co-ordinates ; hence the ratios of
the four quantities A, ®, @, A’ to one another must be
independent of the axes of co-ordinates. For this reason
they are called the Invariants of the system. The student
will find interesting applications of invariants in Salmon’s
Conic Sections and Wolstenholhne’s Problems.

236. We shall conclude this Chapter by the solution
of some Examples. i
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Ex. 1. If two conics have each double contact with « third, their
chords of contact with that conic, and two of the lines throuyh their
common points, will meet in a point and form a harmonic pencil.

Let $=0 be the equation of the third conic, and let a=0, 8-=0 be the
equations of the two chords of contact. Then [Art. 187] tho equations of
the conics are

R | (i),

and S-p38=0.. ... (ii).
Now the two straight lines

NP2 -0 et s J(iii)

go shrough the common points of (i) and (ii). The lines (iii) also go
through the point of intersection of a:=0 and 8=0; and [Art. 56] the
four lines a=0, Aa -pB=:0, =0, and Aa + pB8=0 form a harmonic pencil.

Ex. 2. A4 circle of given radius cuts an ellipse in four points; shew
that the continued product of the diwmeters of the ellipse parallel to the
common chords is constant.

2 2
Let the equation of the ellipse be Ty '14, =1, and the equation of the
a W

circle be (¢ - a)*+(y - B)* - k*=0. Then the equation of any pair of
common chords is )
o=y -kon (5 1) 0,

where \ is one of the roots of the equation

1 .
1_)_\‘” 0, -a l_.() . (i),
G
i A i
L0 1, -8 |
| -a, -8, Nta*+pt--k*
The equation of the diameters of the ellipse parallel to the lines (i) is
N xrt P
a2 y-—)\(u—,+b,)-—-0 .................... (ii).

The two semi-dismeters given by (iii) clearly make equal angles with
the axis, and the square of the length of one of them is equal to A,

Hence the continued product of the six semi-diamcters is equal to the
product of the three valuos of \ given by (ii), which is ensily seen to bo
a*bl3,

Ex. 8. If a conic have any one of four given points for centre, and the
triangle formed by the other three for a self polar triangle, its asymptotes
will be parallel to the axes of the two purabolas which pass through the
Jour points.
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Let the four points be given by the intersections of the straight lines

zy=0and (e +my - 1) Yz +m'y-1)=0.

The line joining the centre of a conic to any one of the angular points
of a self polar triangle is conjugate to the line joining the other two
angular points. Hence, for all the four conics, the three pairs of lines
joining the four given points are parallel to conjugate diameters.

Let the cquation of one of the conics be

az?4-2hxy + by £ 292+ 2fy+e=0.................. (i).
The lines (le+my -1) (Ve +my-1)=0
are parallel to conjugate diameters; therefore also the lines
W+ (I + U'm) zy + mn'y?=0
are parallel to conjugate diameters. Hence [Art. 183], we have
amn + bW =h (Ind +Vm).
The lines xy=0 arc parallel to conjugate diameters ; therefore =0,

and wo have
amm + W =0......cccevveeerrininnen . .. (ii).

The asymptotes of (i) are parallel to the straight lines
ar? - by?=0,
or, from (ii), the asymptotes are parallel to the lines
Wx? — mm'y?=-0,

which proves the theorem [Art. 207].

Ex. 4. The circumscribing circle of any triangle self polar with
respect to a conic cuts the director-cirele orthogonally.

Let the equation of the conic be ax®+2y*=1; and let (£, '), (<, ¥")
and (2, y”') be the angular points of the triangle.

Since each of the points is on the polar of another, we have

az’"y"+by"y" -1=0....... . .......... . (i),

ax"' +oy™y’ -1-=0......coooen o (ii),

and az’z" +by'y" —1=0.covee v (idi).
The equation of the circle circumseribing the triangle is

21y, o« oy, 1:=0 ... ... (iv).

iyt F, 1
R A
2" 4 ymg' ‘cm, ym’ 1
Now, if the equation of a circle be
Az + Ay*+2Ge+2Fy 4+ C=0,
the square of the tangent to it from the origin is equal fo the ratio
of Cto 4.
Hence the square of the tangent to the circle (iv) is equal to the
ratio of
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o1+y?, o, Ty |to-| 2, ¥, 1
%y, o,y ', 9y, 1 ]
l dl’ﬁ + yl":., m’ll. ",l" ”Il, y”" 1

The first determinant is equal to
x’) (zﬂ7 "o_ Jllzlll) +mll’ (xlllyl ylllxl) "d”” (z Jl/ y[x”)
+y' (Y -y )y (@Y -y ) Y @y -y (a).
Now from the equations (i), (ii), (iii) we have

W -1
P ,m _ yu =z _' :,:77/ " J _I”I A
as” by -1
y yl” wlll m/ - JI” lell ’
and a xm W /'" _ __.—__1_ )
','I J x; > a:llyl i

By means of these equut:ons, (a) becomeﬂ
m ,yll) 'i -z ( ./ _/"I) i ( //__ ,yl)

+¥ b (.:” -a") ‘Jb (x"” - 2" +J;’- (®' =),

1 1\ 2 9 1
or - (t_t- + b) -L‘", ‘_'/", 1
2", ym' 1{.

Hence the tangent to the circumseribing circle from the centre of the
conic is equal to \/ (}-t + :) , that is equal to the radius of the dircetor-

circle, which proves the proposition.

Examprrs oN Cuarren XT.

1. Two straight lines of given length are moved along two
given straight lines in such a manner that a circle will pass
through their four extremities; shew that the locus of the centre
of this circle is a rectangular hyperbola.

2. 0rr, 0QQ are two chords of a conic, and any line
through O cuts the conic in R, £’ and the lines 1°Q, /¢’ in 8, 5';
shew that

1 1 1 1

ortor =05t o5
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3. A system of conics pass through the same four points
and the tangent at a given point O of one of the conics cuts any

other of the conics in P, P'; shew that 017, + 017,—, is constant,

4. A circle and a rectangular hyperbola intersect in four
points, and one of their common chords is a diameter of the hy-
perbola; shew that the other chord is a diameter of the circle,

5. Of all conics which pass throngh four given points that
which has the least cccentricity has its equi-conjugate diameters
parallel to the axes of the two parabolas through the points,

6. Of all conics which touch two given straight lines at
given points the one of least eccentricity will be that in which
onc of the equi-conjugate diameters passes through the intersec-
tion of the given lines.

7. The locus of the middle point of the intercept of a
variable tangent to a conic on two fixed tangents O/, OB is a
conic which reduces to a straight line if the original conic is a
parabola.

8. Two tangents 04, OB are drawn to a conic and are cut
in P and @ by a variable tangent; prove that the locus of the
centre of the circle deseribed about the triangle 0°¢ is an
hyperbola.

9. A conic is drawn touching the co-ordinate axes
0X, 0Y at 4, B and passing through the point D where
OA DB is a parallclogram ; shew that if the area of the triangle
OAB be constant, the locus of the centre of the conic will be
an hyperbola.

10. Tangents are drawn from a fixed point to a system of
conies touching two given straight lines at given points. Prove
that the locus of the point of contact is a conic.

11. Shew that the locus of the pole of a given straight
line with respect to a series of conics inscribed in the same
quadrilateral is a straight line.

12. An ellipse is described touching the asymptotes of an
hyperbo]a and meeting the hyperbola in four points; shew
that two of the common chords are parallel to the line joining

the points of contact of the ellipse with the asymptotes, and
are cquidistant from that line.
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13, In a system of conics which have a given centre
and their axes in a given direction, the sum of the axes is
given ; shew that the locus of the pole of a given straight line
is a parabola tonching the axes.

14. A parabola is drawn so as to touch three given straight
lines ; shew that the chords joining the points of contact pass
ench through a fixed point.

15. Shew that, if a parabola touch two given straight lines,
and the line joining the points of contact pass through a fixed
point, the locus of the focus will be a circle.

16. If the axis of the parabola #/ax + ¥y -- 1 pass through
a fixed point, the locus of the focus will be a rectangular
hyperbola.

17. From a fixed point O, a pair of secants are drawn
meeting a given conic in four points lying on a circle; shew
that the locus of the centre of this circle is the perpendicular
from O on the polar of O.

18. TP, TQ are tangents to a conic, and & any other point
on the curve; 2@, BP meet any straight line through 7' in the
points K, L respectively; shew that ¢L and PA intersect on
the curve.

19. Any point P’ on a fixed straight line is joined to two
fixed points 4, B of a conic, and the lines P4, PB meet the
conic again in @, B; shew that the locus of the point of inter-
section of BQ and AR is a conic. -

20. The confocal hyperbola through the point on the
s
13

ellipse 2; + %3 =1 whose eccentric angle is « has for equation

cos*a sin'a
21. Find the locus of the points of contact of tangents to
a series of confocal conics from a given point in the major axis.
22. 1If A, p be the parameters of the confocals which pass
through two points F, @ on a given ellipse; shew (i) that if
P, Q be extremities of conjugate diameters then A+ u is con-
stant, and (ii) that if the tangents at P and @ be at right angles
1 1.
then < + — is constant.
Ap

17—2
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23. Shew that the ends of the equal conjugate diameters
of a series of confocal ellipses are on a confocal rectangular
hyperbola.

24. Find the angle between the two tangents to an ellipse
from any point in terms of the parameters of the confocals
through that point ; and shew that the equation'of the two

tangents referred to the normals to the confocals us axes will be

m’ 2

B
A+A 0.

1 2
25. The straight lines OPP, 0QQ cut an ellipse in
P, P’ and Q, @' respectively and touch a confocal ellipse; prove
that OP . OF . Q@'=0Q . 0@’ . PP

26. The locus of the points of contact of the tangents
drawn from a given point to a system of confocals is a cubic
curve, which passes through the given point and through the
foci.

27. Shew that the locus of the points of contact of parallel
tangents to a system of confocals is a rectangular hyperbola;
and the locus of the vertices of these hyperbolas for all possible
directions of the tangent is the curve whose equation is

7% = (a® - b*) cos 26.
28. If a triangle be inscribed in an ellipse and envelope

a confocal ellipse, the points of contact will Jie on the escribed
circles of the triangle.

29. If an cllipse have double contact with each of two
confocals, the tangents at the points of contact will form
a rectangle.

30. If from a fixed point tangents be drawn to one of
a given system of confocal conics, and tho normals at the points
of contact meet in @, shew that the locus of @ is a straight
line.

31. A triangle circumscribes an ecllipse and two of its
angular points lie on a confocal cllipse ; prove that the third
angular point lics on another confocal ellipse.

32, An ellipse and hyperbola are confocnl, and the asymp-
totes of the hyperbola lie along the equi conjugate diameters of
the cllipses; prove that the hyperbola will cut at right angles
all conics which pass through the ends of the axes of the ellipse.



EXAMPLES ON CHAPTER XI. 261

33. Four normals are drawn to an ellipse from a point P;
prove that their product is
)_\_l.év.()_‘l_" Av)
a’ —_ b‘.! ’
where A, A, are the parameters of the confocals to the given

ellipse which pass through 2’ and «, b the semni-axes of the given
ellipse.

34, Shew that the feet of the perpendiculirs of a triangle
are a conjugate triml with respect to any equilateral hyperbola
which circumscribes the triangle.

35, I'P, T'Q are the tangents from a point 7' to a conic,
and the bisector of the angle P7'Q meets £¢ in O; shew that,
if /OR' be any other chord through O, the angle RT'L’ will he
bisected by 07"

36.  If two parabolus arc drawn cach passing through three
points on a circle and one of them meeting the cirele again in
D, the other meeting it again in £; prove that the angle
hetweer their axes is one-fourth of the angle subtended by DF
ab the centre of the circle.

37. If ABC be a maximum triangle inseribed inan ellipse
and the circle round ABC cut the ellipse again in /); shew
that the locus of the point of intersection of the axes of the two
parabolas which pass through A, B, C, D is a conic similar to
the original conic.

38. If any point on a circle of radius a be given by the
co-ordinates @ cos 6, asin ; shew that the equations of the axes
of the two parabolas through the four points «, 8, y, 8 are

. o @ fcos(S—a)+cos (S —f)+cos (S—y)
accosS+ysm6—Z{+cos(S_s) },
a (sin (S — a) +5in (§ = B) +sin (Y~ )y ,
4 {4— sin (S'— 8) }
where 48=a+B+y+4.

If the axes of the two parabolas intersect in P, shew that
the five points so obtained by selecting four out of five pointson
@

4

zsin S —ycos §=

the circle in all possible ways, lie on a circle of radius
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39. If 4, B, C, D bhe the sides of a quadrilateral inscribed
in a conic, the ratio of the product of the perpendiculars from
any point P of the circle on the sides 4 and C to the product
of the perpendiculars on the sides B and .D will be constant.
Shew also, that if 4, B, C, D, E, F...be the sides of a polygon
inseribed in the conic, the number of sides being even, the
continued product of the perpendiculars from any point on
the conic on the sides 4, C, A,...will be to the continued
product of the perpendiculars from the same point on the sides
B, D, F,...in a constant ratio,

40. O is the centre of curvalure at any point of the
ollipse Z;+ :'If:-=1 5 @ B are the feet of the other two normals

drawn from O to the ellipse; prove that, if the tangents at @
2 2
and R meet in 7', the equation of the locus of 7' is ;—l;; + ;,: 1.
41, Shew that a circle cannot cut a parabola in four real
points if the abscissa of its centre be less than the semi-latus
rectum.

A circle is described cutting a parabola in four points,
and through the vertex of the parabola lines are drawn parallel
to the six lines joining the pairs of points of intersection; shew
that the sum of the absciss® of the points where these lines cut
the parabola is constant if the abscissa of the centre of the
circle is constant.

42, Three straight lines form a self-polar triangle with
respect to a rectangular hyperbola. The curve being supposed
to vary while the lines remain fixed, find the locus of the centre.

43. 1f a circle be described concentric with an ellipse,
shew that an infinite number of triangles can be inscribed in

the cllipsec and circumseribed about the ecircle, if —i—= ‘-l; +%,
where ¢ is the radius of the circle, and «, b the semi-axes of
the ellipse.

44, Find the points on an ellipse such that the osculating
circle at P passes through @, and the osculating circle at @
passes through P.
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45. Prove that the locus of the centres of rectangular
hyperbolas which have contact of the third order with a given
parabola is an equal parabola.

46. I', Q arc two points on an ellipse: prove that if the
normal at 7’ bisects the angle that the normal at ¢) subtends
at 2, the normal at ¢ will biscet the angle the normal at P
subtends at .

47. Shew that the centre of curvature at any point £ of
an ellipse is the pole of the tangent at 2 with respect to the
confocal hyperbola through P,

48. ABC( is a triangle inscribed in an ellipse. A confocal
cllipse touches the sides in 4’y /, (/. Prove that the confochl
hyperbola through 4 meets the inner ellipse in 4"

49.  Of two reetaugular hyperbolas the asymptotes of one
are parallel to the axes of the other and the centre of each lics
on the other. If any circle through the centre of one cut the
other again in 7’, @, I, then P@QR will form a conjugate triad
with respect to the first.

50. A circle through the centre of a rectangular hyperbola
cuts the curve in the points A, B, ¢, /). Prove that the circle
circumscribing the triangle formed by the tangents at 4, B, C
passes through the centre of the hyperbola and has its centre
at the point on the hyperbola diamctrically opposite to D,



CHAPTER XIIL
ENVELOPES.

237. IN the gencral equation of a straight line the
two constants arc not in any way connccted. If however
the two constants are connected by any relation, the
cquation will no Jonger represent any straight line. We
have seen, for cxample, that if the constants [ and m
in_the cquation Iz + my —1 =0 satisfy the cquation
&P+ 0*m*=1, where a and b are known, the line will always

2 2
touch the ellipse 2—'—,-{-%2:1 [Art. 115]. In every such
case, in which the two constants in the equation of a
straight line arec connccted by a relation, the line will
touch some curve. This curve is called the envelope of the
moving line. «

By means of the relation connecting the two constants
we may climinate onc of them, and the equation of the
straight line will then contain only one indeterminate
constant. If different values be given to this constant we
shall have a series of different straight lines all of which
will touch some curve.

238. To find the envelope of « line whose equation
contains an indeterminate constant of the second degree.

Write the equation of the line in the form

WP+ 2uQ + R=0............... (3).
where p is the constant.
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Through any particular point two of the lines will pass,
for if the co-ordinates of that point be substituted in (i),
we shall have a quadratic equation to determine u. Now
the two tangents through any point will be coincident, if
the point be on the curve which is touched by the moving
line.

Hence, to find the cquation of the envelope, we have
only to writc down the condition that the roots of (i) may
be equal, viz. @ —-PR=0.

Ex. 1. To find the envelope of the line
y=mz+°
y=mek -

The cquation may be written m%z- my 4 «=0, and the condition for
equal roots gives y?=4au.

ix. 2. Find the envelope of a line which cuts off from the wres
intercepts whose sum is constant.

Tf the equation of the line be —;: -+ 1,{._ 1, we have & + k=constant =¢.

Thercfore é i ,-1, . =lLor B —h(r—y I-¢)+ oe—=0. Whenco the equation

)/ h
of the envelopo is 4ca~ (x -y +¢)*.

Ex. 3. Find the envelope of the line ax cos 0- by sin0=c.
The equation is equivalent to
ar~c¢+2byt — (ax 4 c)t?=-0, where t=tan g
Hence, the envelope is *
(we - ¢) (ax-+¢) -+ b2 =0,

or @?a?+ b=l

Ex. 4. The envelope of ihe polar of a given point O with respect to a
system of confocal conics is a parabola whose directrix is CO, where C is
the centre of the confocals.

If the confocals be given by the equation
_ZT i + _:f/,___ 1
PR N RS N
and O be the point («, 3/'), the line whose envelope is required is given by

zz Yy
el S

or by M-\ (@ + Yy — a® - V) +a%* - Ui’z - ay'y =0,
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‘The equation of the envelope is therefore
4 (- bz - ay'y) - (F'x+ Yy - a® - V)

The envelope is therefore a parabola.

Two confocals pass through O, and the polars of O with respect to
ithem aro tho tangents at O; hence, sinco these tangents are at right
angles to one another, the point O is on the directrix of the parabola. By
considering the limiting forms of the confocals as in Art, 221, we see that
the axes themselves are polars of O; henco C is on the directrix of the
parabola; so that the directrix is the line CO.

239.  To find the envelope of the line la:+my+1=0,

where
al’ + 2hbm + bm® + 291+ 2fm + ¢ = 0.

It the line pass through a particular point (2, y") we
have la’ + my'+1=0. Using this to make the given con-
dition homogeneous iu { and m, we have the equation
al* + 2hbn + b — 2 (gl + fm) (l&' + my") + ¢ (I’ +my’)*=0.

The two values of the ratio ?-’l—b give the directions of

the two lines which pass through the point (&, y').

If («, ) be a point on the curve which is touched by
the moving line, the tangents from it must be coincident,
and thercfore the above equation must be a perfect square.
The condition for this is

(a—29a" + ca”) (b —2fy + cy”) = (h— gy’ —fo' + ca'y)},
which reduces to
o (bo —f%) + 22y (fy —ch) +57 (oa — g)
+ 22" (fl — gb) + 2y’ (gh — fa) + ab— k* = 0.

The required envelope is therefore the conic

Ad*+ 21lzy + By + 2Gx + 2Fy + C=0,
-where A, B, C, F, G, II mcan the same as in Art. 178.

The condition that &z-+my 4 1=0 may touch
Ax?+ 2Hzy + By? + 2G4 2Fy + C=0 is al?+4 2hlm+ dm*+ 291 + 2fm + ¢ =0,
Hence by comparing with the condition found in Art. 178, we see that

a, b, ¢, &c. must be proportional to the minors of 4, B, C, &e. in the
determinant
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AHG
HBPF
GFC
This is easily verified, for the minor of A is BC - I'?, or

(ca — g?%) (ab — h3) — (gh - uf )?, that is a4 ;
and so for the others.

Ex. 1. To find the envelope of the line lo+my + 1=0 where
al*+bm?+¢=0,
The directions of the lines through (z, y) are given by
al?+dm2+ ¢ (lx+my)?=0.
These lines will coincide, if
(a+r?) (b +cy?) =y,
Hence the equation of the envelope is
2
:f., + v + 1:0.
a b ¢
Ex. 2. T'o find the envelope of the line lx+ my +1=0with the condition
f + g +h=0.
1 ' m

The directions of the two lines through (r, y) aro given by
Rlm = (fm+ gl) (Le-+my)=0.
They will therefore coincide if
dfgay=(fx+gy - k)2
This is equivalent to

Niz+ Jay+Nh=0.
240. If the equation of a straight line he
lu+my+1=0,
then the position of the line is determined if /, m are
known, and by changing the values of I and m the
equation may be made to represent any straight line
whatever. The quantities ! and m which thus define the
position of a line are called the co-ordinates of the line.

If the co-ordinates of a straight line are connected by
any relation the line will envelope a curve, and the
equation which expresses the relation is called the tan-
gential equation of the curve.

If the tangential equation of the curve is of the nth
degree, then n tangents can be drawn to the curve from
any point.



268 DIRECTOR-CIRCLE OF ENVELOPE.

Def. A curve is said to be of the nth class when »
tangents can be drawn to it from a point.

We have seen [Art. 239] that every tangential equation
of the second degree represents a conic; also [Art. 178] that
the tangential equation of any conic is of the second
degrec.

If the equation of a straight line be Iz + my +n=0, we
may call I, m, n the co-ordinates of the line; and if the
co-ordinates of the linc satisfy any homogeneous equation,
the line will envelope a curve, of which that equation is
called the tangential equation.

241. To find the director-circle of a conic whose
tangential equation s given.

Let the tangential equation of the conic be

al’ + 2hlm + bm* + 291 + 2fm + ¢ = 0.
As in Art. 239, the equation
al’ + 2kim + b~ 2 (gl + fn) (I + my) + ¢ (le + my)* =0

gives the directions of the two ta.ngﬁrcnts which pass
through the particular point (z, y). These tangents will
be at right angles to one another if wl; ”l: +1=0, that is,

if the sum of the coefficients of I* and m? is zcro.
If therefore (x, y) be a point on the director-circle of
the conic, we shall have
a—2gz +c2' +b—2fy +cy* =0......... (@.
The centre of the conic, which coincides with the centre

of the director-circle, is the point (g, { ) .

If ¢=0, the equation (i) is the equation of a straight
line. The curve is in this case a parabola, and the
equation of its directrix is

. 292+ 2fy —a—b=0............. (ii).

In the above we have supposed the axes to be rect-

angular; if, however, the axes of co-ordinates are inclined
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to one another at an angle w, the condition that the
straight lines may be at right angles is

a— 29z + cx’+ b — 2fy + cy’+ 2 cos w (h— gy —frr + cay)=0.

The centre of this circle is (‘;Z ,{ ) .

Hence, whether the axes are rectangular or oblique the
centre of the conic, which coincides with the centre of its

director-circle, is (‘2, f ) .
c’e

242. To find the foci of a comic whose tangential
equation 1s given.

Let (£, ) and (€, #') be a pair of foci (both being real
or both 1maginary). The product of the perpendiculars
from these points on the line lz+my+ 1 =0 will be

(e + 2um + 1) (IE + oy’ + 1)
I'+m* ’

This product will be equal to some constant A for all
values of 7 and m if,

(B =) + b (0" + nE) 4" (r = N) +L(E+E)
+mMm+n)+1=0.

Comparing this with the tangential equation we have

EE—N_En'+nE ' =N _E+E _n+q _1 (0.

a 2k b 20 2f ¢’

Hence c¢EE — enn’=a—b, and c&y’ + conE = 2h.
Eliminate £ and %" by means of the last two equations
of (i), and we have

E(cE—29)—n(en—2f)=b—gq
and £ (on — 2f) +1 (ck — 29) = — 2.
Hence the foci are the four points of intersection of the
two conics, ¢z’ —cy’ — 292 +2fy+a—b=0,
cxy —fr—gy+h=0.
243, If S=0 and 8§’ =0 be the tangential equations of
two conics, then §—AS'= 0 will be the tangential equation
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of a conic touching the four common tangents of the first
two.

For, if S=0 be

al’ + 2klm + bm* + 291 + 2fm + ¢ =0,
and 8'=0 be
&P+ 28 ln + b'm® + 29’1+ 2f'm+ ¢’ = 0.

Then S—AS' =0 represents a conic, and any values of
!l and m which satisfy both S=0 and §' =0 will, what-
ever A may be, satisfy S —AS'=0. Thercfore the conic
,‘g’ - 766" =0 will touch the common tangents of §=0 and

Ex. L. The locus of the centres of all conics which touch four fized
straight lines is a straight line.

If 8--0, and 8’ =0 be the tangential equations of any two conics which
touch the four straight lines, S—A\S'=0 will be the general equation of
the conics touching the lines. The centre of this conie is given by
I-M Y
=eine’ Yoo [Art. 241.]
Eliminating A we obtain the equation of the centre-locus, viz.

z (¢f - cf)+y (g - cg') - f'g +f5' =0,

Ex. 2, The director-circles of all conies which touch four straight
lines have a common radical axis.

The director-circle of the conic § —\S'=0 is

a+b-2gz- 2y +c (22 +y?) - M+ - 2¢'x - 2f'y + ¢ (22 +4%)} =0.

[Art, 241.)

This circle always passos through the points common to the two

cireles

x

2y 299, _gf, 0tb_
224y Zcx 2cy+ p =0,
! r ’
a_of , of,  +V _
a%+y 2c,x 2c,y+ 7 =0,

The radical axis is therefore the line
g g f M, _a+b a+b_
2(0 —c,).’t+2(c &)Y -&—+7 =0.
One of the conics of the system is a parabola, and its direotrix is
clearly the common radical axis of the director-circles.
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ExAmpPLES oN CuArreEr XI1.

1. PN is the ordinate at any point P of a parabola whose
vertex is 4, and the rectangle ANPM is completed; find the
envelope of the line M.

2. If the difference of the intercepts on the axes made by
a moving line be constant, shew that the line will envelope
a parabola.

3. Find the envelope of a straight line which cuts off
a constant area from two fixed straight lines.

4, PN, DM arc the ordinates of an ellipsc at the extremi-
ties of a pair of conjugate diamecters; find the envelope of PN,
Find also the envelope of the line through the middle points of
NP and of MD.

5. AB and A'B are two given finite straight lines, a line
PP’ cuts these lines so that the ratio 42’ : PB is equal to
A'P : P'B'; show that II” envelopes a parabola which touches
the given straight lines.

6. 0AP, OB are two fixed straight lines, 4, B are fixed
points and P, @ are such that rectangle 4/’ . 1}() is constant,
shew that PQ envelopes a conic.

7. A series of circles are described cach touching two
given straight lines; shew that the polars of any given point with
respect to the circles will envelop a parabola.

8. Two points are taken on an ellipse such that the sum
of the ordinates is constant; shew that the envelope of the line
Jjoining the points is a parabola,

9. A fixed tangent lo a parabola is cut by any other tan-
gent PT in the point 7| and 7'Q is drawn perpendicular to
T'P; shew that 7'¢Q) envelopes another parabola.

10. Through any point P on a given straight line a line
PQ is drawn parallel to the polar of P with respect to a given
conic; prove that the envelope of these lines is a parabola.

11. If a leaf of a book be folded so that one corner moves
along an opposite side, the line of the crease will envelope a
parabola.

12,  An cllipse turns about its centre, find the envelope of
the chords of intersection with the initial position,
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13. An angle of constant magnitude moves so that one
side passes through a fixed point and its summit moves along
a fixed straight line; shew that the other side envelopes a
parabola.

14. The middle point of a chord P@ of an ellipse is on a
given straight line; shew that the chord 2’Q envelopes a
parabola.

15. O is any point on a conic and OF, 0Q are chords
drawn parallel to two fixed straight lines; shew that PQ
envelopes a conic.

16. Any pair of conjugate diameters of an ellipse mecets
a fixed circle concentric with the ellipse in P, @ ; shew that
P@ will envelope a similar and similarly situated ellipse.

17.  If the sum of the squares of the perpendiculars from
any number of fixed points on a straight line be constant;
shew that the line will envelope a conic.

18. The sides of a triangle, produced if necessary, are cut
by a straight line in the points L, M, N respectively; shew
that, if LM : MN be constant the line will envelope a parabola.

19. 04, OB are two fixed straight lines, and a circle
which passes through O and through another given fixed point
cuts the lines in P, ) respectively ; shew that the line PQ en-
velopes a parabola.

20. The four normals to an ecllipse at P, @, R, S meet in
a point; prove that if the chord PQ pass through a fixed point,
the chord RS will envelope a parabola.

21. A rectangular hyperbola is cut by a circle of any
radius whose centre is at a fixed point on one of the axes
of the hyperbola; shew that the lines joining the points of
intersection are either parallel to an axis of the hyperbola or
are tangents to a fixed parabola.

22, Shew that the envelope of the polar of a given point
with respect to a system of ellipses whose axes are given in
magnitude and direction and whose centres are on a given
straight line is a parabola.

23. Of two equal circles one is fixed and the other

passes through a fixed point; shew that their radical axis en-
velopes a conic having the fixed point for focus.
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24. If pairs of radii vectors be drawn from the centre of
an ellipse making with the major axis angles whose sum is a
right angle, the locus of tho poles of the chords joining their
extremities is a concentric hyperbola, and the envelope of the
chords is a rectangular hyperbola.

25. From any point on onc of the equi-conjugate dia-
meters of a conic lines are drawn to the extremities of an axis
and these lines cut the curve again in the points P, Q; shew
that the envelope of I’Q is a rectangular hyperbola.

26. LNI” is the double ordinate of an ellipse which is
equi-distant from the contre C and a vertex; shew that if
parabolas be drawn through 2, 2, C, the chords joining the
other intersections of the parabola and ellipse will touch
a second ellipse equal in all respects to the given one.

27. Two given parallel straight lines are cut in the points
L, @ by a line which passes through a fixed point; find the
envelope of the circle on 2’Q as diawmeter.

28. The envelope of the circles deseribed on a system of
parallel chords of a conic as diameters is another conie.

29. A chord of a parabola is such that the circle described
on the chord as diameter will touch the curve ; shew that the
chord envclopes another parabola.

30. Shew that the cnvelope of the dircctrices of all
parabolas which have a common vertex d, and which puss
through a fixed point 2, is a parabola the length of whoso latus
rectum is A2,

31.  Prove that, it the biscctors of the internal and exter-
nal angles between two tangents to o conic be parallel to
two given diameters of the conic, the chord of contact will
envelope an hyperbola whose asymptotes arc the conjugates of
those diamoters.

32. The polar of a point /> with respect to a given
conic & meets two fixed straight lines 453, AC in @, ¢'; shew
that, if A2 bisect Q(', the locus of P will be a conic; shew
also that tho envelope of Q@ will be another conic,

8.C.8. 18
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33. If two points be taken on a conic so that the har-
monic mean of their distances from one focus is constant,
shew that the chord joining them will always touch a confoeal
conic.

34. 'The envclope of the chord of a parabola which sub-
tends a right angle at the focus is the ellipse
(¢~ 3a) 4 2= 8a®, 3"~ 4= 0
being the equation of the parabola.
35. A chord of a conic which subtends a constant angle at
a given point on the curve envelopes a conic having double con-
tact with the given conic.

36. Through a fixed point a pair of chords of a circle are
drawn at right angles; prove that each side of the quad-
rilateral formed by joining their extremities cnvelope a conic
of which the fixed point and the centre of the circle are foci.

37. The perpendicular from a point S on its polar with
respect to a parabola meets the axis of the parabola in C;
shew that chords of the parabola which subtend a right angle
at S all touch a conic whose centre is C.

38. Shew that chords of a conic which subtend a right
angle at a fixed point O envelope another couic.

Shew also that the point O is a focus of the envelope and
that the directrix corresponding to O is the polar of O with
respect to the oviginal conie.

Shew that the envelopes corresponding to a system of con-
centric similar and similarly situated conics are confocal.

39. A straight line meets one of a systemn of confocal
conics in 2, @, and 28 is the line joining the feet of the other
two normals drawn from the point of intersection of the
normals at I” and ). Prove that the envelope of RS is a
parabola touching the axes.

40. If a line cut two given circles so that the portions of
the line intercepted by the circles are in a constant ratio, shew
that it will envelope a conic, which will be a parabola if the
ratio be one of equality.

41. Chords of a rectangular hyperbola at right angles to

each other, subtend right augles at a fixed point O; shew that
they intersect in the polar of O.
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42. Shew that if AP, AQ be two chords of the parabola
y°—4ax=0 through the vertex ., which make an angle

I with one another ; the line @ will always touch the ellipse

'1"&» +lbu, L
43. Puairs of points are taken on a conic, such that the-
lines joining them to a given point arc equally inclined to n
given straight line; prove that the chord joining any such pair
of points envelopes a conic whose director-circle passes through
the fixed point.

44. Chords of a conic § which subtend a right angle at a
fixed point envelopo a conic §’. Shew that, if & pass through
four fixed points, 8 will touch four fixed straight lines,

45. A conic passes through the four fixed points .1, B, C,
D and the tangents to it at L and C arc met by O'A BA
produced in £, Q. Shew that I’Q envelopes a conic which
touches B4, CA.

46. If a chord cut a circle in two points 4, B which arc
such that the rectangle 0.1 . OB is constant, O being a fixed
point ; shew that the cnvelope of the chord is a conic of which
0 is a focus. Shew also that if 04* + 05® be constant, the
chord will envelope a parabola.

47. On a diasmeter of a circle two points A, 4’ arc taken
cqually distant from the centre, and the lines joining any point
I of the circle to these points cut the circle again in @, £;
shew that QR envelopes a conic of which the given circle is the
auxiliary circle.

48. A triangle is inscribed in an eollipse and two of its
sides pass through fixed points; shew that the envelope of the
third side is a conic having double contact with the former.

49. A ftriangle is inscribed in an ellipse and two of
its sides touch a coaxial ellipse ; shew that the envelope of the
third side is a third ellipsec.

50. Shew that the locus of the centre of a conic which is

inscribed in a given triangle, and which has the sum of the
squares of its axes constant, is a circle,

18—2
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TRILINEAR CO-ORDINATES.

244. Ler any three straight lines be taken which do
not mect in a point, and let ABC be the triangle formed
by them. Let the perpendicular distances of any point I
from the sides BC, CA, AB be a, B, y respectively; then
a, B, vy arc called the trilincar co-ordinates of the point I
referred to the triangle ABC. We shall consider a, 8, o
to be positive when drawn in the same direction as the
perpendiculars on the sides from the opposite angular
points of the triangle of refercnce.

Two of these perpendicular distances arc sufficient to
determine the position of any point, there must therefore
be some relation connecting the three.

The relation is

ax+ 0B + ¢y =24,
where A is the arca of the triangle ABC. This is
evidently true for any point I within the triangle, since
the triangles BPC, CPPA and APB arc together equal to
the triangle ABC'; and, rcgard being had to the signs of
the perpendiculars, it can be casily seen to be universally
true, by drawing figures for the different cascs.

245. By means of the relation wa+ b8 + ¢y =2A any
equation can be made homogencous in a, B, y; and when
we have done this we may use instcad of the actual co-
ordinates of a point, any quantitics proportional to them :
for if any values a, B, 4 satisfy a homogeneous equation,
then ka, A8, ky will also satisfy that cquation.
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246. If any origin be taken within the triangle, the
equations of the sides of the triangle referred to any
rectangular axes through this point can be written in the
form

—xcos b, —ysinf, +p, =0,
—xcosf,—ysinf,+p,=0,
—zcos§,—ysin 6, + p,=0,
wherc cos (,—0,) = — cos A, cos (0, —0,) = — cos B,
and cos (8, —6,) = — cos C.

[We write the cquations with the constant terms posi-
tive becanse the perpendiculars on the sides from a point
within the triangle arc all positive.]

We therefore have [Art. 31]

a=p —acosl — ysind,,
B=p,—axcosf,—ysind,,
and oy =p,—xcos B, —ysinb,.

By means of the above we can change any equation in
trilinear co-ordinates into the corresponding equation in
common (or Cartesian) co-ordinates,

247, Kvery equation of the first deqree represents u.
straight line.

Let the equation be

la+mB+ ny=0.

If we substitute the values found in the preceding
Article for a, B, v, the equation in Cartesian co-ordinates
so found will clearly be of the first degree. Thercfore the
locus is a straight line.

248. Kvery straight line can be represented by an
equation of the first degree.

It will be sufficient to shew that we can always find
valucs of [, m, % such that the cquation la + mB + ny=0,
which we know represents a straight line, is satisficd by
the co-ordinates of any two points.

If the co-ordinates of the points be o, 8, 4" and
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a’, B, o we must have
la +mB +ny =0,
la”" +mB' +ny" =0,
and values of 7, m, # can always be found to satisfy these
two cquations.
249. To find the equation of a straight line which
passes through two given points.

Let ', B, s «”, 87, v be the co-ordinates of the two
puints.
The cquation of any straight line is

la+ mB + ny=0.

The points (o', 8, 7), («”, B”, v"), arc on the line if
la’ +'m/3'+11fy 0,
la"+ mB '+ ny” = 0.

Eliminating I, m, » from these three cquations we

have
a, B, Y (=0
« , B,
| a"’ B,” fy"
250. 7o find the condition that three given points may
be on « struight line.

Let the co-ordinates of the given points be o, 8, o' ;

B’l 7I’; (ln(l alll’ Blll 4
If these arc on the str.ught line whose equation is

la+ mB+ny=0,
we must have  la’ +mB +ay =0,
la” +mB” + ny” =0,

and la” + mB"” + ny” =0,
Eliminating I, m, 2 we obtain the required condition,
viz.
EREAR AR
1 r” 4
v, B, o

alﬂ , BI”, 'y
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251. To find the point of intersection of two given straight
lines.

Let the equations of the given straight lines be
la+mB +ny=0,
and Va+uw'B+n'y=0,
At the point which is common to these, we have
a B
The above e(i

uations give the rativs of the co-ordinates.
If the actua

values be required, multiply the nume-
rators and denominators of the fractions in (i) by «, b, ¢

respectively, and add; then each fraction is equal to

T abBey e
a(mn’ —m'n)+ bl —n'l) +ec(lm' —Tm)’” b, m, n
| U, w, o

The lines will not meet in a point at a finite distance

from the triangle of reference, that is to say the lines will
be parallel, if

il om, nl=0.

4 ’
U, wm/, v
«, b, ¢ !

252.  To find the condition that three straight lines may
meet i a point.

Let the equations of the straight lines be
la+mpB+ny=0,
La+mpB+ny=0,
la+mB+ny=0.
The lines will meet in a point if the above equations
are all satisfied by the same values of a, 8, y. The elimi-
nation of a, B, v gives for the required condition

11, m, n =0

L, my,, mn,

L, m,, n,
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253. If Ax+ By+ C=0 be the equation of a straight
line in Cartesian co-ordinates, the intercepts which the

line makes on the axes arc ——% respectively. Tf

-4
therefore A and BB be very small the line will be at a very
great distance from the origin. The equation of the line
will in the limit, assume the form
0.2+0.y+C=0.

The equation of an infinitely distant straight line,

generally called the line at infinity, is thercfore
0.2+0.y+C=0.

When the line at infinity is to be combined with other
expressions involving # and y it is written C=0.

The cquation of the line at infinity in trilincar co-ordi-
nates is awa+08+cy=0.

Yor if ka, kB, ky be the co-ordinates of any point, the
invariable relation gives F(aa+ b8 + cy) =24, or

2
ax -+ 0B+ ey = kA

If therefore & become infinitely great, we have in the limit
the relation ax+ 08 +cy=0. This is a lincar relation
which is satisfied by finite quantitics which are propor-
tional to the co-ordinates of any infinitely distant point,
and it is not satisfied hy the co-ordinates, or by quantities
proportional to the co-ordinates, of any point at a finite
distance from the triaugle of reference.

254. To find the condition that two given lines may be
parallel.
Let the cquations of the lines be
la+mpB +ny=0,
Va+m'B+n'y=0.
If the lines are parallel their point of intersection will

be at an infinite distance from the origin and therefore its
co-ordinates will satisfy the relation

aa+ 08+ cy=0.
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Eliminating a, B, v from the three equations, we have
the required condition, viz.

I, mi n|=0.
U, m, «
aq b, ¢
255. 1o find the equation of a straight line through a
given point parallel to a given straight line.
Let the cquation of the given line be
la +mB +ny=0.
The required line meets this where
aa +bB + cy=0.
The cquation is therefore of the form
la+mB +ny + X\ (aa + DB +c¢y) =0.

If £, g, & be the co-ordinates of the given point,
we must also have
If +mg + nh + N (af + by + ch) =0,
whence batmf +ny _ a2+ b8 +oy

If +mg+nh of+bg+ch”

A useful case is to find the equation of a straight line
through an angular point of the triangle of referencc
paraliel to a given straight linc.

If A be the angular point, its co-ordinates are f; 0, 0,
and the cquation becomes (ma — b)) B+ (na—le)y = 0.

256. To find the condition of perpendicularity of two
given straight lines.

Let the cquations of the lines be

la+mB + ny =0,
la+m/'B+ny=0.

If these be expressed in Cartesian co-ordinates by
means of the cquations found in Art. 246, they will be
z(lcos ,+ m cos 8,4+ n cos 6,) + y(l sin 6, +msm0 +nsiné, )

- ]’ mp, —np, =0,
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and
z(l'cos8,+ m’cos6,+ n'cosf,)+ y (I'sin 0,'+m sin, +n sme)
~Up,—m'p,—n'p,=
the lines will thercfore be perpendicular [Art. 29] if
(lcos 8, +mcos@,+ ncos 6,) (I cos 0, + m' cos 8, +n'cos 0 )
+( %m() +m sm(’;‘ +nsind )(l siné, Y 'siné, +n 'sind, )=
that is, lf
W +mm' + nn' + (Im' + I'm) cos (6, ~ 6,)
+ (mn' + m'n) cos (6, ~ ) -+ (nl’ "+ n'l) cos (6,~6,)=0.
But cos (6, — 0)—-—00:»11 cos(f,—0,)=—cos B,
and cos (0, ~0,)=—cos C;
thercfore the required condition is
W+ mwd +nn’ — (mn' + m'n) cos A — (b’ + n'l) cos B
— (Im + U'm) cos C=0.

257. To find the perpendiculur distance of « given
point from a given straight line.
Let the equation of the straight line be
la +mB +ny = 0.
Expressed in Cartesian co-ordinates the cquation will be
@(l cosf, +m cos 0,+ n cosb,) +y(l sind,+ m sind,+ n sin 6,)
—Ip, —mp,—np,=0.
The perpendicular distance of any point from this line is
found by substituting the co-ordinates of the point in the
expression on the left of the equation and dividing by the
square root of the sum of the squares of the coefficients
of z and y. If this be again cxpressed in trilinear co-
ordinates, we shall have, for the length of the perpen-
dicular from f] g, % on the given line, the value
o ________lf_+_mg+nh o
V{(lcosB,+m cosb,+ ncosd,)* +(Isinb, + msinb,+nsind,)} *
The denominator is the square root of
I+ + n® + 2lm cos (6, — 6,) + 2mn cos (6, — 6,)
+oul cos 6,—96),
or of I'+m*+ n® — 2hn cos €' — 2mn cos A — 2nl cos B.
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Hence the length of the perpendicular is equal to
If +mg +nh
V(& +m? + n* —2mn cos A — 2nl cos B— 2lm cos C)°
258.  To shew that the co-ordinates of any four points
may be expressed in the form +f, +g, + .
Let P, , R, S be the four points.

B

?\

The interscction of the line joining two of the points
and the line joining the other two is called a diagonal-
point of the quadrangle. There are therefore three
diagonal-points, viz. the points 4, B, C in the figure.

Take ABC for the triangle of reference, and let the
co-ordinates of > be 7, g, I.

Then the cquation of AP will be g ='77;.
The pencil AB, A8, AC, AP is harmonic [Art. GO],
and the equations of AB, A C arc ¢ = 0, 8 = 0 respectively,

and the equation of AP isg =Z; therefore the cequation

of ASwill be =Y . [Art. 56
g —h
a_B

The equation of P is =.
Lo 7y

Therefore where A8 and CP meet, i.c. at S, we shall
have a_B_n

Fog —w
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So that the co-ordinates of S are proportional to f, g, ~h.
Similarly the co-ordinates of R are proportional to —f,g, k.
Similarly the co-ordinates of @ are proportional to f, —g, k.

259. To shew that the equations of any four struight
lines may be expressed in the form la + mB £ ny=0.

Let DEF, DKG, EKH, FGH be the four straight

lines.

Let ABC be the triangle formed by the diagonals
FK, EG, and DII of the quadrilateral, and take 4BC for
the triangle of reference.

Let the equation of DEF be
la +mB + ny =0.

Then the equation of AD is mB +ny=0.

Since the pencil AD, AB, AH, "AC is harmonic
[Art. 60], and the equations of 4D, AB, AC are mB8+ny=0,
9 =20, 8 =0 respectively;
therefore [Art. 56] the equation of A is mB — ny = 0.

Since K is the point given by 8=0, la + ny=0; and H
is the point given by a=0, mB —ny=0; the equation
of IIK 1s la—mB +mny=0.
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We can shew in a similar manner that the equation
of DK is —la+mB + ny =0,
and that the equation of FH is
la + mB —ny=0.

EXAMTLES.

1. The three biscctors of the angles of the triangle of refercnce have
for equations, B~ y=0, y-a=0, and a - g=0.

2, The three straight lines from the angular points of the triangle of
reference to the middle points of the opposite sides have for equations
bB-cy=0, cy—aa=0, and aa-8=0.

3. If A'B'C’ be the middlo points of the sides of the triangle of
reference, the equations of B'(', C'A’, A’ will be bS+cy-aa=0,
¢y +aa - bB=0, aa+ b — ¢y =0 respectively.

4. 'The cquation of the line joining the centres of the inscribed and
circumsceribed cireles of a triangle is

a (co8 3 -- cos C) -+ 3 (cos € — cos ) I y (cos A — cos B)=0,

3. T'ind the co-ordinates of the centres of the four circles which touch
the sides of the triangle of reference. 1%ind also the co-ordinates of the
six middle points of the lines joining the four centres, and shew that the
co-ordinates of these six points all satisfy the equation

aBy+bya+caB=0.

6. If A0, BO, CO mecet the sides of the triangle ABC in A', I¥, (;
and if B'C' meet BC in P, ¢'A' meet C.l in Q, and A'B' meet AB in R;
shew that I, Q, R arc on a straight line.

Shew also that BQ, CR, A4’ meet in a point I”'; CR, AP, BB’ mcet
in a point Q'; and that AL, BQ, €' meet in a point R,

7. If through the middlo points, 4’ I, ¢ of the sides of the triangle
ADBC lines A'P, B'Q, C'R be drawn perpendicular to the sides and equal
to them; shew that 4P, BQ, ('It will mcct in a point.

8. If p, q, 7 be the lengths of the perpendiculars from the angular
points of the triangle of roference on any straight line; shew that the
equation of the line will be apa + byB4-cry=0.

9. If there be two triangles such that tho straight lines joining the
corresponding angles meet in a point, then will the threo intersections of
corresponding sides lie on a straight line.

[Let f, g, k be the co-ordinates of the point, referred to ABC one of the
two triangles. Then the co-ordinates of the angular points of the other
triangle 4A’BC’ can be taken to be 1, g, k; f, ¢, h and f, y, I’ respectively.

B'C’ cuts BC where a=0 and ”—f 7 + If:'! -h,=0. Honce the three inter-
a B

. L . _B Y __
sections of corresponding sides are on the line =7 4 oty il 0.]
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260. The general equation of the second degree in
trilinear co-ordinates, viz.

ud + vf® +wy’ + 2u' By + 2v'ya + 2w'aB =0,
is the equation of a conic section ; for, if the cquation be
expressed in Cartesian co-ordinates the cquation will be of
the second degree.

Also, since the equation contains five independent
constants, these can be so determined that the curve
represented by the cquation will pass through five given
points, and therefore will coincide with any given conic.

261.  To find the equation of the tungent at uny point of
@ conic.

Let the cquation of the conic e
¢ (2,8, 7) = ua® + v8* +wy® + 20/ By + 2v'ya + 2w'aB =0,
and let o', B, "; o', B”, ' be the co-ordinates of two
points on it.

The equation
u(@—a)(@—d)+v(B-B)B-B)+wy—v)(¥y—")
+2¢ (B=B) (y—9") + 20 (v~ ) (a— ")

+2w' (a—a') (B—B")=¢ (a, B,v),
is really of the first degrce in a, B, vy, and therefore it
is the equation of some stra.ight line. Thc equation
is satisfied by t.he v'mlues a=a',B=4, y=1v,and also by
the values a=o", B=8", y=¢". Thercfore it is the
cquation of the line _]ommg thc, two points (o, B, v),
(a”’, B, v"). Let now (a”, B”, o) move up to and ulti-
mately 'coincide with (o', B’ o), and we have the equation
of the tangent at («, B, ), viz,,
uaa’ + 08B +wyy + ' (By +98)
.+ (e +ay) +w' (@8 + Ba) =0.
Using the notation of the Differential Calculus we may
write the equation of the tangent at any point («, 8, «')
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of the conic ¢ (a, B, ) =0 in either of the forms

dd’ ot B jg, +9 34’ =0,
¢' "l¢
ot dd+ﬁ (IB

262. 1o jiud the equation qf tlw polur of a given
pownt.

It may be shewn, exactly as in Art. 76, 100, or 118,
that the cquation of the polar of a puint with respect to
a conic is of the seme form as the equation we have
found for the tangent in Art. 261.

263.- 10 find the condition that « given strasght line

maty touch a conie.

Let the equation of the given straight line be

latmB+ny=0...cccooininin. (1)-

The equation of the tangent at (o, 8, ) is

a(wd’ +w'B +v'y) +B (wa' +vB + ury')
+o @Wa' +u'B +wy')=0.. (ii).

If (i) and (ii) represent the same straight line, we have
wa' +wB vy wd +v8 +uy  vd +uf +wy
T T T T T T T e

Putting cach of these fractions equal to — A, we have

wd +wB +vy + N =0,
wo +vB +uwy - Am =0,
vd 4B +wy 4+ =0

Also, since (d, 8, &) is on the line (I, m, »),

la +mB +ny = 0.
Eliminating o, 8, o/, A from thesc four equations we
obtain the required condition
w, w, v, l|=0......(ii),
w, v, o, m
v, w, w, n
il, m = O
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or I (vw—u") + m® (wu —v*) +n* (uv — ")

+2mn (vw' — ww') + 2nl (w'u’ — ') + 20n (W — ww') =0,
or

Ul + V' + War+ 2Umn+2Vnl + 2Wim=0...(v),
where U, V, W, U’, V', W arc tHe minors of u, v, w,
o/, v, w' in the determinant

w, v, u
’ ’

v, u, w

264. To find the co-ordinates of the centre of a conic.

Since the polar of the centre of a conic is altogether at
an infinite distance, its equation is

ar+ 0B +cy=0............... ().
But [Art. 262], the cquation of the polar of the centre
will be
(b 88 b
Bt

where q, 8,, v,, arc t,lu, co-ordma.tes ()f the centre.
Hence the equations for finding the centre arc

dp dé d¢

da, 4B, _ dy,

o b ¢’

205. 7o find the condition that the curve represented
by the general equation of the second degree may be a
parabola.

The co-ordinates of the centre of the curve are given
by the equations

Usy+ 0By + Uy W+ 08, + wy, _ a1y,
a b B ¢ ’
Put cach of thesc equal to — A, and we have
. ua, +w'B, +'vfyo+)»a,__0
'wao+v,8,, +u'y,+Ab=0,
va, + B, +wy, +Ac=0.
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Also since the centre of a parabola is at infinity, we
have
az,+ b8, + ey, =0.
The elimination of a,, B,, «,, M gives for the required
condition .
lw, w, v, a|=0.
w, v, u, b
v, W, w, ¢
«, b, ¢ 0!
We see from the above that the parabola touches the
line at infinity. [Art. 263.]
266. 7T find the condition that the conic represented by
;lfe general equation of the second degree may be two strasght
nes.
The required condition may be found as in Art. 37.
The condition is
wew + 200w — w* — vt —ww* =0,
or, ay a determinant,

’

w, w, o|=0
w, v, ¢
v, W, w
267. 1o find the asymptotes of a conic.
The equations of the curve and of its asymptotes only
differ by a constant.
Hence if the equation of the curve be
u + 13 + wyt + 20/ By + 2ya + 2w'aB =0,
the equation of the asymptotes will be
ud® + v8 + wy® + 20/ By + 2v'ya + 2w'aB
+ A (az + VB 4+ o) = 0eenn (i).
The value of X is to be determined from the condition
for straight lines, viz.
w +Aa, w+rab, v +rac|=0.
w+Aab, v + A, o+ Abe
¥ +Nae, ' +Nbe, w4+

8. O, 8. 19
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The term independent of \ is
v, w ,v
w, v,u|.
v, u , w
The coefficient of A is

Il ’ )
«, ab, aci{+ju , w, v [+|uw, w, v
w,v ,u ab , 1*, be w, v, u

4 4]
v, , w v, w, w ac, be, ¢

which is equal to
—|u, w,v, a
w, v ,u, b
v, w,w, ¢
a.b.c¢c.0
The coefficients of A? and of A* are both zero.
Hence there is a simple cquation for A, and thercfore
from (i) we have for the equation of the asymptotes

d(aBy)u,w, v, a|lt(wat+bB+ey) u,w,v =0.

w,v ,uw , b w, v ,uw
v o,w, w, e v ou ., w
a.b.c .0

268. To find the condition that the comic may be a
rectangular hyperbola.

Change to Cartesian co-ordinates. Then the conic will
be a rectangular hyperbola if the sum of the coefficients of
a® and y* is zero.

The condition becomes

u+v+w—2u" cos d — 20 cos B — 2w’ cos (= 0.

269. To find the equation of the circle circumscribing

the triangle of reference.

If from any point P, on the circle circumscribing
a triangle ABC, the three perpendiculars PL, PM, PN be
drawn to the sides of the triangle and meet the sides
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BC, CA, AB in the points L, M, N respectively; then it
is known that these three points L, M, N arc in a straight
line.

Let the triangle be taken for the triangle of reference
and let a, B, 4 be the co-ordinates of P. .

The arcas of the triangles MPN, NPL, and LPM
are 3}Bysin 4, }yasin B, and 4aBsinC respectively.
Since L, M, N are on a straight line, one of these triangles
is equal to the sum of the other two. Hence, regard being
had to sign, we have

Brysin A + yasin B+afsin C =0,
or aBy + bya+ caB =0,
which is the cquation required.
Ex. The perpendiculars from O on the gides of a triangle meet the

sides in D, K, I'. Shew that, if the arca of the trianglo D ¥ is constant,
the locus of O is a circle concentric with the circumseribing cirele.

270. Since the terms of the sccond degrec are the
same in the equations of all circles, if S=0 be the
equation of any onc circle, the equation of any other
circle can be written in the form

S+ra+ pB +vy =0,
or, in the homogencous form,
S+ (la+mB + ny) (aa+ OB + ¢y) = 0.

271. From the form of the gencral equation of a
circle in Art. 270 it is evident that the linc at infinity cuts
all circles in the same two (imaginary) points,

The two points at infinity through which all circles
pass arc called the circulur points ut infindty.

Since, in Cartesian co-ordinates, the lines #®+3° =0
are parallel to the asymptotes of any circle, the imaginary
lines 2 +3* =0 go through the circular points at infinity.
Hence, from Art. 193, the four points of interscction of
the tangents drawn to a conic from the circular points at
infinity are the four foci of the curve.

272. To find the conditions that the curve represented
by the general equation of the second degree may be « circle.

19—2
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The equation of the circle circumscribing the triangle
of reference is [Art. 269]
aBy + bya + ca3=0.
Therefore [Art. 270] the cequation of any other circle
1s of the form
aBy + bya+ caB + (la +mpB +ny) (aa + bB + cy) =0.
If this is the same curve as that represented by
wa® + 983 + wy* + 20/ By + 2v'ya + 2w'aB =0,
we must have, for some value of A,
A = la, Ao = mb, Mw = nc,
' =a+cm + b, 200" = b+ an + cl,and 20w’ = ¢ + bl +am.
Hence
Qbeu’ — c*v — b'w = 2cv’ — a*w — c*u = 2w’ — Vu — a*v,

for each of thesc quantitics is equal to EL—I:-;.

273. 1o find the condition that the conic represented by
the generul equation of the second degree may be an ellipse,
parabola, or hyperbola.

The cquation of the lines from the angular point C to
the points at infinity on the conie will be found by climi-
nating ry from the equation of the curve and the equation
axr+bB +cy=0. Hence the equation of the lines through
C parallel to the asymptotes of the conic will be

uc’a® + ve’B* +w (wz + UB) — 2u'cB (ax + bB)
—2v'ca(az+bB) + 2w'c’aB = 0.

The conic is an ellipse, parabola, or hyperbola, accord-
ing as these lines are imaginary, coincident, or real; and
the lines are imaginary, coincident, or real according as

(wab — wuc — v'be + w'e*)* — (uc® + wa® — 20" ac)
(vc* + wb® — 2u'be)
is negative, zero, or positive; that is, according as
Ua*+ Vo' + W+ 2Ubc+ 2V ca + 2 Wab
is positive, zero, or negative.

274. The cquation of a puir of tangents drawn to the

conic from any point can be found by the method of
Art. 188,
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The cquation of the director circle of the conic can be
found by the method of Art. 189.

The equation giving the foct can be found by the
method of Art. 193,

The equations for the foci will be found to be

4 (Pw + o — 2bow’) ¢ (=, B, ) — (”33' = 323) 2

=4 (Fu + ¢’'w —2cav’) ¢ (a, B, ) — (c g& —a E;)z

=4 (a™ + Vu — 2abw’) ¢ (2, B, ) — (a Z‘ﬁ -b d“’)2 .

The elimination of ¢ (a, B, y) will give the cquation of
the axes of the conic.

275.  To find the equation of « conic circumscribing the
triungle of reference.
The general equation of a conic is
10’ + 98 + wy* 4 20’ By + 2'ya + 2w'aB = 0.
The co-ordinates of the angular points of the triangle
are
2
QuA-, 0, 0; 0, -2-?, 0; and 0,0, GA.
If these points are on the curve, we must haveu =0, v =0,
and w =0, as is at once secn by substitution.
Hence the equation of a conic circumseribing the tri-
angle of reference is
WPy + vya+waB =0.
276. The condition that a given straight line may
touch the conic may be found as in Art. 263, or as follows.
The cquation of the lines joining A to the points
common to the conic and the straight line (I, m, »), found
by eliminating « between the equations of the conic and
of the straight line, is
W/'By — (V'oy + w'B) (B +ny) =0,
ot mwB vy’ + (mv' +nw —lu') By=0.
The lines arc coincident if (7, m, n) is a tangent; the
condition for this is
dmnv'w’ = (mv’ +nw' — W)’
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which is equivalent to

VIt Jmv' + o = 0.

277. To find the equation of a conic touching the sides
of the triungle of reference.

The gencral cquation of a conic is

ua® + vB* + wy' + 20/ By + 2v'ya + 2w'aB = 0.

Where the conic cnts @ = 0, we have

B+ wy + 2u/'By=0.

Hence, if the conic cut a=0 in coincident points we

have
vw=1u" or u = Jow.

Similarly, if the conic touch the other sides of the

triangle, we have - )
v' = Jwu, and w' = Juw.

Putting A, %, »* instead of w, v, w rospectively, we have
for the equation,

Mo+ p’B" + vy’ T 2uvBy F 2uhya F 2Apaf = 0.

In this cquation either onc or three of the ambiguous
signs must be negative ; for otherwise the left side of the
equation would be a perfect square, in which casc the
conic would be two coincident straight lines.

The equation can be written in the form
N+ JuB+ vy =0.
278. To find the condition that the line la +mB + ny =0

may touch the conic Aa +JuB+ vy =0.

The condition of tangency can be found as in Art. 276,
the result is

m n
279.  To find the equations of the circles which touch the

sides of the triangle of reference.

1f 1) be the point where the inscribed circle touches
BC, we know that

DC=s—c,and DB =s —1.
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Therefore the equation of 4D will be
. B _ 4 :
G-o)sm 0 F—b)saB " (@)-
Now the equation of any inscribed conic is
N+ JpB 4oy =0, (ii).
The equation of the line joining 4 to the point of contact
of the conic with BC will be given by
JuB+ry=0;
SopB=vy....... cerrereeans (ii).
Hence, if (ii) is the inscribed circle, we have from (i) and

(iii)

M
bo—b=cG=c)"

Similarly, by considering the point of contact with C'd,
we have

v A
oG—0) " a(=a)
Hence the equation of the inscribed circle is
Jalr=a) a4+ JEG= 0B + Jo (= )y =0.

The equations of the escribed circles can be found in a
similar manner.

Ex. 1. Shew that the conic whose equation is

Waa b NJBB+ ey =0,
touches the sides of the triangle of reference at their middle points.

Ex. 2. If a conic be inscribed in a triangle, the lines joining the
angular points of the triangle to the points of contact with the opposite
sides will meet in & point.

280. To find the equation of « conic which passes
through four given points.

If the diagonal-points of the quadrangle be the angular
points of the triangle of reference, the co-ordinates of the
four points are given by + £, + g, + h[Art. 258].

If the four points are on the conic whose cquation is

ud + vB* + wy' + 20 By + 2v'ya + 2w'aB8 =0,
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we have the cquations
uf? + vg’ +wh® & 2u'gh £ 20°0f + 2wfg=0;
Lu=v=w =0
Hence the equation of the conic is ua® + v8* + wy* =0,
with the condition uf?*+ vg® +wh’ = 0.
Ex. 1. Find the locus of the centres of all conics whick pass through
JSour given points.
Let the four points be +f, xg, +h.
The equation of any conic will be
wa? -+ v8%+1wy?=0,

with the condition )
wf24-2g2 +wh®=0.. ..oinn e ().

The co-ordinates of the centre of the conic arc given by
uae vl _wy
@V ¢
Substitute for #, v, w in (i), and we have the cquation of the locus, viz.

2 2 2
LY 0. [Sce At 209.]
a B v

Ex. 2. The polars of a given point with respect to a system of
conics paseing through fonr given points will pass through a fixed point.

281. 1o find the equation of « conic touching four
geven straight lines.

Let the triangle formed by the diagonals of the quadri-
lateral be taken for the triangle of reference, then [Art 259]
the equations of the four lines will be of the form

la + mB +ny=0.
The conic whose equation is
ud 4+ v0* + wy’ + 2u'By + 20y +- 2w'aB =0 ...{i)
will touch the line (I, m, ) if
Ul + Vil 4+ Wol + 20 mn + 2Vl + 2W'ln = 0.

If therefore the conic touch all four of the lines, we
must have U=V'=W-=0,
that is v'w ~ wu' =0,

wn' — o =0,
v —ww =0;
s =v=w'=0,
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or clse (i) is a perfect square, and the conic a pair
of coincident straight lines.

Hence we must have «' =4 =" =0, and the condition
of tangeney is  Pow + miwu + nPuw = 0.

Hence every conic tonching the four straight lines is
included in the equation

uz® + 3 + wy’ = 0,

with the condition

o v
(7 v w

Ex. 1. Find the locus of the centres of the conics which touck four
given straight lines.
Any conic is given by
ua® + v+ wyt=0,
r -+ m + 1—‘?'—*0.
oo w
The co-ordinates of the centre of the conic are given by
ne T8 wy,
TS e
therefore the cquation of the locus of the centres is the straight line
Pa W8 27,
a b c
This straight line gocs through the middle points of the three diagonals
of the quadrilateral. [See Art. 217.]
Ex. 2. The locus of the pole of a given line with respect fo a system
of conies inscribed in the same quadrilateral is a straight line.
Ex. 3. Shew that, if the conic ua®+v82+wy*--0 be a parabola, it
will touch the four lines given by aa L5+ cy=0.

282, When the equation of a conic is of the form
u2® + B + wy* =0, cach angular point of the triangle of
reference is the pole of the opposite side. This is at once
seen if the co-ordinates of an angular point of the triangle
be substituted in the equation of the polar of (), 8, ¥'),
viz. ud'a+ 98’ B+ wy'y =0.

Conversely, if the triangle of reference be self-polar, the
equation of the conic will be of the form wa® + v +wy* = 0.

For, the cquation of the polar of 4 (2;?- , 0, 0) , with respect

with the condition
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to the conic given by the general equation, is

ur +wpB+v'y=0.
Hence, if BC be the polar of A, we have w' =v' =0.
Similarly, if CA be the polar of B, we have w' =" =0.
Hence v/, v/, w' are all zero.

283. If two conics intersect in four real points, and
we take the diagonal-points of the quadrangle formed by
the four points for the triangle of reference, the equations
of the two conics will [Art. 280] be of the form

ue’ + o8+ wy' =0, and wa' +v'B* + w'y* = 0.
So that, as we have scen in Art. 213, any two conics
which intersect in four real points have a common self-polar
triangle.

When two of the points of intersection of two conics
arc real and the other two imaginary, two angular points
of the common self-polar triangle are imaginary. When
all four points of intersection of two conics are nnaginary,
they will have a real self-polar triangle. [See Ferrers’
Trilincars, or Salmon’s Conic Sections, Art. 282.]

284. If two tangents and their chord of contact be
the sides of the triangle of reference, the cquation of the
conic will be of the form

for (i) is a conic which has double contact with the conic
By =0, the chord of contact being a=0. [Sec Art. 187.]

285. To find the equation of the circle with respect to
whach the triangle of reference 1s self-polar.

The equations of all conics with respect to which the
triangle of reference is self-polar are of the form
ux® + v8* + wy =0,

The equation of any circle can be written in the form
aBy + bya +caB + (M + B + vy) (ea+bB + cy) = 0.

If these equations represent the same curve, we have

- w=2e, v=ub, w=vc,

a+pc+vb=0,b+va+Ac=0,and c+ b+ pa=0.
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Whence A =—cos A, p=—cos B, and v=-cos (.
The required equation is therefore
acosAd.a"+beus B.B +ccos C.y*=0,
286. To find the equation of the nine-point circle.
Let the equation of the circle be
aBy + bya+ caB — (A2 +puB +vy) (az+ B+ cy) = 0.
This circle cuts a =0 where b8=cy;
~oabc—2 ([LO +vb) be= 0,

B a
o b +; ¢ 2abe’

. v A0
Similarly ot T = oube’

A p_ &

and _l: b ‘)(', bhe'
Hence 2A =cus ., 2u = cos B, and 2v = cos U;
therefore the equation of the cirele is
2aBry + 2bya + 2caB

—(acosd + Beos B+eycos C) (azr+bB +cy)=0,

or aBy+byx+cxB —a*acos A —B% cos B —qg'ccos C=0.

The form of this cquation shews that the nine-point

circle, the circumscribed circle, and the sclf-conjugate

circle have a common radical axis, the equation of the
radical axis being

acos A +Bcos I3+ qcos C=0.
Ex. 1. The centre of the self-conjugate circle of a trianglo is its
orthocentre.

Ex. 2. The locus of tho centres of all rectungular hyperbolas de-
seribed about & given triangle is the nine-point cirele.

287. Puscal's Theorem. If « hewagon be inscribed in
« conic, the three points of intersection of the three pairs of
opposite sides will be on « struight line.

Let the angular points of the hexagon be 4,F,B,D,C, K.
Take ABC for the triangle of reference, and let the pomts
D E 1’1 be (a f 7) (a//’ B" ‘711)’ a,n(]. (aur’ II’ 'ylﬂ)-
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Let the equation of the conic be

;+L‘+'i=0 EUUTR (1)

B v
The equations of BD and AX will be g,:g—,, and
)] a_B _v
8 =';Z, ; therefore at their intersection, o g7 17
v’ 7’[

”r

Similarly €D, AI' mect in the point (;,, 1, g,,,) .

And CK, BE meet in the point (l,’f,,— , Z,,,).

The threc points will lic on a straight line if

I 74
R A (O L TR B S
0% A b4
« 111
B” , B,,, B;, B/u Bm
. B 11
y a//) C(l" a') all’ a'”

But, since the three points ), £, # are on the conic (i),
we have

AN op 4
S5t mt+ =0,
« By
Ao
"T/+_ﬁ+ II__-(’)
al By
A Y v
and et i+ =0,
a” By

By the elimination of A, g, » we see that the condition
(ii) is satisfied, which proves the proposition. [Sec also
Art. 319, Ex. 8]

Since six points can be taken in order in sixty different
ways, there are sixty hexagons corresponding to six points
on a conic; and, since Pascal’s Theorem is true for every
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one of these hexagons, therc are sixty Pascal lines corre-
sponding to six points on & conic.

288. If a hexagon circumscribe a conic, the points of
contact of its sides will be the angular points of a hexagon
inscribed in the conic. Each angular point of the circum-
scribed hexagon will be the pole of the corresponding side
of the inscribed hexagon ; therefore a diagonal of the cir-
cumscribing hexagon, that is a line joining a pair of
its opposite angular points, will be the polar of the point
of intersection of a pair of opposite sides of the inscribed
hexagon. But the three points of intersection of pairs of
opposite sides of the inscribed hexagon lie on a straight
line by Pascal’s Theorem ; hence their three polars, that is
the three diagonals of the cirenmscribing hexagon, will
mect in a point. This proves Brianchon’s Theorem :—af
« hexagon be described ubout u conie, the three diagonals will
aneet i« poind.

289. If we are given five tangents to a conic we can
find their points of contact by Brianchon’s Theorem. For,
let 4, B, ¢, D, I be the angular points of a pentagon
formced by the five given tangents; then, if X be the point
of contact of AB, A, K, B, C, ), & arc the angular points
of a circumscribing hexagon, two sides of which are co-
incident. By Brianchon’s Theorem, DK passes through
the point of intersection of AC and BE; hence A is
found. The other points of contact can be found in a
similar manner.

Similarly, by means of Pascal’s Theoremn, we can find
the tangents to a conic at five given points. For, let 4,
B, C, D, E be the five given points, and let F be the point
on the conic indefinitely near to A ; then, by Pascal’s
Theorem, the three points of intersection of 43 and DE;
of BC and EF'; and of CD and FA lic on a straight line.
Hence, if the linc joining the point of intersection of AR
and DE to the point of intersection of BC and 4 meet
CD in H, AH will be the tangent at A. The other
tangents can be found in a similar manner.
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AREAL CO-ORDINATES.

290. The position of any point P is determined if the
ratios of the triangles I’BC, PCA, PAB to the triangle of
reference ABC be given. These ratios are denoted by «, y, 2
respectively, and are called the areal co-ordinates of the
point P.

The areal co-ordinates of any point are connected by
the relation w+y+z=1
aa D cy
A’ Y= 24 2A°
the equation in areal co-ordinates which corresponds to any
given homogencous equation in trilinear co-ordinates, by

Since z= , and z= we at once find

substituting in the given equation 2, %, Z for a, B, v
respectively ; for example the equation of the line at in-
finity is 4+ y+2=0. We will however find the arcal
equation of the circumscribing circle independently.

201. To find the equation in areal co-ordinates of the
circle which circumscribes the triangle of reference.

If P be any point on the circle circumseribing the tri-
angle ABC, then by Ptolemy’s Theorem (Euclid vi. D.)
we have

PA.BC+PB.CA+PC.AB=0......... (i).

But since the angles BPC and BAC are equal, we have

g—g-'——i—g=w, and similarly for ¥ and 2z; hence, paying

regard to the signs of 2, y, z, we have from (i)

a PA.PB.PC PA.PB.PC’_}_c PA.PB.PC

bear +b cay abz 0,
2 2 2
or il.. + p. + (.’.. = 0’
" y 2

which is the equation required.
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292. If the conic represented by the general equation
of the second degree in trilinear co-ordinates, viz.
ua® + 8 + wy' + 2u'By + 'ya + 2w'aB =0,
be the same as that represented in areal co-ordinates by
the equation :

A+ py' + ve' + 2Nyz + ' za + Way = 0;

then, since z_Y_2 , we have
aa oy
w v _w_w v W
A = WP e Wbo ™ oa " vab®
Hence we can obtain the relation between the cocfficients
in the areal equation which corresponds to any given
relation between the coefficients in the trilinear equation.

For cxample, the condition that wa®+v8"+ wy’=0
may be a rectangular hyperbola is » + v + w=0; hence the
condition that A2’ + wy®'+ »z®=0 may be a rectangular
hyperbola is M+ pb® 4 ve® = 0.

TANGENTIAL CO-ORDINATES.

293. If I, m, n be the threc constants in the tri-
lincar or arcal equation of any straight linc, the position
of the line will be determined when [, m and  are given;
and by changing the valucs of [, m, and n the cquation
may be made to represent any straight line whatever.

The quantities £, 2, and # which thus define the position
of a straight line are called the co-ordinates of the line.

If the cquation of a straight line in arcal co-ordinates
be le+my+nz=0,
the lengths of the perpendiculars on the line from the
angular points of the triangle of rcfercnce will be pro-
portional to J, m, n. This follows at’ once from Art. 257;
we will however give an independent proof.

Let the lengths of the perpendiculars from the angular
points 4, B, C of the triangle of reference be p, ¢, r
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respectively. Let the line cut BC in the point K, and let
the co-ordinates of K be 0, /', 2'.

Then q:7:: BK :CK ::-2" : 9.
But, since A is on the line, my’ +nz’ =0; therefore
g:raum:n

204, The lengths of the perpendiculars on a straight
line from the angular points of the triangle of referenco
may be called the co-ordinates of the line. If any two of
these perpendiculars be drawn in different directions they
must be considered to have different signs.

From the preceding Article we sce that the cquation of
a line whose co-ordinates are p, ¢, 7 is pz + gy + 72 = 0.

When the lengths of two of the perpendiculars on
a straight line are given, there are two and only two
positions of the linc; so that, when two of the co-ordinates
of the line are given, the third has one of two particular
values. Hence there must be some identical relation
connecting the three co-ordinates of a line, and that
relation must be of the second degree.

295. 1o find the identicul relation which exists between
the co-urdinates of any line.

Let 6 be the angle the line makes with B4, then we
have ¢ —p=csinf, and ¢ —r=asin(0+ B). 'The elimi-
nation of @ gives the required relation, viz.

@ (q—p)—2accos B(g—p)(qg—1)+ ¢ (g —r) =4A%
or
a(p=—(p—1)+(g—7)(g—p)+ ¢ (r—p) (r—g)=4A"

296. If the line px+ qy+rz=0 pass through a fixed

point (f, g, %), then
g+ rh=0. . @).

So that the co-ordinates of all the lines which pass
through the point whose areal co-ordinates are f, g, h
satisfy the relation (i).

Hence the equation of a point is of the first degree.
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297. If the co-ordinates of a straight line are con-
nectéd by any relation the line will envelope a curve, and
the equation which expresses that relation is called the
tangential equation of the curve.

We have seen that the tangential equation of a conic is
of the second degree, and that every curve whose equation
is of the second degree is a conic. If 4 (/, m, n) =0 be
the tangential equation of the conic whosc areal equation
is ¢ (#,y,2) =0, and if the cocfficients in the equation
¢ =0be u, v, w, w, v, w'; the corresponding cocfficients in
the equation y»=0 will be U, V, W, U’, V’, W’, the minors
of u, v, w, w, v, w’ respectively in the determinant

w, w, v
w, v, u]|.

v, W, w

Since u, v, w, @, v, w' are proportional to the minors of
U vV, w, U, V’, Win the determinant

U, w, v’
W, ¥, U’ [Sec Art. 23]
v,U, W

it follows that if 4 (I, m, n) =0 be the tangential equa-
tion of the conic whose areal equation is ¢ (w, ¥, 2) =0,
then ¢ (£, m, n) =0 will be the tangential cquation of the
conic whose arcal equation is ¥ (2, , 2)=0.

298. We can find the equation of the point of contact
of any tangent by an investigation similar to that in
Art. 261.

The equation is
dp  dp dp_
+q dy’ +r55=0,

pt_ij)' dr
b d  dp
or Pt g +" ="

where ¢ (p, ¢, 7) is the equation of the conic, and p', ¢', 7
are the co-ordinates of the tangent.

8.C. 8. 20
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If (p', ¢, 7*) be not a tangent to the curve, the above
cquation will be the equation of the pole of (', ¢, 7).

The centre is the pole of the line at infinity whose
co-ordinates are 1, 1, 1; hence the equation of the centre

of the curve is R

299. We shall conclude this chapter by the solution
of some examples.
(1) If the sides of tiwo triangles touch a given conic, their sixc angular
points will lie on another conic.

Tuke one of the triangles for the triangle of reference.
Let the equation of the given conic be

Rt B+ vy =0.

Let the equations of the sides of the second triangle be :
Lat+mB+ny =0, La+mn,S+ny=0,
and Lo +myB +nygy=0,
Then

L (laa 4 muB4 1) (Tya+ mgB+ nygy) - M (bya-i mgB -+ nyy) (hhad nyB+npy)

+ N (La+mB+ 1yy) (laa+ myB+nsy) =0
will be the general equation of a conie ciremnseribing the triangle formed
by these straight lines,

This conic will pass through the angular points of the triangle of
reference if the coeflicients of a2, B2 und 4? are all zero. That is, if
L 1+ MU, + Nil,=0,
Lmgny+ Mmgmy + Nmyn, =0,
and Lugg + Mugn, + Nayn, =0,
Eliminating 1., M, N, we see that the condition to be satistied is
Ly L, 4, |=0, or|l 1 1 |=0.

Mylltyy  MgDlyy By [ A
Rghy s NGy, Ny 11 1
my’ oy oy
11 1

IR
But, since the three lines touch the given conic, we havo
N oop oo N op

v N oopow
_ - = 4 - =), —_—t =t -.=

Lomy om0y * 1wy and Iy + m,+ y 0.
Eliminating \, g, », we sec that the required condition is satisfied.

[See also Art. 322, Iix, 2.]
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(2) If one triangle can be inscribed in one conic with its sides touching
another conic, then an infinite number of triangles can be so described.

Let ABC be the triangle whose angular points are on the eonic Z, and
whose sides touch the conic S.

Let any other tangent to S be drawn cutting = in the polnts B, C’,
and let the other tangents to S through B’, ¢’ meet at 4. Then 4’B'C’
and ABC are two triangles whose sides touch S. Therefore by the pre-
ceding question the six points 4, B, C, B, (', A’ are on a conic. But
five of the points, viz. 4, B, C, B, C', are on the conic =, and only one
conic will pass through five points, therefore ¢’ also is on 2.

(3) Four circles are described so that each of the four triangles, formed
by cach three of four given straight lines, is self-polar with respect to one of
the circles; prove that these four circles and the circle circumscribing
the triungle formed by the diagonals of the quadrilateral have a common
radical axis.

Take the triangle formed by the diagonals for the triangle of roference,
then the equations of the four straight lines will be laxmB+ny=0.
All conies with respect to which the lines

lo+mB+ny=0, la —mB-+ny=0, and la+mB —ny=0
form a self-polar triangle are included in the equation
L(la+mB-+ny)* -+ M (la — mB+ny)*+ N (la +mB ~ ny)*=0......(i).
If this conic be a circle its equation can be put in the form
aBy+ byad-caB+ Na -+ uB+ vy) (ra+bB+cy) - 0......... (i),
and Aa-+puB+vy=0is the radical axis of (ii) and of the circumseribing
circle. Comparing coefficients of a2, 8* and 42 in (i) and (ii) we obtain, for
the equation of the radical axis
1A w? n?
P +_b 8 +--c“)'=0-
This is clearly the same for all four circles.

(4) 4 line cuts two given conics in I, I”, and Q, @', so that the range
P, Q, I, Q is harmonic; find the envelope of the line.

Refer the conics to their common sclf-conjugate triangle and let their
equations be

uat+ v +wyi=0, wa+vPi+uw'yi=0.
Let the equation of the line be
la+mB+ny=0.
Then the lines AP, AP are given by the equation
u (B +ny)?+ P + luwy?=0,
or B8 (um?® + vl?) + 2umnBy + (un? + wid) ¥*=0,
20—2
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And similarly AQ, AQ' are given by
B (w'md + v'1%) + 2u'mnBy + (u'n? 4+ w'l?) 4* =0,
If therefore 4 {PQP'('} is harmonic, we must have [Art. 58]
(wm? -0 (wn? +wl?) + (un? -+ wi2) (w'md+v'1?) == 2uw'm*n?;
which reduces to
(010’ + wo’) B+ (w +uw'Y m? + (v’ + vu') n2=0.
This condition shews that the line always touches the conic
a 8 7
s ol e o vow =

It is easy to shew that the envelope touches the eight tangents to the
given conics at their four points of interscction.

(5) The director-circles of all conics whieh are inscribed in the same
quadrilateral have a common radical aris.

Let the triangle formed by the diagonals of the quadrilateral be taken
for the triangle of reference.

Then the equations of the four lines will be la£mB+ny=0. [Art.
250.]

The equation of any one of the conics will be ua®+vg*+wy?=0.
[Art. 281.]

The equation of the two tangents from the point (a/8'y') is

(wa? +v8% -+ wy?) (ua4-v8"2 Fawey?) - (na'a + v8'B - wy'y)* =0.

The condition that thuese lines may be perpendicular is [Art. 268]

u (V82 + wy"®) + v (wy' -+ ua™) +w (ua’* + v8') + 2vw 8"y cos A
t 2wuvy'a’ cos B 4 2uva'g’ cos C=0.

Hence the equation of the director-cirele of tho conic ua®+ v8? + wy?=0
will be
A +v*+28ycos A +-y‘~' + u*+2'yu__e_o_s_1}_+ a®+8% 4 2a8 cos c_

0....(i)-
n v 0
But, since the conic touches tho four lines la 4 mgB+ ny =0, we have
rom -
~4 =0 (ii).
v w

Comparing (i) and (ii) we see that all the director-circles pass through
the points given by
B2+~424+28ycos A
72

P +a'+2yacos B a+ '+ JaB cos G
m? - nt
[See also Art. 243, Ex. (2), and Art. 307.]
(6) To find the tangential equation of the circle with respect to which
the triangle of reference is self-polur.
The trilinear equation of the circle is
a’a cos A + B% cos B + «%¢ cos C=0.
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The line la+mB + ny=0 will touch the circle, if
r m? «?
acos A ¥ Feos BT caoaC
It p, g, r be the perpendiculars on the line from the angular points of
the triangle

§=72 =£ [Art. 257).

&

a e
Hence from the condition of tangency

p*tan.{+ ¢*tan B +)? tan C-.0,
which is the required tangential equation.

ExamrrLrs oN Cuarrer X111,

1. Shew that the minor axis of an cllipse inscribed in a
given triangle cannot ~xceed the diameter of the inscribed
circle.

2. TFind the area of a triangle in terms of the trilinear or
areal co-ordinates of its angular points.

3. If four conics have a common self-conjugate triangle,
the four points of intersection of any two and the four points
of intersection of the other two lic on a condie.

4. Shew that the eight points of contact of two conics
with their common tangents lie on a conic.

5. Shew that the eight tangents to two conies at their
common points touch a conic.

6. Any three pairs of points which divide the three
diagonals of a quadrilateral harmonically are on a coniec.

7. TFind the equation of the nine-point cirele by considering
it as the circle circumseribing the triangle formed by the lines
aa—bB—cy -0, b —cy—aa=0, and cy—aa- bB=0.

8. Shew that the equation of the circle concentric with
aBy + bya + ca3=0 and of radius » is

- R R
aﬁ'y+b-ya+caﬁ—~-a—b-é—-(aa+bﬂ+w) =0,

where R is the radius of the circle circumscribing the triangle
of reference.
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9. The equation of the cireumseribing conic, whose
diameters parallel to the sides of the triangle of reference are

'I'I, 'r,, ')':‘ 18
a b c
=5+ —gp+ g 0.
'r‘a T’ 3y

10. ABC is a triangle inscribed in a conic, and the tangents
to the conic at 4, B, C' are B'C’, C"A’, A'B respectively ; shew
that 44’, BB, and C'C’ meet in a point. Shew also that, if D
be the point of intersection of BC, B'C"; E the point of inter-
section of C'4, C'4’, and F the point of intersection of 42,
A'B’; D, E, F will be a straight line.

11. Lines are drawn from the angular points 4, B, C of a
triangle through a point P to meet the opposite sides in
A, B, C'. B'C meets BC in K, C'A’ meets CA in I, and A'B'
meets AB in M. Shew that K, L, M are on a straight line.
Shew also (i) that if > moves on a fixed straight line then
KLM will touch a conic inscribed in the triangle 4BC; (ii)
“that if P moves on a fixed conic circumscribing the triangle
ARC, then KLM will pass through a fixed point; (iii) that if
P moves on a fixed conic touching two sides of the trianglo
where they are met by the third, KL will envelope a conie.

12. Lines drawn through the angular points 4, B, C of a
triangle and through a point O meet the opposite sides in
A’y B, ('; and those drawn through a point 0’ meet the
opposite sides in A", B”, ¢”, If P be the point of intersection
of B'C’ and B"C"”, Q be the point of intcrsection of C'4’, C”4”,
and R be the point of intersection of 4'B’, 4”1 ; shew that
AP, BQ, CR will meet in some point Z. Shew also that, if
0, O’ be any two points on a fixed conic through 4, B, C, the
point Z will be fixed.

13. The locus of the pole of a given straight line with
respect to a system of conics through four given points is a
conic which passes through the diagonal-points of the quad-
rangle formed by tho given points.

14. The envelope of the polar of a given point with respect
to a system of conics touching four given straight lines is a
conic which touches the diagonals of the quadrilateral formed
by the given lines.
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15. Shew that the locus of the points of contact of
tangents, drawn parallel to a fixed line, to the conics in-
scribed in a given quadrilateral, is a cubic; and notice any
remarkable points, connected with the quadrilateral, through
which the cubic passes.

16.  An ellipse is inscribed within a triangle and has its
centre at the centre of the circumscribing circle. Shew that
its major and winor axes are B+ d and R - d respectively, 2
being the radius of the circumscribing circle and d the distance
between the centre and the orthocentre,

17. Prove that a conic circumscribing a triangle AB(
will be an ellipse if the centre lie within the triangle DEF or
within the angles vertically opposite to the angles of the
triangle DEF, where D, E, I’ are the middle points of the
sides of the triangle 4 BC.

18. Shew that the locus of the foci of parabolas to which
the triangle of reference is self-polar is the nine-point circle,

19. Shew that the locus of the foci of all conics touching
the four lines la=mfB =ny=0 is the cubic
)3 > 2 2 32
. _-.1_.' e - ,_'1_9___ + ___.._;,.,-'L_._ _.‘_’. ._.._.1 “__ - 0’
la+mB+uy  la—-mB—ny —la+tmB—ny —la—mB+uy
where PP=F+m’+9°—2mn cosd—2nl cos B~2m cosC,
and P2, P7 P? have similar values.

20. H a conic be inscribed in a given triangle, and its
major axis pass through the fixed point (/] g, %), the locus of
its focus is the cubic

Sa (B =) +9B(y* ~a®) + by (a* - B7) 0.
21. Tf the centre of a conic inscribed in a triangle move

along a fixed straight line, the foci will lic on a cubic circum-
seribing the triangle,

23. The locus of the centres of the rectangular hyperbolas
with respeet to which the triangle of reference is sclf-conjugate
is the circumseribing circle.

23. The locus of the centres of all rectangular hyperbolas
inscribed in the triangle of reference is the self-conjugate
circle,
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24, Shew that the nine-point circle of a triangle touches
the inscribed circle and each of the escribed circles.

25. The tangents to the nine-point circle at the points
where it touches the inscribed and escribed circles form a
quadrilateral, each diagonal of which passes through an angular
point of the triangle, and the lines joining corresponding
angular points of the original triangle and of the triangle
formed by the diagonals are all parallel to the radical axis of
the nine-point circle and the circumseribing cirele.

26. The polars of the points 4, B, ¢ with respect to a
conic are B'C’, C"A’; A'B rcspectively; shew that 44’y BB, CC'
meet in a point,

27. If an equilateral hyperbola pass through the middle
points of the sides of a triangle 4 BC and cuts the sides BC, (4,
AB again in a, B, y respectively, then Ada, BB, Cy meet in a
point on the circumscribed circle of the triangle 4 BC.

28. Shew that the locus of the intersection of the polars of
all points in a given straight line with respect to two given
conics is a cohic circumscribing their common self-conjugate
triangle.

29. Two conics have double contact ; shew that the locus
of the poles with respect to one conic of the tangents to the
other is a conic which has double contact with both at their
common points,

°30. Two triungles arc inscribed in a conic ; shew that their
six sides touch another conic.

31. Two triangles are sclf-polar with respect to a conic;
shew that their six angular points are on a second conic, and
that their six sides touch a third conic.

32. If one triangle can be described self-polar to a given
conic and with its angular points on another given conic, an
infinite number of triangles can be so described.

33. A system of similar conics have a common self-conju-
gate triangle ; shew that their centres are on a curve of the 4th
degree which passes through the circular points at infinity and
of which the angular points of the triangle are double points.
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34. If 4, B, C, 4, B, C’ be six points such that 44’, BF,
CC’ meet in a point, then will the six straight lines A8, AC",
BC', BA’, CA’ and C'B' touch a conic.

36. A conic is inscribed in a triangle and is such that
the normals at the points of contact meet in a point; prove
that the point of concurrence describes a cubic curve whose
asymptotes are perpendicular to the sides of the triangle.

36. If p,, p,y p,, P, be the lengths of the perpendiculars
drawn from the vertices A, B, C, D) of a quadrilateral circum-
seribed about a conic on any other tangent to the conie, shew
that the ratio of p, p, to p, p, will be constant.

37. The polars with respect to any conic of the angular
points 4, B, C of a triangle meet the opposite sides in ', B,
(' ; shew that the circles on AA’', BB, C'C’ as diameters have
a common radical axis.

38, A parabola touches one side of a triangle in its middle
point, and the other two sides produced; prove that the per-
pendiculars drawn from the angular points of the triangle
npon any tangent to the parabola are in harmonical pro-
gression.

39. Shew that the tangential equation of the circum-
seribing circle is @ \/p + b \/qg + ¢/r=- 0. Hence shew that the
tangential cquation of the nine-point circle is

aJ{g+7)+bJ(r+p)+e(p+q)
40. The locus of the centre of a conic inscribed in a given

triangle, and having the sum of the squares of its axis constant,
is a circle.

41. The divector circles of all conics inscribed in the same
triangle are cut orthogonally by the circle to which the triangle
of reference is self-polar.

42. The circles described on the diagonals of & complete
quadrilateral are cut orthogonally by the circle round the
triangle formed by the diagonals.

43. If three conics circumsecribe the same quadrilateral,
shew that a common tangent to any two is cut harmonically
by the third,
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44. If three conics are inscribed in the same quadrilateral
the tangents to two of them at a common point and the tan-
gents to the third from that point form a harmonic pencil.

45. The locus of a point the pairs of tangents from which
to two given conics form a harmonic pencil is a conic on which
lie the eight points in which the given conics touch their com-
mon tangents.

46. The locus of a point from which the tangents drawn
to two equal circles form a harmonic pencil is a conic, which is
an ellipse if tho circles cut at an angle less than a right angle,
and two parallel straight lines if they cut at right angles.

47. A triangle is circumscribed about one conic and two
of its angular points are on a second conic; find the locus of the
third angular point,

48. A triangle is inscribed in one conic and two of its
sides touch a second conic ; find the envelope of the third side.

49. The angular points of a triangle are on the sides of a
given triangle, and two of its sides pass through fixed points;
shew that the third side will envelope a conie.

50. From the angular points of the fundamental triangle
pairs of tangents are drawn to (uwviww's'w’'{ 2yz)* =0, and each
paiv determine with the opposite sides & pate of points.  Find
the cquation to the conic on which thesc six points lic, and
sh®w that the conic

,/w (P'w' —ur') + ,\/y (w's' —v0') + Jz (v = wua') =0
and the above two conies have a common inscribed quadri-
lateral,



CHAPTER XIV.
REeciprocAL POLARS. PROJECTIONS.

300. If we have any figure consisting of any number
of points and straight lines in a plane, and we take the
polars of those points and the poles of the lines, with
respect to a fixed conic C, we obtain another figure which
is called the polur reciprocal of the former with respect to
the auaziliary conic (.

When a point in one figure and a line in the reciprocal
figure arc pole and polar with respeet to the auxiliary
conic C, we shall say that they correspond to one another.

If in onc figure we have a curve S the lines which corre-
spond to the different points of § will all touch some curve
S'. Let the lines corresponding to the two points P, @ of §
meet in 7'; then T is the pole of the line PQ with respect
to C, that is the line PQ corresponds to the point 7% Now,
if the point @ move up to and ultimately coincide with P,
the two corresponding tangents to S will also ultimately
coincide with onc another, and their point of intersection
T will ultimately be on the curve 8. So that a tangent to
the curve S corresponds to a point on the curve &', just as
a tangent to S' corresponds to a point on S. Hence we
sce that S is gencrated from S’ exactly as S’ is from S.

301. If any line I cut the curve S in any number of
points P, @, R...we shall have tangents to S corresponding
to the points P, @, R..., and these tangents will all pass
through a point, viz. through the pole of L with respect to
the auxiliary conic. Hence as many tangents to 8’ can be
drawn through a point as there are points on § lying ou a
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straight line. That is to say the class [Art. 240] of 8’ is
equal to the degree of S. Reciprocally the degree of 8’ is
equal to the class of S.

In particular, if S be a conic it is of the second degree,
and of the second class. Hence the reciprocal curve is of
the second class, and of the second degree, and is therefore
also a conic.

"~ 302. To find the polar reciprocal of one conic with
respect to another.
Let the equation of the auxiliary conic be
ar* + By +1=0..cccueeuninns i)
and let the cquation of the conic whose reciprocal is
required be
ax®+ by’ + ¢ + 2fy + 29z + 2hay =0 ...(i1).
The line Iz +my +n =0 will touch (ii) if
Al + B+ Cn’ + 2Fmn + 2Gnl + 2Hlm = 0 (iii).
And, if the pole of lz 4+ my + n =0 with respect to (i) be
(@', ¥), its equation is the same as az’z+ By'y +1=0.
I _m _=n
w By I
Substitute, in (iii), and we have
Ad’a™ + BB + C+ 2FBy + 2Gax’ + 2HaBz'y' = 0.
Hence the locus of the poles with respect to (i) of
tangents to (ii) is the conic whose equation is

Ad’c® + BB + C + 2FBy + 2Gaz + 2HuBzy = 0.

303. The method of Reciprocal Polars enables us to
obtain from any given theorem concerning the positions of
points and lines, another theorem in which straight lines
take the place of points and points of straight lines. Before
proceeding to give examples of such reciprocal theorems we
will give some simple cases of correspondence.

Points in one figure correspond to straight lines in the
reciprocal figure.

The line joining two points in one figure corresponds
to the point of intersection of the corresponding lines in
the other.

Thercfore
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The tangent to any curve in one figure corresponds to a
point on the corresponding curve in tﬁ: reciprocal figure.

The point of contact of a tangent corresponds to the
tangent at the corresponding point.

If two curves touch, that is have two coincident points
common, the reciprocal curves will have two coincident
tangents common, and will therefore also touch.

The chord joining two points corresponds to the point of
intersection of the corresponding tangents.

The chord of contact of two tangents corresponds to the
point of intersection of tangents at the corresponding
points.

Since the pole of any line through the centre of the
auxiliary conic is at infinity, we see that the points at
infinity on the reciprocal curve correspond to the tangents
to the original curve from the centre of the auxiliary conic.
Hence the reciprocal of a conie is an hyperbola, parabola,
or ellipse, according as the tangeuts to it from the centre
of the auxiliary conic are real, coincident, or imaginary ;
that is according as the centre of the auxiliary conic is
outside, upon, or within the curve.

The following are examples of reciprocal theorems.

If the angular points of two
triangles are on a conic, their six
sides will touch another conie.

The three intersections of oppo-
site sides of a hexagon inscribed in
& oonic lie on a straight line.

(Pascal's Theorem).

If the three sides of a triangle
touch a conie, and two of its angu-
lar points lie on a second conic, the
locus of the third angular point is
a conic.

If the sides of a triangle touch
& conic, the three lines joining an
angular point to the point of con-
tact of the opposite side meet in a
point.

If the sides of two triangles
touch a conic, their six angular
points are on another conie.

The threc lines joining opposite
angular points of a hexagon de-
scribed about a conic meet in a
point. (Brianchon’s Theorem).

If the three angular points of a
triangle lie on a conic, and two of
its sides touch a second conic, the
envelope of the third side is &
conic.

If the angular points of a tri-
angle lio on a conie, the three points
of interscction of a side and the
tangent at the opposite angular
point lie on a line.
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The polars of a given point with
1espect toasystem of conics through
four given points all pass through a
fixed point.

The locus of the pole of a given
line with respect to a system of
conics through four fixed points is a
conic.

The poles of a given straight
line with respect to a system of
conics touching four given straight
lines all lie on a fixed straight line,

The cnvelope of the polar of a
given point with respect to a system
of conics touching four fixed lines
is a conic.

304. We now proceed to consider the results which
can be obtained by reciprocating with respect to a circle.

We know that the line joining the centre of a circle to
any point I? is perpendicular to the polar of P with respect
to the circle. Hence, if I, @ be any two points, the angle
between the polars of these points with respect to a circle
is equal to the angle that PQ subtends at the centre of
the circle. Reciprocally the angle betwcen any two
straight lines is equal to the angle which the line joining
their poles with respect to a circle subtends at the centre
of the circle.

We know also that the distances, from the centre of
a circle, of any point and of its polar with respect to that
circle, arc inversely proportional to one another.

1f we reciprocate with respect to a circle it is clear that
a change in the radius of the auxiliary circle will make no
change in the shape of the reciprocal curve, but only in
its size. Hence, if we are not concerned with the absolute
magnitudes of the lines in the rcciprocal figure, we only
requirc to know the centre of the auxiliary circle. We
may thercfore speak of reciprocating with respect to a
point O, instead of with respect to a circle having O for
centre.

305. If any conic be reciprocatcd with respect to a
point O, the points on the reciprocal curve which corre-
spond to the tangents through O to the original curve
must be at an infinite distance.

The directions of the lines to the points at infinity on
the reciprocal curve are perpendicular to the tangents
from O to the original curve ; and hence the angle between
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the asymptotes of the reciprocal curve is supplementary
to the angle between the tangents from O to the original
curve.

In particular, if the tangents from O to the original
curve be at right angles, the reciprocal conic will be a
reetangular hyperbola.

The axes of the reciprocal conic bisect the angles
between its asymptotes. The axes are therefore parallel
to the bisectors of the angles between the tangents from
O to the original conic.

Corresponding to the points at infinity on the original
conic we have the tangents to the reciprocal conic which
pass through the origin. Hence the tangents from the
origin to the reciprocal conic arc perpendicular to the
directions of the lines to the points at infinity on the
original conic, so that the angle between the asymptotes of
the original conic is supplemnentary to the angle between
the tangents from the origin to the reciprocal conic.

In particular, if a rectangular hyperbola be recipro-
cated with respect to any point O, the tangents from O to
the reciprocal conic will be at right angles to one another;
in other words O is a point on the director-circle of the
reciprocal conic.

306. The reciprocal of the origin is the line at infinity,
and therefore the reciprocal of the polar of the origin 1s
the pole of the line at infinity. That is to say, the polar
of the origin reciprocates into the centre of the reciprocal
conic.

307. As an cxample of reciprocation take the known
theorem—¢If two of the conics which pass through four
given points are rectangular hyperbolas, they will all be
rectangular hyperbolas.” 1f this be reciprocated with
respect to any point O we obtain the following, “1f the
director-circles of two of the conics which touch tour given
straight lines puss through a point O, the director-circles
of all the conics will pass through 0.” "Whence we have
“The director-circles of all conics which touch four given
straight lines have a given radical axis.”
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308. To find the polar reciprocal of one circle with
respect to another.

Let € be the centre and « be the radius of the circle
to be reciprocated, O the centre and & the radius of the
auxiliary circle, and let ¢ be the distance between the
centres of the two circles.

Let PN be any tangent to the circle C, and let P>’ be
its pole with respect to the auxiliary circle. Let OI”
meet the tangent in the point N, and draw CM perpen-
dicular to ON.

Then OF .0ON =}#;

. -0—];;, =0N=0M+ MN =¢ cos COM + u.
Hence the equation of the locus of I”' is

B
Z=1+2cosh.
r a
This is the equation of a conic having O for focus,
%" for semi-latus rectum, and g for eccentricity. The direc-
trix of the conic is the line whose equation is
.2 )

K k
— =ccosf, or z=--.
r c

Hence the directrix of the reciprocal curve is the polar
of the centre of the original circle.
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It is clear from the value found above for the eccen-
tricity, that the reciprucal curve is an ellipse if the point
O be within the circle C, an hyperbola if O be outside that
circle, and a parabola if O be upon the circumference of
the circle. .

Ex, 1. Tangents to a conic subtend equal angles at a focus.

Reciprocate with respect to the focus:—then corresponding to the
two tangents to the conic, there are two points on a circle; the point of
intersection of the tangents to the conic corresponds to the line joining
the two points on the circle; and the points of contact of the tangents
to the conic correspond to the tangents at the points on the circle. Also
the angle subtended at the focus of the conic by auy two points is equal
to the angle between the lines corresponding to those two points. Hence
the reciprocal theorem is—The lino joining two points on a circle makes
equal angles with the tangents at those points.

Ex. 2, The envelope of the chord of a conic which subtends a right
angle at a fired point O is a conic having O for a focus, and the polarof O,
with respect to the original conic, for the corresponding directriz.

Reciprocate with respect to O, and the proposition becomes—The
locus of the point of intersection of tangents to a conic which are at right
angles to one another is & concentric circle,

Ex. 3. If two conics have @ common focus, two of their common chords
will pass through the intersection of their directrices.

Reciprocate with respect to the common focus, and the proposition
becomes—Two of the points of intersection of the common tangents to
two circles are on the line joining the centres of the circles.

Ex. 4. The orthocentre of « triangle circumscribing a parabola is on
the directriz.

Reciprocating with respect to tho orthocentre we obtain—A conic
circumseribing & triangle and passing through the orthocentre is a rect-
angular hyperbola.’

Many of the examples on Chapter VIII, are easily proved by reciproca-
tion : for example, the reciprocal of 23 with respect to the common focus
is—ecircles are described with equal radii, and with their centres on a
second circle ; prove that they all touch two fixed circles, whose radii aro
the sum and difference respectively of the radii of the moving circle and
of the second circle, and which are concentric with the second cirele.

8.C.8, 21
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309. If we have a system of circles with the same
radical axis we can reciprocate them into a system of
confocal conics. :

If we reciprocatc with respect to uny point O we
obtain a system of conics having O for one focus, and
[Art. 306] the centre of any conic 1s the reciprocal of the
polar of O with respeet to the corresponding circle. Now
cither of the two ‘limiting points’ of the system is such
that its polar with respect to any circle of the system is
a fixed straight line, namecly a line through the other
limiting point parallel to the radical axis. If therefore the
system of circles be reciprocated with respect to a limiting
point the reciprocals will have the same centre; and if
they have a common centre and one common focus they
will be confocal.  Since the radical axis is parallel to and
midway between a limiting point and its polar, the re-
ciprocal of the radical axis (with respect to the limiting
point) is on the line through thoe focus and centre of the
reciprocal conies, and is twice as far from the focus as the
centre ; so that when we reciprocate a system of coaxial
circles with respeet to a limiting point, the radical axis
reciprocates into the other focus of the system of confocal
Conics,

The following theorems are reciprocal :

The tangents at a common
point of two confocal conies arc at
right angles.

The locus of the point of inter-
gection of two lines, ench of which
touches one of two confocal conies,
and which are at right angles to
onc another, is a circle.

If from any point two pairs of ,
tangents P, I and Q, Q' be drawn
to two confocal conics; the angle
between P and Q is cqual to that
between P’ and Q'.

The points of contact of a com-
mon tangent to two circles subtend
a right angle at one of the limit-
ing points,

The envelope of the line joining
two points, each of which is on one
of two circles, and which subtend
a right angle at a limiting point,
is & conic one of whose foci is at
the limiting point.

If any straight line cut two
circles in the points P, P’ and
Q, Q'; the angles subtended at a
limiting point by PQ and P'Q’ are
equal.
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From any point four tangents Any line cuts two circles in P,
P, P'and @, Q' are drawn to two P’ and @, Q' respectively; and the
confocal conics, and the point of tangent at P cuts the tangents at
contact of P is joined to the points @, Q' in ¢, ¢'; shew that Pg, Pg'
of contact of @, Q'; shew that these  sabtend equal (or supplementary)
lines make equal angles with the angles at a limiting point.
tangent P. [Art. 229.]

ProJsecrioN.

310. If any point P be joined to a fixed point V, and
VP be cut by any fixed plane in P, the point P is called
the projection of I on that plane. The point V" is called
the vertez or the centre of projection, and the cutting plane
is called the plane of projection.

311. The projection of any straight line is a straight
line.

For the straight lines joining 7" to all the points of
any straight line are in a planc, and this is cut by the
plane of projection in a straight line.

312. Any plane curve is projected into a curve of the
same degree.

For, if any straight linc mect the original curve in
any number of points 4, B, C, D..., the projection of the
line will meet the projection of the curve where V4, VA,
VC, VD... mcet the plane of projection. There will
therefore be the same number of points on a straight
line in the one curve as in the other. This proves the
proposition.

In particular, the projection of « conic is @ conic.

This proposition includes the geometrical theorem that
every plane section of a right circular cone is a conic.

313. A tangent to a curve projects into « tungent to
the projected curve.

For, if a straight line méet a curve in two points 4, B,
the projection of that line will meet the projected curve
in two points «, b where VA, VI3 meet the planc of pro-
jection. Now if 4 and B coincide, so also will @ and lr;

21—2
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314. The relation of pole and polar with respect to a
conic are unaltered by projection.

This follows from the two preceding Articles.

It is also clear that two conjugate points, or two con-
jugate lines, with respect to a conic, project into conjugate
points, or lines, with respect to the projected conic.

315. Draw through the vertex a plane parallel to the
plane of projection, and let it cut the original plane in the
line K'L’. Then, since the plane VK'L' and the plane of
projection are parallel, their line of intersection, which is
the projection of KL, is at an infinite distance.

Hence to project any particular straight line K'L’ to
an infinite distance, take any point V for vertex and
a plane parallel to the plane VK’L’ for the plane of pro-
jection.

Straight lines which meet in any point on the line
K'L’ will be projected into parallel straight lines, for their
point of intersection will be projected to infinity.

316. A system of parallel lines on the original planc
will be projected into lines which meet in a point.

For, let VP be the line through the vertex parallel
to the system, P being on the plane of projection; then,
since VP is in the plane through V" and any one of the
parallel lines, the projection of every one of the parallcl
lines will pass through P.

For different systems of parallel lines the point P will
change; but, since VP is always parallel to the original
plane, the point P is always on the line of intersection of
tl;gaflane of projection and a plane through the vertex
parallel to the original plane.

Hence any system of parallel lines on the original
plane is projected into a system of lines passing through
a point, and all such points, for different systems of
parallel lines, are on a straight line.

317. Let KL be the line of intersection of the original
plane and the plane of projection. Draw through the
vertex a plane parallel to the plane of projection, and let
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it cut the original plane in the line K'L'. Let the two
straight lines AOA’, BOB’ meet the lines KL, K'L’ in
the points 4, B and A’, B respectively; and let VO mcet
the plane of projection in (. Then A0’ and BO' are the
projections of AOA’ and BOB'.

Since the planes VA'B’, A0’'B are parallel, and parallel
planes are cut by the same plane in parallel lines, the lines
VA’, VB are parallel respectively to A0, BO'. The angle
A'VE is therefore equal to the angle A0'B, that is, A’ VB’
is equal to the angle into which AOB is projected.

Similarly, if the straight lines CD, KD, mcet K'L' in
C, D’ respectively, the angle C'VD' will be equal to the
angle into which CDE is projected.

From the above we obtain the fundamental proposition
in the theory of projections, viz.,

Any straight line can be projected to infinity, and at the
same tvme any two angles into given ungles.

For, let the straight lines bounding the two angles mcet
the line which is to be projected to infinity in the points
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A',B' and ', D'; draw any plane through 4'B'C'D’, and in
that plane draw segments of circles through 4’, B and (',
D' respectively containing angles equal to the two given
angles. Either of the points of intersection of these
segments of circles may be taken for the centre of pro-

jection, and the plane of projection must be taken parallel
to the plane we have drawn through 4'B'C"D.
If the segments do not meet, the centre of projection is

imaginary.

Ex. 1. To shew that any quadrilateral can be projected into a square.

Let ABCD be tho quadrilateral; and let P, @ [see figure to Art. 60]
Dbe the points of intersection of a pair of opposite sides, and let the diago-
nals BD, 4C meet tho line PQ in the points S, R. Then, if we project
PQ to infinity and at the same time the angles PDQ and ROS into right
angles, the projection must be a square. For, since PQ is projected to
infinity, the pairs of opposite sides of the projection will be parallel, that
is to say, the projection is a parallclogram ; also one of the angles of the
parallelogram is a right angle, and the angle between tho diagonals is
a right angle ; hence the projection is a square,

Ex. 2. To shew that the triangle formed by the diagonals of a quad-
rilateral is self-polar with respect to any conic which touches the sides of
the quadrilateral.

Project the quadrilateral into a square; then, the circle circumseribing
the square is the director-circle of the conie, therefore the intersection of
the diagonals of tho square is the centre of the conie.

Now the polar of the centre is the line at infinity ; hence the polar of
the point of intersection of two of the diagonals is the third diagonal

Ex. 8. If a conic be inscribed in a quadrilateral the line joining two
of the points of contact will pass through one of the angular points of the
triangle formed by the diagonals of the quadrilateral.

Ex. 4. If ABC be a triangle circumscribing a parabola, and the
parallelograms ABA’C, BCB'A, and CAC'B be completed ; then the chords
of contact will pass respectively through A', B', C'.

This is & particular caso of Ex. 8, one side of the quadrilateral being
the line at infinity.

Ex. 5. If the three lines joining the angular points of two triangles
mect in @ point, the three points of intersection of corresponding sides will
lie on a straight line.
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Project two of the points of intersection of corresponding sides to
infinity, then two pairs of corresponding sides will be parallel, and it is
easy to shew that the third pair will also be parallel.

Ex. 6. Any two conics cun be projected into concentric conics. [Sce
Art, 283.]

318. Any conic can be projected into a circle having
the projection of any given point for centre.

Let O be the point whose projection is to be the
centre of the projected curve.

Let P be any point on the polar of 0, and let 0Q be
the polar of I?; then OF and 0@ arc conjugate lines.

Take OF', 0Q another pair of conjugate lines.

Then project the polar of O to infinity, and the angles
POQ, P'0OQ into right angles. We shall then have a
conic whose centre 18 the projection of O, and since two
pairs of conjugate diameters arc at right angles, the conic
is a circle.

319. A system of conics inscribed in @ quadrilateral
can be projected Mto confocal conics.

Let two of the sides of the quadrilateral interscet
in the point 4, and the other two in the point B.  Draw
any conic through the points 4, B, and project this conic
into a circle, the line AB being projected to infinity; then,
A, B arc projected into the circular points at infinity, and
since the tangents from the circular points at infinity to
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all the conics of the system are the same, the conics must
be confocal.

Ex. 1. Conics through four given points can be projected into coavial
circles.

For, project the line joining two of the points to infinity, and one of
the conics into a circle; then all the conics will be projected into circles,
for they all go through the cireular points at infinity.

Ex. 2. Conics which have double contact with one another can be
projected into concentric circles.

Ex. 8. The three points of intersection of opposite sides of a hexagon
inscribed in a conic lic on a straight line. [Pascal’s Theorem.]

Project the conic into a circle, and the line joining the points of inter-
section of two pairs of opposite sides to infinity ; then we have to prove
that if two pairs of opposite sides of a hexagon inscribed in a circle are
parallel, the third pair are also pmllel.

Ex. 4. Shew that all conics through four fixed points can be pro-
Jected into rectangular hyperbolas.

There are threc pairs of lines through the four points, and if two of
the angles between these pairs of lines be projected into right angles, all
the conies will be projected into rectangular hyperbolas. [Art, 187, Ex. 1.]

Ex, 5. Adny three chords of a conic can be projected into equal chords
of a circle.

Let A4’, BB, CC' be the chords; let AB’, A'B meet in K, and AC',
A'Cin L. Projeet the conic into a circle, KL being projected to infinity.

Ex. 6. If two triangles are self polar with respect to a conic, their siz
angular points are on a conic, and their six sides touch a conic.

Let the triangles be ABC, A'B'C". Project BC to infinity, and the
conic into a circle; then A is projected into the centre of the circle, and
AB, AC are at right angles, since ABC is self polar; also, since 4'B'(’ is
self polar with respect to the circle, 4 is the orthocentre of the triangle
A'B'C.

Now a rectangular hyperbola through 4', B, ¢’ will pass through 4,
and a rectangular hyperbola through B will go through C. Hence, since
a rectangular hyperbola can be drawn through any four points, the six
points 4, B3, C, 4’, I, ¢" arc on a conic.

Also a parabola can be drawn to touch the four straight lines B'C",
C'A', A'B', AB. And 4 is on the directrix of the parabola [Art. 107 (3)];
therefore AC is a tangent. Hence a conic touches tho six sides of the
two triangles,
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320. Properties of a figure which are true for any pro-
jection of that figure are called projective properties. In
general such properties do not involve magnitudes, There
are however some projective properties in which the mag-
nitudes of lines and angles are involved : the most impor-
tant of these is the following :—

The cross rativs of pencils and ranges are unaltered
by projection. .

Let A, B, C, D be four points in a stmight line, and
A, B, C', D be their projections. Then, if V' be the
centre of projection, VAA', VBB, VCC', VDD’ arc straight
lines; and we have [Art. 55]

{ABCD}=V{ABCD}={A'B C'D}.

If we have any pencil of four straight lines meeting in
0, and thesc be cut by any transversalin 4, B, C, D; then
O{ABCD} ={ABCD} = V{ABCD} = {A'B'C'D’}

=0 {A'BCD}.

From the above together with Article 62 it follows that
if any number of points be in involution, their projections
will be in involution. .

Ex. 1. Any chord of a conic through a given point O is divided
harmonically by the curve and the polar of O.

Project the polar of O to infinity, then O is the centre of the projec-
tion, the chord therefore is bisected in 0, and { POQ } is harmonic when
P0=0Q.

Ex. 2. Conics through four fived points are cut by any straight line
in pairs of points in involution. [Desarguc’s Theorem].

Project two of the points into the circular points at infinity, then the
conies aro projected into co-axial circles, and the proposition is obvious.

321. The cross ratio of the pencil formed by four
tintersecting straight lines 1s equal to that of the range
JSormed by their poles with respect to any conic.

Since the cross ratios of pencils and ranges are
unaltered by projection, we may project the conic into a
circle. Now In a circle any straight line is perpendicular
to the line joining the centre of the circle to its pole with
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respect to the circle. Hence the cross ratio of the pencil
formed by four intersecting straight lines is cqual to that
of the pencil subtended at the centre of the circle by their
poles, and therefore equal to the cross ratio of the range
formed by their poles.

322. The cross ratio of the pencil formed by joining
any point on a conic to four fixed points is constant, and
18 cqual to that of the range in which the tangents at those
points are cut by any tangent.

Since the cross ratios of pencils and ranges are un-
altered by projection, we need only prove the proposition
for a circle.

Let A4, B, C, D be four fixed points on a circle; let P
be any other point on the circle, and let the tangent at P
meet the tangents at 4, B, €, D in the points 4, B, C, D',

Then, if O be the centre of the circle, OA’ is perpen-
dicular to P4, OB’ to PB, OC' to PC, and OD' to PD.

Hence

{A'BCD}= 0{4'BCD}=P{ABCD].

But the angles APB, BP(, CPD are counstant, since
4, B, C, D arc fixed points.
Therefore = {A’B'C"D'} = P {ABCD} = const.

If Q be any point which is not on the circle, Q {ABCD}
cannot be equal to P {ABCD}; this is scen at once if we
take P such that AP @ is a straight line, and consider the
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ranges made on BC by the two pencils. Hence we havo
the following converse proposition.

If a point P move so that the cross ratio of the pencil
Jormed by joining 1t to four fized points A, B, C, D, 1s con-
stunt ; P will describe u conic passing through A, B, C, D.

Ex. 1. The four extremities of two conjugate chords of @ conic subtend
a harmonic pencil at any point on the curve.

Let the chords be AC, BD; lct E be the pole of BD, and let F be the
point of interscction of AC, BD. The four points subtend, at all points
on the curve, pencils of equal cross ratio. Take a point indefinitely near
to D; then the pencil is D{4BCE}. But the range 4, B, C, E is
harmonie, which proves the proposition.

Ex. 2. If two triangles circumscribe a conic, their siz angular points
are on another conic.

Let ABC, A'B'C’ be the two triangles. Let B'C’ cut AB, AC in E', I,
and let BC cut A'S, A'C' in E, D. Then the ranges made on the four
tangents 4B, AC, .1'I¥, A'C’ by the two tangents BC, B'C’ are equal.

Hence {BOED}={£'D'D'C"};

A'{BCE D}=A{I'D'B'C"),
or A'{BCB'CY=A{BCBCY,
which proves tho proposition.

The proposifion may also be proved by projecting B, C into the
circular points at infinity; the conic is thus projccted into a parabola, of
which 4 is the focus; and it is known that tho circle circumscribing
A'DB’'C’ will pass through 4.

323. DEr. Ranges and pencils are said to be homo-
graphic when every four constituents of the one, and the
corresponding four constituents of the other, have equal
cross ratios.

Another definition of homographic ranges or pencils is
the following :—two ranges or pencils arc said to be homo-
graphic which are so connected that to cach point or line
of the one system corresponds one, and only one, point of
the other.

To show that this definition of homographic ranges is
equivalent to the former, let the distances, measured from
fixed points, of any two corresponding points of the two
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systems be @, y; then we must have an equation of the
form

o= W +b
Tyt d’
The proposition follows from the fact that the cross
ratio of cvery four points of the one system, namely

(r,— 2,) (z,—x,)
=) e

ay, +b

for z,, and similar
cy, -d

is not altered if we substitute
cxpressions for z,, 2, and «,.

Ex. 1. The points of intersection of corresponding lines of two homo-
graphic pencils describe a conic.

Let P, @, R, S be four of the points of intersection, and 0, O’ the
vertices of the pencils,

Then O{PQRS}=0'{PQRS}; thorefore [Art. 322] O, O', P, Q, R, §
are on a conic. But five points are sufticient to determine a conic; hence
the conio through O, 0' and any three of the intersections will pass through
every other intersection.

Ex. 2. The lines joining corresponding points of two homographic
ranges envelope a conic.

Let a, b, ¢, d be any four of the points of one system, and o', V', ¢, &'
be the corresponding points of the other system. Then ad’, bb', cc, dd’'
are cut by the fixed lines in ranges of equal cross ratio. Hence a conic
will touch the fixed lines, and also aa’, bY', cc', dd’. But five tangents are
sufficient to determine a conic; hence the conic which touches the fixed
lines, and three of the lines joining corresponding points of the ranges, will
touch all the others.

Ex. 3. Two angles PAQ, PBQ of constant magnitude move about
Jfized points A, B, and the point P describes a straight line; shew that Q
describes a conic through A, B. [Newton.] :

Corresponding to one position of AQ, there is one, and only one,
position of BQ. Hence, from Ex, 1, the locus of Q is a conioe.

Ex. 4. The three sides of a triangle pass through fixed points, and the
extremities of its base lie on two fived straight lines; shew that its vertez
describes a conic. [Maclaurin.]
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Let 4, B, C be the three fixed points, and let Oa, Oa’ be the two fixed
straight lines. Suppose triangles drawn as in the figure.

=, S
cNR
Q
P
B
a b cd

Then the ranges {abed...} and {a'V'c'd’...} are homographic. There-
fore the pencils 13 {abed...} and C {«'V'¢'d ...} are homographie.

Ex. 5. If all the sides of a polygon pass through fized points, and all
the angular points but one move on fixed straight lines; the remaining
angular point will describe a conic.

Ex. 6. A, A’ are fizxed points on a conic, and from A and A’ pairs of
tangents are drawn to any confocal conic, which meet the original conic in
‘C, D and C', D'; shew that the locus of the point of intersection of CD
and C'D' is a conic.

The tangents from A to a confocal are equally inclined to the tangent
at A [Art. 228, Cor. 3], therefore the chord CD cuts the tangent at A in
some fixed point O [Art. 195, Ex. 2]. 8o also ']’ passes through a
fixed point 0. Now if we draw any line OCD through O, one confocal,
and only one, will touch the lines AC, AD; and the tangents from A’ to
this confocal will determine ¢’ and I/, so that corresponding to any
position of OCD there is one, and only one, position of 0'C"])', The
locus of the intersection is therefore a conie from Ex. 1.

Ex. 7. If404’, BOB', COC’', DO ... be chords of a conic, and P any
point on the curve, then will the pencils P{ABCD...} and P{AD'C'I.. .}
be homographic.

Project the conic into a circle having O for centre.
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Ex. 8. If there are two systems of points on a conic which subtend
homographic pencils at any point on the curve, thegines joining corre-
sponding points of the two systems will envelope a conic having double
contact with the original conic.

Let 4, B, C, D..., and 4, B’, C’, D’... be the two systems of points.
Project A4’, BI¥', CC’ into equal chords of a circle [Art. 319, Ex. 5]; let
P, P’ be any pair of corresponding points, and O any point on the circlo;
then we have O {ABCP}=0{A4'B'C’'P’}. Hence PP’ is equal to 44’, and
therefore the envelope of PP’ is a concentric circle.

Ex. 9. If a polygon be inscribed in a conic, and all its sides but one
pass through fized points, the envelope of that side will be a conic.

This follows from Ex. 7 and Ex. 8.

324. Any two lines at right angles to one another, and
the lines through their intersection and the circular points at
tnfinity, form a harmonic pencil.

Let the two lines at right angles to one another be
2y =0, then the lincs to the circular points at infinity will
be given by a’+3*=0. By Art. 58 these two pairs of
lines arc harmonically conjugate.

We may also shew that two lines which arc inclined at
any constant angle, and the lincs to the circular points at
infinity, form a pencil of constant cross ratio.

Ex. The locus of the point of intersection of two tan-
gents to a conic which divide a given line AB harmonically
18 @ conic through A, B, and the envelope of the chord of
contact s a comic which touches the tangents to the original
conic from 4, B.

Project A, B into the circular points at infinity and
the proposition becomes: the locus of the point of inter-
section of two tangents to a conic which are at right angles
to one another is a circle; and the cnvelope of the chord of
contact is a confocal conic.

325. The following are additional examples of the
methods of reciprocation and projection.
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Ex. 1, If the sides of a triangle touch a conic, and if two of the angular
points move on fixed confocal conics, the third angular point will describe a
confocal conic.

Let ABC, A'B'(" be two indefinitely near positions of the triangle,
and let 44', BB’, CC’ produced form the triangle PQR. The six points
4, B, C, A', B', ¢’ are on a conie [Art. 322, Ex. 2], and this conic will
ultimately touch the sides of PQR in the points 4, B, C. Hence P4, QB,
RC will meot in & point [Art. 186, Ex. 3]; and it is easily seen that the
pencils 4 {QCPB}, B{RAQC}, C{PBRA} are harmonic. Now, if 4 move
on a conic confocal to that which A1, AC touch, the tangent at 4, that
is the line QR, will make equal angles with 4B, AC. Hence, since
A{QCPB} is harmonic, P4 is perpendicular to QR. Similarly, if B
movo on a confocal, @B is perpendicular to RP. Hence RC must be
perpendicular to PQ, and therefore C4, C3 make equal angles with PQ;
whence it follows that ¢ moves on a confocal conic.

[The proposition can easily be cxtended. For, let ABCD be a quadri-
lateral circumseribing a conie, and let 4, B, C move on confocals, Let
DA, CB meet in E, and AB, DC in F. 'Then, by considering the triangles
ADBE, BCF, we see that I and F move on confocals. Hence, by con-
sidering the triangle CKD, we seo that D will move on a confocal.]

If we reciprocate with respect to a focus we obtain the following
theorem:
If the angular points of a triangle are on a circle of a co-azial system,
and two of the sides touch circles of the system, the third side will touch
- another circle of the system. [Poncelet’s theorem.]

Ex. 2. The six lines joining the angular points of a triangle to the
points where the opposite sides are cut by a conie, will touch another
conic,

The reciprocal theorem is:—-

The six points of intersection of the sides of a triangle with the tangents
to a conic drawn from the opposite angular points, will lie on another
conic.

Project two of the points into the circular points at infinity, then the
opposite angular point of the triangle will be projected into a foous, and
we have the obvious thcorem : —

Two lines through a focus of « conic are cut by pairs of tangents
parallel to them in four points on a circle.
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Ex. 3. The following theorems are deducible from one another.

(i) Two lines at right angles to one another are tangents one to each
of two confocal conics; shew that the locus of their intersection is a circle,
and that the envelope of the line joining their points of contact iz another
confocal.

(ii) Two points, one on each of two co-axial circles, subtend a right
angle at a limiting point; shew that the envelope of the line joining them
8 « conic with one focus at the limiting point, and that the locus of the in-
tersection of the tangents at the points is a co-azial circle.

(ili) Two lines which are tangents one ‘to each of two conics, cut a
diagonal of their circumscribing quadrilateral harmonically; shew that
the locus of the intersection of the lines is a conic through the extremities
of that diagonal, and that the envelope of the line joining the points of
contact is a conic inscribed in the same quadrilateral.

(iv) 40B, COD are common chords of two conics, and P, Q are points,
one on each conic, such that O{APBQ} is karmonic; shew that the envelope
of the line PQ is a conic touching AB, CD, and that the tangents at P, Q
meet on a conic through A, B, C, D.

(v) If two points be taken, one on each of two circles, equidistant from
their radical axis, the envelope of the line joining them is a parabola which
touches the radical axis, and the locus of the intersection of the tangents at
the points is a circle through their common points.

ExawpLEs oN CHAPTER XTIV,

1. Suew that an hyperbola is its own reciprocal with
respect to the conjugate hyperbola.

2. Bhew that a system of conics through four fixed points
can be reciprocated into concentric conics.

3. Shew that four conics can be described having a common
focus and passing through three given points, and that the
latus rectum of one of these is equal to the sum of the latera
recta of the other three. Shew also that their directrices meet
two and two on the sides of the triangle.

4. If cach of two conics be reciprocated with respect to
the other ; shew that the two conics and the two reciprocals
have a common self-conjugate triangle.



EXAMPLES, 337

5. Two conics L and L, arc reciprocals with respect to a
conic U. If J/ be the reciprocal of L, with respect to L, and
A, be the reciprocal of L, with respect to L, ; shew that M,
and U/, are reciprocals withh respect to U,

-

6. If two pairs of conjugate rays of a pencil in involution
be at right angles, every pair will be at right angles.

7. If two pairs of points in an involution have the sumnc
point of bisection, every pair will have the same point of bisec-
tion. Where is the centre of the involution ?

8. The pairs of tangents from any point to a system of
conies which touch four fixed straight lines form a pencil in
involution, Ilence shew that the director circles of the system
have a common radical axis.

9. Two circles and their centres of similitude subtend a
pencil in involution at any point.

10.  If two finite lines be divided into the same number of
parts, the lines joining corresponding points will envelope a
parabola.

11. If P, I’ be corresponding points of two homographic
ranges on the lines O, 04’ and the parallelogram 1’04 ¢ be
completed ; shew that the locus of ¢ is a conie.

12, Three conics have two points common ; shew that the
three lines joining their other intersections two and two mect
in a point, and that any line through that point is cut by tho
conics in six points in involution.

13. Shew that, if the three points of interseetion of corre-
sponding sides of two triangles lic on a straight line, the two
triangles can hoth be projected into cquilateral triangloes.

14, Shew that any three angles may be projected into
right angles.

15. 4, B, C are three fixed points on a conic; find
geometrically a point on the curve at which A2, B¢ subtend
equal angles.

16. Through a fixed point O any line is drawn cutting
the sides of a given triangle in 4’, ¥, C’ respectively, and 2” is
the point on the line such that {A’A'C"2’} is harmonic; shew
that the locus of 2’ is . conic.

S.C. 8, 22
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* 17. When four conics pass through four given points, the
pencil, formed by the polars of any point with respcct to th(,m,
is of constant cross ratio.

18. If two angles, cach of constant magnitude, twn about
their vertices, in such a manner that the point of intersection
of two of their sides is on a conic through the vertices, the
other two sides will interscet on a second conic through their
vertices,

19, If all the angular points of a polygon move on fixed
straight lines, and all the sides hut one turn about fixed points,
the free side of the polygon will envelope w conic,

20. If a polygon be circumseribed to a conic, and all its
angular points but one lic on tixed straight lines, the locus of
that angular point will be a conic.



APPENDIX.

ANSWERS &c. TO THE EXAMPLES.

CHAPTER II.

3. Ang. py(z-a)*-p(x-a)" 1 (y=b)+p,(x—a) "t (y-0) - .. -
+( = 1)"p.(y - b)* =0, 4. The lines make equal angles with one
another. 4. Take 04, OB for axes, and let 0.1, OB, OP, 0Q be a, b,
h, k respectively, Since ADP--¢.BQ, we have h-a=c(k-0b). If (r,y)
bo middle point of PQ, 2x=h, 2y—k; whence required locus is
2x--a=c(2y-b). 7. Take the fixed lines for axes and let 7 be (r, y) and
Q be (¢, y'). Then «'-~x+ycosw, y'=y+rcosw. TFind » and y in
terms of x’ aund y', and substitute in the cquation of tho locus of P.
8. Use polar co-ordinates with O for pole. 10. The equations of A DB,
AD, BC, CD arc -0, 0 ~a, rsin (6 - a)+asina=0, and rsin0=>»sina;
where @, b are the lengths of 4B and 4D, and « is the angle B.D.
The equation of A€ iy ¢=tan-1 bsina , and of BBD iy rasing

a+beosa
—absina4-brsin(a—60)=0. 14. Ans. Ty--32-10=0, Tx+3y - 33 -0,
Ty-3x+10=0, and T+ 3y - 1=-0, 15. If the base be tuken as axis
of x, the sum of the positive angles the sides make with it is constant.
16. The cquation of the locus is v (—"Z”-.f'z(:f - .—_:’L"-t—(fc_ (‘:)t(i 9 .
The points are on the axis of .+ and a, b, ¢, d are their distances from the
origin. 18, The equation of thelocus is(« - «’)xy +1(r - a) (x ~ @) -0, where
JAB is axis of x, the other given line the axis of y, and Od =a, OB =d’,
and ! the intercept on axis of y.  21. The biscetors of the angles between
the two pairs of straight lines coincide [Art. 39]. 22. Ans, (alf --a'b)?
=4 (ha'- la) (Wb-NV').  23. This is reduced to the preceding by means
of question 2. 26. The result easily follows from the polar form of the
cquation, viz. mtan36+1=0. 29. If the straight lines be y=mz,
- m2) (y - morf (y —mga)? 4
(1 +my?) (1+m,2) (14+my?)
22—2

y=myx, and y=myx; we have k=
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ay?+ by*z + cya® + dad = a (y - myx) (y — moz) (y ~ mgx), and (1 -+m,?) (1 +my?)
(L -+ mg?) =1 + (my + my + my)? - 2 (mymy + mgmy + mgm,) + (mymg + many
db  d3
wit
whence the result. 80. The cquation of any pair of perpendicular lines
is 21+ \xy - y*=0. Hence given cquation must be equivalent to (£z+ Fy)
(2 +\ry - y?) =0, so that E=A, F= - D, F+\E=3B, and \F - E=3C.

33. The lines are ax?+2hxy+by?- ; , (@2 + 2Wxy +V'y?) =0 [Art. 38].

84. Let A, B, C be (a5, b)), (ay, b,) and (ay, by); and 4’, B, C' be (a;, B;),
(as, B.), (ag, B;)- The equations of the three perpendiculars from 4', 1¥, C" on
the sides of A BC are x (a, - ay) +y (b — b3) — @) (ay- ay) - B, (by =) =0(1),
w(ay — @)+ y (b — by) — ap (a3 = @) = B, (03— b)) =0 (2), and «(a, —ay,)
49 (b - b)) — ag (@, ~ a) ~ B, (b = 0.)==0 (3). If (1), (2), (3) meet in a point
the sum of tho constants is zero, and this sum can be written in
the symmetrical form a,a,- a0, + ayag — agay + a0, — ayag + bBs- by
+ by = byBy + b4y — 118y =0.

b2
+ Mgty )3 — 2mymymg (10 + Mg+ Mig) + My 2MPNg% = 1+}:.T' - 22 + :;,— -2

CHAPTER 1IV.

4. The locus is (1--n?) (x%2+ y*+a?) - 2a (1 +n?) =0, where (1, 0),
(—a, 0) are the two points 4, B. The common radical axis is «—0.
6. Ans. 2%+ Y2+ 2die+ 2¢y 4 f(Ax -+ By) =0. 7. Ans. 2x®+2y%+ 2+ 6y +1-:0.

8, Sce Art. 38, 9 and 10. Substitute l;: for r in the polar equation of the

line or of the circle. 12, If a common tangent, PQ, of two of the circles
cut the radical axis in O, the tangents from O to all the other circles of
the system, including the limiting cireles, will be equal to OP; thereforo
the limiting points are on a circle on PQ as diameter. 13. If one circle
is within the other, (1) the radical axis must cut in imaginary points,
therefore b is positive; (2) the centres must be on the same side of the
radical axis, therofore @ and o’ have the same sign. 15, Sec Art. 86.
19. We may take

Zcosa+ysina—ax0, £ cos (a + l;‘-:-r) -+ y sin (a.+ 2:) -a=0, &e.

for the equations of the sides. The sum of the squarcs of the perpen-
diculars from (z, y) is sum of squares of left sides; and in this sum the

coefficients of +? and y? are equal, since cos 2a + cos 2 (a. + ?1—:') +..=0;

also the coeflicient of ry is zero, since sin 2¢ + gin 2 ( a+ ?-::) + 0w =0
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20. g+‘§=z, (1, k) being the point through which PQ passes. 21, If P
be any point on the circle, and 4, B the ends of a diameter, PA24 PB*=A1*;
express this in polar co-ordinates. 22. Eliminate 6. Condition for
tangencyisp=2acos”gorp=- 2a,sin"g. 23. zzg, y=- g . 24, Two
circles. 25. The whole lengths of the lines, from the points of contnct to
their intersection, are equal to one another. 206. The given lines
must intersect on the radical axis of the ecircles. 27. If given
points aro (+a, 0), and tangents are parallel to y=.c tan 6, the equation
of the loeus is »2+2.xy cot 0 — 23+ a2=0. 29. For straight lines,
A+B+C=0. 31. Any circle through (*a, 0) is 2?+y?-2by - a?=0,
The orthogonal circles are 2? + y* — 2cr +a2=0. 33. Take x?+y? - 2az=0,
22+ y?-2y=0 for the equations of the eircles. 35. The equa-
tion of the locus is (* +c?) (@*+y°+a®) - 4dabey=(22+y*-a?)? The
bisectors touch the circles 2%+ (yxa)?=%(b+c)% 36. The centre
of the required circle munst be the radical centre of the three escribed
circles. The equation of circle touching BC, and 4 B, AC produced is
a4 Y2+ 2y cos A — 28 (e+ y) +s2=0 (i), AB, AC being axes. The radical
. . - - Y x % .
centre of the eseribed cirele ix given by wti -+ b:!"‘E + Ei b=1"’ its co-

ordinatoes are therefore

c(‘;:-cl and betb) . The radius required is equal

4x
to the tangent to one of the circles from the radical ecentre, and this is
found by substituting the co-ordinates in (i).  87. Let the centres of
the circles be (., ), (2", y”), the fixed points (+a, 0), and the point of
contact (z, y). Then wo have (i) («/—a)®+y*=c?, (ii) (*"+a)?+y"*>=¢?,
@) (7 -2+ -y")2 =42 Also 2e=a' +2", and 2y=9y'+y". TFrom
(i) and (ii) ('~ ") (' +2") - 2a (&' +2") -+ (y' - ¥") (¥ +9") =0, i.c.x (£ — 2")
—2axs+y (y - y')=0. This with (iii) gives us (y' ~y”) and (&' —«”). Then,
taking (iii) from twice the sum of (i) and (ii), we have (/' +2")*+ (¥’ + y")?
+4a* - da (& — ") =0; whence the required locus.

CHAPTER V.

N 2
4. The parabola is yﬁn(" :‘1)- ax, where 1 : n is the given ratio.

5. (i) a straight lino through the vertex, (ii) the curve y?=n2?+ 2az.
6 y2=2%+06ax+a® 10. The chord of contact of tangents from ( - 4a, k)
is yk=2a(z-4a). The cquation of the lines joining vertex to points
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D -—
of contact is [Art. 38] y*- dax z—"';“,_, vE_ 0, or y*-a*+ ;z-,:;a'y=0.
. Y’ - dar’ - . R .
11. IN= \'}I(y'z.j.,m‘T) , and LI'M2=y" + 4a*; where («, ') is I, 12. Let

the axis of « be midway between the axes of the parabolas, then their
equations will be (y — b)?=4ar, (y+b)*=4ax. If y=n cut the curves in
(ryy ) and (e, 7) respectively, we have 7%+0%=2a(r;+x,). Hence,
if (& #) be the middle point of intercept, #*+0*=4a¢. 15. The chord
whose middle point is (+, ') is parallel to the polar of (&, ¥'); its
equation therefore is (y — y') ¥’ =2u (x —«'). If the chord pass through the
fixed point (R, k), we have (k—y')y=2a(h-«'). Hence the required

locus is the parabola y(y-4)=2a(x--I). 25. Let y=ml:c+"i‘...(i),
1

Y=mx+ ﬁ...(ii), y=myr o ..(iii), and y=mo+ d ...(iv), be the equa-
=, my my
tions of the four tangents. The ordinate of the point of intersection of

. . 1 1
(i) and (ii) i8 « (m; +

m ) , and the ordinate of the point of intersection of
2

(iii) and (iv) is « ("llu -+ "17) ; hence the ordinate of the middle point of
4

these intersections is '2'(1 + L + 1 + 1 ) . The symmetry of this
myomy omy o omy
resnlt shews that the ordinate is the same for the middle point of the
other two diagonals. 27. If the fixed line and the two tangents
make angles a, 0,, 0, with the axis, we have 2¢=0,+0,. And if
(2, ¥) be the point of interscction of the tangents, tan 8, and tan 6,
arc the roots of y'=mx’+£ . We therefore have tan 2'1::@’!1“4»: which
shews that the intersection of the tangents is on a fixed straight line;
therefore, &e. 33. At points common to y? —4ax=0 and any circle
2
1—?6—-’:‘2+y’+2y j;—la+2fy+c=0. The co-
efficient of y3 is zero, hence y, +y,+y,-+y,=0. If therefore the normals
at ¥;, Y., Yy meet in & point, y, is zero; for we know that y, +y,+y;=0
[Art. 106]. 88. Thonormal at (2, y') is 2a (y - y')+ ¥/ (z - 2')=0. If
this pass through (k, k), we have 2ak + 9’ (k -z’ — 2a) =0, whence 4¢2?
==4ax’ (k- 2’ - 2a)’. 'This gives a cubic equation for 2’ from which wehave
2’ +2"+ X" =2h - 4a, or (' +a) + (" + a) + (2" + a) + a =2 ; therefore, &e.
41, Take for axes the tangent parallel to the given lines and the diameter
through its point of contact. 43. Thelincisz =2a+¢c. 44, The
ordinates of the normals which mect in (%, k) are given by 2a (y - %)+

a2 +9*+29x+2/y +¢=0, wo have
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y (x-h)=0. If (h, k) be on the curve, we have 2u (y - k) + 4'2 (2 - ky=0.

Hence the ordinates different from k aro given by y(y + k) +84a2=0; so
that »,y,=8¢% The cquation of the chord is y (y, +¥,) — 4ar - y,y,=0,

hence this cuts the axis where z=— Z‘Z’= ~2a. 47, Let ¥y, Yo, 50 ¥,

be the ordinates of the points 4, B, C, D; and let 4B, BC, C4, AD
make angles 0, , 0,, 0, 0, with theaxis. Then |Art. 102}, y; +y,=4acots;,
and so for the rest. Hence cotd, +cotd,—cotd,+cotd,; which shews
that if three of the angles are constant, the fourth also is constant.
50. Let P, , R, S be (x,, 4;) &e. The equation of the circle on PQ as
diameteris (y - y;) (y -y,)+(r: x,)(x - ry)=0. Where this meets y?=4ax,

we have (y ~y1)(y - yz)+1( = (-1 (y? - 9,’) =0. Hence y,, y, are the

roots of 164+ (y+v,)(y+y,) =0, so that yy, =y +16a*. But PQ, RS

Uy

cut the axis at points whose abscisse are — {;':2 and - ‘i ', henee
{

the difference of these abscisse is 4a.

CHAPTER VL

4. The cquation of a line through the middle point of a chord per-
pendicular to the chord can be written down by assuming Art. 114 (iii).
5 v _ '.'if ”f : - ok 2
15. The ellipse m |- = (u‘-'-| i) 18. Use y=nue + V(an -+ 42),
20. Use eccentric angleq 21. The line y=m (& —ae) cuts the ellipse
2 w? (’l'.'—a(')’

where et — = =1, Puta=1} (:u + ) p, and shew that the
product of the roots of the quadratic in p is independent of m. 27. If
P be (x', 9'), the point of intersection of QIT and RS is ( ~y }::’) .

80. The semi-axes of tho locus of P are the scmi-sum and scmi-

difference of the radii of the circles.  36. The chord which has (¢, ')

for middle point is parallel to the polar of («, ¥'), its equation is therefore
U ’

(x-2") E._,+ w-v) ?If:f:o' Henee, if the chord pass through a fixed point

(A, k), the middle point is on the ellipse (k ~) :f—_‘+(k— Y) ;{._,:0. 37. Let

P be (¢, ¥'), and let the chord make an angle 0 with the major axis of the
ellipse, The co-ordinates of the point on the chord at a distance » from
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P are 2'+rcosd, and y'+rsin 0; substitute those co-ordinates in the

equation of the ellipse for PQ, and in the equation ”:' y/ =0 for PR;

2
then see Art. 111, 38. The equation of the locus is ( Z, 1)

z* 9t ¢ fet oy 2 Y\ _ a4y
(}i"" '{74 = aE (?[’ + 11:) . 89. The equation is ( + ‘,fs) = -ag_{_z, .
40. Let a, B, v, 5 be the co-ordinates of the angular points A, B, C, D
of the quadrilateral; then, since A B, B¢, CD are parallel to three fixed
straight lines, we have («+g8), (3+7) and (y+39) constant; thercfore
(a+3) is constant,  43. Let the co-ordinates of Q be ¢ cosé and bsind,
then quadrilateral OPCQ=2.triangle 0CQ=1b sin # —~ kucos =4, sup-

pose. Therefore éb = Esino _k 08 6(1). But (k, k) is on the tangent

at Q; thelefore cos 0+hsm0 1 (2). Yrom (1) and (2) we have

‘::Z* h’ :‘2 --1. The area of the triangle PCQ can be readily deduced
from t}mt of the guadrilateral. 50. Ans. 2(0%y®+a2c?)?=(a®-02)?
(a2 0%%% 63, If ¢ be the eccentric angle of P, the co-ordinates
of @ are (« |-b)cosg and (a+d)sing, or («-Db)cosg, (b -«)sing, ac-
cording as PQ is mensured along the normal outwards or inwards.
55. Let I' be (.z 'y’) In the quadratic equation giving the abscisse of

points where > o + Jl;3/ =1 cuts the ellipse, substitute " :(5 for .« [Art. 110];

the product of the roots of the equation in » will be equal to SP. SQ.

CIHAPTER VII,

3. An hyperbola. 4. An hyperbola. 5. A rectangular hyperbola.
19. 2y+3x+4=0. 20. 2-2=0,y-3=0, ry-3x-2y+12=0. 26. The
lines joining (x'y’) to the two fixed points (+«, 0) are (y2' - xy’)2=at(y - ')
These are parallel to %*(x"2—«?) -22y'xy+y22=0, the biscctors of

which are & 4™ —0. Since these bisectors are fixed lines, we
yi-rta? oy ' W

have = = const.



ANSWERS TO THE EXAMPLES., 345

CHAPTER VIII,
4. If a, B, v be the vectorial angles of A, B, C respectively,

SA=——, and $4'=— ; Csode 5 Asin A 165 (3) the
2" A <
2 cos 3 200520032
perpendicular on the tangent at a makes with the axis an angle
tant "% Tjerefore, &. 7. Sco Art. 165 (3). 10. If the conics
c+4-cosa

t 4
are .= 1-+ecosd, n,ndl; =1+ ¢'cos (4 - a), the common chords a.re:' -ccos 0

’ U
=+ :'_-—c'cos 0-a)f. 13. If the conics are ;=1+ccos 9, and lr

w4
=1+¢ cos(0-a), the common chords are ! tl =e cos 6+ ¢’ cos (0 - a).

1 ’

These touch respectively the conies “:’ =1 -l::: cos 6. 16. If d be the
er 4

distance of the focus from the direetrix, the conies will bhe ';(—lz 1+¢cosd,

tmd!’_‘-l= 1 1e¢’cos(0—a). If the conics touch one another at some point

B, the equations l:_l —r¢cos 0+ cos (0 - B), and l-';L:e' cos (0 — a) +cos (0 — B)

will represent the same straight line. Write the equations in the
forms f:cos ] (1 i co:ﬁ) I-sin 0 slzﬂ , and :—f--cos() (con a+c0:,ﬂ)

+sin0 (sin a_'_su:'ﬁ) ; equate the cocflicients of cos 0, and of sin 6, and
eliminate 8. 17. Let tho cquation of the circle be r  « cos (0 — a), and
the equation of the conice f'_1+e cos 0. Eliminate 0, and we obtein a

biquadratic for r.

CHAPTER IX.

7. Ans.A=1. 8, Ans. 10x* + 212y +9y* - 412 -39y +4=0. 9., Ans,
82% - 2xy - 5y*+ Tx - 9y +2=0, and 3x® - 2wy — 5% + T - 9y + 20 =: 0.
10. Ans. 6% -Tay-3ys-2r-8y—-4=0, and 62®- Try - 3y*-2r -8y -2
=0, 14. Take O for origin, and the axis of x through the centre of
the circlo. The cquation of the circle will be r=d cos 6 (1); the equation
of the conic ax?+2hzy +by?+29z+2fy4-¢=0, or in polars ar?cos®d
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+ 2Ir2 cos 0 sin §+ br? win? 8+ 2gr cos 0+ 2frsin 0 +¢=0 (2). Eliminate 6
from (1) and (2), then we obtain an equation in » the product of the four

. . cd?
roots of which will be (@b

constant; and (a - b)*+ 44* is constant from Ex, 11.

Since the origin is fixed, ¢ is

CHAPTER X.

3. To find the fixed point in Ex. 1, take OP, 0Q parallel to the axes;
then PQ is a diameter, and CO, PQ make equal angles with the axis,
Hence the co-ordinates of the point can be found referred to the centre
and axcs of the conic. The fixed point in Ex. 2 is the point where the
tangent at O is met by the tangent at tho other extremity of the normal
through 0, as is scen by taking OP, 0 indcfinitely near to the normal,
For locus see Art. 138 (f). 7. Take O for origin and the chords for
axes. We have to prove that “ :—If is independent of the direction of tho
axes, 13. In the parabola y'y” is constant. 20. Take O for origin,
the chord and its conjugate for axes; then the equation of the curve will be
ax?+ by +2fy+¢=0. Tangents from («, y') are given by ¢ (z, ¥) ¢ (=, ¥)
—{axx +byy' +f (y-+y')+¢}2—=0; in this put y=0; then the cocflicient of
a will be zero if fi' +¢=0, that is if (¢, y’) be on the polar of 0. Or,
let the tangents at P, Q meet in X ; then AL, the polar of O, is parallel
to 4B; and if QOP meet the polar of 0 in I, {QOLFL} is harmonic.
Hence {1'0S ®} is harmonie, and therefore 0 =0S. 22, (i) a conic;
(ii) o straight line. 25. A curve of the fourth degree. 28. Corre-
sponding to any point 7' on the tangent at P there is one point 1" such
that 7', 7" arc equidistant from the centre, and there is one inter-
section of the tangents at I, 7'; hence every tangent to the ellipse
cuts the locus in one and only one point: the locus is therefore a
straight line. If T', T are on the director circle, the tangents from 7', 1"
are parallel; therefore the direction of the point at infinity on the
locus is perpendicular to tho tangent at P; also when 7, 1’ are both
at infinity, the tangents from 1, 1" are parallel to the tangent at P,
and thereforo interscct at the extremity of the diameter through P,
which proves the proposition. 37. The centre of the conic is
given. Henee, if P be the given point, P, the other extremity of the
diameter through P, is on all the conics. The locus is such that SP.SI”
is constant; this curve is called a lemniscate. 40, Let S, S’ be
the foci, § being given, C the centre, P the given point, and O the
middle point of SP, Then CD*=SP.$'P=450,0C. This proves that
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the locus of D is a parabola, since CD and OC are drawn in- fixed
directions, and SO is fixed. 43. Let the variable cllipse touch at P,
and let the tangents at S, P meet in I'. CT biseets SP in 1, and is
therefore parallel to S'P, so that C71' and SP make equal angles with the
tangent at P; hence }'T'=VP=1'S; therefore STP is a right angle,
and CT is the radius of the director-circle of the variablo ellipse.
Hence, since C1'=} (SP+ S'P)= constant, the question is reduced to 37.
44. This follows from Ex. 23, Chapter vir.  47. {PGO0G'} is harmonie,
and GCG is a right angle ; therefore CP and CO make equal angles with
CG. Then see solution of 2. 53. Ans, ¢= %ab. 54. Let tho
conic which goes through A, B, C, D, £ cut the circle ABE in G; then,
A8 and ¢D make cqual angles with the axes, and so also do AL and
EG; hence EG is parallel to CD, so that ¢ and I arc coincident. The
direction of the axes is known, we have therefore only to find the centre,
If ¥V, V' are the middle points of CD and KI respectively, V1’ is a
diameter. Draw a circle through 0, C, E: if this cut the conic in a
fourth point II, EIl und CD make equal angles with the axes of the
conic ; thercfore K is parallel to .11 ; hence the line through the
middle points of A5 and EI is another dinmeter. Thus the centre
is found. 55. The six points are always on a conic, and tho conic
(=) @ )~ a4 by - ) (= 1)=0

[see Ex. 3, Art. 187). The conditions for a circle are z'x” — y'y" == (1),
and a'y” + "y’ =0(2). Square and add, then (2 + y"%) (="2 4+ y"*) = (1 ; ,

that is CP. CP'=CN?, where C is the centre and S is a focus; also from
(2) CP and CP’ make equal angles with the axis of x; and (1) and
(2) shew that P, P’ are on different sides of the transverse axis, When
the curve is a parabola I’, P’ arc on a line through the focus, and equi-
distant from the focus.  58. The chord of ax®+by*-1=0 which has
(=, y') for middle point is parallel to the polar of (', ¥’) and its equation is
(x—2') ax’+(y —v) by'=0. The line through («/, ¥') perpendiculu.r to the
chord must pass through O (f, g); hence we have ! —‘;1 =‘ZI—JJ , so that
(', 9') is on a rectangular hyperbola. 59. Any conic of the system is
given by az?+by?—-1-{(x-a)®+ (y—p)>-c}=0, where (a, B) is the
point O. Find the centre, and eliminate . 63. If the normal
S-2 _g9 o
ax’ by’
orfby' - agz’ +(a-b)2'y’=0(1). Wehave to shew that - iy ac’ +Y ;/-"y_ =0,

to ar+by*—1=0 at P («',y') pass through O (f, ) we have
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or ry' +ya’ - 2x'y'=0, will go through the same point if (x'y’) is any
one of the four points of intersection of (1) and the conic. The point
o2y _ 2
BT —ag b
(5.13;:) &c., where (z'y’) &e. are the feet of the normals. Now, if
y

. . af by J

(fy y) be the point at which the normals meet, o

2 2
Hence (';, , l'.il') is on the straight line fr — gy =«? - »*, and so also are the

73. A conic, T5. The four points arc

-0,

other three points. 83, If _/ = (o - ae) bc the chord, the circle is
w?—a+ ¥ + 2macy - mA2=0, or— Z -1- ,l,(m'z y - mb¥)*—0. U6, If
ary=c® be the equation of the h_}perbolu, and (r, ) &e. be the four

. LW =B (e B G- B) - B)
points, and (a, B) be P; then Pt . Pa=—?=1" ar JIJ.‘,;’/J A0 bl N

CHAPTER XI.

3. Lot the equation of the conic which passes through 0 be a.? +2hry
+ly?4-2fy =0, the tangent and normal at O being axes. If a’v?+ 2y
+ 0y + 20’ + 2"y + ¢ =0 bo tho equation of another conie, all the conies
through their common points are included in «a®+ 2khry+ by*+ 2y

+A (@ + 2y + Vy*+ 20 + 2y + ¢)=0. Put y=0, then :— + :~
R R

’
- 2;',’ , and therefore is independent of A, 5. The axes of the para-

bolas are always parallel to conjugate dinmeters [Art. 207]. Now in a
given ellipse the acute angle between two conjugate dinmeters is least when
they arc the equi-conjugates ; and in different ellipses the angle hetween
the equi-conjugates is greatest in that which has the least eceentricity.
Hence if a pair of conjugate diameters aro known, the conic has the
least eceentricity when they are the equi-conjugates. 6. If 1'Q, 7'Q’ be
the tangents, and 17 be the middle point of QQ’, T and Q@' ave parallel {o
conjugate diameters. Hcee solution to 5. 16. Use the result of Ex, 2,
Art. 219. 21, Acircle. 21 tnn’i: - :: , where 0 is the angle between
the tangents. 25. 'The result follows from Art. 229 and Art. 186, Cor.
1. 24. Art. 227. 35. 1If TO’ be the other biscctor of the angle QTP,
then 7 {QOP0O’} is harmonic, and thercfore 7’0’ is the polar of 0. Let
ROR' cut 1'0’ in K, then T {ROR’K} is harmonie, and OTR is a right
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angle; hence RT, R'I' make equal angles with OI'. 37. und 38. Use
‘If a circle cut a parabola in four points the sum of the distances of those
points from the axis of the parabola is zero.”  42. Shew that the conie,
with respeet to which the triangle formed by x=:0, y =0, and lz+my +1
=0 is self-polar, is a.r®+2lmry +by*+ 20 +2my +1=0. 50. Let the
hyperbola, be 2.xy-—¢, and the first circle a4+ y®+2yx+2/y=0. Let
(%), ¥;) &ec. be the four points. The equation of the second circle is
a*+4 y*+ 2xx,+2yy,=0. The point of intersection of the tangents at I3, €
is ( 9 Fefa_ ——c—-——) ; this is on the second circle if c¢*(v,+x;+2))
rgtag’ Xy |y

+ & prym (i, + 2y @) — 0 (1) Now the equation giving the abseissm
of 4, B, €, D is 45'48ye*+ 4fex+c2=0. Ilence 4r1.rz.r,,t,_c and
@y (o + g+ %) + Xty -1 22, + L2, =0 and these show that (1) is true.

CHAPTER XIL

1. A parabola. 3. An hyperbola. 4. (1) A similar cllipse. (2)
An cllipse. 12. A common chord, which is not a diameter, subtends a
right angle at the cenire. The cnvelope is a circle. 16, If the

conic is ax®+by’=1, and ¢ the radius of the circle, the envelope is
N a_, abe? 1, .
axg® + by Qb by that is,

if the ur(,h, is the director-cirele of the conic. 20, Sce Art. 197, 25,
The eqlmtion of the cnvelope is &y = & dab. 26, If the original conic

The envelope is the original conie if c’:i

@© P z ! s
is S b,-l the envelopo is @t 2('-— 0. 27. Take the fixed

pomt for origin, und let the lines be (¢ - «) (# -«’)—=03 then tho cnvelope
is (e- ') y?=dua’ (x~a) (x—-a’). 31, Take tho given dinmcters for
axes, and let the conie he ac®- 2hry t by?-1- 0; then the envelope i
4 (ax-+ hy) (he+ by) =+ '1_76 . 38. Let the equation of the conic be
az?4-byt—1, and let O be (a, B). Transfer the origin to 0, and let
lz+my-+1=0 be the equation of I’Q, one of the chords. Write down
the equation of OF, O [Art. 38]; then the condition of perpendicularity
gives the fangentinl equation, viz. (I*+m?) (aa®+ bF®—1) - 2ual - 2bBm
. . ua 2]
+a+b=0. One focus is (0, 0), the centre is ( T itd’ add)’ and
2a0 208
a+d’ add
are confocal. If the given conic is a rectangular hyperbola a1 4 =0, and
the envelope is a parabola.

the other focus is ( - . If a : b is constant, the envelopes
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N.B. The following aroe important special forms of the tangential
equation ¢ (I, m)=0.
(i) If ¢c- 0, the conic is a parabola.
(i) If @=b=0, the conic touchos the axes.
(iii) If a=b, and h=2acos w the origin is a focus.

CHAPTER XIII.
abe | o, B, ¥

2. Ans, 8at| o, g, 4"

al"' pl'l, 7"

3. The four points of intersection of any two of the conics are of the
form 4 f, £ g, £ h. The conic ua2 v#?+wy?=0 will pass through the
points (£, £g, £ 1), and (', &g, £k) if uf*+ry*+wh?=0, and
uf? ey wh?=0, 6. Let the lines be latmB+ny=0; then the
two points on the diagonal a=0 are given by m?g?+2\8y + n?y2 =0, a=0,
The other pairs are n29? +2uya+ Pa?=0, 8=0; and I*a®+ 2vaf +m*B? =0,
v=0. Theseare all on the conic I*a? + m>3* -+ n’y* 4 2\By + 2uya + 2vaf = 0.

7. The perpendicular distances of (a, 8, v) from the three sides are

z (aa— b8 - cy), &e, Hence the equation required is

«? )2 ¢
A hﬂ+c-y——_;l:+—c';+aa—bﬁ 1 aa+bﬂ'~_c~y=0'
8. The cquation of the circle is of the form ufy +bya I-caff+ N (ca-+8
t-¢y)?==0. If this cut B¢ in P, P, then BP, BP'= /2~ %, 9. The
point which is at a distance p from (a,, 8y, v,), on a line parallel
to BC is (ay, By+p8in C, v, - psin B). If this point be on the conie, wo
have

1By + try,ay+ nayf,

PrPa= "7 gin B sin ¢

Hence we have

-~
(Y

ry?

r? o,

[0 SR Mt
« [N
! m .

[If the conic were given by the general cquation we should have
PPy =-- '__w____d’ (."'l‘i: Em ')'u)_'__ —
¢ sin2C | w sin*B — 2u' sin Bsin C
Hence we find at once the conditions for a circle, viz. ve?+ wb? - 2u'be
=sgimilar expressions, ]
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11 1t Pbo (f, g, ), K, £, D are on the lino +§ +X=0. UPbeon
la+ mB+ny=0 KLM touches \/la'+ JmB+5/ny=0 &.  12. If O be

(f, 9 k) and O ke (f', o, W) then Z is given by P W:f_y,h)

_ L . ) .
= gt (W SHF) = WS ) If 0, 0 are on the fixed conic

Ay +pya-+raB=0, Z is the fixed point (\, g, »).

(Examples 11 and 12 are taken from an interesting paper by Mr A.
Martin published in the Messenger of Mathematics, Vol. IV.)
18, If wa®+vg%+wy*=0, be a parabola it will touch the line at infinity,
and thereforc all the four lines given by aaxifxcy=0. 20. If
(e, By 7) be one focus, the other will be (‘11,, ;,, 3,
dition that the fixed point (f, g, &) may be on the line joining theso two
points, 84. Let (f, g,h) be the point of intersection of 44’, BR, CC',
then A’ is (f', y, k), B'is (f, ¢’y k), and C' is (f, g, ¥). BC', CB'intersect

) ; writc down the con-

in 4” where ;-—- !-,ﬁ;= 7?: Honce the equation of .1' 4” iy
a B v =0
r i h !
Py,

It is clear that .1'.1", and also the other two dingonals B’ B", ¢’ £, of
the hexagon formed by the six lines, pass through the point (f-+f', g F4'.
h+1). Henece by Brianchon’s Theorem the hexagon circumseribes a
conic.  40. Consider any two of the conics, and draw their fourth
common iangent. Then, the radical axis of their dircctor-cireles is the
dircetrix of the parabola touching the four lines [Art. 299 (5)]; the radical
axis therefore [Art, 308, Fx. 4] passcs through the orthocentre of the
original triangle. Then, since the director-circles are equal, it follows
that the centres of any two of the conies, and therefore the centres of all
the conics, are cquidistant from the orthocentre of the triangle.  41. Tho
centre of the circle with respect to which the triangle is sclf-polar is the
orthocentre. Hence, from 40, the theorem will be true for all conics
whose director-circles are cqual, if it be true for any one of them. Let
ABC be the triangle, and O the orthocentre, und let 0.1 cut BC in 4,
Then, if P be any point on BC, the line .1 is a limiting form of an in-
scribed conic, and the circle on AP as diameter is its director-circlo ; also
04 . 04’ i8 cqual to the square of the tangent to this circle from 0, and
04 .04’ is equal to the square of the radius of the self-polar circle, hence
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the self-polar cirele cuts the director circle at right angles. "This proves
tho .proposition, since I’ is any point on BC. 50. The equhtioi:got
the tangents from the angular points of the fundnmental triangle. a.u
Va4 Wy?—-2U’%z .0, &e. Hence the six points are on the conio

VWa2+ WUy + UV - 2UU'yz - 2V 1 2z - 2WWay =0,
This intersects

U+ V22 + W= 2V'Wyz - 2W' Uz -- 2U Viey =0
in the same four points as

(VW-Ulatt......... +2(V'W = UU Y yz 4 ......ou. =0,

But this latter conic is the original conie, sinee VIV — UZ=ud, &e.

THE END.

CAMBRIDGHE: PRINTED BY C, J. CLAY, M.A, AND SONS; AT THE UNIVERSITY FPRESS,
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CLASSICS.

Elementary Olassics; Olassical Series ; Classical Library, (1) Texts, (2) Trans-
lations; Grammar, Composition, and Philology; Antiquities, Ancient
History, and Philosophy.

*ELEMENTARY CLASSICS.
18mo, Eighteenpence cach.

The following contain Introductions, Notes, and Vocabularies, and
in some cases Exercises.

ACCIDENCE, LATIN, AND EXERCISES ARRANGED FOR BEGINNERS.—By
W. WeiCH, M.A,, and (. G. DurrierLp, M.A.

AESCHYLUS.—PROMETHEUS VINCIUS. By Rev. II. M. STErurnson, M.A,

ARRIAN.- SELECTIONS. With“Excrcises. By Rev. Joux Bosn, M.A., and
Rev. A. 8. WarroLr, M.A.

AULUS GELLIUS, STORIES FROM.--Adapted for Beginners. With Exercises.
By Rev, G. H. NaLL, M. A., Assistant Master at Westmunster,

CZESAR. - TIIE HELVETIAN WAR. Being Selections from Book 1. of The
Gallic War, Adapted for Beginners, With Exereises. By W. WeLen, M.A.,
and C. G. DurrirLp, M. A,

TIIE INVASION OF BRITAIN. Being Selections from Books IV, and V. of The
Gallic War. Adapted tor Beginners.  With Exercises. By W. WrLen, M.A.,
and C. G. DurFIeLp, M.A.

SCENES IFROM BOOKS V. axp VL. By C. Conpeck, M.A.

THE GALLIC WAR. BOOK 1. By Rev. A. 8. WaLroLr, M.A.

BOOKS 11. anp III. By the Rev. W. G. RurnirrForp, M.\, LL.D.

BOOK IV. By Cuement Bryins, M.A., Assistant Master al Dulwich College.

BOOK V. By C. CoLurcg, M.A., Assistant Master at 1larrow.

BOOK VI. By the same Editor.

BOOK VII. By Rev. J. Boxp, M.A,, aud Rev. A, 8. WaLroLg, M.A.

THOE CIVIL WAR. BOOKI. By M. MoNTaoMERY, M.A. [In the Press.

OIOERO.—DY SENECTUTE. By E. S. Savcknuran, M. A,

DE AMICITIA. Dy the same Editor,

STORIES OF ROMAN HINI'ORY. Adapted for Beginners. With Exercises.
By Rev. G, E. JeaNs, M.A,, and A, V. Joags, M.A,

EURIPIDES.—ALCESTIS. By Rev. M. A. BAYFIELD, M.A.

MEDEA. By A. W. Virrawuy, Litl.D., and Rev. M. A. Baviieup, M.A,

! [In the Press.

HECUBA. Dy Rev. J. Bonn, M.A,, and Rev. A. 8. WaLroLg, M.A.

EUTROPIUS,—Adapted for Beginuers. With Exercises. By W. WeLcn, M.A.,
and C. G. DurFmIELD, M. A,

HERODOTUS. TALES FROM HERODOTUS. Atticised by G. 8. FarveLL,
M.AL [In the Press.

HOMER.—ILIAD. BOOKT. By Rev.J.Bonp, M.A,, and Rev, A. 8. WALroLg, M. A,

BOOK XVIIT. By 8. R. Jamres, M.A,, Assistant Master at Eton.

ODYSSEY. BOOKI By Rev.J. Bonp, M.A., and Rev. A. 8. WALPOLE, M.A.
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HORACE.—ODES. BOOKS I.-1V. By T. E. Page, M.A., Assistant Master
at the Charterhouse. Kach 1s. 6d.
LIVY.—BOOK 1. By H. M. STEPHENsSON, M.A.

BOOK XXI. Adapted from Mr., Capes’s Edition. By J. E. Meruuisy, M.A.

BOOK XXII. By the samc.

THE HANNIBALIAN WAR. Being part of the XXI. and XXII. BOOKS OF
LIVY adapted for Beginners. By G. C. MacAuLAY, M. A.

THE SIEGE OF SYRACUSE. Bemg part of the XXIV, anid XXV. BOOKS OF
LIVY, adapted for Be}g;{inners. With Kixercises. By G. Ricmarps, M.A., and
Rev, A. 8. Warrore, M.A.

LEGENDS OF ANCIENT ROME. Adapted for Beginners, With Exerciscs.
By H. WiLrINsoN, M. A,

LUCIAN.—EXTRACTS VROM LUCIAN. With Hxercises. By Rev. J. Bonp, M.A.,
and Rev. A, 8. WaLroLg, M.A.

NEPOS.—SELECTIONS ILLUSTRATIVE OF GREEK AND ROMAN HISTORY.
With Exercises. By G. 8. FARNELL, M. A,

OVID.—SELECTIONS. By E. 8. SsuckBukGH, M.A.

KEASY SELECTIONS FROM OVID IN ELEGIAC VERSE. With Exercises. By
H. WiLkinsoN, M.A.

STORIES FROM THE METAMORPHOSES. With Excrcises. By Rev, J. Boxp,
M.A., and Rev. A. 8. Warvorr, M.A.

PHZEDRUS. —SELECT FABLES, Adapted for Beginners, With Exorcises.
By Rev. A. 8. WALPOLE, M.A.

THUCYDIDES.--THE RISIE OF TIIE ATHENIAN EMPIRE. BOOK 1. CHs
89117 and 228-238. With Excrewses. By F. H. Corson, M.A,

VIRGIL.—SELECTIONS. By K. 8. SuuckBuren, M A.

BUCOLICS. By T. E. Pacr, M.A.

GEORGICS. BOOK L. By the same Editor.

BOOK 1I. By Rev. J. H. Skring, M.A.

FNEID. BOUKI. By Rev. A. 8. WaLroLg, M.A,

BOOK II. By T. L. Pacg, M.A.

BOOK I[1I. By the same Hditor.

BOOK 1V. By Rev. H. M. StErnrNsoN, M.A.

BOOK V. By Rev. A. CALVERT, M.A.

BOOK VI. By 1. E. Pack, M.A.

BOOK VII. By Rev. A, CaLveERT, M.A,

BOOK VIIL. DBy the samo Kditor.

BOOK IX. By Rev. H. M. SrErneNsoN, LA,

BOOK X. ByS. G. Owen, M.A.

XENOPHON.—ANABASIS. Seleciions, adapied for Beginners. With Exerciscs.
By W. WeLcH, M.A., aud C. G. DurriELD, M.A.

BOOK I. With Exercises. By E. A. WrLLs, M.A.

BOOK L By Rev. A. 8. WaLPoLE, M.A.

BOOK II. By the samno Editor.

BOOK TiT. By Rev. G. M. NaL., M.A.

BOOK IV. By Rev. E. ). Stoxg, M.A.

SELECTIONS FROM BOOK IV. With Exercises. By the same Editor.,

SELKCTIONS FROM THE CYROP/KDTA. With Exercises. By A. IT. Cooxke,
M.A., Fellow and Lecturer of King’s College, Cambridge.

The following contain Introductions and Notes, but no Vocabu-
lary :(—
CICERO.--SELECT LETTHERS. By Rev. G. E. Jrans, M.A,
HERODOTUS.—SELECTIONS FROM BOOKS VLI axp VIII. THE KEXPEDI-
TION OF XERXES. By A. IL. Cookg, M.A.
HORACE.—SELECTIONS FROM THE SATIRES AND EPISTLES. Dy Rev. W.
J. V. BARKER, M.A.

SFLECT EPODES AND ARS TOETICA. By II. A. Darron, M.A,, Assistant

Master at Winchester,
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PLATO.—EUTHYPHRO AND MENEXENUS. By C. E. GrRAVES, M.A.

TERENCE.—SCENLS FROM TIIE ANDRIA. By F. W. Cornisn, M.A., Assistant
Master at Kton.

THE GREEK ELEGIAC POETS.—FROM CALLINUS TO CALLIMACUUS,
Selected by Rev, Irrnerr Kynaston, D.D.

THUCYDIDES.— BOOK 1V, Cus. 1-41. THE CAPTURE OF SPHACTERIA. By
C. E. Graves, M.A,

CLASSICAL SERIES
FOR COLLEGES AND SCHOOLS,
Feap. 8vo.

ZESCHINES.—IN CTESIPHONTA. By Rev. 1. GwarkiN, M.A., and E. 8.
Snvcksunren, M.A. 58,

ZSCHYLUS.—PERS/AK. By A. O. PrickArD, M.A., Fellow and Tutor of New
College, Oxford. With Map. 2s. 6d.

SEVEN AGAINST TIIEBES. SCITOOLEDITION. By A. W. VERRALL, Litt.D.,
Fellow of Trinity College, Cambridge, and M. A. BAYFIELD, M.A., Head-
master of Christ's College, BBrecon. 2s. 6d.

ANDOCIDES.—DE MYSTERIIS. By W.J. ITickir, M.A.  2s. 6d.

ATTIO ORATORS.—Selections from ANTIPHON, ANDOCIDES, LYSIAS, ISO-
CRATES, and ISAEUS. By R. C. JeB, Litt.D., Regius Professor of Greek
in the University of Cambridge. bs.

*CASAR.—THE GALLLIC WAR. By Rev. JouN BonNp, M.A., and Rev. A. S.
WarroLg, M.A. With Maps. 4s. 6d.

CATULLUS.—SELECT POIMS. Edited by F. I. SiMrsoN, B.A. 8s.6d. The Text
of this Edition is carefully expurgated for School use.

*CICERO.—TIIE CATILINE ORATIONS. By A.S. WirLking, Litt.D., Professor of
Latin in the Owens College, Victoria University, Manchester. 2s. 6d.

PRO LEGE MANILIA. By Prof. A. 8. WiLkINs, Litt.D. 2s. 6d.

TIIE SECOND PHILIPPIC ORATION. ByJonn K. B. MaYor, M. A,, Professor
of Iatin in the University of Cambridge. 3s. 6d.

PRO ROSCIO AMERINO. TyK. TI. DonkiN, M.A.  2s. 6d.

PRO P. SESTIO. By Rev. II. A. HoLpEN, Litt.D. 8s. 6d.

SELECT LEITERS. Edited by R. Y. TyrrELL, M.A. [In the Press.

DEMOSTHENES.—DE CORONA. Dy B. DrRARE, M.A. 7th Edition, revised by
E. 8. SHUCKBURGH, M.A. 38s, 6.

ADVERSUS LEPTINEM. By Rev. J. R. KiNg, M.A,, Fellow and Tutor of Oricl
College, Oxford. 2s. 6d.

THI FIRST PHILIPPIC. By Rev. T. GWATKIN, M.A. 2s. 6d.

IN MIDIAM. By Piof. A. 8. Wirkiws, Litt.D., and Herman Haqer, Ph.D., of
the Owens College, Victoria University, Manchester. {In preparation.

EURIPIDES.—HIPPOLYTUS. By Rev. J. P. MAuAFFy, D.D,, Fellow of Trimly
College, and Professor of Ancient 1history in the Unnersity of Dublin, and J.
B. Bury, M.A., Fellow of Trinity College, Dublin. 2s. 6d.

Mgmgé\. By A, W. Verraur, Litt.D,, Fellow of Trinity College, Cambridge.

s. 6d.

IPITIIGENIA IN TAURIS. By E. B. ENGLAND, M.A, 3s.

ION. ByM. A. BavyFELD, M.A., Headmaster of Chust’s College, Brecon.  2s. 6d,

BACCHAE. By R. Y. TYRRELL, M.A., Regius Professor of Greck inthe University
of Dublin. [In prepuration.

HERODOTUS.—BOOK Ifl. By G. C. MAcAULAY, M.A. 2s. 6d.

BOOK V. By J. Srracuan, M.A,, Professor of Gieck in the Owens College,
Victorin Umversity, Manchester. lin preparation.

ROOK VI. By the same. 3. Gd.

BOOK VIL. By Mrs. A. F. BurLer., 8s. Gd.

HESIOD. - THE WORKS AND DAYS. By W. I. Lennruy, M.A., Assistant
Master at Dulwich College. [In preparation.
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HOMER.—IILIAD. BOOKS I, 1X., XI, XVL-XXIV. THE STORY OF
ACHILLES. By the late J. II. Pnu-r M.A,, and WaLter Leay, Litt.D.,
Fellows of Trinity College, Cambridge. bs.

ODYSSEY. BOOK IX. By Prof. Jouxn E. B. MaYoRr. 2s. 6d.
ODYSSEY. BOOKS XXIL-XX1V. THE TRIUMPH OF OD\SSEUS By 8.
G. HamiLToN, B.A,, Fellow of Hertford College, Oxford. 2s. 6d.

HORACE.—*THE Ol)bS By T. E. PagE, M. A., Assistant Master at the Charter-
house. b3, (BOOKS L, IL, 111, and IV, uplrately, 2s. each)

TH}C SA_[’)II‘IRESB By An'mun. Puum, M.A., Professor of Latin in the University
of Dublin. 5s.

THE EPISTLES AND ARS POKTICA. By A. 8. WILKINS, Litt.D., Professor
of Latin in the Owens College, Victoria University, Mauchester,  5s.

ISAEOS.—THE ORATIUNS. By WiLLiam Ringeway, M.A., Professor of Greek
in Queen’s College, Cork. {In preparation.

JUVENAL.—*THIRTEEN SATIRES. By E. G. HArpy, M.A. 5s. The Text is
carefully expurgated for School use.

SELECT SATIRES. By Prof. Joun E. B, Mavor. X. aund XI. 8s. Gd.
XIL-XVI. 4s. 6d.

LIVY.—*BOOKS 1I. and 11I. By Rev. II. M. STEruENSON, M.A. 8. 6d.
*BOOKS XXI. and XXII, By Rev. W. W. Cares, M.A. With Maps. d4s. 6d.
*BOOKS XXIIL and XX1V. By G. C. Macauray, M.A. With Maps. 8s. 6d.
*THE LAST TWO KINGS OF MACEDON. EXTRACTS FROM THE FOUR'TIX

AND FIFTH DECADES OF LIVY, By F. H. RawrinNs, M.A,, Assistant
Master at Eton. With Maps. 2s. 6d.

THESUBJUGATION OF1TALY. SELKCTIONS FROM THE IFTIRST DECADE.
By G. E. MARINDIN, M.A. [In preparation.

LUCRETIUS.—BOOKS I.-111. By J. II. WarsurrtoN LEE, M.A., Assistant
Master at Rossall,  3s. G,

LYSIAS.—SELECT ORATIONS. By E. 8, Suvcksures, M.A.  bs.

MARTIAL.—SELECT EP1IGRAMS. By Rev. H. M. Sterurnson, M.A, 5s.

*OVID.—-FASTI. By Q. H. IIariam, M.A,, Assistant Master at Harrow. With
Maps. 38s. 6d.

*LEROIDUM EPISTULX X 11, DBy K. 8. SHUuckBURGH, M.A, 33, 6d,
METAMORPHOSES. BOOKS L-LLL. By C. Simmons, M.A.  [In preparation.
BOOKS XIII and XIV. By the same Editor. 3s, 6d.

PLATO.—LACHES. By M. T. Tamiam, M.A. 2s. 6d.

TIIE REPUBLIC. BOOKS L-V. By T. H. WarrkN, M.A., President of
Maudalen Collego, Oxford. bs.

PLAUTUS.—MILES GLORIOSUS. By R. Y. TyrreLL, M.A., Regius Professor of
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*PRESTON.—EXERCISES IN LATIN VERSE OF VAIKIOUS KINDS. By Rev.
G. PrestoN. Gl 8vo. 2s. 6d. KEY, for Teachers only. Ql. 8vo, 5s.

REID.—A GRAMMAR OF TACITUS. By J. 8. Remp, Litt.D., Fellow of Caius
Cnllq,e Cambridge. [In the Press,

GRAMMAR OF VIRGIL. By the same, [In preparation.

ROBY —Works by 1I. J. Rosy, M.A,, late Fellow of St. John's College, Cainbridge.

AGRAMMAR OF TUE LATIN LANGUAGE, from Plautus to Suetouius, Part

l. Sounds, Inflexions, Word-tormation, Appeundices. Or.8vo., 98. Part IL.
yntax, Prepositions, ete. 10s. 6d.

*%cuoor.. LATIN GRAMMAR. Cr. 8vo, 58.

AN ELEMENTARY LATIN GRAMMAR. [In the Press,

*RUSH.-—SYNTHETIC LATIN DELECTUS. With Notesand Vocabulary. By E.
Rusn, B.A. Ex, feap. 8vo. 2s. 6d.

*RUST.—FIRST STEPS TO LATIN PROSE COMPOSITION. By Rev. G. Rusr,
M.A, 18mo. 1s.06d. KRY,forTeachersonly, By W.M. Yartes, 18mo. 3s. 6d,

RUTHERFORD.—Works by the Rev. W. G. RuTRERFORD, M.A., L.L.1)., [lcad-
master of Westnuuster,

REX LEX. A Short Digest of the principal Relations between the Latin,
Greek, and Anglo-Saxon Sounds. 8vo. [{n preparation.

TIE NEW PHRYNICHUS; being & Revised Text of the Ecloga of the Gram-

marian Phr; u{nmhus With Introduction and Commentary. &vo, 18s. (Seo
also Macmillan's Greek Course.)
CKBURGH.—PASSAGES FROM LATIN AUTHORS FFOR TRANSLATION
INTO ENGLISH. Selected with a view to the needs of Candidates for the
Cambridge Local, aud Public Schools’ Xxaminations. By E. 8. SHUCKBURGH,
M.A. Cr. Svo. os.

*SIMPSON. — LATIN PROSE AFTER THE BEST AUTHORS : Casarian Prose.
By F. P. SmursoN, B.A. Ex, fcap. 8vo. 28, 6d. KEY, for Teachers only.
Ex. feap. 8vo. 58,

STRACHAN and WILKINS.—ANALKCTA. Sclected Passages for Translation.

J. 8. STRACHAN, M.A., Professor of Greek, and A, B. WiLkiwg, Litt.D.,
l’rofessor of Latin in the Owens College, Manchester. Cr. 8vo. 63. KEY to
Latin Passages. Cr. 8vo. Bewed, 6d.
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THRING.—Works by the Rev. E. Tunina, M.A,, late Headmaster of Uppingham.

A LATIN GRADUAL. A Jwst latin Construing Book for Begiuners. With
Coloured Sentence Maps.  Feap, 8vo, 28, 6d.

A MANUAL OF MOOD CONSTRUCTIONS. Feap. 8vo. 1s. 6d.

*WELCH and DUFFIELD. -LATIN ACCIDENCE AND EXKRCISES AR-
RANGED FOR BEGINNERS. By W. Weren and C. G, DUFFIELD,
Assistant Masters at Cranleigh Schiool.  18mo.  1s. 6d.

WHITE.—~FIRST LESSONS IN GREEK. Adapted tv GoobwiN's GREEK GRAM-
MAR, and designed as an introduction to the ANapasis or XENoruon. By
Joun WirLtams Wurre, Assistant Professor of Groek in Harvard University,
U.S.A. Cr. 8vo, 3s.06d.

WR.IGH‘I‘ —Works by J. WrianT, M. A., late Headmaster of Sution Coldfield School.
A HELP TO LATIN GRAMMAR; or, the Form and Use of Words in Latin,
with Progressive Exercises. Cr. 8vo. 4s, 6d.

TUE SEVEN KINGS OF ROME. An Kasy Narrative, abridged from the First
Book of Livy by the omission of Dificult Passages ; being a First Latin Read-
ing Book, with Ghammatical Notes and Vucabulnry Feap. 8vo.  8s. 6d.

FIRSY LA’NN STEPS; or, AN INTRODUCTION BY A SERIES OF
EXAMPLKS TO THE STUDY OF THE LATIN LANGUAGE. Cr. 8vo. 8s.

ATTIC PRIMER. Arranged for the Use of Beginners. Ex. feap.?8vo. 2s. 6d.

A COMPLETE LATIN COURSLK, comprising Rules with Examples, Exercises,
both Latin and English, on each Rule, and Vocabularies. Cr. 8vo. 2s. 6d.

ANTIQUITIES, ANCIENT HISTORY, AND
PHILOSOPHY.

ARNOL‘D —A HISTORY OF TI1E EARLY ROMAN EMPIRK. By W. T. ArNorD,
M.A. LIn prepuration.

ARNOLD.—THE SECOND PUNIC WAR. Being Chapters from THE HISTORY
OF ROME by the late Tuomas Anxoiv, 1).D., Headmasler of Rughy.
Edited, with Notes, by W. T. ArNoLp, M A. W:thBMaps Cr. 8vo. 5s,

'BEESL‘I.—S’I.OR]E‘; FROM TUHE HISTORY OF ROME. By Mrs. BresLy.
Teap. 8vo. 2s. 6d.

BLACKIE.—HORZ 1IELLENICAE. By Joun SrvArr Brackik, Emeritus Pro-
fessor of Greek in the Umversity of Edinbuigh. Sve.  12s,

BURN.—ROMAN LITERATURE IN RELATION TO ROMAN ART. By Rev.
RoBerT BurN, M.A., latc Fellow of Trinity College, Cambridge. lllustratc.d.
Ex. cr. 8vo. 148,

BURY.—A HISTORY OF THE LATER ROMAN EMPIRLE FROM ARCADIUS
TO IRENE, A.n, 395-800. By J. B. Bury, M.A., Yellow of Trinity College,
Dublin, 2 vols. 8vo. 382s.

*CLASSICAL WRITERS.--Kdited by JouN RicHARD GregN, M.A., LL.D. Fcap.
8vo. 1s. 6d. ench,

SOPHOCLES. By Prof. L. CAMPBELL, M.A,

KURIPIDES. By Prof. Mauarsy, D.D.

DEMOSTHENLS. By Prof. 8. . Burcugr, M.A.

VIRGIL, By Prof. NerrLesnip, M.A,

L1VY. By Rev. W. W. Cares, M.A.

TACITUS. By Prof. A, J. culuu.n M.A, and W. J. Broprins, M.A.
MILTON. By Rev. SrorForp A. Bnomu-:, M.A.

DYER.—STUDIES OF THE GODS IN GREECK AT CERTAIN SANCIUARIES
RECENTLY EXCAVATED. By Louss Dykr, B.A. Ex. Cr.8vo. 8s. 6d. uet.

FREEMAN.—Works by Epwanrp A. Frervax, D,C.L., LL.D., Regius Professor of
Maodern History in the University of Oxford.

HINTORY OF ROME. (/tistorwal Course for Schools.) 18mo. [In preparation.
HISTORY OF GREEKCE. (Historical Course for S .) 18mo. [In preparation.
A SCHUOL HISTORY OF ROME. Cr 8vo. [In preparation.
HISTORICAL ESSAYS. BSecond Beries. [Greek and Roman History.] 8vo.

. 6d.
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GARDNER,—SAMOS AND SAMIAN COINS. An Essay. By PrrcY GARDNER,
Litt. D., Professor of Archxology in the University of Oxford. 8vo. 7s. 6d.

GEDDES.—THE PROBLEM OF THE HOMERIC POEMS. Iy W. D. GEDDES,
Principal of the University of Aberdeen. 8vo. 14s.

GLADSTONE.—Works by the Rt. Hon. W. E. GrapsToNE, M.P,

THE TIME AND PLACE OF HOMER. Cr. 8vo. 6s. 6d.

LANDMARKS OF HOMERIC STUDY. Cr. 8vo. 2s. 6d.

*A PRIMER OF HOMER. 1Smo. 1s,

GOW.—A COMPANION TO SCHOOL CLASSICS. By James Gow, Litt.Dn.,

Zg[asger ofothc High 8School, Nottingham., With Illustrations. 21 Ed., revised
r. 8vo. 6s.

HARRISON and VERRALL.—MYTHOI.OGY AND MONUMENTS OF ANCIENT
ATHENS. Transiation of a portion of the ¢ Attica" of Pausanias. By
MarGarer pE G. VerraLn.  With Introductory Essay and Archweological
Commentary by JANE E. HARRrisoN. With Illustrations and Plans.  Cr.
8vo. 16s.

JEBB.—Works by R. C. JEus, Litt.D., Professor of Greek in the University of
Cambridge.

THE ATTIC ORATORS FROM ANTIPHON TO ISATIOS. 2vols. Svo. 25s.

*A PRIMER OF GREEK LITERATURK. 18mo. Is.
(Sco also Classical Series.)

KIBP‘ERT.—MANUAL OF ANCIENT GEOGRAPHY. By Dr. II. Kieperr.
Cr. 8vo. bs.

LANCIANI.—ANCIENT ROME IN THE LIGHT OF RECENT DIRCOVERIES.
By RopoLro Laxciani, Professor of Archaology in the University of Rome.
Illustrated. 4to. 24s.

LEAF.—INTRODUCTION TO THE ILIAD FOR ENGLISII READERS. By
Warrrr LEAF, Litt.D. [In preparation.

MAHAFFY.—Works by J. P. Mawrarry, D.D., Fellow of Trinity College, Dublin
and Professor of Aucient History in the Umiversity of Dublin.

SOCIAL LIFE IN GREECE ; from Homer to Menander. Cr. Svo.  9s,

GREEK LIFE AND TIIOUGHT; from the Ago of Alexander (o the Roman
Conquest. Or. 8vo. 12s. Gd.

THR GREEK WORLD UNDER ROMAN SWAY. From Plutarch to Polybius.
Cr. 8vo. 10s. 6d.

RAMBLES AND STUDIES IN GREECE. With Illustrations. With Map.
Cr, Svo. 10s. Gd,

A HISTORY OF CLASSICAL GREEK LITERATURE. Cr. 8vo. Vol I
In two parts. Part I. The Poets, with an Appendix on Homer by Prof, Sayoeg.
Part I1. Dramafic Poets. Vol. IL, The Prose Wniters. In twoputs, Pat L.
Herodotus to Plato, Part 11. Isocrates to Aristotle. d4s. 6d. each.

#*A PRIMER OF GREEK ANTIQUITIES. With 1llustrations. 1Smo. 18,
*BEURIPIDES. 18mo. 18. 6d. (Classical Writers.)

MAYOR.-- BIBLIOGRAPHICAL CLUE TO VLATIN LITERATURE. Edited
after HUBNER. By Prof. Jonn E, B. Mavor. Cr. 8vo 10s, 6.

NEWTON.—ESSAYS ON ART AND ARCILEOLOGY. By Sir CHARLES NEWTON,
K.C B, D.C.L. 8vo. 12s. 6d.

PHILOLOGY.—TI(1E JOURNAL OF PHILOLOGY. Kdited by W. A. Wiianr,
M.A., 1. Bywaten, M.A,, and TI. Jacksown, Litt.D. 4. 6d. cach (halt-
yearly).

SAYCE.—THE ANCIENT EMPIRES OF THE EAST. By A. I. Savce, M.A.,
Deputy-Professor of Comparative Philology, Oxford. Cr. Svo. 6s. .

T and WHITE. AN INTRODUCTION T0O THE RUYTHMIC AND
METRIC OF T'HE CLASSICAI, LANGUAGES. By Dr. J. M. HENricn
Scumipr. ‘Translated by Joux WiLLiams WHite, Ph.D). 8vo. 10s. 6.
UOHHARDT.—DR. SCHLIEMANN'S EXCAVATIONS AT TROY, TIRYNS,
MYCENZA, ORCHOMENOS, ITHACA, presented in the hght of recent know-
ledge. By Dr. Caru S8uvciniaror.  Translated by EvurNik SurnLers,  Inbro-
duction by WALrer Liear, Latt.1). Illustrated. 8vo. 18s. nct.
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SHUCKBURGH.—A SCHOOL HISTORY OF ROME. By E. 8. SHUCKBURGH,

M.A. Cr. 8vo. [In preparation.

'ST%\])T?RT.-;TJ(]“? TALE OF TROY. Done into English by AUBREY STEWART.
. 8vo. 8s. 6d.

'TO%?R.-I; PRIMER OF CLASSICAL GEOGRAPHY. By H. F. Tozer, M.A.

mo. 1s.

WALDSTEIN.—CATALOGUE OF CASTS IN THE MUSEUM OF CLASSICAIL
ARCHZEOLOGY, CAMBRIDGE. By CHARLES WALDSTEIN, University Reader
in Classical Archicology. Cr. 8vo. 1s. 6d.

*.* Also an Edition on Large Paper, small 4to. 5s.

WILKINS.—Works bg Prof. WiLkins, Litt.D., LL.D.

*A PRIMER OF ROMAN ANTIQUITIES. Illustrated. 18mo. 1s.
*A PRIMER OF ROMAN LITERATURE. 18mo. 1s.

WILKINS and ARNOLD. —- A MANUAL OF ROMAN ANTIQUITIES. Ry

Prof. A, 8. WiLkixs, Litt.D., and W. T. ArNoLp, M.A. Cr. 8vo. lllustrated.
[In preparation.

MODERN LANGUAGES AND
LITERATURE.

English ; French; German ; Modern Greek ; Italian ; Spanish,
ENGLISH.

*ABBOTT.—A SITAKESPEARTAN GRAMMAR. An Atiempt to Tllustrate some
of the Diflerences between Klizabethan and Modern English. By the Rev. E.
A. Asnorr, D.D., formerly Headmaster of the City of London School. Ex.
feap. 8vo, 6s.

*BACON.—FESSAYS. With Introduction and Notes, by F. G. SELsy, M.A., Profes-
sor of l.ogic and Moral Thilosophy, Decean College, Poona. Gl 8vo. 8s.;
sewed, 2s. 6d.

'BUg]KE.—REF‘LEC’I‘IONS ON THE FRENCH REVOLUTION. By the same.

. 8vo. bs,

BROOKE.—*PRIMER OF ENGLISIT LITERATURE. By Rev. Srorromrp A.
Brookr, M.A.  15mo. Is,

EARLY ENGLISH LITERATURH. By tho same. 2 vols. 8vo. [Vol. I. In the Press.

BUTLER.—HUDIBRAS. With Introduction and Notes, by ALFRED Minses,
M.A. Ex. feap. 8vo. Part I. 8s. 6d. Pavts IT and 111,  4s. 6d.

CAMPBELL.—SELECTIONS. With Introduction and Notes, by CreiL M. Barrow,
M.A., Principal of Victoria College, Palghit. Gl 8vo. [In preparation.,

COWPER.—*TLIE TASK : an Epistle to Joseph Hill, Esq. ; TIRociNIUM, or a Re-
view of the Schools ; and Twr History or Jou~ GiLrIN. Rdited, with Notes,
by W. BeNuam, B.D. Gl 8vo. 1s. (Globe Readings from Standurd Authors.)

TH};' TASK. With Introduction and Notes, by F.J. Rowe, M.A,, and W. T.
Wens, M.A., Professors of English Literature, Presidency Co nllefc, Calcutta.
[In preparation.

“DOWDEN.—A PRIMER OF SHAKESPERE. By Prof. DowbEN. 1Smo. 1s.

DRYDEN.—SELECT PROSE WORKS. Edited, with Introduction and Notes, by
Prof. C. D. YoxgE. Fecap. 8vo. 2s. 6d.

*GLOBE READERS. For Standards I.-VI. Edited by A. F. MurisoN. Illustrated.

Gl. 8vo.
Book 111. (232 pp.z 1s. 8d.

Primer 1. (48 pp.) 3d.
Primer IL. (48 pp.) 3d. Book 1V. (328 pp. 1s. 9.
Book V. (408 2s.

Book I (132 ypp.) 6d.
s o Book VI. &36?)%.

Book 1L (136 pp.) 9d. * 2s. 6d.
*THE SHORTER GLOBE READERS.—Illustrated. GI. 8Svo.
Primer 1. (48 pp.) 3d. Standard 111, (178 pp.) 1s.
Primer IT. (48 pp.) 8d. Standard 1V. (182 pp.) 1s.
Standard I. (90 pp.) 6d. Standard V. é‘zlﬁ Pp.) 1w, 8d.
Standard IT. (124 pp.) 9d, Standard VL (228 pp.) 1s. 6d.
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*GOLDSMITH.—THE TRAVELLER, or a Prospect of Society ; and Tre DESERTED
gu.ls.mn. Grith Notes, Philological and Explanatory, by J. W. HaLks, M.A.
T. 8vo. 8
*THE TRAVELLER AND THE DESERTED VILLAGE. With Introduction and
Notes, by A. BArrerr, B.A., Professor of English Literature, Elphinstone
. Cnllegc,odomhay. Gl 8ve. 1s.9d.; sewed, 1s.6d. The Traveller (separately),
1s., sewed.
*THE VICAR OF WAKEFIELD. With a Memoir of Goldsmith, by Prof.
MassoN. Gl 8vo. 18. (Globe Readings from Standard Anthors.)
SELECT ESSAYS. With Introduction and Notes, by Prof. C. D. Yunck.
Feap. 8vo.  2s. 6d.

GOSSE.—A HISTORY OF EIGHTEENTH CENTURY LITERATURE (1660-1780).
By EomoND GossF. M.A. Cr. 8vo. 7s. 6d.

*GRAY.—POEMS, With Introduction and Notes, by Jon§ BRrADsHAW, LL.D.
Gl. 8vo. 1s. 9d. ; scwed, 1s. 6d.

*HALES.—LONGER ENGLISH POEMS. With Notes, Philological and Explana-
tory, and an Introdnction on the Teaching of English, by J. W. HarLes, M.A.,
Professor of English Literature at King’s College, London. Ex. feap. 8vo. 4s. Gd.

*HELPS.—KESSAYS WRITTEN IN THE INTERVALS OF BUSINESS. With
Introduction and Notes, by F. J. Rowr, M.A., and W. T. Wenru, M.A.
Gl 8vo. 1s. 9d.; scwed, 1s, 6d.

*JOHNSON.—LIVES OF THE POKTS. The 8ix Chief Lives (Millon, Dryden,
Swift, Addison, I'ope, Gray), with Macaulay's * Lifc of Johnson.” With Pre-
face and Notes by MATIHEW ArNorp. Cr. 8vo. d4s. Gd.

EELLNER. — HISTORICAL OUTLINES OF ENGLISH SYNTAX. By L.
KELLNER, Ph.D. [In the Press.

*LAMB,—TALES FROM SHAKSPEARE. With Prefice by the Rev, Canow
AINGER, M.A., LI.I). GL 8vo. 2s. (Globe Readings from Standard Anthors.)

*LITERATURE PRIMERS.—Edited by Joux Ricuann GreeN, LL.D. 18mo,
11, each.

ENGLISH GRAMMAR. By Rev. R. Mokrr1s, LL.D.

ENGLIS]IMG;{AMMAR EXERCISES. By R. Mogris, LI.D., and 1L C.
Bowen, M.A.

EXIIRCISKS ON MORRIS'S PRIMER OF ENGLISH GRAMMAR. By J.
WETHERELY, MLA.

ENGLISII COMPOSITION. By Professor NicHOL.

QUESTIONS AND EXERCISES ON ENGLISIL COMIOSITION. By Prof,
NicroL and W. 8. M‘CorMICK.

ENGLISH LITERATURE. By Storrorp Brookr, M.A.

BHAKSPERE. By Professor DOoWDEN.

THE CHILDREN'S |, TREASURY OF LYRICAL POETRY. Sclected and
arranged with Notes by Francis TURNER PALGRAVE. In Two Parts. 1s. cach.

PHILOLOGY. By J. PriLs, Litt. D,

ROMAN LITERATURE. By Prof. A. 8. Wirrins, Lit{.D.

GREEK LITERATURE. By Prof. Jess, latt.D.

HOMLR. By the Rt. Hon. W. E. GLADSTONE, M.T.

A HISTORY OF ENGLISH LITCRATURE IN FOUR VOLUMES. Cr. 8vo.
EARLY ENGLISH LITERATURE. By Srorrorn Brookk, M.A. [Inpreparation.
ELIZABETIIAN LITERATURE. (1560-1665.) By GRORGE SAINTSBURY. Ts. Gd.
EI}(?JITE;;N'&H CENTURY LITERATURE. (1600-1760.) By EpMunp Gossy,

Al T8, 6

TUE MODER}.T PERIOD. By Prof. DowbEN. [In preparation.
*MACMILLAN’S READING BOOKS.

PRIMER. 18mo. 4Spp. 2d. BOOK IV. for Standard IV. 176 pp.

BOOK L. for Standard . 96 pp. 4d. S,

BOOK 1L for Standard I, 144 pp. 7d, BOOK V, for Standard V. 380 pp. 1s.
BOOK T1L for Standard III. 100 BOOK VI for Standard VI. Cr, 8vo,

pp. Gd. .
Book V1. is fitted for Higher Classes, and as an Introduction to English Literature.
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*MACMILLAN’S COPY BOOKS.—1. Large Post 4to. Price 4d. each. 2. Post
Oblong. Pricoe 2d. each.
1. INirrATORY EXERCISES AND SHORT LETTERS,
2. WORDS CONSISTING OF SHORT LETTERS.
8. LoNa LetrrErs. With Words containing Long Lettcrs—Figures.
4. WORDS CONTAINING L.ONG LETTERS.
1a. PracrisiNg AND REvisiNg Copy-Boox. For Nos. 1to 4.
5. CaprTaLs AND SriorT HaLr-TexT. Words beginning with a Capital.
8. Harr-TexT WoRDS beginning with Capitals—TFigures.
7. SMALL-TIAND AND HALF-TEXT. With Capitals und Figures.
8. SMaLL-1IAND AND HaALr-TExT. With Capitals and Figures.
8a, PractisiNng AND Revising Cory-Book. For Nos. 5 Lo 8.
9. SMALL-HAND SiNoLE IIEADLINES—Figures.
10. SmALL-Taxn SiNanr HeADLINES—Figures.
11. SyaLL-Hanp DouBLE HEADLINES—Figures.
12. COMMFRCIAL AND ARITHMETICAT, ExAmpres, &c.
12a. PrACTISING AND REVISING Cory-Book. For Nos. 8 to 12,
Nos. 3, 4, 5, 6, 7, 8, 9 may be had with Guodman’s Patent Sliding Coples. Large
Post 4t0. Price 64, each,
MARTIN.—*TI1E POET’S HOUR : Poetry selected and arranged for Children. By
FHRANCES MARTIN, 18mo. 2s, 6d.
*SPRING-TIME WITH THE POETS. By the same. 18mo. 3s. 6d.
*MILTON.—PARADISE LOST. Bouks L and I With Introduction and Notes,
by MicuaglL Macmirraw, B.A., Professor of Logic and Moral Pluilosophy,

Elphinstone College, Bombay. Gl. 8vo. 1s. 0d.; sowed, 1s. 6d. Or scparately,
1s. 8d. ; sewed, 1s. each.

*L’ALLEGRO, IL PENSEROSO, L.YCIDAS, ARCADES, SONNETS, &ec. With
Introduction and Notes, by W. Bkwur, M.A., Professor of Philosophy and
Logic, Government College, Lahore. (l. 8vo. 1s. 9d. ; sewed, 1s. 6d.

*COMUS. By the same. Gl 8vo. 1s. 3d.; sewed, 1s.

*SAMSON AGONISTES. By . M. PErCIVAL, M.A,, Professor of English Liter-
ature, Presidency College, Calcutta. Gl. Svo. s, ; sewed, 1s. Od.

*INTRODUCTION TO THE STUDY OF MILTON. By Srorrorp BRrookr,
M.A. Feap. 8vo. 1s. 6d. (Clussical Writers.)

MORRIS,—Works by the Rev. R. Morris, L{.D.

*PRIMER OF ENGLISH GRAMMAR. 18mo, 1s.

*ELEMENTARY LESSONS IN MISTORICAL ENGLISO GRAMVMAR, con-
taining Accidence and Word-Formation., 18mo. 2. 6d.

*IIISTORICAL OUTLINES OF KNGLISIT ACCIDENCE, cowprising Chapters
on the History and Development of the Language, and on Word-Formation.
Ex. feap. 8vo. 6s.

NICHOL and M‘CORMICK.—A SHORT IIISTORY OF ENGLISH TITERA-
TURE. By Prof. Jon~N Nicron and Prof. W. 8. M Conmick. [/n prepuration.

OLIPHANT.—{HE OLD AND MIDDLE ENGLISI. By T. L. KiNcron
OLIPHANT. New Ed., revised and enlarged, of “The Sources of Standard
Enghsh.” 2nd Ed. Gl 8vo. 0s,

THE NEW ENGLISH. By thesamo. 2 vols. Cr. Svo. 21s.

*PALGRAVE.—THE CHILDREN'S TREASURY OF LYRICAL YOETRY.
Selected and arranged, with Notes, by Francis T. PALGrAVE. 18mo, 28, Gd.
Also in Two Parts. 1s. each.

PATMORE.—THE CHILDREN'S GARLAND FROM THE BEST POETS.
Selected and arranged by CoveNTRY ParMone. QL 8vo. 2. (flobe Ieudings
Srom Standard Authors.)

PLUTARCH.—Being a Selection from the Lives which illustrate Shalkespeare,
North’s Translation. Kdited, with Introductions, Notes, Index of Names,
and Glossarial Index, by Prof. W. W, Skear, Litt.D. Cr. 8vo. 6s.
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*RANSOME. —SIHORT STUDIES OF SHAKESPEARE'S PLOTS. By Crriu
Ransome, Professor of Modern Iistory and Iaterature, Yorkshire College,
Leeds,  Cr. 8vo.  3s. 6d.

*RYLAND.—CIHRONOLOGICAL OUTLINES OF ENGLISII LITERATURE.
By F. RyLANDp, M.A. Cr. 8vo. 0s.

SAINTSBURY.—A HISTORY OF ELIZABETIIAN LITERATURE. 1560-1665.
By GEORuE SAINTSBURY. Cr, 8vo. 7s. 6d.

SCOTT.—*LAY OF THE LAST MINSTREL, and THE LADY OF THE LAKE.
Edited, with Introduction and Notes, by I'ancis TurNER PALarave. Gl Svo,
1s. (Globe Readings from Standurd Authors.)

*THE LAY OF THE LAST MINSTREL. With Introduction and Noutes, by
Q. II. SruarT, M.A,, and E. IL Errvior, B.A. Gl 8vo. 2s.; sewed, 1s. 9d.
Intioduction and Canto I, 9d. sewed. Cantos L to 1L 1s, 8d.; sewed, Is.
Cantos IV. to VL. 1s, 8d.; sewed, 1s.

*MARMION, and THE LORD OF THE ISLES. By I, T. Parerave. Gl 8vo.
1s. (Glole Readings from Stundard Authors.)

*MARMION. With Introduction and Notes, by Micnaeu MAcMILLAN, B.A.
Ql. 8vo. 83.; sewed, 28, G,

*I'HE LADY OF THE LAKE. By G. I, Sruarr, M.A.  GL 8vo. 21, 61.;
sewed, 23.

*ROKEBY. Wilh Iniroduction and Notes, by MrciarL MacminLaN, B.A.
Gl 8vo. 38s,; sewed, 2s. 6d.

SHAKESPEARE.—*A SIIAKESPEARIAN GRAMMAR. By Rev. E. A. Ausorr,
D.D. GL 8vo. 63

A SHAKESPEARE MANUAL. By F. (. 'LeAy, MLA. 2d Bd. Ex. feap. Svo.

48. 6d.

*A PRIMER OF SITAKESPERE. By Prof. DowpeN. 18mo. 1s.

*SHORT STUDIES OFf SHAKESPEARE'S PLOTS. DBy Cviirn Ransome, M.A.
Cr. 8vo. 3s. 6d.

*THE TEMPEST. With Introduction and Notes, by K. Drianron, late Principal
of Agra College. GL 8vo. 1s. 9. ; sewed, 18, Gd.

*M}IO%I] ADO ABOUT NOTHING. By tho same. Gl 8vo. 1s. Od.; scewed,
8, 6d.

'Alldlg?UMMER NIGHT'S DREAM. By the same. Gl 8vo. 1s. 9d.; sewed,
8. Gl

“THE MERCHANT OI' VENICE, Dy the same. Gl Svo. 1s. Q. ; sewed, 1s, G,

*AS YOU LIKE I'l. By the same. Gl 8vo, 1s.9d. ; sewed, 18, G,

*'WELKTH NIGUT, By the same. GL 8Svo. 1s. 9d.; sewed, 18, G,

*PHE WINTER'S TALE. DBy the same. GL Svo. 28, ; sewed, 18, 9d,

"KING JOHN. DBy the same. Gl 8vo. 1s. 9d.; sewed, Is. 6d.

*RICHARD [I. By the same. Gl 8ve. 1s. 9. ; sewed, 1s. Gd,

*HENRY V. By the same. Gl 8vo. 1s, 9d.; sewed, 1y, 6il.

*RICHARD 1II. By €. I Tawxry, M.A,, Principal and Profussor of English
Literature, Presidency College, Calcutta. Gl 8vo. 23, 6d. 5 suwed, @s.

*CORIOLANUS. By K. Drrunmon. Gl.Svo. 2s, 6d.; sewed, 2s.

*JULIUS CASAR. By the same. GL Svo, 1s. 9d. 3 sewed, 14, 6d

*MACBETH. By the same. Gl. 8vo, 1s. 0d.; sewed, 1s. Gd,

*IHHAMLET. By the same. Gl 8vo. 23, 6d. ; sewed, 25,

*KING LEAR. By the same. Gl 8vo. 1s. 9d.; sewed, 13, 6d.

*OTHELLO. By the same. Gl 8vo. 2s.; sewed, 1s, 0d.

*ANTONY AND CLEOPATRA. By thesame. Gl. 8vo. 2s. 6d.; sewed, 23,

*CYMBELINE. By the same. Gl $vo, 2g, G, ; sewed, 23,

*SONNENSCHEIN and MEIKLEJOHN,—TUE LNGLISH METHOD Ol
THEACHING TO READ. By A. SoNNeNscHEIN and J. M. . MEIKLEJOHN,
M.A. Feap. 8vo.

THE NURSERY BOOK, coutaining all the Two-Letter Words in the Lan-
gunge. 1d. (Also in Laige Type on Sheets for School Walls,  5s.)

B
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TIHK FIRST COURSE, consisting of 8hort Vowels with Single Consonants. 7d.

TUE SECOND (}OURSE with Combinations and Bridges, consisting of Short
Vowels with Double Consonants. 7d.

TIIE TIURD AND FOURTH COURSES consisting of Long Vowels, and all
the Double Vowels in the Language. 7d.

*SOUTHEY.—LIFE OF NELSON. With Introduction and Notes, by MICHAEL
MacMmiLLAN, B.A. Gl 8vo. 8s.; sewed, 2s. Gd.

SPENSER.—FAIRY QUEEN. Book I. With Introduction and Notes, by H. M.
PERrCIVAL, M. A, [1n the Press.

TAYLOR.—WORDS AND PLACES; or, Etymological Illustrations of listory,
g}.hgology, and Geography. By Rev. 1saac TavLor, Litt. 1. With Maps.

vo, Gs.

TENNYSON.—THE COLLECTED WORKS OF DORD TENNYSON. AnEdition
for Schools.  In Four Parts. Cr. 8vo. 2s. 6d. e

TENNYSON FOR THE YOUNG. Edited, w:th Notes for the Usc of Schools,
by the Rev. ALFrrL AINgkr, LL.D., Canon of Bristol. 18mo. 1s. met.
. [In the Press.
*SELECTIONS FROM TENNYSON. With Introduction and Notes, by F. J.
Rowe, M.A,, and W. I, Wens, M.A, GL 8vo. 8s. 6d.

This sele(,tion countains :—Itecollections of the Arabian Nights, T'he Lady of
Shalott, Ginone, The Lotos Eaters, Ulysses, Tithonus, Morte '@ Arthur,” Sir
Gulahad, Dora, Odo on the Death of the Duke of Wullmgtou, and The Revenge.

*ENOCH AH.DEN By W. T. WEss, M.A. Gl 8vo. 2s.

AYLMER'S FIELD. DBy W.T. WEsB, M.A. [In the ’ress.

THE PRINCKESS; A MEDLEY. ByP M. WaALLACF, B.A. [In the Press.

*pl{Ii COMING OF ARTHUR, AND TIE PASSING OF ARTHUR By F. J.
Rowg, M.A. Gl 8vo. 2s.

THRING.—THE ELEMENTS OF GRAMMAR TAUGHT IN ENGLISH. By
Epwanrp TnriNg, M.A. With Questions. 4th Ed. 18mo. 2s.

*VAUGHAN.—WORDS FROM TIIK POETS. By C. M. VAugHAN. 18mo. 1Is.

WARD.—TI{¥ ENGLISIL POETS. Selections, with Critical Introductions by
various Writers and a General Introduction by MAaTTakw ArNoLp. Edited
by T. H. Wanp, M.A. 4 Vols. Vol. I. CiAucekr 10 DONNE.—Vol. II. Ben
JoNsON TO DRYDEN.—Vol. 1l[. ApprsoN To BLAKE.—Vol. 1V. WORDSWORTI
7o Rossgrrr, 24 Ed. Or. 8vo. 7s. 6. each.

*WETHERELL.—EXERCISES ON MORRIS'S PRIMER OF ENGLISH GRAM-
MAR. By JouN Wernerrrn, M.A., Headmaster of Towcester Grammar
School. 18mo. 1s.

WOODS.—*A FIRST I'OKTRY BOOK. By M. A. Woons, Head Mistress of the
Clifton High 8School for Girls. Feap. 8vo. 2s. 6d

*A SECOND POETRY BOOK. By the same. In'T'wo Parts. 2s. 6d. each.
*A THIRD POETRY BOOK. By the same. 4s. 6d.
HYMNS FOR SCHOOL WORSHIP. By the same. 18mo. 1s. Gd.

WORDSWORTH.—SELECTIONS. With Introduction and Notes, by F. J. Rowk,
M.A,, and W. T. Wens, M.A, Gl. 8vo. (In preparation.

YONGE.—*A BOOK OF GOLDEN DEEDS. By CrarLorTe M. YuNak. Gl 8vo. 2s,

*PHE ABRIDGED BOOK OF GOLDEN DEEDS. 18mo. ls.

FRENCH.
BEAUMARCHAIS.—ILE BARBIER DE SEVILLE. With Introduction and
Notes. By L. P. Bioukr. IFeap. 8vo. 8s. 6d.
*BOWEN. —I'IRST LESSONS IN FRENCH. By H. Courritore BowkeN, M.A.
Ex. feap. 8vo. 1s.
BREYMANN.—Works by IIRRMANN BrivMANN, Ph.D., Professor of Philology in
the University of Munich.
FIRST FRENCH EXERCISKE BOOK. Ex. feap. 8vo. 4s. 6d.
SKCOND FRENCH EXERCISE BOOK. Ex. feap. 8vo. 2s. 6d.
FASNACHT. —Works by G. K. Fasnacur, late Aswisiant Master at Westminster,
TUHE OI;;GAngdMETIIOD OF STUDYING LANGUAGKES, Ea. ftcap. 8vo. 1.
French. 3s. 6d. -
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A BSYNTHETIC FRENCH GRAMMAR FOR SCHOOLS. Cr. 8vo. 39s. 6d.
GRAMMAR AND GLOSSARY OF THE FRENCH LANGUAGE OF THE
SEVENTEENTH CENTURY. Cr. 8vo. {In preparation.
MAOCMILLAN’S PRIMARY SERIES OF FRENCH READING BOOKS.—Edited by
gi SE Fasnacur.  With Illustrations, Notes, Vucabularies, and Exercises.
. 8vo.
*FRENCH READINGS FOR CHILDREN. By @. E. Faswacur, 1s. 6d.
*CORNAZ—~NOS ENFANTS ET LEURS AMIS. By Epira Harvey., 1s. 6d.
*DE MAISTRE—LA JEUNE SIBERIENNE ET LE LEPREUX DE LA CITE
D'AOSTY. By STeEruANE BarLkt, B.8c. ele, 1s. 6d.
*FLORIAN—FABLES. By Rev. Cuartxs YELD, M. A., Headmaster of University
School, Nottingham. 1s. 6d.
*LLA FONTAINE—A SELECTION OF FABLES. By L. M. Moriarty, B.A.,
Assistant Master at Harrow. 2s. 6d.
*M?LE?WORTH—FRENCL[ LIFE IN LETTERS. By Mrs. MOLESWORTL.
s. 6d.
*PERRAULT—CONTES DE FRES., By G. B. Fasxacns  1s. 6d.
MACMILLAN’S PROGRESSIVE FRENCH COURSE.—By G. E. Fasnacmr. Kx.

feap. 8vo,
*I"insT YEAR, containing Easy Lessons on the Regular Accidence, 1s.
*Skconp YEAR, cont: an Elementary Grammar with copious Exercises,

Notes, and Vocabularies, 9s.

*TumnlYnAn, containing a Systematic Syntux, and Lessons in Composition.
2s. 6d.

THETEACHER'S COMPANION TO MACMILLAN'S PROGRESSIVE FRENCI
COURSE. With Copious Notes, Hints for Ditferent Renderings, Synonyms,
I'hilullogical Remarks, ete. By G. K. FasnacHr., Ex. feap. 8vo. Kach Year
44. 6d.

‘MACMILLAN’S FRENCH COMPOSITION.—By G. E. Fasnacar. Xx. feap.
8vo. Part 1. Elementary. 2s. 6d. DIart 1I. Advanced. [In the Press.

THE TEACHER'S COMPANION TO MACMILLAN'S COURSE OF FRENCIL
COMPOSITION. By G. K. FasNnacur. Pait I Ex, feap. 8vo.  4s. 6d.

MACMILLAN’S PROGRESSIVE FRENCH READERS. By G. Ii, Fasnacnr, Ix.
feap. Svo.

*FIrsT YEAR, containing Tales, Historical Extracts, Totters, Dialogues, Ballads,
Nursery Songs, etc., with Two Vocabularies: (1) i the orda of subjects ;
(2) in alphabetical ovder.  With Imitative lixercises. 21, 6d.

*SrcoND YEAR, containing Fiction in Prose aud Verse, Historical and Descriptive
lixtracts, Hssays, Letters, Dialogues, ete. With Iitative Excicises. 2s. 6d.

MACMILLAN’S FOREIGN SCHOOL CLASSICS. Edited by G. E. FasNacur,
18mo.

*CORNEILLE—LE CID. By G. BE. Fasnacut. 1s.

*DUMAS—LES DEMOISELLES DE ST. CYR. By Vivror Oukr, Lecturer at
University College, Liverpool. 1s. 6d.

LA FONTAINE'S FABLES. Books I.-VI. By L. M. Moniarty, B.A.,
Assistant Master at Harrow, Un preparation.

*MOLIERE—L'AVARE. By the same. 1s.

*MOLIBRE—LE BOURGEOIS GENTILIIOMME, By the same. 1s. 6d.

*MOLIERE—LES FEMMYES SAVANTES, By G. E. FasNacar. 1s.

*MOLIERE—LE MISANTIHROPE. By the same. 1s,

*MOLIRRE—LE MED_EC[N MALGRE LUL By the same. 1s.

*MOLIERE—LES PRECIEUSES RIDICULES. By the same. 1s.

*RACINE—BRITANNICUS. By E. PeLuIssiER, M.A. s,

*FRENCH READINGS FROM ROMAN HISTORY. Sclected frowm various
Authors, by O. COLBEOKR, M.A., Assistant Master at Harrow. 4s. 6d.

*SAND, GEORGE—LA MARE AU DIABLE. By W. K. RussgLL, M.A.,
Assistaut Master at Haileybury, 1s.
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*SANDEAU, JULES—MADEMOISELLE DE LA SEIGLIERE. By IL C.

SteErn, Assistant Master at Winchester. 1s. 6d.
*VOLTAIRE—CHARLES XII. By G. E. FAsNACHT. 8s. 6d.

*MASSON.—A COMPENDIOUS DICTIONARY OF THE FRENCII LANGUAGE.
Adapted from the Dictionaries of Professor A. ELWALL. By Gusrave MassoN.
Cr. 8vo. 38s. 6d.

MOLIERE.—I.E MALADE IMAGINATRE. With Introduction and Notes, by ¥.
TARVER, M. A., Assistant Master at, Eton. Fcap. 8vo. 2s. 6d.

*PELLISSIER.-~FRENCH ROOTS AND THEIR FAMILIES, A Synthetic

Vocabulary, based upon Derivations, By E. Peurissier, M.A., Assistant
Master at Clifton College. Gl. 8vo.

GERMAN,

BEHAGEL.—THE GERMAN LANGUAGE. By Dr. OtrTo BEnAGEr. Translated
by EmMiL TrecuMANN, B.A., I'h.D., Lecturer in Modern Laterature in the
University of 8ydney, N.8.W. Gl 8vo. [Aearly Ready.

HUSS.—A SYSTEM OF ORAI INSTRUCTION IN GERMAN, by means of
Progiessive Tllustrations and Applications of the leading Rules of Grammar.
By . C. 0. Huss, Ph.D. Cr. 8vo. 5s.

CMILLAN’S PRIMARY SERIES OF GERMAN READING BOOKS. Edited
by G. E. Fasvacur. With Notes, Vocabularies, and Exercises. Gl 8vo,
*GRIMM—KINDER UND HAUSMARCHEN. By G. E. FasNacur. 2s. 6d.
*HAUFF—DIE KARAVANK. By HenmaN Hager, Ph.D., Lecturer in the
Owens College, Manchester. 8s.
*SCHMID, COR. VON—H. VON EICHENFELS. By G. E. FasNAcHT. 2s. 6d.

MACMILLAN’S PROGRESSIVE GERMAN COURSE. By G. E. FasNacur. Ex.

feap. 8vo.
*First YEAR. Easy lessons and Rules on the Regular Accidence. 1s 6d.
*SEcoND YEAR. Conversational L tematic Accid

and E "
gyng(ux. With Philological Illusuatxo!{s and Etymologlcal Vm.abulary
g,
THIRD YEAR. [Tn the Press.
TEACHER'S COMPANION TO MACMILLAN’S PROGRESSIVIE GERMAN
COURSE. With copious Notes, Hints for Differcnt Renderings, Synonyus,
Phﬂologmal Remarks, ete. ByG H. FasNacor, Ex. fcap. 8vo. Finsr YEAR.
43, 6d. SEconp YEAR. 4s. 6d.
’S GERMAN COMPOSITION. By G. E. Fasnacur, Ex. feap. 8vo.
*I. FIRST COURSE. Parallel German-English Extracts and Parallel English-
German Syntax. 2s. 6d.
TEACHER'S COMPANION TO MACMILLAN'S GERMAN COMPOSITION.
By G. E. FasNacur. FIrsT Counse. Gl 8vo. 4s. 6d.
MA(;MILI;AN’S PROGRESSIVE GERMAN READERS. ByG. E. Fasnacnr. Ex.
cap. 8vo.
*I'rst YEAR, containing an Introduction to the German order of Words, with
Co Hious Kxamples, extracts from German Authorsin Prose and Poetry ; Notes,
Vocabularies. 2s. 6d.
MAGMLAN‘SFOREIGN SCHOOL CLASSIOS.—Edited by G. E. FASNACHT. 18mo.
FREYTAG (G.)—DOKTOR LUTHER. By I'. Storg, M.A., Headinaster of the
Modern Side, Merchant Taylors’ School, [In preparation,
‘GOETHE—-GOTZ VON BERLICHINGEN. By II. A. BuLr, M.A,, Assistant
Master at Wellington. 2s.
*GOETHE—FAUST. Parr I, followed by an Appendix on ParT II. By Jane
LEE, Lecturer in German Literature at Newnham College, Cambridge. 4s. td.
*HEINE—SEI.ECTIONS FROM THE REISEBILDER AND OTHER PROSE
WORKS. By O. CoLBECK, M.A., Assistant Master at Harrow. 2s. 6d.
LESSING—MINNA VON BARNHELM. By Jamks Sinte, M. A, [In prepuration.
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*SCHILLER—SELECTIONS FROM SCHILLER'S LYRICAL POEMS, Witha
Memoir of Schiller. By E. J. TurNER, B.A., and K. . A, Morsueap, M.A.,
Assistant Masters at Winchester. 2s. Gd.

*SCHILLER—DIE JUNGFRAU VON ORLEANS. By JosePH GosTwIcK. 28, 6d.

*SCHILLER—MARIA STUART. By C. 8uxLboN, D.Litt., of the Royal Academ-
ical Institution, Belfast. 2s. 6d.

*SCHILLER—WILHELM TELL. By G, E. FASNACHT, 23. Gd.

*S(;?H;LER—WALLENSTEIN. Part I. DAS LAGER. By H. B. CorTrriLL,

LA, 2s.

*UHLAND—SELECT BALLADS. Adapted as a First, Easy Reading Book for
Beginners, With Vocabulary. By G. E, FasNacur, 1s.

*PYLODET.——NEW GUTDE TO GERMAN CONVERSATION ; containin§ an Alpha-
betrcal List of nearly 800 Familiar Words ; followed by Exercises, Vocabulary
of Words in frequent use, Famihar Phrases and Dialogues, a Sketch of German
Literature, Tdiomaiic Expressions, ete. By L. Pyrover. 18mo. 2s. 6d.

SMITH.—COMMERCIAL GERMAN. By F. C. Smutn, M.A. [In the Press.

WHITNEY.—A COMPENDIOUS GERMAN GRAMMAR. By W. D. Wariney,
Professor of Sangkrit and Instructor in Modern Languages in Yalo College,
Or. 8vo.  4s. 6d.

A GERMAN READER IN PROSE AND VERSE. By the same. With Notes
and Vocabulary. Cr, 8vo, 5s.

*WHITNEY and EDGREN.—A COMTENDIOUS GERMAN AND ENGLISH
DICTIONARY, with Notation of Correspondences and Brief Etymologics. By
Prof. W. D. WHITNEY, assisted by A. I, Kparen. Cr. 8vo.  7s, Gd.

THE GERMAN-ENGLISH PART, scparately, 5s,

MODERN GREERK.

VINCENT and DICKSON.- ITANDRBOOK TO MODERN GREEK. By Sir Encar
Vincent, K.CG.M.G., and T. G. DicksoN, M.A.  With Appendix on the relation
of Modern and Classical Greek by Prof. Jesr.  Cr. 8vo.

ITALIAN,

DANTE.—THE INFERNO OF DANTE. With Translation and Notes, hy A, J.

Burnrr, MLA.  Cr. 8vo. [Ln the Press.

THE PURGATORIO OF DANTE  With Translations and Notes, by the same.
Cr. Svo.  12s. 6,

THE PARADISO OIF DANTE. With Translation and Notes, hy the same.
2d. Ed. Or. 8vo. 128, 6d.

READINGS ON TUE PURGATORIO OF DANTE. Chicfly baseld on the Com-
weulary of Benvenuto Da Imola. By the Hon. W. Warken Veraon, M.A,
With an Introduction by the Very Rev. the Dean oF ST. PAul's, 2 vols,
Cr. 8vo. 24s.

SPANISH.

OALDERON.—FOUR PLAYS OF CALDERON. With Introduction and Notes.
By Norman MacCowrr, M.A. Cr. 8vo. 14s,
The four plays here given are El Principe Constante, La Vida es Sueno, El Alcalde
de Zalamea, and Jil Kscondido y Ie Tapada.
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MATHEMATICS.

Arithmetic, Book-keeping, Algebra, Euclid and Pure Geometry, Geometrical
Drawing, Mensuration, Trigonometry, Analytical Geometry (Plano and
Solid), Problems and Questions in Mathematios, Higher Pure Mathe-
matics, Mechanics (Statics, Dynamics, Hydrostatics, Hydrodynamics: see
also Physics), Physics (Sound, Light, Heat, Electricity, Elasticity, Attraoc-
tions, &c.), Astronomy, Historical.

ARITHMETIC.

*ALDIS.—THE GREAT GIANT ARITHMOS. A most Elementary Arithmetie
for Children. By Mary STraAnMAN Arpis, Illustrated. GI. 8vo. 2s. 6d.
ARMY PRELIMINARY EXAMINATION, SPECIMENS OF PAPERS SET AT
THE, 1882-8).—With Answers to the Mathematical Questions, Subjeets:
Arithmetie, Algebra, Euclid, Geometrical Drawing, Gcography, French,

English Dictation. Cr. 8vo. 3s, 6d.

*BRADSHAW.—A COURSE OF EASY ARITIIMETICAL EXAMPLES FOR
BEGINNKRS. By J.G. BrAnsHAW, B.A., Assistant Master at Clifton College.
GL 8vo. 23. With Answers, 24, 6d.

*BROOKSMITH.—ARITHMETIC IN THEORY AND PRACTICE. By J. BROOK-
smiri, MLA. Cr. §vo. 4s. 6d. KEY. Crown 8vo. 10s. 6d.

*BROOKSMITH.—ARITITMETIC FOR BEGINNERS. By J.and E. J. BROOK-
sairim. Gl 8vo,  1s. 6d.

CANDLER.—HELP TO ARITIIMETIC. Designed for the use of Schools. By H.
CA'Nllll.En, Mathematical Master of Uppingham School. 24 Ed. Ex. feap. 8vo,
21, 6d.

*DALTON.—RULES AND EXAMPLES IN ARITHMETIC. By the Rev. T. Dar-
Tor, M.A., Senior Mathematical Master at Eton. New Ed., with Answers,
18mo. 2s. 6d.

*GOYEN.—IULIGHER ARITIIMETIC AND ELEMENTARY MENSURATION.
By P, GovrN, Inspector of Schools, Dunedin, New Zealand.  Cr. 8vo.  5s.
*HALL and KNIGHT.—ARITHMETICAL EXERCISES AND EXAMINATION
PAPERS. With an Api\(\mlix containing Questions in LogArrrnMs and
MrnsuraTioN. By H. 8, l{aLL, M.A., Master of the Military and Engincering

Side, Clhifton College, and 8. R, Knieur, B.A. Gl 8vo. 2s. fid.

LOCK.—Works by Rev. J. B. Lock, M.A., Senior Fellow and Bursar of Gonville
and Caius College, Cambridge.

*ARITHMETIC FOR SCHOOLS, With Answers and 1000 additional Examples
for Kxercise. 8d Ed., revised. Gl 8vo. 4s.6d. Or,lart I. 2s. Part I1. 3s.
KEY. OCr.8vo. 10s.Gd,

*ARITHMETIO FOR BEGINNERS. A School Class-Book of Commercial Arith-
metie. QL 8vo. 28. 6d. KEY. Cr. 8vo. 8. 6d.

*A SHILLING BOOK OF ARITIIMETIC, FOR ELFMENTARY SCHOOLS.
18mo. 1s. With Answers. 1s. 6d.

"PEDLEY.—EXERCISES IN ARITIIMETIC for the Use of Schools. Containing
mote than 7000 onginal Kxamples, By SamueL PEpLEY. Cr. 8vo. b5s.

Also in Two Parts, 28, 6d. each.

SMITH.—Works by Rov. BarnNArD Syirir, M.A,, late Fellow and Senior Bursar of
St. Peter's College, Cambridge.

ARITITMETIC AND ALGEBRA, in their Principles and Application; with
numerous systematically arranged Examples taken frowm the Cambridge Exam-
ination Papers, with espeecial refercnce to the Ordinary Kxamination for the
B.A. Degree. New Ed., carefully revised. Cr. 8vo. 10s. 6d.

*ARITHMETIC FOR SCHOOLS. Cr.8vo. 4s.6d. KHKEY. Cr. 8vo. 8s.6d.

New Edition. Revised by I'rof W. H. I{upson. [In preparation.
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EXERCISES IN ARITHMETIC. Cr. 8vo. 28. With Answers, 23, 6d. An-

swers scparately, 6d.

SCHOOL CLASS-BOOK OF ARITHMETIC. 18mo. 8s. Or separately, in

Three Parts, 1s. each. KKEYR., Parts I, IL., and 1i1., 2, Gd. each.

SHILLING BOOK OF ARITIIMETIC. 18mo Or separately, Part [, 2d.;

Part IL, 8d.; Part 1II., 7d. Answers, 60. KKY. 18mo. 4s, 6d.
*THE SAME, with Answers, 18mo, cloth, 1s. 6d.

EXAMINATION PAPERS IN ARITHMETIC. 18mo. 1s. 6. The Same,

with Answers. 18mo. 2s. Answers, 6d. KKY. 18mo. 4s. 6d.
TOE METRIC SYSTEM OF ARITHMETIC, ITS PRINCIPLES AND AI'PLI-
CATIONS, with Numerous Examples. 18mo. 8d

A CHART OF THE METRIC SYSTEM, on a Sheet, siza 42 in. by 84 in, on
Roller. 8s. 6d. Also a Small Chart on'a Card. Price 1d.

KASY LESSONS IN ARITHMETIC, combinin‘}; Exercises in Reading, Writing,
Spelling, and Dictation. Part I Cr. 8vo

EXAMINATION CARDS IN ARITIIMETIC. With Answcrs and Hints.

Standards I. and IL., in box, 18. Standards ITI., IV., and V., in boxes, 18, cach,
Standard VI. in Two Parts, in boxes, 1s. each.

A and B papers, of nearly the same d:lﬂculty, are given 8o as to prevent copying,
and the colours of the A and BB papers differ in each Standard, and fromn those of
every other Btandard, so that a master or mistress can see at a glxmcc whether the
children have the proper papers.

BOOK-KEEPING.

*THORNTON.—FIRST LESSONS IN BOOK-KEEPING. By J. TiorNTON, Cr.
8vo, 2s. 61. KEY. Oblong 4to. 10s. 6d.

*PRIMER OF BOOK-KEEPING. 18mo. 1s. KEY. Demy 8vo. 2s. 6d.

ALGEBRA.

*DALTON.—RULES AND EXAMPLES IN ALGERRA. By Rev. T. Davrox,
Sentor Mathematical Master at liton. Part I. 18mo. 28, KRY. Cr. 8vo.
7s. 6d. Part [I. 18mo. 2s. 6d.

HALL and KNIGHT.—Works by H. 8. 1IaLr, M.A., Master of the Milltary and
Engineering Side, Cliflon College, and 8. R. Kmour B.A.

*ELEMENTARY ALGEBRA FOR SCHOOLS. 6th Ed., revised and correeted,
Gl. 8vo, bound in marvon eoloured cloth, 3s. 6d.; with Answers, bound n
green coloured cloth, 4s. 61, KEY. 8« 6.

*ALGEBRAICAL EXERCISES AND EXAMINATION PAPERS. To accom-
pany ELEMENTARY ALGEBRA. 2d Ed., revised. GI 8vo, 2s, 6d.

*HIGHER ALGEBRA. 31 KEd. Cr. 8vo. 7s.6d. KEY. Cr. 8vo, 10s. 6d.

*JONES and CHEYNE.—ALGEBRAICAT. EXHERCISKS. Progressively Ar-
ranged. By Rev. 0. A. Jonrs and C. II. CHEYNE, M.A,, late Mathematical
Masters at Westminster School.  18mo, 2s. 6d.

KEY. By Rev. W, FaiLes, M.A., Mathematical Master at Westminster School.
Cr, 8vo, 7s. 6d.

SMITH,—ARITHMETIC AND ALGEBRA, in their Principles and Application ;
with numerous systematically arranged Kxamples taken from the Cumbr nl;.,o
Examination Papers, with especial reference to the Ordinary Examnation for
the B.A. Degree. By Rev. BarnarD Saird, M.A. New Kdition, carcfully
revised. Cr. 8vo, 10w, 6d,

SMITH.—Works by CHArLes Ssnrir, MLA., Master of Sidney Sussex College,
Cambriudgo.

*ELEMENTARY ALGEBRA. 2d K., revised. Gl 8vo. 4s.Gl. KEY. By A.
@. CRACKNELL, B.A. Cr. 8vo. 10. 6.

*A TREATISE ON ALGEBRA. 21 Ed. Cr. 8vo, 7s.6d. KEY. Cr.8vn. 10s. G,

TODHUNTER.—Works by Isaac Topnuntsr, F.R.S.

*ALGEBRA FOR BHGINNERS. 18mo. 2. 6d. KEY. Cr. 8vo. 6s. ¢d.
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*ALGEBRA FOR COLLEGES AND SCHOOLS. By Isaac TopHuNTER, F R.8.
Cr. 8vo. 7s. 64, KKY. Cr.8vo. 10s. 6d.

EUCLID AND PURE GEOMETRY.

COCKSHOTT and WALTERS.—A TREATISE ON GHOMETRICAL CONICS.
In accordance with the Syllabus of the Association for the lmprovement of
Geometrical Teaching, By A. Cocksuorr, M.A., Assistant Master at Efon,
and Rev. I B. WaLTkrs, M.A., Principal of King William’s College, Isle of
Man. Cr. 8vo, bs.

CONSTABLE.—GEOMETRICAL EXERCISES FOR BEGINNERS. DBy Samurn
Consranig.  Cr. 8vo. 88, 6d.

CUTHBERTSON.—EUCLIDIAN GEOMETRY. By Francis CUTIIRERTSON, M.A.,
LI.D. Ex. feap. 8vo. 4s. 6d.

DAY.—PROPERTIES OF CONIC SECTIONS PROVED GEOMETRICALLY.
By Rev. II. G. Day, M.A, PartI. The Ellipse, with an ample collection of
Problems. Cr. 8vo. 3s. 6d.

‘DEAKIN.—RIDER PAPERS ON REUCLID. BOOKS I. anp II. By Ruperr
DrAkiN, M.A, 18mo, 1s.

DODGSON.—Works by CaaRLES L. Dopason, M. A., Student and late Mathematical
Lecturer, Christ Chureh, Oxford,

EUCLID, BOOKS I. anp II.  6Lh Ed,, with words substituted for the Alge-
braical Symbols used in the 1st Ed, Cr. 8vo, 2s.

KUCLID AND HIS MODERN RIVALS, 2d Id. Cr. 8vo. s,

CURIOSA MATHEMATICA. Part I. A New Theory of Larallels. 81 REd.
Cr. $vo, 2s,

DREW.—GEOMETRICAL TREATISE ON CONIC SECTIONS. By W. II.
Dugew, M.A. New Ed., enlarged. Cr. Svo. bs.

DUPUIS.—ELEMENTARY SYNTUKETIC GEOMETRY OF THE POINT, LINE
AND CIRCLE IN THE PLANE. By N. F. Dururs, M.A., Professor of Pure
M:ltl:lnmnt,ics in the University of Queen’s College, Kingston, Canada. Gl. 8vo.
4s. 6d.

*HALL and STEVENS.—A TEXT-BOOK OF EUCLID'S ELEMENTS. In-
cludiug Alternative Proofs, together with additional Theorems and Exercises,
classitied and arranged. By 15 8. Hanr, M.A., and ¥, H, S8revens, M.A,,
Masters of the Military and Engmuerin? Side, Chifton College. Gl. 8vo. Book
1,1s.; Books T.and II', 1s. 6d.; Books [.-IV., 3s.; Books 1II.-1IV., 2s. ; Books
I1L.-V]., 3s.; Books V,~VL and XL, 2s. 6d.; Books L-VL and XI., 4s. 6d.; Book
X1, 1s. [KEY. In prepuration.

HALSTED.—THE ELEMENTS OF GEOMETRY. By G. B. Harstep, Professor
of P'ure and Applicd Mathematics in the University of Texas, 8vo. 12s. ¢d.

HAYWARD.—THE ELEMENTS OF SOLID GEOMETRY. By R. B. Haywarp,
M.A,, F.R.B. Gl 8vo. 3s.

LOCK,—EUCLID FOR BEGINNERS. Being an Introdunction to existing Text-
Books. By Rev. J. B. Lock, M.A. [In the Press.

MILNE and DAVIS.—GEOMETRICAL CONICS, Tart I. The Parabola. By
Rev. J. J. MILNF, M.A,, and R. F. Davis, M.A. Cr. 8vo, 2s.

*RICHARDSON.—THE PROGRESSIVE EUCLID. Books I and II. With Notes,
Exercises, and Deductions. Edited by A. T. RicuArpsoN, M. A., Senior Mathe-
matical Master at the Isle of Wight College. Gl.8vo. 2s. Gd.

SYLLABUS OF PLANE GEOMETRY (corresponding to Euclid, Books I-VT.)—
Prepared by the Association for the Improvement of Geometrical Teaching,
Cr. 8vo. Sewed, 1s.

SYLLABUS OF MODERN PLANE GEOMETRY.—Prepared by the Association
for the Improvement of Geometrical Teaching. Cr. Svo, Sewed., 1s.

*TODHUNTER.—TIHE ELEMENTS OF EUCLID. By I Tobnunter, F.R.S.
18mo. 8s. 6d. *Books I.and II. 1s. KEY. OCr. 8vo. 6s. Gd.

WILSON.—Works by Ven. Archdeacon Wirson, M.A., formerly Headmaster of
Clifton College.

ELEMENTARY GEOMETRY. BOOKS I.-V. Containing the Subjects of
Kuelid’s first Six Books. Following the Syllabus of the Geometrical Associa-
tion. Ex, feap. 8vo. 4s. 6d.
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WILSON.—Works by Ven, Archdeacon WirsoN—continued.
S8OLID GEOMETRY AND CONTG S8ECTIONS. With Appendices on Trans-
versals and Ilarmonic Division, Ix. feap. 8vo. 3s. 6d.

GEOMETRICAL DRAWING.

EAGLES.—CONSTRUCTIVE GEOMETRY OF PLANE CURVES. By T. II.
EAGLES, M.A., Instructor in Geometrical Drawing and Lecturer in Arclutecture
at the Royal Indian Engincering College, Cooper's ILll, Cr, 8ve, 12s.

EDGAR and PRITOHARD.— NOTE-BOOK ON PRACTICAL SOLID OR
DESCRIPTIVE GEOMETRY. Containing Problems with help for Solutions,
g)y J. H. F:‘lnum and G. 8. Prircuann,  4th Kd., revised by A, Mkeze. Gl.

vo. 48, od.

*KITCHENER.—~A GEOMKTRICAL NOTE-BOOK. Containing Easy Problems in
Geometrical Diawing preparatory to the Study of Geometry. For the Use of
Schonls. By F. K. KrrcurNeER, M.A., Headmaster of the Newcastle-under-
Lyme High School. 4tu. 2s.

MILLAR.—ELEMENTS OF DESCRIPTIVE GEOMETRY. By J. B. MiLrAR,
Civil Engineer, Lecturer on Engineering in the Victoria University, Manchester.
2d Ed. Cr. 8vo. 6s.

PLANT.—PRACTICAL PLANE AND DESCRIPTIVE GEOMETRY. ByE. C.
PLANT. Globe 8vo. [In preparation.

MENSURATION.

STEVENS.—EI.LEMENTARY MENSURATION. With Exerciseson the Mensura
tion of Plane and Sohd Figures. By F. H. Stevens, M.A. Gl 8vo.
[In preparation.
TEBAY.—ELEMENTARY MENSURATION FOR SCIIOOLS. By 8. Trmy.
Ex. feap. 8vo. 3s. 6d.
*TODHUNTER,—MENSURATION FOR BEGINNERS By Isaac TODIIUNTER,
F.R.S. 18mo. 2s.6d. KEY. By Rev. Fr. L. McCarTuy. Cr. 8vo. 7s. 6d.

TRIGONOMETRY.

BEASLEY.—AN FELEMENTARY TREATISE ON PLANE TRIGONOMETRY.
With Exanples. By R. D. Beastey, M.A. 9th Ed., revised and enlarged.
Cr, 8vo, 31, 611,

BOTTOMLEY.—FOUR-FIGURE MATHEMATICAL TABLES. Comprising Log-
anthmic and Trigonometrical Tables, and Tables of Squares, Square Roots,
and Reciprocals. By J. T. Borromury, M.A,, Lecturer in Natural Philosophy
in the Universily of Glasgow. 8vo. 2s. 6d.

HAYWARD.—TIIE ALGEBRA OF CO-PLANAR VECTORS AND TRIGONO-
METRY. By R. B. Haywarp, M.A., F.R.8,, Assistant Master at Harrow,

. [I'n prepuration.

JOHNSON.—A TREATISE ON TRIGONOMETRY. By W. E. JOHNsON, M.A.,
late Scholar and Assistant Mathematical Lecturer at King's College, Ciun-
bridge. Cr. 8vo. 8s. 6d.

LEVETT and DAVISON.—ELEMENTS OF TRIGONOMETRY. By Rawnon
Leverr and A. F. DaAvigoN, Assistant Masters at hing Edward's School,
Birmingham. [In the Press.

LOCK.—Woarks by Rev. J. B. Lock, M.A., Senior Fellow and Bursar of Gonville
and Caius College, Cambridge.

*TI[K TRIGONOMETRY OF ONE ANGLE. Gl §vo. 23. Gd.

*TRIGONOMETRY FOR BEGINNERS, as far as the Solution of Triangles. 3d
Ed. Gl 8vo. 2s. 6d. KEY. Cr. 8vo. 0s. Gd,

*ELEMENTARY TRIGONOMETRY. 6th Ed. (in this cdition the ehapter on
logarithms has heen carcfully revised). Gl 8vo, 45.6d. KEY. Cr. 8vo. 8s.6d
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MNIGOER TRIGONOMETRY. 5th Ed. Gl 8vo. 48.6d4. Both Parts complete
in Oue Volume. Gl 8vo, 7s. 6d.

M‘CLELLAND and PRESTON.—A TREATISE ON SPIHERICAL TRIGONO-
METRY. With applications to Spherical Geometry and numerons Examples,
By W. J. M‘Cr.eLLAND, M.A., Principal of the Incorporated Socicty’s School,
Santry, Dublin, and T. PRresTON, M.A. Cr. 8vo, 8s. 6d., or: Part I. To the
End of Solution of Triangles, 48, 6d. Part II., 5s.

MATI'HEETS.—-MANUAL OF LOGARITHMS. By G. F. MaTTHEWS, B.A.  8vo.
5y. net.

PALMER.—TEXT-BOOK OF PRACTICAL LOGARITHMS AND TRIGONO-
METRY. By J. H. PaumEir, Headmaster, R.N., H.M 8. Cambridge, Devon-
port. Gl 8vo. 4s, 6d.

SNOWBALL.—THE ELEMENTS OF PLANE AND SPOHERICAL TRIGONO-
METRY. ByJ.C. SvowBALL, 14th Ed. Cr. 8vo. Ts, 6d.

TODHUNTER.—Works by Isaac Topnonter, F.R.S.

*TRIGONOMETRY FOR BEGINNERS. 18mo. 2s.6d. KKY. Cr. 8vo. 8s.6d.

PLANE TRIGONOMETRY. Cr. 8vo. 5s. A New Edition, revised by R. W.
Hoga, M.A, Cr. 8vo. 6. KEY. Cr. 8vo, 10s. 6d.

A TREATISE ON SPITERICAL TRIGONOMETRY. OCr. 8vo. 4s. 6d.

WOLSTENHOLME.—EXAMPLES FOR PRACTICE IN THE USE OF SKEVEN-
FIGURE LOGARITIIMS, By JosepH WoOLSTENHOLME, D.Sc., late Professor
of Mathematics in the Royal Indian Engineering Coll., Cooper's Hll. 8vo.
58,

ANALYTICAL GEOMETRY (Plane and Solid).

DYER.—EXERCISES IN ANALYTICAL GEOMETRY. By J. M. Dyer, M.A,,
Assistant Master at Eton, Illustrated. Cr. 8vo. 4s. 6d.

RRERS.—AN ELEMENTARY TREATISE ON TRILINEAR CO-ORDIN-
ATKS, the Method of Reciprocal Polars, and the Theory of Projectors. By
the Rev. N. M. Ferrens, D.D., F.R.8., Mastcr of Gonville and Cams College,
Cambridge. 4th Ed., revised. Cr. 8vo. 6s. 6d.

FROST.—Works by I’rreivarn Frosr, D.Se., F.R.S., Fellow and Mathcematical
Lecturer at King's College, Camblridge.

AN ELEMENTARY TREATISE ON CURVE TRACING. 8vo. 12s.

SOLID GEOMETRY. 3d Ed. Demy 8vo, 16s.

HINTS FOR THE SOLUTION OF PROBLEMS in the Third Edition of SOLID
GEOMETRY. 8vo. 8s. 6il.

JOHNSON.—CURVHE TRACING IN CARTESIAN CO-ORDINATES, By W.
Woorsey Jonnson, Professor of Mathematics at the U.8. Naval Academy,
Annapolis, Maryland. Cr. 8vo. 4s. Gd.

M‘CLELLAND.--THE GEOMETRY OF THE CIRCLE. By W..J. M‘CLELLAND,
M.A. Cr. 8vo. [In the Press,

PUCKLE.—AN ELEVMENTARY TREATISE ON CONIC SECTIONS AND AlL-
GEBRAIC GEOMETRY. With Numerous Examples and Hints for their Solu-
ﬁ(méd By G. II. Puckre, M.A. 5th Ed., revised and enlarged. Cr. svo,
78. 6d.

SMITH.—Works by CnarLes Swith, M.A., Master of Sidney Sussex College,
Cambrudge,

CONIC SECTIONS. 7th Rd, Cr. 8vo, 7s.6d.

SOLUTIONS TO CONIC SECTIONS. Cr. 8vo. 10s. 6d.

AN EI{EMENTABY TREATISE ON SOLID GEOMETRY. 2d Ed. Cr. 8vo,
0s. Gd.

TODHUNTER.—Works by Isasc TopnunTER, F.R.S.

PLANE CO-ORDINATE GEOMETRY, as applied to the Straight Line and tho
Conic Sections. Cr. 8vo. 7s. 6d.

K]Ico\’. p ‘l‘fy C. W. Bourng, M. A., Headmaster of King's College Sehool. Cr. 8vo,

8.
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TODHUNTER.—Works by Tsaac TopnonTer, K. R.8.—continued.
EXAMPLES OF ANALYTICAL GEOMETRY OF THREL DIMENSIONS.
New Ed., revised, Cr. 8vo, 4s,

PROBLEMS AND QUESTIONS IN
MATHEMATICS.

ELIMINARY EXAMINATION, 1882-1890, Specimens of Papers set at
the. With Answers to the Mathematical Questions. Subjects: Arithmetic,
glgebrs. Euclilll, Geometrical Drawing, Geography, French, KEnglish Dictation,

T, 8vo. 3s. 6d.

cAMTIigI%GB SENATE-HOUSE PROBLEMS AND RIDERS, WITH SOLU-

1875—PROBLEMS AND RIDERS. By A, G. GreenmiLL, F,R.S. Cr. 8vo. 83, 6d.

1878—SOLUTIONS OF SENATE-HOUSE PROBLEMS. By the Mathematical
Moderators and Examiners. Mdited by J. W. L. GLAsger, F.R.8.; Fellow of
Trinity College, Cambridge. 12s.

CHRISTIE.—A COLLECTION OF KLEMENTARY TEST-QUESTIONS IN PURK
AND MIXED MATHEMATICS; with Answers and Appendices on Synthetie
Division, and on the Solution of Numerical E«}lmtions by Horner's Method,
By JaMes R. Cnristik, F.R.8. Cr. 8vo. 8s. 6d.

CLIFFORD.—MATHEMATICAL: PAPKRS, By W. K. CrirForn.  Edited Ly R,
Tucker. With an Introduction by IL. J. STEPHEN SMITII, M.A. 8vO. 308,

MILNE.—Works by Rev. JonN J. Mrug, Private Tutor,

WEKEKLY PROBLEM PAPERS. With Notes intended for the use of Students
preparing for Mathematical Scholarships, and for Juuior Members of the Uni.
versities who are reading for Mathematical ITonours. Pott 8vo.  4s. 6d.

SOLUTIONS TO WEEKLY PROBLEM PAPERS. Cr. 8vo. 10s. 6d.

COMPANION TO WHEKLY PROBLEM PAPERS. Cr. 8Svo. 10s. Gd.

RICHARDSON.—MISCELLANEOUS MATHEMATICAL PAPERS. Elementary
and Advanced. By A. T. RICHARDSON, M. A., Senior Mathemalical Master at
the Isle of Wight College. [1n the Press.

SANDHURST MATHEMATICAL PAPERS, for admission into tho Royal Military
College, 1881.1889. Edited by K. J. Brooksmrrn, B.A., Instructor in Mathe-
matics at the Royal Military Academy, Woolwich, Cr. 8vo. 3s, Gd.

WOOLWICH MATHEMATICAL PAPERS, for Adinission into the Royal Military
Academy, Woolwich, 1880-1888 melusive. By the same Editor. Cr. 8vo, Cs.

WOLSTENHOLME.—Works by Josera WorsTENnoLME, D.Sc., late Professor of
Mathematics m the Royal Kngineerimyg Coll., Cooper's Hill,

MATHEMATICAL: PROBLEMS, on 8Subjects inclnded in the First and Second
Divisions of the Schedule of Subjects for the Cambridge Mathematical Tripos
KExamination. New ¥d., greatly enlarged, 8vo, 18y,

EXAMPLES FOR PRACTICE IN THE USE OF SEVEN-FIGURE LOG-
ARITIIMS. S8vo. 5.

HIGHER PURE MATHEMATICS.

ATRY.—Works by Sir G. B. Arry, K.C.B., formerly Astronomer-Royal,

ELEMENTARY TREATISE ON PARTIAL DIFFERENTIAL. EQUATIONS,
With Diagiams., 2d 1Bd., Cr. 8vo. 5. 6,

ON THE ALGEBRAICAL AND NUMERICAT:; TIIEORY OF KRRORS OF
OBSERVATIONS AND THE COMBINATION OF OBSERVATIONS.
2d Ed., revised. Cr. 8vo. 6s. 6d.

BOOLE.—THE CALCULUS OF FINITE DIFFERENCES. By G. Boore., 3d Ed.,
revised by J. F, Moutrow, Q.C. Cr. 8vo. 108, Gd.

EDWARDS.—TLE DIFFERENTIAL CALCULUS. By Joskrn EDWARDS, M.A.
With Applications and numerous Examples. Cr, 8vo. 10s. 6,

FERRERS.—AN ELEMENTARY TREATISE ON SPIHERTCAL IIARMONICS,
AN)D SUBJECTS CONNECLED WITH THEM. By Rev. N. M. FERrREns,
D.D ¥.R.8., Master of Gonville and Caius College, Cambridge. Cr. 8vo. 7s. 6d,
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FORSYTH.—A TREATISE ON DIFFERENTIAL EQUATIONS. By ANDREW
Russprn Forsyrh, F.R.S,, Fellow and Assistant Tutor of Trinity College,
Cambridge., 24 Ed. 8vo. s

FROST.—AN ELEMENTARY TREATISE ON CURVE TRACING. By PERCIVAL
Frost, M.A., D.Sc. 8vo. 12s.°

GRAHAM.—GFOMF’I‘RY OF POSITION. By R. HA. Guawam. Cr. 8vo.
7s.

GRBBNEILL.—-DIFFLRENL‘IAL AND INTEGRAL CALCULUS. By A. G.
GRrEENRILL, Professor of Mathematics to the Senior Class of Artillery Ofticers,
Woolwich. New HEd. Cr. 8vo. 10s. 6d.

APPLICATIONS OF ELLIPTIC FUNCTIONS. By the same, [7n the DPress.

JOHNSON.—Works by WirLiam Woorsey Jonnson, Professor of Mathematics at
the U.S. Naval Academy, Annapolis, Maryland,

INTEGRAL CALCULUS, an Elem~ntary Treatise on the. Founded on the
Mecthod of Rates or Fluxions. 8vo. 9s.

CURVE TRACING IN CARTESIAN CO-ORDINATES. Cr. 8vo. 4s. 6d.

A TREATISE ON ORDINARY AND DIFFERENTIAL EQUATIONS. FEx. cr,
8vo. 158,

KELLAND and TAIT.—INTRODUCTION TO QUATERNIONS, with numerous
examples. By P. KernLanp and . @G, Tart, Professors in the De; ariment of
Mauthematies in the University of Hdinburgh., 2d Ed. Cr. 8vo. 7s. 6d.

KEMPE.—JIOW TO DRAW A STRAIGIIT LINE: a Lecture on Linkages, By A.
B. Kemre. Ilustrated. Cr. Svo. 1s. 6d.

KNOX. --DIFFERENTIAL CALCULUS FOR BEGINNERS. By ALEXANDER
Kwox., Feap. 8vo. 3s. G,

MUIR.—THE THEORY OF DETERMINANTS IN THE HISTORICAL ORDER
OF ITS DEVELOPMENT. Part I. Determmantsin General. Leibnitz(1693)
to Cayley (1841). By Tios. Muig, Mathematical Master in the High School ol
Glasgow. 8vo. 10s, 6d.

RICE and JOHNSON.—AN ELEMENTARY TREATISKE ON THE DIFFEREN-
TIAL CALCULUS. Founded on the Method of Rutles or Fluxions, By J. M
RiCE, Professor of Mathematics in the United States Navy, and W, W, Jmm-
80N, Professor of Mathematics at the Uniled States Naval Academny. 3d K.,
revised and corrected. 8vo. 18s. Abridged Iid. 9s.

TODHUNTER.—Works by Isaac TopDHUNTER, }.R. S

AN EI.EMENﬁ'ﬁARY TREATISE ON THE THEORY OF EQUATIONS
Cr. Svo. 78s. 6d.

A TREATISE ON THE DIFFERENTIAL CALCULUS. Cr. 8vo. 10s. 6d.
KEY. Cr.8vo. 10s. 6d.

A TREATISE ON THE INTEGRAL CALCULUS AND ITS APPLICATIONS.
Cr. 8vo. 108. 6d. KEY. Cr. 8vo. 10s. id.

A HISTORY OF THE MATHEMATICAL THEORY OF PROBABILITY, from
the time of Pascal to that ot Laplace, 8vo. 18s.

AN ELEMENTARY TREATISE ON LAPLACK'S, LAME'S, AND BESSEL'S
FUNCTIONS. Cr. 8vo. 10s. 6d.

MECHANICS: Statics, Dynamics, Hydrostatics,
Hydrodynamics. (See also Physics.)

ALEXANDER and THOMSON.—ELEMENTARY APPLIED MECHANICS. By
Prof. T. ALexanNper and A, W. THomsoN. DPart II. Transverse Stress.
Cr. 8vo, 10s. 6d.

BALL.—EXPFRIMENTAL MECHANICS. A Course of Lectures delivered at the
Royal College of Science for Iieland. By 8ir R. 8. Barr, F.R.8. 21 Ed.
INMustrated. Cr. 8vo. 6s.

CLIFFORD.—THE ELEMENTS OF DYNAMIC. An Introduction to the Study of
Motion and Rest in Sohid and Fluid Bodies. By W. K. Cuirrorp., Part I.—
Kinematic. Cr. 8vo. Books L.-IIl. 78. 6d.; Book 1V, and Appendix, 6s.
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COTTERILL.—APPLIED MECHANICS : An Elementary General Introduction to
the Theory of Structures and Machines, B&’J . H, CorteRILL, F.R.8., Professor
of Applied Mechanics in the Royal Naval College, Greenwich. 8vo. 18s,

COTTERILL and SLADE.—LESSONS IN APPLIED MECHANICS. By FProf.
J. H. Correrint and J. H. Suape. Fcap. 8vo. 5s. 6d.

DYNAMICS, SYLLABUS OF ELEMENTARY. Part I. Lincar Dynamics. With
an A{l)pendix on the Munlufs of the Symbols in Physical Equations. Preparcd
by the Association for the Improvement of Geometrical Teaching. 4to. 1s.

GANGUILLET and KUTTER.—A GENERAL FORMULA FOR THE UNIFORM
FLOW OF WATER IN RIVERS AND OTHER CHANNELS., By E. Gax-
quiLter and W. R, Kurrer. Translated, with Additions, including Tables and
Diagrams, and the Klements of over 1200 Gaugings of Rivers, Small Channels,
and Pipes in English Measure, by R, HEriNo, Assoe. Am. Boe,, C.E., M. Inst,
C.E,, a;ld J. C. TrauTwINE Jun., Assoc. Am. Boc. C.E., Assoc. Inst. C.E.
Svo. 17s.

GRAHAM.—GEOMETRY OF POSITION. By R. II. GRattAM. Cr. 8vo. 7s. 6d.

GREAVES.—Works by JouN Greaves, M.A., Fellow and Mathematical Lecturer
at Christ’s Cullege, Camnbridge.

*STATICS FOR BEGINNERS. GL 8vo. 3s, 6d.
A TREATISE ON ELEMENTARY STATICS. 2d Ed. Cr. 8vo. 6s, Gd.

GREENHILL,—HYDROSTATICS. By A. G. GREENHILL, Professor of Muthematies
to the Senior Class of Artillery Officers, Woolwich, Cr. 8vo. [In preparation.

*HICKS.—ELEMENTARY DYNAMICS OF PARTICLKES AND SOLIDS. By
W. M. Hicks, D.8c., Principal and Professor of Mathematics and Physics, Frth
Collcge, Sheflield. Cr. 8vo. 6s. 6d.

JELLETT.—A TREATISE ON THE THEORY OF FRICTION. By Joux II,
JrLLETT, B.D., lato Provost of Trimty College, Dublin, 8vo, 8s. Gid.

KENNEDY.—THE MECHANICS OF MACHINERY. By A. B. W. KENNEDY,
F.R.8. Illustrated. Cr. 8vo, 12s, Gd.

LOCK.—Works by Rev. J. B. Lock, M.A.

*BLEMENTARY STATICS, 2d Ed. GL 8vo. 4s. 6d.
*ELEMENTARY DYNAMICS. 3d Ed. GIl. Svo. 4s. 6d.

ELEMENTARY HYDROSTATICS. Gl. 8vo. [In preparation.
MECITANICS FOR BEGINNERS. Gl 8vo. Tart I. MrcmaNics oF 8onips,
[In the Press. Part I1I. MECHANICS 01 FLU1DS. [Ln preparation.

MACGREGOR.—KINEMATICS AND DYNAMICN. An Elementary Treatise.
By J. G. MacGREGOR, 1).8c., Muuro Professor of Physics in Dalhousie College,
Halifax, Nova Scotia. Illustrated. Cr. 8vo. 10s. Gd.

PARKINSON.—AN ELEMENTARY TREATISE ON MECIIANICS. By 8.
Parkinson, D.D,, F.R.8., late Tutor and Prilector of St. John’s College,
Cambridge. 6th Ed., revised. Cr. 8vo. 9s. 6d.

PIRIE.—LESSONS ON RIGID DYNAMICS. By Rev. G. Pirig, M.A,, Professor
of Mathematics in the University of Aberdecn, Cr. 8vo. 6s.

ROUTH.—Works by Epwarp JouN Rourn, D.Se., LL.D., F.IL.S., Ilon. Fellow
of Bt. Peter's College, Cambridge.

A TREATISE ON THE DYNAMICS OF THK SYSTEM OF RIGID BODIES,
‘With numnerous Examples. Two Vols, 8vo. Vol. I.—Klementary Parts.
5th Ed. 148. Vol. 11.—The Advanced Parts. 4th Ed. 14s.

STABILITY OF A GIVEN STATE OF MOTION, PARTICULARLY STEADY
MOTION. Adats Puze Essay for 1877. 8vo.  8s. 6d.

*SANDERSON. -LIYDROSTATICS FOR BEGINNERS. By F. W. Saxprrsox,
M.A., Assistant Master at Dulwich College. Gl. 8vo. 4s. 6d.

TAIT and STEELE.—A TREATISE ON DYNAMICS OF A PARTICLE. By
Professor Tarr, M.A., and W. J, STEELE, B.A. 6th Ed., revised. Cr. 8vo, 12y,

TODHUNTER.—Works by 1saac ToDHUNTER, F.R.8.

*MECHANICS FOR BEGINNERS. 18mo. 4s. 61. KEY. Cr.8vo. 6s. Gd.

A TREATISE ON ANALYTICAL STATICS., 5th Kd. KEdited by Prof. J, D.

Evenert, F.R.8. Cr. 8vo. 10s. 6d.
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PHYSICS: Sound, Light, Heat, Electricity, Elasticity,
Attractions, etc. (See also Mechanics.)

AIRY.—Works by Sir G. B. Ay, K.C.B,, formerly Astronomer-Royal.

ON SOUND AND ATMOSPHERIC VIBRATIONS. With the Mathematical
Elements of Musie. 2d Ed., revised and enlarged. Cr. 8vo. 9s.

GRAVITATION: An Flmnentnry Explanation of the Principal Perturbations in
tlhe Solar System. 2d Kd. Cr. 8vo. Ts. 6d.

OCLAUSIUS.—MECHANICAL THEORY OF HEAT. Iy R. Cravsivs. Trans-
lated by W. R. BrowNg, M.A,  Cr. 8vo. 10s, Gd.

CUMMING.—AN INTRODUCTION TO THE TIIKORY OF ELECTRICITY.
gy zﬁuxhus CumMmiNG, M.A., Assistant Master at Rugby. 1llustrated. Cr. 8vo.

3. 6d.

DANIELL.—A TEXT-BOOK OF THE PRINCIPLES OF PHYSICS, By ALFRED
Daxiie, D.Sc.  lllustrated. 2d KEd., revised and enlarged. 8vo, 21s.

DAY.—ELECTRIC LIGHT ARUHMETIC By R. E. Day, Evening Lecturer in
Experimental Physics at King’s College, London. Pott 8vo.  2s.

EVERETT.—ILLUSTRATIONS OF TIIK C. G. 8. SYSTEM OF UNITS WITH
TABLES OF IPHYSICAL CONSTANTS. ByJ D. Evererr, F.R.S., Professor
of Natural Plilosophy, Queen’s College, Beltast. New Ed.  Ex. fcap. 8vo. bs.

FERRERS.—AN ELEMENTARY TREATISE ON SPUERICAL HARMONICS,
and Subjeets connected with them. By Rev. N. M. FERRERs, D.D,, F.R. s.,
Master of Gonville and Caius College, Cambridge. Cr. 8vo. 7s. 6d.

FESSENDEN.—PHYSICS FOR PUBLIC SCHOOLS. By C. I'rsSENDEN,
1llustrated. Feap. 8vo. [In the Press.

GRAY.—THE TIIEORY AND I'RACTICE OF ABSOT.UTE MEASUREMENTS
IN ELECIRICITY AND MAGNKTISM. By A. Grav, F.R.8.K., Professor
of Physics in the University College of North Wales. Two Vols. Cr. 8vo,
Vol. I. 12s. 6d. [Vol. II. 1n the I'vess.

ABSOLUTE MEASUREMENTS IN ELECTRICITY AND MAGNETISM. 2d
Ed., 1evised and greatly enlarged. Fcap. 8vo. 5. 6d.

IBBETSON.—THE MATHEMATICAL THEORY OF PERFECTLY ELASTIC
SOLIDSY, with a Short Account of Viscous Fluids. By W. J. IsBETsoN, late
Senior Scholar of Clare College, Cambridge. 8vo. 2ls.

*JONES.—EXAMPLES IN PHYSIC3. Containing over 1000 Problems with
Answers and numerous solved Kxamples. Suitable for candidates preparing
for the Intermediate, Science, Pr dlmmury, Scicntilie, and other Examinations
of the University of London, By D. Jongs, B.Se., Professor of Physics
in the University Collego of Walcs, Aberystwyth l'cap 8vo, 8s. 6d.

*EI(;;I]GMENTAItgdLESSUNS IN HEAT, LIGHT, AND SOUND. By the same.

8vo, 28

LOCKYER.—CONTRIBUTIONS TO SOLARPHYSICS. ByJ. NorMAN LOCKYER,
F.R.8. With Illustrations. Royal 8vo. 81s. 6d.

LODGE.-—-MODERN VIEWS OF ELECTRICITY. By OuIvER J. LobvGE, F.R.S.,
Professor of Experimental Physies mn University College, Lwcrpuof Llus-
trated. OCr. 8vo. Gy, 6d.

LOEWY.—*QUESTIONS AND EXAMPLES ON EXPERIMENTAL PIIYSICS:
Sound, Light, Heat, Klectricity, and Magnetism. DBy B. Loewy, Examiuer in
Experlmental Physu.s to the College of I'receptors. JNeap. 8vo. s,

*A GRADUATED COURSE OF NATURAL SCIENCE FOR ELEMENTARY
AND TECHNICAL SCHOOLS AND COLLEGES, By the same. In Three
Parts. PartI. Finst YEAR'S Course. Gl.8vo. 2s. Pait IL [In preparation.

LUPTON.—NUMERICAL TABLES AND CONSTANTS IN ELEMENTARY
SCIEN GE.l By 8. LuproN, M.A,, late Assistautl Muster at Harrow. Ex. fcap.
8vo. 2s. 6id.

MACFARLANE.—PHYSICAL ARITHMETIC. By A. MACFARLANE, D.8c., late
Examuer in Mathematics at the University of Edinburgh. Or. 8vo. 7s. 6d.
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"MAYER.—-SOUND: A Series of Slmgh., Entertninmg and Incxpensive Kxperi-
ments in the Pheuonena of Soun {. MAYER, Professor of Physies
in the Stevens Institute of Technology. llluatrated Cr. 8vo. 8s. Gd.

*MAYER and BARNARD.—LIGHT: A Scries of Sim &»le Eutertaining, and In-
ex]ﬁnslvo Experiments in the Phenomena of Light. By A. M. Maver and

ARNARD, Illustrated. Or. 8vo. 9s.

MOLLOY.—GLEANINGS IN SCIENCE ; Populm- Lectures on Sciontific Subjects.
By the Rev. GeraLp MorLoy, D. Hc Rector of the Catholic Univeisity of
Ircland. 8vo. 7s. 6d.

NEWTON.—PRINCIPIA. Edited by Prof. Sir W. Tuomson, P.R.8., and Prof.
BLACEBURNE. 4to. 38ls. 6d.

THE FIRST THREE SF‘CTIONS OF NEWTON'S PRINCIPIA. With Notes
and Jllustrations. Also a Collection of I'roblems, principally intended as
Examples of Newton's Methods. By P. Frost, M.A., D.Sc. 3d Ed. 8vo. 12s.

PARKINSON.—A TREATISE ON OPTICS. By 8. PARI\INS()N D.D., F.R.8,,
late Tutor and Prwlector of St John's College, Cambridge. 4t Ld revised
and enlarged. Cr. 8vo. 10s. 6

PEABODY. TIIP‘R\IOD\'NAMICS OF TIIK STEAM-ENGINE AND OTLER
HEAT-ENGINES. By Cecin H. Peasony, Associate Professor of Steam
Engineering, Massachusetts Institute of Technology. 8vo. 2Is.

PERRY.—STEAM: An Klementary Treatise. By JouN PErRry, Professor
of Mechanical Enginecring and Applied Mechanies at the Technical College,
Finsbury. 18mo. 4s. 6d.

PICKERING.—ELEMENTS OF PHYSICAI. MANIPULATION. By Prof. Ep-
waARrD O, PIcKERING. Medium 8vo. Pt 1., 128, 6d. Part 11,, 14s.

PRESTON.—I'HE THEORY OF LIGHT. By Tuomas Pruston, M.A., 1llus-
trated. 8vo. 12s. 6d.

THE THEORY OF HEAT. By the saine Author. 8vo. [In preparation,
RAYLEIGH.— THE THEORY OF SOUND. By Lorp Raviriou, F.R.B. 8vu,
Vol. 1., 124. 6d. Vol. 1L, 125, 6d. LVol. I1I.  Inthe Press.

N.—AN ELEMENTARY TREATISE ON IIEAT, IN RELATION T0
STEAM AND THE STEAM-ENGINE. By QG. SuANN, M.A., Illustrated
Cr, 8vo, 4s. 6d.

SPOTTISWOODE.—POLARISATION OF LIGIIT. By thelate W. Srorriswoonr,
F.R.8. Illustrated. Cr. 8vo. 8s. 6d.

STEWART.—Works by Bar.rour Stewarr, 1VR.8,, late Langworthy Professor ot
Physics in the Owens College, Victoria Unlvenity, Munchester.

*PRIMER OF PHYSICS 1llustrated. With Questions. 18mo, 1s.
*LESSONS IN ELEMENTARY POYBICS. Illustrated. Feap. 8vo. 4s. 6d.
*QUESTIONS. By Prof. T. H. Cork. Fcap. 8vo. 2s.

STEWART and GEE.—LESSONS IN ELEMENTARY PRACTICAL PIIYSICS.
By Bavrour STEwArT, F.R.S., and W. W. HaLpaNe Geg, B.Se. Cr. 8vo.
Vol. 1. GENEGAL PHYSICAL ProcEsses. 6s. Vol. 1L JLEcrricriy AND
MAGNETISM. 7s. 6d. [Vol. II1. Orrics, 1IEAT, AND SoUND. In the Press.

*PRACTICAL PHYSICS FOR SCHOOLS AND THE JUNIOR STUDENTS OF
COLLEGES. Gl 8vo. Vol. I. ELECTRICITY AND MAGNETISM. 25. 6d.
[Vol. IL. Orrics, HeaT, AND SoUND., 1n the Press.

STOKES.—ON LIGHT. Burnctt Loctureu, delwered in Aberdeen in 1883-4-5.
By 8ir G. G. Sroxes, F.R.S,, Pr of Mat} tics in the
University of Cambndg,e ¥irst Come. ON THE NATURE OF LioHT. Secund
Course: ON LI1GHAT A8 A MEANS oF INVESTIGATION. Third Courso: ON Tue
BeNgrFIcIAL ErFFects oF Ligut. Cr. 8vo. 7s. 6d.

*.* The 2d and 3d Courses may be had separately. Cr. §vo. 2s. 6d. each.

STONE.—AN ELEMENTARY TREATISE ON SOUND. By W. 1L Srtonk.
Illustrated. Feap. 8vo. 8s. 6d.

TAIT.—HKAT. DBy L. G. Tarr, Professor of Natural Philusophy in the University
of Edinburgh, Cr. 8vo. 68,

LECTURES ON SUME RECENT ADVANCES IN PRYSICAL SClLNCE By
the same. 8d Edition. Crown 8vo. 6s.
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TAYLOR.—SOUND AND MUSIC. An Elcmentary Treatise on the Ihysical Con-
stitution of Musical Svunds and Harmony, including the Chief Acoustical
Discoveries of Professor Helmholtz. By SEpLEy TAYLOR, M.A. Illustrated.
2d Kd. Ex. cr. 8vo. 8s. Gd.

*THOMPSON. — ELEMENTARY LESSONS IN ELECTRICITY AND MAGNET-
ISM. By BiLvanus P. Trnomreson, Prineipal and Professor of Physics in the
Technical College, Finsbury. Illustrated. New Kd., revised. Feap. 8vo. 4s. 6d.

THOMSON.—Works by J. J. Tuomson, Profe: of Experimental Physics in the
University of Cambridge.

AE}REA%‘ISE (?N THE MOTION OF VORTEX RINGS. Adams Prize Essay
82. 8vo. 6s.
APPLICATIONS OF DYNAMICS TO P11YSICS AND CHEMISIRY. Cr. Svo.
78, 6.

THOMSON.—Works by Sir W. Tuomsoxr, P.R.S., Professor of Natural Philosophy
in the University of Glasguw.

ELECTROSTATICS AND MAGNETISM, REPRINTS OF PAPERS ON.
2d Ed. 8vo. 18s.

POPULAR LECTURES AND ADDRESSES. 3 Vols. Illustrated. Cr. Svo.
Vol. I. ConsrrTuTioN o¥ MaTTER. 75. Gl. Vol, III. NAVIGATION. T7s. 6d.

TODHUNTER.—Works by Isaac Topuunter, F.R 8,

AN ELEMENTARY TREATISE ON LAPLACE'S, LAMI'S, AND BESSKEL'S
FUNCTIONS. Crown 8vo. 10s. 6d.

A HISTORY OF THE MATHEMATICAT, TIIEORIES OF ATTRACTION, AND
THE FIGURE OF THE EARTH, from the timc of Newlon to that of Luplace,
2 vols. 8vo. 24s.

TURNER.—A COLLECTION OF EXAMPLES ON HEAT AND ELECTRICITY.
By II. . TurNER, Fellow of Trinity Cellege, Cambridge. Cr. 8vo. 2s. 6d.

WRIGHT.—LIGHT: A Course of Experimental Opticy, chiefly with the Lantcrn,
By LEwis Wkient. 1llustrated. Cr. 8vo. 7s. 6d.

ASTRONOMY.

AIRY.—Works by Sir G. B. Airy, K.C.B., formerly Astronomer-Royal,
'l'OI‘UﬂgAR ASTRONOMY. 7th Ed. Revised by II. . Turnek, M.A. 1Swmo.
4s. 6d.

GRAVITATION : An Elementary Explanation of the Principal Pertuibations in
the Solar System. 2d Ed. Cr. 8vo. 7s. 6d.

CHEYNE.—AN ELEMENTARY TREATISE ON THI PLANETARY THEORY.
By C. IL. ILI. CreyNg, With Problems. 3d Kd. Jdited by Reov. A, FRERMAN,
M.A., F.R.A.8. Or. §vo. 7s. 6d.

OLAII:OK g.nd SGADLER.—TIIE STAR GUIDE. By L. CrArk and I, SapLes.

y. 8vo. bs.

CROSSLEY, GLEDHILL, and WILSON.—A 1ANDBOOK OF DOURBLE STARS.
By E. dlwsm.nv, J. GreEpnILL, and J. M. WirsoN. 8vo. 21s.

CORRECTIONS TO THE HANDBOOK OF DOUBLE STARS. 8vo. 1s.

FORBES.—TRANSIT OF VENUS. By G. Forses, Professor of Natural Philo-
sophy in the Andersonian University, Glasgow. Illustrated. Cr. 8vo. 8s. 6d.

GODFRAY.—Woiks by Huoa GobFray, M. A., Mathematical Lecturer at Pembroke
College, Cambiidge.

A TREATISE ON ASTRONOMY. 4th Ed. 8vo. 12s. Gd.

AN ELEMENTARY TREATISE ON TUE LUNAR THKEORY, with a brief
Skeggl\ of the Problem up to the time of Newton, 2d ld,, revised. Cr. Svo.
5s. 6d.

LOCKYER.—Works by J. NormaN LockYER, F.R.8.

*PRIMER OF ASTRONOMY. Illustrated. 18mo. 1s.

*ELEMENTARY LESSONS IN ASTRONOMY. With Spectra of the Sun, Stars,
and Nebule, and numerous Illustrations. 36th Thousand. Revised thiough.
out. Feap. 8vo. 5s. Gd.
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*QUESTIONS ON LOCKYER'S ELEMENTARY LESSONS IN ASTRONOMY.
By J. ForBes ROBERTSON. 18mo. 1s. 6d.
THE CHEMISTRY OF THE SUN. Ilustrated. 8vo. 14s.
THE METEORITIO HYPOTHESIS OF THE ORIGIN OF COSMICAL
SYSTEMS. Illustrated. 8vo. 17s. net.
THE EVOLUTION OF THE HEAVENS AND THE EARTH. Cr. 8vo. Illus-
trated. [In the Press.
LOOKYER and SEABROKE.—STAR-GAZING PAST AND PRESENT. By J.
NorMAN LockYEr, F.R.8. Expanded from Shorthand Notes with the
assistance of G. M, SEABROKF, F.lg:A.B. Royal 8vo. 2Is.
NEWCOMB.—POPULAR ASTRONOMY. By 8. Newcoms, LL.D., Professor
U.8. Naval Observatory. Illustrated. 2d Ed., rcvised. 8vo. 18s.

HISTORICAL.

BALL.—A SHORT ACCOUNT OF THE I{ISTORY OF MATIIEMATICS. By W.
W. R. BaLr, M.A. OCr. 8vo. 10s. 6d.

NATURAL SCIENCES.
Chemistry ; Physical (!reogra.pl;ge,dl Goedgllogy, and Mineralogy ; Blology;
0.

(For MECHANICS, PHYSICS, and ASTRONOMY, see
MATHEMATICS.)

CHEMISTRY.

ARMSTRONG.—A MANUAL Ok INORGANIC CHEMISTRY. By HrNRY ArM-
sTRONG, F,R.8., Professor of Cheniistry in the City and Guilds of London Tech-
nical Institute. Cr. Svo. [In preparation.

*COHEN.—THE OWENS COLLEGE COURSE OF PRACTICAL ORGANIC
CHEMISTRY. ByJourius B. Couen, Ph.D., Assistaut Lectw er on Chemistry
in the Owens College, Manchester. With a Preface hy Sir Hinry Roscok,
F.R.8., and C. ScHORLEMMER, F.R.S. Fecap. 8vo. 2s. Gd.

COOKE.—ELEMENTS OF CHEMICAL PHYSICS. By Josian P. CookE, Jumn.,
Krving Professor of Chemistry and Mineralogy in Harvard University. d4th Kd.
8vo. 21s.

FLEISCHER.—A SYSTEM OF VOLUMETRIC ANALYSIS. By Emit, FLEISCHER.
Translated, with Notes and Additions, by M. M. P, Muig, F.R.8.E. 1llustrated.
Cr. 8vo. 7s. Gd.

FRANKLAND.—A HANDBOOK OF AGRICULTURAL CITEMICAL ANALYSNIS,
By P. F. FrRankLAND, F.R.8B., Professor ot Chemistry in University College,
Dundee, Cr. 8vo. 7a. 6d.

HARTLEY.—A COURSE OF QUANTITATIVE ANALYSIS FOR STUDENTS.
By W. NoxrL HarTLEY, F.R.S,, Professor of Chemistry and of Applied Chemis-
try, Sciencc and Art Dcpaitment, Royal College of Science, Dublin. Gl

8vo. bs.
HEMPEL.—METHODS OF GAS ANALYSIS. By Dr. WaLTHER HEMPEL. Trans.
lated by Dr. L. M. DENN1S. [{n preparation.

HIORNS.—PRACTICAL METALLURGY AND ASSAYING. A Text-Book for
the use of Teachers, Students, and Assayers. By Antaur H. Miorns, Prin-
cipal of the School of Metallurgy, Birmingham and Midland Institute. Illus-
trated. Gl 8vo. 6s.

A TEXT-BOOK OF ELEMENTARY METALLURGY FOR THE USE OF
STUDENTS. To which is added an Appendix of Examination Questions, em-
bracing the whole of the Questions set in the three stages of the sub&ect. by the
8cience and Art Department for the past twenty years. By the same. Gl,8vo. 4s.

c
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IRON AND STEFKIL MANUFACITURE. A Text-Book for Beginners. By the
same. Illustrated. Gl. 8vo. 3s. 6d.
MIXED METALS OR METALLIC ALLOYS., By the same. Gl 8vo. 6s.

JONES.—*THE OWENS COLLEGE JUNIOR COURSE OF PRACTICAL CHEM.-
ISTRY. By Francis Jones, F.R.8.E., Chemical Master at the Grammat School,
Mn.ncheste:-i With Preface by Sir HENRY Roscor, F.R.8. Illustrated. Feap.
8vo. 2s. 6d.

*QUESTIONS ON CHEMISTRY. A Scries of Problems and Exercises in Inorganic
and Organi¢ Chemistry. By the same. Feap. 8vo. 8s.

LANDAUER.—BLOWPIPE ANALYSIS. By J. LANDAUER. _Authorised English
Edition by J. Tavror and W, E. KAy, of Owens College, Manchester.

[New Edition in the Press.

LOCKYER.—THE CHEMISTRY OF THE SUN. By J. NORMAN LockYER, F.R.S,
TNustrated. 8vo. 14s.

LUPTON.—CHEMICAL ARITIIMETIO. With 1200 Problems. By 8. Lurron,
M.A. 2d Ed., revised and abridged. Fcap. 8vo. 4s. 6d.

MANSFIELD. --A THEORY OF SALTS. By C. B. MANsFIELD. Crown 8vo. 14s.

MELDOLA.—THE CHEMISTRY OF PHOTOGRAPIIY. By RAPHAEL MELDOLA,
I.R.8., Professor of Chemistry in the Technical College, Finsbury. Cr. 8vo. 6s.

MEYER.— HISTORY OF CHEMISTRY FROM THE EARLIEST TIMES TO
THI PRESENT DAY. By ERnsT voN MEVER, Ph.D. Translated by Grorce
McGiowan, Ph.D. 8vo. 14s. net.

MIXTER.- AN ELEMENTARY TEXT-BOOK OF CIIEMISTRY. By WiLLiAM G.
MIxTER, Profossor of Chemistry in the Shefficld Scientific School of Yale College.
2d and revised Ed. Cr. 8vo. 7s. 6d.

MUIR.—PRACTICAL CHEMISTRY FOR MEDICAL STUDENTS. Specially ar-
ranged for the first M.B. Course. By M., M. P. MuIR, F.R.S.E., Fellow and Pree-
lector in Chemistry at Gonville and Caius College, Cambridge. i’mp. 8vo, 1s. 6d.

MUIR and WILSON.—THE ELEMENTS OF THERMAL CHEMISTRY. By M.
M. P. Muin, F.R.8.E. ; assisted by 1). M. WiLsoN. 8vo. 12s. 6d.

OSTWALD. —OUTLINES OF GENKERAL CHEMISTRY (PHYSICAT. AND
THEORETICAL). By Prof. W. OstwaLp. Translated by JAMES WALKER,
D.Ne., Ph.D. 8vo. 10s. net.

RAMSAY.—EXPERIMENTAL PROOTFS OF CHEMICAI, THEORY IOR BI-
GINNERS. By WiLLiaM Ramsay, F.R.S., Professor of Chemistry in Univer-
sity College, London. Pott 8vo. 2s. 6d.

REMSEN.—Works by IRA ReMSEN, Professor of Chemistry in the Johns Hopkins
University, U.8.A.

COMPOUNDS OF CARBON : or, Organic Chemistry, an Introduction to the
Study of. Or. 8vo. 6s. 6d.
AN INTRODUCTION TO THE STUDY OF CHEMISTRY (INORGANIC
CHEMISTRY). Cr. 8vo. 6s. 6d.
*THE ELEMENTS OF CHEMISTRY. A Text-Book for Beginuers. Fcap. 8vo.

2s. 6d.
A TEXT-BOOK OF INORGANIC CHEMISTRY. Svo. 16s.

ROSCOE.—Works by Sir HENry E. Roscok, F.R.S,, formerly Professor of Chemistry
in the Owens Oollege, Victoria University, Manchester.

*PRIMER OF OHEMISTRY. Illustrated. With Questions. 18mo. 1s,

*LESSONS IN ELEMENTARY CHEMISTRY, INORGANIC AND ORGANTIO.
With Illustrations and Chromolitho of the Solar Spectrum, and of the Alkalies
and Alkaline Earths. Feap. 8vo. 4s. 6d.

ROSCOE and SOHORLEMMER.—INORGANIC AND ORGANIC CHEMISTRY.
A Complete Treatise on Inorganic and Organic Chemistry. By Sir HeNry E.
Roscok, F.R.8., and Prof. C. ScHoRLEMMER, F.R.8. Illustrated. 8vo.

Vols. I. and 1I. INORGANIC CHEMISTRY. Vol. I.—The Non-Metallic Ele-
ments. 2d Ed. 21s. Vol IL, Part J.—Metals, 18s. Part Il.—Metals. 18s,

Vol. II.—ORGANIC CHEMISTRY. THE CHEMISTRY OF THE HYDRO-
OARBONS and their Derivatives. Five Parts. FParts I, IL., and IV. 2ls.
Parts III. and V. 18s. each.
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ROSOOE and SCHUSTER.—SPECTRUM ANALYSIS. Lectures delivered in
1868. By Sir HENRY Roscor, F.R.8. 4th Ed., revised and considerably en-
1a, by the Author and by A. SCHUSTER, F.R.8., Ph.D,, Professor of Applied
Mathematics in the Owens College, Victoria University. With Appendices,
Illustrations, and Plates. 8vo. 213,

*THORPE.—A SERIES OF CHEMICAL PROBLEMS. With Key. For use
in Colleges and Schools. By T. E. Tnoreg, B.Sec. (Vie.), Ph.D., F.R.S.
Revised and Enl d by W. TATE, Assoc.N.8.8. With Preface by Sir H. E.
Roscor, F.R.8. New Ed. Feap. 8vo. 2s.

THORPE and RUCKER.—A TREATISE ON CHEMICAL PHOYSICS. By Prof.
T. E. Tucrpeg, F.R.8,, and Prof. A. W. RttckEr, I.R.8. lllustrated. 8vo.

{In preparation.

WURTZ.—A HISTORY C* CHEMICAL THEORY. By Ao. Wurtz. Translated

Ly HENRY WATTS, F.R.8. Crown 8vo. 6s.

PHYSICAL GEOGRAPHY, GEOLOGY, AND
MINERALOGY.

LANFORD.—THE RUDIMENTS OF PHYSICAL GEOGRAPHY FOR TIIE
USE OF INDIAN S8CHOOLS ; with a Glossary of Technical Terms employed.
By H. F. BuaNForp, F.G.8. Illustrated. Cr. 8vo. 2s. 6d.

FERREL.—A POPULAR TREATISE ON THE WINDS. Comprising the General
Motions of the Atmosphere, Monsoons, Cyclones, Tornadoes, Waterspouts,
Hailstorms, etc. By WirLiam FERREL, M.A., Member of the American National
Academy of Sciences. 8vo. 18s.

FISHER.—PI YSICS OF THE FARTH'S CRUST. By the Rov. OsMoND FisuFR,
M.A., F.Q.8., Hon. Fellow of King’s College, London. 2d Ed., altered and cn-
larged. 8vo. 12s.

GEIKIE.—Works by Sir Arcrmbarp Grikig, F.R.S., Director-General of the
Geological Survey of the Umted Kingdom.

*PRIMER OF PIIYSICAL GEOGRAPHY. Illustrated. With Questions. 18mo. 1s.
*ELEMENTARY LESKRONS IN PAYSICALGEOGRAPHY. Illustrated. Feap.
8vo. 4s. 6d. *QUKSTIONS ON THE SAME. 1s. 6d.
*PRIMER OF GEOLOGY. Illustrated. 18mo. 1s.
*CLASS-BOOK OF GEOLOGY. Illustrated. New and Cheaper Ed. Cr. 8vo
48, 6d.
TEXT-BOOK OF GEOLOGY. Illustrated. 2d Ed., 7th Thousand, revised and
enlarged. 8vo. 28s.
OUTLINES OF FIELD GEOLOGY. Illustrated. New Kd., revised and en-
larged. Gl 8vo. 3s. 6d.
THE SCENERY AND GKOLOGY OF SCOTLAND, VIEWED IN CONNEXION
WITII 1TS PHYSICAL GEOLOGY. Illustrated. Cr. 8vo. 12s. 6d.

HUXLEY.—PHYSIOGRAPHY. An Introduction to the Study of Nature. By
T. H. Huxrey, F.R.S. INustrated. Newand Cheaper Kdition. Cr.8vo. 6s.

LOCKYER.—OUTLINES OF PHYSIOGRAPHY—THE MOVEMENTS OF THE
EARTH. By J. NormaN LockYir, F.R.8., Examiner in Physiography for the
Science and Art Department. Iilustrated. Cr. 8vo. Sewed, 1s, 6({.‘

MIERS.—A TREATISKE ON MINERALOGY. By H. A. Mikrs, of the DBritish
Museum, 8vo. In preparation.

PHILLIPS. A TREATISE ON ORE DEPOSITS. By J. Artaur ParLirres, F.R.S,
INMustrated. 8vo. 25s.

ROSENBUSCH and IDDINGS.—MICROSCOPICAT, PHYSIOGRAPHY OF THE
ROCK-MAKING MINERALS: AN AID TO THE MICROSCOPICAL STUDY
OF ROCKS. By H. Rosensuscm. Translated and Abridged by J. P. IppIinas.
TNustrated. 8vo. 24s.

WILLIAMS. — ELEMENTS OF CRYSTALLOGRAPHY FOR STUDENTS OF
gfl]g:uS’l&RY, PHYSICS, AND MINERALOGY. By G. H. WiLLiAMs, Ph.D.,

. 8vo. 68,
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BIOLOGY.

ALLEN.—ON THE COLOURS OF FLOWERS, as Illustrated in the British Flora.
By GrRANT ALLEN. Illustrated. Cr. 8vo. 3s. 6d.

BALFOUR.—A TREATISE ON COMPARATIVE EMBRYOLOGY. By F. M.
BALFOUR, F.R.8,, Fellow and Lecturer of Trinity College, Cambridge. Illus-
trated. 2d Ed., reprinted without alteration from the 1st Ed. 2 vols. 8vo.
Vol. I. 18s. Vol IL 21s.

BALFOUR and WARD.—A GENERAL TEXT-BOOK OF BOTANY. By Isaac
Baviey Banrour, F.R.8., Professor of Botany in the University of Edinburgh,
and H. MarsnaLL WaRDp, F.R.8., Professor of Botany in the Royal Indian

Engineering College, Cooper’s Hill. 8vo. [In preparation.
'Bﬂ'f;rmi—FIBST LESSONS IN PRACTICAL BOTANY. By G. T. BETTANY.
mo. 1s.

*BOWER.—A COURSE OF PRACTICAL INSTRUCTION IN BOTANY. ByF.
0. Bowker, D.Sc., F.R.8,, Regius Professor of Botany in the University of
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University of Oxford. 8d Ed. 8vo. 12s, 6d.
DILKE.—PROBLEMS OF GREATER BRITAIN. By the Right Hon, BSir
CHARLES WENTWORTH DiLke. With Maps. 4th Ed. KEx. cr. 8vo. 12s. 6d.

DONISTHORPE.,—IND1VIDUALISM: A System of Politics. By WORDSWORTH
DONISTHORPE. 8vo. 14s.

ENGLISH CITIZEN, THE.—A Series of S8hort Books on his Rights and Responsi-
bilities.  Edited by ITenkY CraIk, LL.D, Cr. 8vo. 38s. 6d. each,

CENTRAL GOVERN MENT. By H. D, TraAILL, D.C.L.
THE ELEO’I‘ORAL‘E AND THE LEGISLATURE. By SreNcER WALPOLE.
THE POOR LAW. By Rev. T. W. FowLg, M.A. New Ed. Wilh Appendix.
T}II,E NA}‘IONAL BUDGET; THE NATIONAL DEBT; TAXES AND RATES.
WIILSON,
T STATE IN RELATION TO LABOUR. By W. 8taNLEY JEevons, LL.D.
T].lls. STATE AND THE CHURCU. By the Hon, Akruur ELLior.
FOREIGN RELATIONS, By SrencEr WALPOLE,
TUE 8TATE IN I''S RELATION TO TRADE. By Sir T. II. FARRER, Bart,
.OCAL GOVERNMENT. By M. D. CnaLmens, M A
T'I1 STATE IN 1T8 RELATION TO EDUCATION. By JIENRY CRrAIK, L1L.D.
THE LAND LAWS. By Sir F. PoLrock, Bait., Profe of Jurisprud in
the University of Oxford.
COLONIES AND DEPENDENCIES. TPart I. INDIA. By J. S. CortoN, M.A.
II. THE COLONIES. By E. J. PAYNE, M.A.
JUSTICE AND POLICE. By F. W. MAITLAND.
THE PUNISHMENT AND PREVENTION OF CRIME. By Colonel Sir EbMUND
pU CANE, K.C.B., Chairman of Commissioners of Prisons.

FISKE.—CIVIL GOVERNMENT IN THE UNITED STATES CONSIDERED
WITH SOME REFERENCE TO ITS ORIGINS. By JorN Fiske, formerly
Lecturer on I'hilosophy at Harvard University. Cr. 8vo, 6s. 6d.

HOLMES.—THE COMMON LAW. By O. W. HoLmEs, Jun. Demy 8vo. 12s.

JENKS.--THE GOVERNMENT OF VICTORIA. By Epwarp JENKs, B.A,
LL.B., Professor of Law 1 the University of Melbournc. [Tn preparamm

MAITLAND.—PLEAS OF THE CROWN FOR THE COUNTY OF GLOUCESTER
BEFORE THE ABBOT OF READING AND HIS FELLOW JUSTICES
ITINERANT, IN THE FIFTH YEAR OF THE REIGN OF KING HENRY
"an '.l,‘l:lgl;D, AND THE YEAR OF GRACE 1221. By F. W. MAITLAND.

vo. 7s. 6d.

MUNRO.—COMMERCIATL: LLAW. ByJ. E. C. Munro, LL.D., Professor of Law
and Political Economy in the Owens College, Manuchester. [In preparation.
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PATERSON.—Works by JaMEs PATERSON, Barrister-at-Law.

COMMENTARIES ON THE LIBERTY OF THE SUBJECT, AND THE LAWS
OF ENGLAND RELATING TO THE SECURITY OF THE PERSON. Cheaper
Issue. Two Vols. Cr. 8vo. 2ls.

THE LIBERTY OF THE PRESS, SPEECH, AND PUBLIC WORSHIP.
gei:;g Oori;uenhriu on the Liberty of the Subject and the Laws of England.

T. 8vo. 8.

PHILLIMORE. —PRIVATE LAW AMONG THE ROMANS. From the Pandects.
By J. G. PriLLiMoRE, Q.0. 8vo. 16s.

POLLOOK.—ESSAYS IN JURISPRUDENCE AND ETHICS. By Sir FREDERICK
PoLrrock, Bart., Corpus Christi Professor of Jurispradence in the University
of Oxford. 8vo, 10s. 6d.

INTRODUCTION TO TIE HISTORY OF THE SCIENCE OF TPOLITICS.
By the same. Cr. 8vo. 2s. Gd.

RICHEY.—THE IRISI LAND LLAWS. By ALEX. G. RiciEy, Q.0., Deputy Regins
Professor of Feudal English Law in the Umversity of Dublin. Cr. 8vo. 8s. Gd.

SIDGWIOK.—THE ELEMENTS OF POLITICS. By IleNry Sivawick, Ll.D.
8vo. 14s. nct.

STEPHEN.—Works by Sir J. FirzraMes STrpPHEN, Bart.

AGDI(S}EST GOF THE LAW OF EVIDENCE. 5th Ed., revised and enlarged.

r. 8vo. 6.

A DIGEST OF THE CRIMINAL LAW: CRIMES AND PUNISIIMENTS. 4th
Ed., revised. 8vo. .

A DIGEST OF THE LAW OF CRIMINAL PROCEDURE IN INDICI'ABLE
OFFENCES. By S8ir J. F. Sreruen, Bart., and 1. 8TernrN, LL.M., of tho
luner Temple, Barrister-at-Law, 8vo. 12s. 6d,

A HISTORY OF THE CRIMINAL LAW OF ENGLAND. Three Vols. 8vo. 48s.

GENERAL VIEW OF THE CRIMINAL LAW OF ENGLAND. S8vo. 14s.

ANTHROPOLOGY.

DAWKINS.—EARLY MAN IN BRITAIN AND HIN PLACE IN THE TER.
TIARY PERIOD. By Prof. W. Boyp DAwkiNs. Mcedium 8vo. 20s.

FRAZER.—THE GOLDEN BOUGH. A Study in Comparative Religion. By J.
G. FrRAZER, M.A., Fellow of Trinity College, Cambridge. 2 vols, 8vo. 28s.

M'‘LENNAN.—THE PATRIARCHAL THEORY. DBased on the papers of the late
JouN F. M‘LennaN. Edited by DoNnatp M‘LENNAN, M. A., Baruster-at-Law.
8vo. 14s.

STUDIES IN ANCIENT HISTORY. By the same. Comprising a Reprint of
¢ Primitive Marmage.” An inquiry into the orgin of the form of capture
in Marriage Ceremonies. 8vo. 16s.

TYLOR.—ANTHROPOLOGY. An Introduction to the Study of Man and Civilisa-
tion. By E. B. TyLor, F.R.8. Illustrated. Cr. 8vo. 7s. 6d.

WESTERMARCK.—THXE HISTORY OF HUMAN MARRIAGE. By Dr. Epwarp
WESTEKRMARCK. With Preface by A. R, WALLACE. 8vo. 14s. net.

WILSON.—THE RIGHT HAND : LEFI-HANDEDNESS. By Sir D. WiLsoN.
Cr. 8vo. 4s. 6d.

EDUCATION.

ARNOLD.—REPORTS ON ELEMENTARY SCHOOLS. 1852-1882. By MATTHEW
ArvoLp, D.C.L. Edited by the Right Lion. Bir Francis SaNprorp, K.C.B.
Cheaper Issue. Cr. 8vo. 38s. 6d.

HIGHER SBCHOOLS AND UNIVERSITIES IN GERMANY. DBy the same,
Crown 8vo. 6s.

BALL.—THE STUDENT'S GUIDE 10 THE BAR. By Warter W. R. BaLL,
M.A., Fellow and Assistant Tutor of Trimity College, Camnbridge. 4th Ed.,
revised. Cr. 8vo. 2s. 6d.
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*BLAKISTON.--THE TEACHKR. Ilints on Schaol Management. A Handbook
for Managors, Teachers' Assistants, und Pupil Teachers. By J. . BLAK1sTON.
Or. 8vo, 2s. 6d. (Recommended by the London, Birmingham, and Leicester
School Boards.)

CALDERWOOD.—ON TEACHING. By Prof. HrNrRY CALDERwooD. New Ed.
Ex. feap. 8vo. 2s. 6d.

FEARON.—SCHOOL INSPECTION. By D. R. Fearon. 6th Ed. Cr, 8vo. 2. 6d.

FITOH.—NOTES ON AMERICAN SCIOOLS AND TRAINING COLLEGES.
Reprinted from the Report of the English Education Department for 1888-89,
vntll: permission of the Controller of ILM.’s Stationery Office. By J. G.
FircH, M.A. Q. 8vo. 2s. Gd

GEIKIE.—THE TEACHING OF GEOGRAPOY. A Practical Handbook for the
use of Teachers. By 8ir AncHiBaLD GrikIr, F R.8., Director-Generul of the
Geological Survey of the United Kingdom. Cr. 8vo. 2s.

GLADSTONB —SPELLING REFORM FROM A NATIONAL POINT OF VIEW.

By J. H, GLapsToNE, Cr, 8vo. ls, 6d.

HERTEL.—OVERPRESSURE IN HIGH SCIIOOLS IN DENMARK. ' By Dr.
HenTeL, Translated by C. G, SurenseN, With Introduction by Sir J.
CRICHTON-BrowNE, F.R.8. Cr. 8vo. 8s. 6d.

TODBUNTER.TITHE CONFLICT OF STUDIES., By lsaac TonnnuNTER, F.R.S.
8vo, 10s. 6d.

TECHNICAL KNOWLEDGE.

(See also MECHANICS, LAW, and MEDICINE.)

Civil and Mechanical Engineering; Military and Naval Science;
Agriculture ; Domestic Economy ; Book-Keeping; Commerce.

CIVIL AND MECHANICAL ENGINEERING,

ALEXANDER and THOMSON.—ELEMENTARY APPLIED MECHANICS. By
T, ALuxANDER, Professor of Civil Enginecring, Trinity College, Dubliu, and
A. W. THOMSON, Professor at College of Science, Poona, India. Pmt IL
TRANSVERSE STREsS. Cr. 8vo. 10s. 6d.

CHALMERS. -GRAPHICAL DETERMINATION OF FORCES IN ENGINKER-
ING STRUCTURES. By J. B. CuaLmeRs, C.E, Illustrated. 8vo. 24s,
COTTERILL.—APPLIED MECHANICS: An Elemenfary General Introduction to

the Theory of Structures and Machines. By J. Correnint, F.R.S,, Pro-
ge'usor i)é'& Applied Mechanices in the Royal Naval College. Greenwich. 24 Kd.
0.
COTTERILL and SLADE.—LESSONS IN APPLIED MECHANICS. By Prof.
J. H. CorrERILL and J. H. Scapr. Fcap. 8vo. 5s. 6d.
GRAHAM.—-GEOMETRY OF POSITION. By R. II. Grauam. Or. 8vo. 7s. 6d.
KENNEDY.—THE MECIIANICS OF MACHINERY. By A. B. W. KeNNEpy,
F.R.8. Illustrated. Cr. 8vo. 1s. 6d.
WHITHAM.—STEAM-ENGINE DESIGN. For the Use of Mechanical Engineers,
Students, and Draughtsmen. By J. M. WHirmas, Prof of Eng
Arkansas Industrial University. INustrated. 8vo. 25s.
YOUNG.—SIMPLE PRACTICAL METHODS OF CALCULATING STRAINS
ON GIRDERS, ARCHES, AND TRUSSES. With aS\B-mlcmentary Essay on
iﬂcono_xlny;:' Buspension iirldges. By E. W. Youne, C.E. With Diagrams.
vo, 7.

MILITARY AND NAVAL SCIENCE.

AITKEN.—THE GROWTH OF THE RECRUIT AND YOUNG SOLDIER. With
8 view to the selection of ‘“ Growing Lads” for the Army, and & Regulated
Bystem of Training for Recruits. By Sir W. AiTgen, F. iLS., Professor of
Pathology in the Army Medical School. Cr. 8vo. 8s. 6d.

-1
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ARMY PRELIMINARY EXAMINATION, 1882-1890, Specimens of Papers set at
the. With Answers to the Mathematical Questions. Subjects: Arithmetic,
Algebra, Euclid, Geometrical Drawing, Geography, French, English Dictation.

Cr. 8vo. 8s. 6d.
M.AT']I'EE!5 Wk S.—MANUAL OF LOGARITHMS. By G. F. Marrrews, B.A. 8vo.
s. ne

MAURICE.—WAR. By FrREDERICK MAURICE, Colonel C.B., R.A. 8vo. 5s. net.

MEROUR.—ELEMENTS OF THE ART OF WAR. Prepared for the use of
Cadets of the United States Military Academy. By JAMES MERCUR, Professor
of Civil Engineering at the United States Academy, West Point, New York.
2d Ed., revised and corrected. 8vo, 17s.

PALMER.—TEXT-BOOK OF PRACTICAL LOGARITHMS AND TRIGONO-
METRY. By J. H. Paumer, Head Schoolmaster, R.N., II.M.S. Cambridge,
Devonport. Gl 8vo. 4s. 6d.

ROBINSON.—TREATISE ON MARINE SURVEYING. Pm;:ared for the use of
younger Naval Officers. With Questions for Examinations and Exercises

rincipally from the Papers of the Royal Naval College. With the results.
gy Rev. Jou~ L. RopinsoN, Chaplain and Instructor in the Royal Naval
College, Greenwich, Ilustrated. Cr. 8vo. 7s. 6d.

SANDHURST MATHEMATIOAL PAPERS, for Admission into the Royal Military
College, 1881-1889. EKdited by E. J. BrooxsmiTn, B.A., Instructor in Mathe-
matics at the Royal Military Academy, Woolwich, Cr. 8vo. 8s. 6d.

SHOR'TLAND] .—NAUTICAL SURVEYING. By the late Vice-Admiral SHORTLAND,
LI.1D. 8vo. 2ls.

THOMSON.—POPUI.AR LECTURES AND ADDRESSES. By Sir WiLLiaM THOM-
soN, LL.D., P.R.S. In3vols. Illustrated. Cr.8vo. Vol. ITL. Navigation. 7s. 6.

WILKINSON.—THE BRAIN OF AN ARMY. A Popular Account of the German
General Staff, By Spenser WILKINsON. Cr. 8vo, 28, 6d.

WOLSELEY.—Works by General Viscount WorskLey, G.C.M.G.

THE SOLDIER'S POCKET-BOOK FOR FIELD SERVICE., 5th Ed., revised
and enlarged. 16mo., Roan. bs.
FIELD POCKET-BOOK FOR THE AUXILIARY FORCES. 16mo. 1s. 6d.

WOOLWICH MATHEMATICAL PAPERS, for Admission into the Royal Military
Academy, Woulwich, 1880-1888 inclusive. Edited by E. J. BRooksMITH, B.A.,
Instructor in Mathematics at the Royal Military Academy, Woolwich. Cr.

8vo. G6s.
AGRICULTURE.

FRANKLAND.—AGRICULTURAL CHEMICAL ANALYSIS, A Handbook of.
By Percy F. Franxranp, F.R.8,, Professor of Chemistry i}’niversity College,
Dundee. Founded upon Leitfaden fur die Agriculture (}’wmiclw Analyse, von
Dr. F. KrRockER. Cr. 8vo. 7s. 6d.

HARTI@G.—TEXT-BOOK OF THE DISEASES OF TREES. By Dr. Roperr
HarTIG, Translated b{laWM. SomMERVILLE, B.Sc., D.W., Professor of Agricul-
ture and Forestry, Durham College of 8cicnce, Newcastle-on-Tyne. Kdited,
with Introduction, by I'rof. H. MARsHALL WARD. 8vo. [In preparation.

LASLETT.—TIMBER AND TIMBER TREES, NATIVE AND FOREIGN. By
TAOMAS LasLErr. Cr. 8vo.  8s. 6d.

SMITH.—DISEASES OF FIELD AND) GARDEN CROPS, CHIEFLY SUCH AS
ARE CAUSED ]ng FUNGI. By WorTHINGTON G. SmiTH, F,L.S. Illustrated.
Feap. 8vo. 4s. 6d.

TANNER.—*ELEMENTARY LESSONS IN THE SCIENCE OF AGRICUL.TURATL
PRACTICE. By HrNRY Tanner, F.C.S., M.R.A.C., Examiner in the Prin-
ciples of Agriculture under the Government Department of Science. ¥eap.

8vo. 8s. 6d.
*FIRST PRINCIPLES OF AGRICULTURE. By the same. 18mo. 1s.
THE PRINCIPLES OF AGRICULTURE. By the same. A Serics of Reading
Books for use in Elementary Schools. Ex. feap. 8vo,
*I. The Alphabet of the Principles of Agriculture. 6d.
#II. Further Steps in the Prineiples of Agriculture. 1s.
*III. Elementary School Readings on the Principles of Agriculture for the
third stage. 1s.
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WARD.—-TTMBER AND SOME OF ITS DISEASES. By H. MARsHALL WARD,
M.A, F.L.8, F.R.8, Fellow of Christ's College, Cambridge, Professor of
?otn.ny .('!tr tlsle Royéll Indian Engineering College, Cooper’s ITill.  With I1lustra-

ions. . 8vo. 68,

DOMESTIC ECONOMY.

*BARKER.—FIRST LESSONS IN THE PRINCIPLES OF COOKING. By Lapy
BARKER. 18mo. 1Is.

*BERNERS.—FIRST ILESSONS ON HEALTH. By J. BERNERS. 18mo. 1ls.

*COOKERY BOOK.—THE MIDDLE CLASS COOKERY BOOK. Edited by the
Manchester School of Domestic Cookery. Feap. 8vo. 1s. 6d.

CRAVEN.—A GUIDE TO DISTRICT NURSKES. By Mrs. DACRE CRAVEN (née
FrLorENcE SARAH LEES), Hon. Associate of the Order of St. John of Jerusalem,
etc. Cr. 8vo. 2s. 6d.

FREDERICK.—HINTS TO HOUSEWIVES ON SEVERAL POINTS, PAR-
TICULARLY ON THE PREPARATION OF ECONOMICAL AND TASTEFUL
DISHES. By Mrs. FREDERICK. Cr. 8vo. 1s.

*GRAND’HOMME.—CUTTING-OUT AND DRESSMAKING. From the French of
Madlle. E. GRAND'HOMME. With Diagrams. 1Smo. 1s.

JEX-BLAKE.—THE OARE OF INFANTS. A Maunal for Mothers and Nurses,
By Sormia Jex-Braxg, M.D., Lecturer on Hygicne at the London School of
Medicine for Women, 18mo. 1s.

RATHBONE.—THE HISTORY AND PROGRESS OF DISTRICT NURSING
FROM ITS COMMENCEMENT IN THE YEAR 1859 TO THE PRESENT
DATE, including the foundation by the Queen of the Queen Vietoria Jubilce
Institute for Nursing the Poor in their own Homes. By WiLLiAM RATHBONE,
M.P. Cr. 8vo, 2s. 6d.

*TEGETMEIER.—HOUSEHOLD MANAGEMENT AND COOKERY. With an
Appendix of Recipes used by the Teachers of the National School of Cookery.
By W. B. TraerMeier. Compiled at the request of the School Board for
London. 18mo. 1s.

*WRIGHT. -THE SCHOOI. COOKERY-BOOK. Compiled and Edited Ly C. E.
Gururie Wricur, Hon. Sce. to the Edinburgh 8chool of Cookery. 18mo, 1s.

BOOK-KEEPING.

*THORNTON.—FIRST LESSONS IN BOOK-KEEPING. By J. THORNTON.
Cr. 8vo. 2s. 64, KEY. Obhlong 4to. 10s. 6d.

*PRIMER OF BOOK-KEEPING. By the same. 18mo. 1ls.

KKEY. 8vo. 2s. 6d.

COMMERCE.

MACMILLAN’S ELEMENTARY COMMERCIAL CLASS BOOKS. Edited by
JaMFs Gow, Litt.D., Iicadmaster of Nottingham School. Globe 8vo.
The following volumes are arranged for :—
*THE HISTORY OF COMMERCE IN KUROPE. By II. ne B. Qmnbins, M. A,
88. 6d. [Ready.
COMMERCIAL GERMAN. By F. C. 8mith, B.A., formerly scholar of Magda-
lene College, Cambridge. [In the Press.
COMMERCIAL GEOGRAPHY. By E. C. K. GoNNER, M.A,, Professor of Poli-
tical Economy in University College, Liverpool. [In preparation.
COMMERCIAL FRENCH.
COMMERCIAL ARITHMETIC. By A. W. SUNDERLAND, M. A., late Scholar of
Trinity College, Cambridge ; Fellow of the Institute of Actnarios.  [In prep.
COMMERCIAL LAW. By J. E. C. Munro, LL.D., Professor of Taw and
Political Economy in the Owens College, Manchester.
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GEOGRAPHY.
(Seo also PHYSICAL GEOGRAPHY.)

BARTHOLOMEW.—*THE ELEMENTARY SCHOOIL ATI.AS. By Jomx Bagr-
THoLoMEW, F.R.G.8. 4to. 1s.

*MACMILLAN’S 8CIHOOL ATLAS, PHYSICAL AND POLITICAL. Cousisting
of 80 Maps and complete Index. By the same. Prepared for tho use of
Senior Pupils. Royal 4to. 8s. 6d. Half-morocco. 10s. 6d.

THE LIBRARY REFERENCE ATLAS OF THE WORLD. By the same.
A Complete Series of 84 Modern Maps. With Geographical Index to 100,000
places. Half-morocro. Gilt edges. Folio. £2:12:6 net. Also issued in
parts, 58. each net. Geographical Index, 7s. 6d. net, Part I., April 1891,

*CLARKE.—CLASS-BOOK OF GEOGRAPHY. By O. B. CLARKE, F.R.8. New
Ed., revised 1889, with 18 Maps. Teap. 8vo. 8s. Sewed, 2s. 6d.

GEIKIE.—Works by 8ir ArcniBaLp GEeikig, F.R.8,, Director-General of the Geo-
logical Survey of the United Kingdom.

*THE TEACHING OF GEOGRAPHY. A Practical Handbook for the use of
Teachers. Cr. 8vo. 2s.

*GEOGRAPHY OF THE BRITISII ISLLES. 18mo. ls.

*GREEN.—A SIIORT GEOGRAPHY OF TOE BRITISIT ISLANDS. By Jonn
RicHARD GREEN and A. 8. GreeN.  With Maps. Feap. 8vo. 3s. 6d.

*GROVE.—A I'RIMER OF GHOGRAPHY. By Sir Georce Grove, D.C.L.
Nlustrated. 18mo. 1s.

K.[BPBR-sT.—Ig MANUAL OF ANCIENT GEOGRAPHY. By Dr. H. Kiverrt,
Cr. 8vo. 5s.

MAOMILLAN'’S GEOGRAPHICAL SERIES.-- Edited by Sir ARcHIBALD GEIKIF,
F.R.8., Director-General of the Geological Survey of the United Kingdom.

*THE TEACHING OF GEOGRAPHY. A Practical Handbook for the Use of
Teachers. By 8ir ArcAIBALD GEIKIE, F.R.8. Cr. 8vo. 2s.

*MAPS AND MAP-DRAWING. By W. A. ELDERTON. 18mo, Is.

*GEOGRAPHY OF THE BRITISH ISLES. By Sir A. GErxig, F.R.S. 18mo. 1s.

“AN ELEMENTARY CLASS-BOOK OF GENERAL GEOGRAPIIY. By IL .
MiLt, D.Sc., Lecturer on Physiography and on Commercial Geography in
the Heriot-Watt College, Bdinburgh., [llustrated. Cr. Svo. 3s. éd.

*GEOGRAPLIY OF EUROPE. ByJ. SiMe, M.A. Tllustrated. Gl 8vo. 8.

*EL.LAMENTARY GEOGRAPHY OF INDIA, BURMA, AND CEYLON. By Il
F. BLanronrn, F.G.S, G 8vo. 21, 6d.

GEOGRAPHY OF NORTH AMERICA. By Prof. N. 8. Suart:r. [In preparation.

GEOGRAPHY OF THE BRITISH COLONIES. By G. M. DawsoN and A.
SUTHERLAND. [In the Press.

STRACHEY.-LECTURES ON GEOGRAPHY. By Gencrul RICHARD STRACHEY,
R.KE. Cr. 8vo. 4s. 6d.

'TOZBR.—J} PRIMER Ol CLASSICAL GEOGRAPIIY. By H. F, Tozrr, M.A

18mo. 1s.

HISTORY.

ARNOLD.—THE SECOND PUNIC WAR. Reing Chapters from THE IIISTORY
OF ROME, by the late THomMAs ARNoLD, D.D., Headmaster of Rugby. Edited,
with Notes, by W. T. ArNor.p, MLA. With 8 Maps. Cr. 8vo. 54,

ARNOLD.— A HISTORY OF TIE EARLY ROMAN EMPIRE. By W. T.
ArNoLD, M.A. Cr. 8vo. [In preparation.

*BEESLY.—STORIES FROM THE ITISTORY OF ROME. By Mrs. BresLy.
Feap. 8vo. 2s. 6d.

BRYCE.—Works by JAmMrs Brycg, M.P., D.C.L., Regius Professor of Civil Law
in the University of Oxford.
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THE HOLY ROMAN EMPIRE. 9th Ed. Cr. 8vo. 7s.6d.
Also 8 Library kdition. Demy 8vo. 14s.

THE AMERIGAN COMMONWEALTH. 2 vols. Ex. cr. 8vo, 25s. Part I.
The National Government. Part II. The State Governments. Part IIL.
The Party Systern. Part IV. Public Opinion. Part V. Illustrations and
Reﬂections Pnrt VI. Bocial Institutions,

*BUCKLEY.—A HISTORY OF ENGLAND FOR BEGINNERS. By ARABELLA
B. BuckLey. With Maps and Tables. Gl. 8vo. 8s.

BURY.—A HISTORY OF THE LATER ROMAN EMPIRE FROM ARCADIUS
TO IRENE, A.p. 305-800. By Jonn B. Bury, M.A., Fellow of Trinity College,
Dublin, 2 vols. 8vo. 32s.

CASSEL.—MANUAL OF JEWISH HISTORY AND LITERATURE By Dr. D.
CasseL. Translated by Mrs. HeNry Lucas. Feap. 8vo. 2s. 6d

ENGLISH STATESMEN, TWELVE. Cr. 8vo. 2s. 6d. each.

WILLIAM THE thqumn. By EpwaRD A. FReEEMaN, D.C.L., LL.D.

ITeNry I1. By Mrs. J. R. GREEN.

Epwarp I. By F. York PoweLw, [In preparation.

HeNrY VII, By JAMES GAIRDNER.

CArDINAL Woisey. By Bishop CREIGHTON.

Fuizasetn, By E. 8. BEEsLY. (In preparation.

OLIVER CROMWELL. By FREDERIC HARRISON,

Wiruiam III. By H. D, TRAILL.

WarrorLr. By Jonn MoORLEY.

Owatnam. By Joun MoRLEY. . [Tn preparation.

Prrr. By Jonn MorLEY, [In preparatron.

T'ren. By J. R. TAURSFIELD.

PIS%E.—Wo:ks by Jorn Kiskr, formerly Leclurer on Philosophy at Harvard

niversi

TI{E GRITICAL PERIOD IN AMERICAN HISTORY, 1783-1789. Ex. cr.

s, 6d.
THE BEGINNINGS OF NEW ENGLAND; or, The Puritan Theoeracy in its
Rolations to Civil and Religious Liberty. Cr. 8vo. 7s. 6d.
THE AMERICAN REVOLUTION. 2vols. Cr. 8vo. 18s.
FREEMAN.—Works by EpwarDp A, FREEMAN, D.C.L., Regius Professor of Modern
History in the University of Oxford, etc.
*OL.D ENGLISH HISTORY. With Maps. Ex. fcap. §vo. 6s.
A SCIIOOL HISTORY OF ROME. Cr. 8vo. [n preparation.
METHODS OF HISTORICAL STUDY. 8vo. 10s. 6d.
THE CHIEF PERIODS OF EUROPEAN HISTORY. Six Lectures, With an
Essay on Greek Cities under Roman Rule. 8vo. 10s. 6d.
11ISTORICAL ESSAYS. First Series. 4th Ed. 8vo. 10s. 6d.
HISTOGI;IOAL ESSAYS. Second Series. 3d Ed., with additional Kssays. 8vo.

10s. 6d.

HISTORICAL ESSAYS. Third Series. 8vo. 12s,

THE GROW'I'FI OF THE ENGLISH CONSTITUTION FROM THE EARLTEST
TIMES, 4th Ed. Or. 8voa. 5s.

“GENERA;': B&ETOH OF EUROPEAN HISTORY. Enlarged, with Maps, ele.
18mo.  8s. 6d.

*PRIMER OF EUROPEAN HISTORY. 18mo. 1s. (History Primers.)

FRIEDMANN.—ANNE BOLEYN. A Chapterof English History, 1527-1536. By
PAUL FRIEDMANN. 2 vols. 8vo. 284,

*GIBBINS.—THE HISTORY OF COMMERCE IN EUROPE. By L. de B.
GiBBINg, M.A. With Maps. Globe 8vo. 8s. 6d.

GREEN.—Works by Joan Ricmawp GREEN, LL.D., late Honorary Fellow of
Jesus College, Oxford.

*A SHORT BTOBY OF THE ENGLISH PEOPLE. New and Revised Ed.
With Maps, Genealogical Tables, and Clironological Annals. Cr. 8vo. 8s. 6d.
169th Thousand.

*Also the same in Four Parts, With the correspondmg portion of Mr. Tait's
“ Apalysis.” Crown 8vo. 3s. each. Part I. 607-1265. FPart 11. 1204-1658.
Part IT1. 1540-1689 Part 1V. 1660-1873,



HISTORY 49

NISTORY OF THE ENGLISH PEOPLE. In four vols. 8vo. 16s. each.
Vol. 1.—Early Eng!:rnd, 449-1071; Foreign Kings, 1071-1214; The Charter,
1214-1201 ; ‘The Parliament, 1807-1461. With 8 Maps.
Vol. 1I.—The Monarchy, 1461~1540 ; The Reformation, 1540-1603,
Vol. LII.—Puritan England, 1603-1660 ; The Revolution, 1660-168s. With four

Maps.
Vol gv.—The Revolution, 1688-1760; Modern England, 1760-1815. With
Maps and Index.
THE MAKING OF ENGLAND. With Maps. 8vo. 16s.
THE CONQUEST OF ENGLAND. With Maps and Portrait. 8vo. 18s.
*ANALYSIS OF ENGLISH HISTORY, based on Green’s * Short Iistory of the
English People.” By C. W. A. Tait, M. A,, Assistant Master at Cliflon College.
Revised and KEnlarged €d. Crown 8vo. 4s. 6d.
*READINGS FROM ENGLISO HISTORY. Sclected and Edited by Joun
RicRARD GREEN. Three Parts. @Gl 8vo. 1s. 6d. each., I Ilengist to Cressy.
IL Cressy to Cromwell. IIL. Cromwell to Balauklava.
GUEST.—LECTURES ON THE HISTORY OF ENGLAND. By M. J. Gursr.
With Maps. Cr. 8vo. 6s.
*HISTORICAL COURSE FOR SCHOOLS.—Edited by E. A. FREEMAN, D.C.L.,
Regius Professor of Modern History in the University of Oxford. 18mo.
GENERAL SKETCH OF EUROPEAN HISTORY. By E. A. FREEMAN,

D.C.L. New Ed., revised and enlarged. With Chronological Table, Maps, and
Index, 8s. 6d.

HISTORY OF ENGLAND. By EpitH TnompsoN. New Ed., revised and
enlarged. With Colourcd Maps. 2s. 6d.

HISTORY OF SCOTLAND. By MARGARET MACARTHUR. 25.

NISTORY OF ITALY. By Rev. W. Hunt, M,A. Ncw Ed. With Colourcd
Maps. 3s. 6d.

ITISTORY Ol' GERMANY. By J.'SiME, M.A. New Kd., revised. 3s,

HISTORY OF AMERICA. By Jonx A. Doyre, With Maps, 4s, 6.

HISTg)dRY OF KUROPEAN COLONIES. By E. J. PAYNE, M.A. With Maps.
4s. 6d.

HISTORY OF FRANCE. By CnarLorri M. YoNar, With Maps.  3s. 6d.

HISTORY OF GREECE. By EpwarDp A. I'reeman, D.C.L.  [In preparation.

HISTORY OF ROME. By Epwarp A. FREEMAN, 1).C.L. [In prepuration.

*HISTORY PRIMERS.—Edited by JonN RicmARD GrEEN, LILD. 18mo. 1s.each.
ROME. By Bishop CREIGUTON. Maps.
Gl;lEECE. By C. A. Fyrvr, M.A,, late Fellow of University College, Oxford.
aps,

EUR{)PE. By E. A. Freeman, D.C.1L.  Maps.

FRANCE. By CuarrorTE M. YONGE.

GREEK ANTIQUITIES, By Rev. J. P. Maitarry, D.D. THustrated.

CLASSICAT, GEOGRAPHY. By H. F. Tozer, M.A.

GEOGRAPHY. By Sir G. Grovg, D.C.L. Mapy,

ROMAN ANTIQUITIES. By Prof. WiLking, Litt.D. Illustrated.

ANALYSIS OF ENGLISH HISTORY. By Prof, T. F. Tour, M.A.
INDIAN HISTORY : ASIATIC AND EUROPEAN. By J. TALeoys WHEELER.
HOLE.—A GENEALOGICAL STEMMA OF THE KINGS OF ENGLAND AND
KFRANCE. By Rev. C. Hore. On Sheet. 1s.
JENNINGS.—CHRONOLOGICAL TABLES. A synchronistic arrangement of
the events of Aucient History (with an Index). By Rev. Anrrmon C
JENNINGS. 8vo, Bs.
LABBERTON.—NEW HISTORICAL ATLAS AND GENERAT. TIISTORY. By
R. H. LABBERTON. 4to. New Ed., revised and enlarged, 151,
LETHBRIDGE.—A SHORT MANUAIL OF THE HISTORY OF INDIA. With
an Account of INDIA As 1T 18. 'T'he S8oil, Chimate, and Productions; the
Pcople, their Races, Rcligions. Public Works, and Industries; the Civil
Scrvices, and System of Administration. By Sir RoreEr LE1ubribug, Fellow
of the Calcutta University. With Maps. Cr. 8vo. bs.

D
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MAHAFFY.—GREEK LIFE AND THOUGHT FROM THE AGE OF ALEX.
ANDER TO THE ROMAN CONQUEST. By Rev. J. P. Mauarry, D.D.,
Fellow of Trinity College, Dublin. Cr. 8vo. s. 6d.

THE GREEK WORLD UNDER ROMAN BWAY. From Plutarch to Polybius.
By the same Author. Cr. 8vo. 10s. 6d.

MARRIOTT.—THE MAKERS OF MODERN ITALY: MazziNi, CAVOUR, GARI-
BALDL Three Lectures. By J. A. R. MArriorr, M.A, Lectu.rer in Modern
History and Political Economy, Oxford. Cr. 8vo. 1s. Gd.

MICHELET.—A SUMMARY OF MODERN HISTORY. By M. Michelet. Trans-
lated by M. C. M. BimpsoN. Q). 8vo. 48. 6d.

NORGATE.—ENGLAND UNDER THE ANGEVIN KINGS. By KaTE NoRaATE,
With Maps and Plans. 2 vols. 8vo. 82s.

OTTE.—SCANDINAVIAN HISTORY. By E.C. Orrf. With Maps, ! Jvo. s.

SEELEY.—Works by J. R. Beerey, M.A., Regius Professor of Modern History in
the University of Cambridge.

THE EXPANSION OF ENGLAND. Crown 8vo, 4s. 6d.

OUR COILONIAL EXPANSION. Extractsfromtheabove. Cr.8vo. Sewed. 1s.

*TAIT, —ANALYSIS OF ENGLISH MISTORY, based on Green's * Short
History of the English People.” By C. W. Al Tarr, M.A., Assistant Master
at Clifton. Revised and Enlarged Id. Cr. 8vo, 4s. 6d.

WHEELER.—Works by J. TaLroys WHEELFR.

*A PRIMER OF INDIAN HISTORY. Asialicand European. 18mo. Is.

*COLLEGE HISTORY OF INDIA, ASIATIC AND EUROPEAN. With Maps.
Cr. 8vo. 81.; sewed, 21, 6d.

A SH()R’I‘ TIISTORY OF INDIA AND OF THE FRONTIER STATES OF
AFGHANISTAN, NEPAUL, AND BURMA. With Maps. Cr, 8vo. 1%s,

YONGE.—Works by CIIARLO'I"I'B M. YONGE.

CAMEOS FROM ENGLISH IIISTORY. Ex. feap. 8vo. 5s. each. (1)
FROM ROLIO TO EDWARD IIL (2) THE WARS IN FRANCE. (3)
THE WARS OF THE ROSES. (4) REFORMATION TIMES. (5) ENG-
LLAND AND SPAIN. (6) FORTY YEARS OF STUART RULE (1603-1643).
(7) REBELLION AND RESTORATION (1642-1678).

EUROPEAN HISTORY. Narrated in a Series of Historical SBelections from the
Best Authoritics. Kdited and arranged by E. M. SkweLL and C. M. YonaGk,
Cr, 8vo. First Series, 1003-1164. 615, Becond Series, 1088-1228, 6s.

THE VICTORIAN HALF CENTURY—A JUBILEE BOOK. With a New
Portrait of the Queen. Cr. 8vo. Paper covers, 1s. Cloth, 1s. 6d.

ART.

*ANDERSON.—LINEAR PERSPECTIVE AND MODEL DRAWING. A School
and Art Class Manual, with Questions and Exercises for Ixamination, and
Exmnples of Examination Papers. DBy LAURENCE ANDERSoN. Illustrated,

8vo.
COLLIER. —A PRIMER OF AR1T. By the ITon. JunnN CoLLikr. 1llustrated.
1Smo. 1s.

COOK.—THOE NATIONAL GALLERY, A POPULAR HANDBOOK TO. By
Epwarp T. Coox, with a preface f)y JouN Ruskin, LL.D., and Seleclions
from his Writings. 8d Ed. Cr. 8vo. Half-morocco, 4s.

*.* Also an Edition on lnrge paper, limited to 250 copies. 2 vols. 8vo.

DELAMOTTB —A BEGINNER'S DRAWING BOOK, By P. H. DerAmorrs,
F.S.A. Progressively arranged. New Ed., improved. Cr. 8vo. 3s. 6d.

ELLIS.—SKETCHING FROM NATURE. A Handbook for Students and
Amateurs. By TRristram J. ELuis. Illustrated by H. S8racv Marks, R.A.,
and the Author. New Ed., revised and enlarged. Cr. 8vo. 8s. 6d.

GROVE.—A DICTIONARY OF MUSIC AND MUSICIANS. A.D. 1450-1889.
Edited by Sir Groree GROVE, D.C.L. In four vols. 8vo. Price 21s. each.
Also in Parts.

Parts 1.-X1V., Parts XIX.~XXTII., 84. 6d. each. Parts XV, XVI, 7s.
Parts XVIL, XVIII 7. Parts XXIIL-XXV. (Appendix), 9s.
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A7CO£PI.ETE INDEX TO THE ABOVE. By Mrs. K. Wopgnousr. 8vo.

5. 0d.

HUNT.—TALKS ABOUT ART. By WiLuam Iont. With a Letter from Sir J.
E. Miiuals, Bart.,, R.A. Cr. 8vo. 3s. 6d.

MELDOLA.—THE CHEMISTRY OF PHOTOGRAPHY. By RAPHAEL MFELDOTLA,
F.R.8., Professor of Chemistry in the Techunical Qollege, Finsbury. Cr. 8vo. 6s.

TAYLOR.—A PRIMER OF PIANOFORTE-PLAYING. By FRANKLIN TAYLOR.
Edited by Sir GEOrRGE GROVE. 1Smo. 1s.

AYLOR.—A SYSTEM OF SIGHT-SINGING FROM THE ESTABLISHED
MUSICAL NOTATION ; based on the Principle of Tonic Relation, and 1llus-
gmtcd by Extracts from the Works of the Great Masters. By SepLeY TavvLok.

vo. 5. net.
megrzsi;—oun SKETCHING CLUB. Tectters and Studies on Landscape
Art] By Rev. R, 8t. Joun Tyrwurrr. With an authorised Reproduction
of the Léssons and Woodcuts in Prof. Ruskin's * Elements of Drawmng.” 5th
Ed. Cr. 8vo. 7s. 6d,

DIVYINITY.

ABBOTT.—BIBLE LLESSONS. By Rev. EpwiN A. Assorr, D.D. Cr. 8vo. 4s, 6d.

ABBOTT—RUSHBROOKE.—THE COMMON TRADITION OF 'THE SYNOPTIC
GOSPELS, in the Text of the Revised Version. By Rev. EpwiN A, ABBOTT,
D.D., and W. G. Rusasroonk, M.L. Cr. 8vo. 3s. 6éd.

ARNOLD.—Works by MATTHEW ARNOLD,

A BIBLE-READING FOR SCHOOLS,—TTIK GREAT PROPHECY OF
ISRAEI'S RENTORATION (Isaislh, Chapters xl-Ixvi.) Arranged and
Kdited for Young learners. 18mo. 1s,

I1SATAH XI.-TLXVI. With the S8norter Prophecies allied to it. Arranged and
Edited, with Notes, Cr. 8vo. bs.

ISAIAH OF JERUSALEM, IN THE AUTIHIORISED ENGLISIT VERSION.
With Introduction, Corrections and Notes. Or. 8vo.  4s. 6d.

BENHAM.—A COMPANION TO THE LECTIONARY. Beinga Commentary on
the Proper Lessons for Sundays and Holy Days. By Rev. W. Benmas, B.D
Cr. 8vo. 4s. 6d.

CASSEL.—MANUAL OF JEWISH HISTORY AND LITERATURE ; preceded hy
a BRIEF SUMMARY OF BIBLE HISTORY. By Dr. D, Cassti. Translated
by Mrs. II. Lucas. Feap. 8vo.  2s. 6d.

CHURCH.—STORIES FROM TIE BIBLE. By Rev. A. J. Cuvren, MLA.  1lHus.
trated. Cr. Svo., Ss,

*CROSS.—BIBLE READINGS SELECTED FROM THE PENTATKUCGIH AND
THE BOOK OF JOSHUA. By Rev. JouN A. Cross. 2d Kd., enlarged,
with Notes. @Gl 8vo. 2s. 6d.

DRUMMOND.—INTRODUCTION TO THE STUDY OF THEOLOGY. By
JaMes DrRusmoND, LILD., Professor of Theology in Manchester New College,
London, Cr. 8vo b5s.

FARRAR.—Works by the Vencrable Archdeacon I'. W. Farrar, D.D., F.R.S,,
Archdeacon and Canon of Westininater,

THE HISTORY OF INTERPRETATION, Bampton Lectures, 1885, Svo, 16s.

THE MESSAGES OF TIIE BOOKS. Being Discourses and Notes on the Boohs
of the New Testament. 8vo. 1ds.

*GASKOIN.—THE CHILDREN'S TREASURY OF BIBLE STORTES. 13y Mrs.
HrRMAN GaskoIN. Kdited with Preface by Rev. G. F. Macrrar, D.D.
18mo, 1s. each. Part I.—OLp Trsramenr Hisrory. Part IL—New Tesra-
MENT. Part IIL.—1'nE Arosries: Sr. JAMES THE GREAT, St. PAUL, AND ST,
JouN TRE DIVINE.

GOLDEN TREASURY PSALTER. —Students’ Edition. Being an Kdition of “The
I’sa}:]ls chronologieally arranged, by Four Friends,” with briefer Notes. 18mo.
3s. Gd,
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GREEK TESTAMENT.—Edited, with Introduction and Appendices, by Bishop
Wxs'reo'rr and Dr. I, J. A, Tlorr. Two Vols. Cr.8vo. 10s. 6d. ench. Vol.
e Text. Vol, II, Introduction and Apt%endlx.
BOHOOL EDITION OF TEXT. 12mo. Cloth, 4s. 6d.; Roan, red edges, 5s. 6d.
18mo, Morocco, gilt edges, 6s. 6d.

*GREEK TES’I.‘AMENT SCHOOL READINGS IN THE. Being the outline of
the life of our Lord, as given by 8t. Mark, with additions from the Text of the
other Evangelists, Arranged and deted with Notes and Vocabulary, by
Rev. A. CaLvert, M.A. Fcap. 8vo. 2s. 6d.

*THE GOSPEL ACCORDING TO ST. MATTHEW. Be:og the Greek Text as
revmed b, Biahop Wmcorr and Dr. Horr. With Introduction and Notes by
Rev. A., Headmaster of Birkenhead School. Feap, 8vo. 2s. 6d.

THE GOSPEL ALCORD!NG TO ST. MARK. Being the Greck Text as revised
by Bishop WesTcorT and Dr. Horr. With Introduction and Notes by Rev. J.
0. . MURRAY, M.A., Lecturer at Emmanuel College, Clmbrldgs. Fup Bvo

*THE GOSPEL ACCORDING TO ST. LUKE. Being the Greek Texﬁs revlsed
by Bishop Wesrcorr and Dr. I.Ion'r With Introduction and Notes by Rev.
JorN BonD, M.A. Feap. 8 6d. .

*THE ACTS OF THE APOB’ILES Bemg the Greek Text as revised by Bishop
‘WesrcotT and Dr. Horr, With Explapatory Notes by T. E. I'aar, M.A.,
Assistant Master at the Charterhouse. Fecap. 8vo. 8s. 6d.

GWATEKIN.—CHHURCH HISTORY TO THE BEGINNING OF THE MIDDLE
AGES. By II. M. Gwarkin, M.A. 8vo. [In preparation.

HARDWIOK.—Works by Archdeacon HARDWICK.

A OISTORY OF THE COHRISTIAN CHURCH. Middle Age. From Gregory
the Great to the Excommunication of Luther. Kdited by W. Srusss, D.D.,
Bishop of Oxford, With 4 Maps, Cr. 8vo. 10s.

A HISTORY OF THE CHRISTIAN CHURGH DURING I‘EE REFORMA-
TION. 9th Ed. Edited by Bishop StuBps. Cr. 8vo. 10s. 6d.

HOOLE.—THE CLASSICAL ELEMENT IN THE NEW TFSTAM]'.NT Considered
as a proof of its Gennineness, with an Appendix on the Oldest Authorities used
in the Formation of the Canon. By CrarLEs H. HooLg, M.A,, Student of Christ
Chureh, Oxford. 8vo. 10s. 6d.

ENNINGS and LOWE.—THE PSATMS, WITH INTRODUCTIONS AND
CRITICAL NOTES. By A, C. Jmmmos M.A. ; asgisted in parts by W. 1I
Lowe, M.A. In2vols. 2d Kd., revised, Cr. $vo. 10s. 6d. each.

KIRKPATRICK.—THE MINOR PROPUETS. Warburtonian Lectures. By
Rev, Prof. KIRKPATRICK. [In preparation.

THE DIVINE LIBRARY OF THE OLD TESTAMENT. By the same, [In prep.

KUENEN.—PENTATEUCH AND BOOK OF JOSHUA: An Historico-Critical
Inquiry into the Origin and Composition of the Hexateuch. By A. KUENEN.
Translated by P. H, WicksTEED, M.A. 8vo, 14s.

LIG%TF}?OT .—Works by the Rigbt. Rev. J. B. Licarroot, D.D., late Bishop of

urham, -

ST. PAUL'S EPISTLE TO THE GALATIANS. A Revised Text, with Introduc-
tion, Notes, and Dissertations. 10th Ed., revised. 8vo. 12s.

ST. PAUL'S EPISTLE TO THE I’I-IILIPPIANS A Revised Text, with Intro-
duction, Notes, and Dissertations, 9th Ed., revised. 8vo. 12s.

ST. PAUL'S EPISTLES TO THE COLOSSIANS AND TO PHILEMON. A
Rensedz;l‘oxt with Introductions, Notes, and Disgertations. 8th Ed., revised.
8vo. .

THE APOSTOLIC FATHERS, Part I. 8T. CLEMENT OF ROME. A Revised
Totb. with Introductions, Notes, Dissertations, and Translations. 2vols. 8vo.

THE APOSTOLIC FATHERS. Part II. S8T. IGNATIUS—ST, POLYCARP.
Revised Texts, with lntroductlons, Notes, Dissertations, and Translations.
2d Ed, 8 vols. 8vo.

THE APOSTOLIC FA'I‘}IERS Abridged Edition. With short Introductions,
Greek Text, and English Translation. 8vo. 16s.

ESSAYS ON THE WORK ENTITLED “SUPKRNATURAL RELIGION.”
(Reprinted from the Contemporary Review.) 8vo. 10s. 6d.
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MACLEAR.—Works by the Rev. G. F. MACLEAR, D.D., Warden of St. Augustinc's
College, Canterbury.
ELEMENTARY THEOLOGICAL CLASS-BOOKS.
*A SHILLING BOOK OF OLD TESTAMENT HISTORY. With Map. 18mo.
*A SHILLING BOOK OF NEW TESTAMENT HISTORY. With Map. 18mo.
‘These works have been carefully abridged from the Author's large manuals.
*A CLASS-BOOK OF OLD TESTAMENT HISTORY. Maps. 18mo. 4s. 6d.
*A CLASS-BOOK OF NEW TESTAMENT HISTORY, including the Connection
of the Old and New Testaments. With maps. 18mo. 58, 6d.
AN INTRODUCTION TO THE THIRTY-NINE ARTICLES. [In the Press.
*AN INTRODUCTION TO THE CREEDS. 18mo, 2s. 6d.
*A gLASS-IBOgdl'( OF THE CATECIISM OF THE CHURCH OF ENGLAND.
mo. 1s.
*A FIRST CLASS-BOOK OF THE CATECHISM OF THE CHURCH OF
ENGLAND. With Scripture Proofs. 18mo. 6d.
*A MANUAL OF INSTRUCTION FOR CONFIRMATION AND FIRST COM-
MUNION. WITH PRAYERS AND DEVOTIONS. 32mo. 2s.

MAURICE.—TLIE LORD'S PRAYKER, THE CREED, AND THE COMMAND-
MENTS. To which is alded the Order of the éctlptures. By Rev. F. D.
MAURICE, M.A. 1Smo. 1ls.

THE PENTATEUCH AND BOOK OF JOSHUA: An Historico-Critical Inquiry
into the Origin and Composition of the Hexateuch. By A, KueNEN, Professor
of Theology at Leiden. Translated by P. Il. WIcksTEED, M.A. 8vo. 148,

PROCTER.—A HISTORY OF THE BOOK OF COMMON PRAYER, with a Ration-
ale of its Offices. By Rev. F. Proorer. 18th Ed. OCr. 8vo. 10s. 6d.

*PROOTER and MACLEAR.—AN ELEMENTARY INTRODUCTION TO THE
BOOK OF COMMON PRAYER. Rearranged and supplemented by an Kx-
planation of the Morning and Evening Prayer and the Litany. By Rev. F.
ProcTER and Rev. Dr. MacLear., New Edition, containing the Communion
Service and the Confirmation and Baptismal Offices. 18mo. 2s. 0d.

THE PSALMS, CHRONOLOGICALLY ARRANGED. By Four Fricnds. New
Ed. Cr. 8vo. b5s. net.

THE PSAL WITH INTRODUOTIONS AND CRITICAL NOTES. By A. C.
JENNINGS, M. A., Jesus College, Cambridge ; assisted in parts by W. . Lowe,
M.A., Hebrew Lecturer at Christ's College, Cambridge. In 2 vols, 2d Ed.,
revised. Or. 8vo. 10s. 6d. each.

RYLE.—AN INTRODUCTION TO THE CANON OF THHE OLD TESTAMENT.
By Rev. H. E. RyLE, M. A., Hulsean Professor of Divinity in ithe University of
Cumbridge. Cr. 8vo. [In preparation.

SIMPSON.—AN EPITOME OF THE HISTORY OF THE CHRISTIAN CHURCH
DURING THE FIRST THREE CENTURIES, AND OF THE REFORMATION
IN ENGLAND. By Rev. WirLiam Siupson, M.A. 7th Ed. Fcap. 8vo, 8s. 6d.

ST. JAMES’ EPISTLE.—The Greek Text, with Introduction and Notes. By Rev.
Josura Mavonr, M. A, Professor of Moral Philosophy in King's College, London,
8vo. [In the Press.

ST. JOHN’S EPISTLES.—The Greek Text, with Notes and Essays. By Right Rev.
B. F. Westcort, D.D., Bishop of Durham. 24 Ed., revised. 8vo. 128, 6d.

ST. PAUL’S EPISTLES.—THE EPISTLE TO THE ROMANS. Edited by the
Very Rev. C. J. Vauanax, D.D., Dean of Llanduff. 5th Ed. Cr. 8vo. 7s. 6d.

THE TWO EPISTLES TO THE CORINTIIIANS, A COMMENTARY ON. By
the late Rev. W. KAy, D.D., Reclor of Great Leghs, Essex. 8vo. 9s,

THE EPISTLE TO THE GALATIANS. Edited by the Right Rev. J. B.
Licartroor, D.D. 10th Ed. 8vo. 12s.

THE EPISTLE TO THE PHILIPPIANS. By the Same Editor. 9th Ed. 8vo. 12s.

THE EPISTLE TO THE PHILIPPIANS, with Translation, Paraphrase, and

*  Notes for English Readers. By the Very Rev. C. J, VAuGHAN, D.D. Cr. 8vo. bs,

THE EPISTLE 70 THE COLOSSIANS AND TO PHILEMON. By the Right

Rev. J. B. Ligutroor, D.D. 8th Ed. 8vo. 12s,
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THE EPISTLES TO THE EPHESIANS, THE COLOSSIANS, AND PHILE-
MON ; with Introductions and Notes, and an Essay on the 'fraces of Forecign
Elements in the Theology of these Epistl By Rev. J. LLEWELYN DAvIEs,
M.A. 8vo. 7s. 6d,

THE EPISTLE TO THE THESSALONIANS, COMMENTARY ON THE GREKK
TEXT. By JomN Eanig, D.D. Edited by Rev. W. Youna, M. A., with Preface
by Prof. CAIrRNs. 8vo. 12s.

THE EPISTLE TO THE HEBREWS.—In Greek and English. With Critical and
Explanatory Notes. ldited by Rev. F. RenpaLL, M.A. Cr. 8vo. .

TUE EL:ITGLIISI{ TEXT, WITH COMMENTARY. By the same Editor. Or.
8vo. Ts. 6d. .

THE GREEK TEXT. With Notes by C. J. VavauaN, D.D., Dean of Llandafl.
Cr. 8vo. 7s. 6d.

THE GREEK TEXT. With Notes and Essays by the Right Rev. Bishop
‘Wesrcorr, D.D. 8vo. 14s.

VAUGHAN.—THE CHURCH OF THE FIRST DAYS. Comprising the Church
of Jerusalem, the Church of the Gentiles, the Church of the World, By C. J.
VAUGHAN, D.D., Dean of Llandaff. New Ed. Or. 8vo. 10s. 6d.

WB%TO?‘IT.—Works by the Right Rev. Brooke Foss Westcorr, D.D., Bishop of

urham.

A GENERAI SURVEY OF THE HISTORY OF TIHHE CANON OF THE NEW
TESTAMENT DURING THE FIRST FOUR CENTURIES. 6th Ed. With
Preface on ¢ Supernatural Religion.” Cr. 8vo. 10s. 6d.

INTRODUCTION TO THE STUDY OF THE FOUR GOSPELS. 7th Ed.
Cr, 8vo. 10s. 6d.

TIHE BIBLE IN THE CHURCH. A Popular Account of the Collection and
Reception of the Holy Seriptures in the Christian Churches. 1Smo. 4s. 6d.

THE KEPISTLES OF 8T. JOHN. The Greck Text, with Notes and Essays,
24 Ed., revised. 8vo. 12s. td.

THE EPllS'I.‘LE TO THE HEBREWS, The Greek Text, with Notes and Kosays,
8vo. 1ds.

SOME THOUGHTS FROM THE ORDINAL. Cr. 8vo. Is. Gd.

WESTCOTT and HORT.—THE NEW TESTAMENT IN THE ORIGINAL
GREEK. The Text, revised by the Right Rev. Bishop Wusrcorr and Dr.
¥. J. A. Horr, 2 vols. Cr. 8vo. 10s. Gd. cach. Yol. I. Text. Vol. 1l

. Introdunction and Appendix

SCHOOL EDITION OF TKEXT. 12mo. 4s. 6d.; Roan, red edges, 55. 60.  [Feap.
8vo. Morocco, gilt edges, 6s. 6d

WRIGHT.—THE COMPOSITION OF THK FOUR GOSPELS. A Critical Kn-
quiry. By Rev. ArtRUR WrIGHT, M A., Fellow and Tutor of Queen’s College,
Cambridge. Cr. 8vo. 5s.

WRIGHT. —THE BIBLE WORD-BOOK: A Glossary of Archaic Words and
Phrages in the Authorised Version of the Bible and the Buok of Common
Prayer. By W. Arnpis WrigHT, M.A., Vice-Master of Trimity College, Cam-
bridge. 2d Ed., revised and enlarged. Cr. 8vo. 78, Gd.

*YONGE.—SCRIPTURE READINGS TOR SCHOOLS AND FAMILIES. By
CuArrorte M. Yongr. In Five Vols, Lx. feup. 8vo. 13, 6d. cach. With
Connments.  3s. 6d. each.

Finst Senies.—GENESIS To DEUTRRONOMY.  SECOND SERIES.—FRrOM JosmUA T0
Sor.oMoN. TmiRD SERIFS.—THRE KINGS AND THE PROPHLTS. KOURTH SERIES.
—Tur GosPerL. TiMes., Furre NERTES.—AposTOLIO TIMES,

ECHARIAH—-THE HEBREW STUDENT'S COMMENTARY ON ZECHARIAIT,
HIEBREW AND LXX. With Excursus on Syllable-dividing, Metheg, Initial
Dagesh, and SBiman Rapheh. By W. HI. Lowr, M.A., Hebrew Lecturer at
Cluist's College, Cambndge. 8vo. 10s. 6d.

Printed by R. & R. CLARK, Edindurgh.



@be Guglish Illustrated Magasine.

Each Volume Complete in Itself,

Volume for 1884.
Containing 792 pages, with 428 Illustyations. Price 7s. 6d.
The Volume contains the following Complete Stories and Serials :—
The Armourer’s 'Prentices. By C. M. Yonce. An Unsentimental Journey
through Cornwall. By Mrs. CRAIX. Julia. By WaLTer Besant. How I be-
came a War Oorrespondent. By ArcripaLp Forpgs. The Story of a Courtship.
By STANLEY J. WEYMAN, etc.

Volume for 188s.

Containing 840 pages, with nearly soo Illustrations. Price 8s.
The Volume contains the following Complete Stories and Serials :—

A Family Affairr By Hucn Conwav. Girl at the Gate. By WiLkie
CorLins. The Path of Duty. By Henry Jamus. Schwartz. By D. CurisTie
Murrav. A Ship of 49, By Brzr HarTeE. That Terrible Man. Ly W. E,
Norris. Interviewed by an Emperor. By ArchinaLp Forses. In the Lion’s
Den. By the Author of * John Herring,” ctc.

Volume for 1886.

Containing 832 pages, with nearly soo Illustrations. Price 8s.
‘The Volume contains the following Complete Stories and Serials :—

Kiss and be Friends. By the Author of “ John Halifax, Gentleman.” Aunt
Rachel. By D. CurisTie Murrav. A Garden of Memories. By MARGARET
VeLky. My Friend Jim. By W E. Norris. Harry’s Inheritance. By GrRanT
AvLen. Captain Lackland. By CLEmMeNTINA Brack. Witnessed by Two. By
Mrs. MoLksworTH. The Poetry did It. By WiLkie Corrins. Dr. Barrere.
By Mrs. OLipHANT. Mere Suzanne. By Katuarine S. Macquoin. Days with
8ir Roger de Coverley, with pictures by HuGH Trnomson, etc.

Volume for 1887.
Containing 83z pages, with nearly soo Illustrations. Price 8s.

The Volume contains the following Complete Stories and Serials :—

Marzio’s Crucifix. By F. Marion CrawrowrDp. A Secret Inheritance. By B.
L. Farjeon. Jacquetta. By the Author of * John Herring.” @Gerald. By
STANLEY J. Wevman. An Unknown Country. By the Author of “ John Hali-
fax, Gentleman.” With Illustrations by F. Noe. PATon. A Siege Baby. By ]J.
S. WiNTER. Miss Falkland. By CLEMENTINA BLack, etc,



@bhe Guglizh Ilustrated Magazine—consinued.
Volume for 1888.

Containing 832 pages, with nearly soo Illustrations. Pricc 8s.

Among the chief Contents of the Volume are the following Complete

Stories and Serials :—

Coaching Days and Coaching Ways. By W. O. TrisTRAM, With 1llustra-
tions by H. RaiLTon and HuGH 'I‘Ho;gou. 'Kha 8 of Jael. l?l‘;he Author of
“‘Mehalah.” Lil: a Liv 0l Ohild. By Acnis C. MAITLAND. Patagonia.
By Henry James. P Portraits. By S. d Wryman. The Mediation of
Ralph Hardelot. By Prof. W. MinTo. Txat 1 in Black. DBy Mirs. Moi ks-
worrit. Glimpses of Old English Homes. By Krizaseru Barcn. Pagodas,
Aurioles, and Umbrellas. By C. I'. Gokpon Cyummmc. The Magic Fan. By
JoHN STRANGE WINTER.

Volume for 1889.

Containing goo pages, with ncarly soo lllustrations. Price 8s.

Among the chief Contents of the Volume are the following Complete

, Stories and Serials :—

Sant’ Ilarfo. By F. MarioN CRAwrorp. The House of the Wolf. By Stan-
LEV J. WirymaN.,  Glmpses of Old English Homes. By lrizaverH Barci.
One Night-—The Better Man. By ArTHUR PaTerson. How the “Crayture”

ot on the Strength. And other Sketches. By AkcHinarp Fokpks. La Belle
gmericalne. By W. E. Norris. Success. By Katuarine S. Macquoiv.
Jenny Harlowe. By W. CLArk RusskLL.

Volume for 18go.

Containing 9oo pages, with nearly sso Illustrations. Pricc s,

Among the chief Contents of the Volume are the following Complete

Stories and Serials :—

The Ring of Amasis. By the Eaxrr or LyrTon. The Glittering Plain: or, the
Land of L!vi.nf Men. By WiLriam Morris. The Old Brown Mare. By W. k.
Norkis. My Journey to Texas. By ArTuur PaTrrson. A Glimpse of High-
clere Oastle—A Glimpse of Osterley Park. By Kiizanktu Barch. For the
Cause. By Srtanievy | Weyman. Morised. By the MagrcHiONtss oF CAR-
MARTHEN. Overland from India., By Sir DoNALD MackinNZIE WALLACE,
K.C.LE. The Dol’s House and After. By WaALTErR Brsanr. La Mulette,
Anno 1814. By W. CLark RussELL.

Volume for 1891.
Containing goo pages, and about soo lllustrations. Price 3s.

Among the chief Contents of the Volume are the following Cumnplete

Stories and Serlals :—

The Witch of Prague. By F. MarioN Crawrorn. The Wisdom Tooth. By-
D. CurisTie Murray and Henry HErMAN. Wooden Tony. By Mrs. W. K.
Crirrorp.  Two Jealousies. By ALaN Apair. @entleman Jim. By Maky
Gaunt, Harrow School. m{um Fawsloy Park., Ham House.

Wi
Westminster Abbey. Norwich. The New ‘Union Movement. Russo-
Jowish Immigrant. Queen’s Private Garden at Osborne.
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