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PREFACE.

The present work has grown out of my attempts to make
Algebra attractive and easy to my pupils. It is meant to
afford the F. A. Student all the information and exercise in
Algebra that he needs for the First Examination in Arts of the
Calcutta University. I have endeavoured to reason out in a clear
aud acourate manner the leading propositions in the different parts
of the subject and to illustrate and apply these propositions in
practice so as to enable the average student to grasp the prin-
ciples without the aid of a teacher. Besides the illustrative ex-
amples there is a much larger number of others which are meant
as exercises for the learner. . Particular care has been taken in
the choice and arrangement of these exercises. (ccasional hints
have been furnished in cases where students of ordinary wmathe-
matical ability are likely to be puzzled, but not to such an extent
as to do away with all stimulus to exertion. There is ample
scope left for the exercise of ingenuity on the part of the more
zealous mathematical workers. I have thus tried to meet the
requirements of different degrees of intelligence and ardour
among the students.

The ¥. A. Examination Papers of the Calcutta University
for the last 28 years are reprinted in chronological order at the
end of the book and references are given to the pages in the
body of the work, where the more interesting problems from
these papers are to be found either actually worked out or left
to be solved with occasional hints.

There are several other features of the present work which
seem to call for special mention : —

(1) By introducing suitable variety in the types used, I
have tried to enable the student to take in the contents of a
chapter at a glance for the purpose of recapitulation.

(2) Equations and Examples are brought under separate
heads according to the methods employed in their solution.

¢+ (3) Interesting examples in exceptionally large numbers
are brought together in the chapters on the Zrogressions and
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on Permutations and Combinations. This latter is a highly
entertaining and instructive subject, and has been, it is. be-
lieved, wore thoroughly and copiously treated here than in
any other work accessible to students.

(4) A number of miscellancous examples is appended in
*the form of sepurate examination papers, and the student is
recommended to set himself systematically to answer each of
these groups at a sitting of about two hours.

(5) Al the latest improvements in this branch of Analytical
Science have, so far as has been judged suitable for F. A.
students, been incorporated into the work. Most of the recent
treatises on Algebra have heen consulted for the purpose,

(6) While many of the examples have been devised
especinlly for this work, T bave drawn largely from existing
collections, as well as from published papers of Indian and
Knglish Universities,

Thongh the book has been written with great care, it has
had, T am sorry to say, to be hurried through the press, and
has not, therefore, been subjected to a sufticiently critical
revision. Several errors and short-comings may thus have
escaped observation.

Any corrections or suggestions for increasing the useful-
ness of the book will be thankfully received.

K. P. Basu.
Calcutta ; June, 1888.

PREFACE TO THE SECOND EDITION.

The favour with which this work has been received—the
rirst edition having been exhausted in a few months—seems
to show that it has been found useful to those for whom it was
intended. During the last session it has also, I understand,
been in use in several colleges as a text-book. Owing, however,
to certain pressing engagements, I was not able to bring out

the present edition early enough to prevent disappointment on
the part of many students,
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_ No material changes have been made in this edition. I
have thought it,.indeed, desirable to add a chapter on Logarithms
and to enlarge the chapter on the Exponential Theorem with
an article on Logarithmic series. The questions on Algebra
in the last F. A Examination of the Calcutta University have
also been appended, hints for the solution of most of which
will be found in their proper places. The book has, moreover,
been suojected to a careful revision, so as to eliminate several
errors which the last impression contained.

In the preface to the first edition I spoke in general terms
of my having consulted with profit many recent treatises and
collections of examples in Algebra. I take this opportunity,
however, to express in particular my obligations to my friend
Babu Saradaranjan Ray, M. A, for some useful suggestions
derived from his “Algebraical Artifices” and also for some
beautiful methods of solution which, so far as I am aware,
were first made known to the public in that admirable
little book.

K. P. Basu.

Calcutta : June, 1889,

PREFACE TO THE FOURTH EDITION.

Iu this edition the subject of Identities, to which great
importance is generally attached, has been introduced, and the
article on KElimivation has been considerably improved. A
chapter on Ratio and Proportion has been added, and some
prominence has been given to the chupter on Variation by
shifting it to an earlier position. The most important "articles
on Variation, as well as a few others which scemed wantiug in
clearness or otherwise defective, have been re-written. Besides
these, several other important additions and alterations have
been occasionally made. 1t is therefore hoped that the work
in its present form will be found considerably more useful than
the previous editions, to which a gratifying reception has already
been accorded.

K. P. Basu.
Dacca : September, 1891.
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PREFACE TO THE FIFTH EDITION.

In this Kdition the bulk of the work has increased by
about 80 pages. Several additions have been made, of
which the following may be specially mentioned : —(1) a
Resume of important theorems and examples from the 1st
volume of the work ; (2) a chapter on Square and Cube
Roots, with a clear exposition of the methods of extracting
the square and cube roots of nnmbers; (3) a chapter on
Surds ; (4) a chapter on Mathematical Induction; and (5) a
collection, in chronological order, of the F. A. Papers of the
later years of the Universities of Madras, as well as of the
corresponding Papers of the Universities of Bombay, Punjab
and Allahabad. On the other hand, as a partial compensation
for the increase of bulk due to these additions, the Calcutta
University F. A. Papers of some of the carlier years, which
are comparatively of much smaller importance, have been
removed. Illustrative examples, as well as examples for exer-
cise, with occasional hints, have now been chosen not only from
the Papers of the "University of Calcutta but also from those
of the other Indian Universities. ~These additions and
alterations have been made chiefly with a view to the require-
ments of the Universities of Madras and Bombay, and it is
hoped that the present edition will be received in those provinces
with greater favour than the previous one. For the improve-
ments effected in this edition | am largely indehted to the kind
suggestions of S, Padmanabha Aiyar, Fsq., B. a., Mathematical
Lecturer, Hindu College, Vizagapatam,

K. P. Rasu.
Calcutta : June, 1893.
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ALGEBRA MADE EASY.

- =300 . O00se—

INTRODUCTORY CHAPTER.

LReswme OF IMPORTANT THEOREMS AND EXAMPLES FROM THE
EARLIER TORTIONS OF THE SUBJECT.

1. Toprovethataxbd = bxa, i.e., b multiplied
by « gives the same result as « multiplied by b.
(i) Iirst let @ and 6 be any two positive integers.
Place b units in a horizontal row and write down a :uch
rows in such a manner that units in similar positions in the
different rows may be in the same vertical column ; thus :—

1 1 1 1 1 . . b times
1 1 1 1 1 . . b times
1 1 1 1 1 . . b times

to a lines.

This being done, evidently it may also he said that we have
written down 4 columns each containing a units.

Now let us count up the total number of units thus written
down,

Since we have got a rows each containing b units, the total
number of units = (the number in the first row) + (the number
in the second row) +...... + (the number in the a® row) = b+
b+b+...... toa terms = ax b (1)

Also, since we have & colummns each containing @ units,
the total number of units = (the number in the 1st. column)
+ (the number in the 2nd. column) + (the number in the 3rd.
column) +......... + (the number in the 4* column) =a+a+
a+...... to b terms = bxa ... (2)

Hence, from (1) and (2), we have ax b = bxa, i.e, b taken
a times = a taken b tiines.
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(ii) Next let @ and b be two positive fractions; suppose
m

a =2 andb = P, where m, n, p, q are positiva integers.
n q

Thenaxb= T x P =mx{<£) -:-n}
Vi

. n q
—mx P ="" e e (D)
ng  ng
p _m my
and bxa = . X, =PX {(u,) —.—v/}
=px =P (1
qn. yn

But m and p are positive integers, therefore mp = pm, and
similarly ny = ¢n.

Henee, from (I) and (I1) we have axd = bxa.

Thus it is established that for all posutire values of a and b
we must have a x b = bxa. . (A)

Cor. 1. We haverx(-y)= - (ry), and (-y) xa= - (yx);
but zy = yr, Jex (-y) = (-y)xx . B
Cor. 2. (~x)x (-y) = +ay, ad (-y)x(-a) = +yr;
but oy = gr, " (-a)x(-y) = (-¥)x(—x) . (C

Hence, from (A), (B) aud () we conclude that for all values
of amnd b, axb = bxa.

2. To prove that («b) x ¢ = « x (be) or = b x (ae),
4.¢., to multiply ¢ by the rroduct of « and b is the

same as to multiply ¢ first by either of them and
then that result by the other.

Place b brackets in a horizontal row each containing ¢ units
and write down a such rows in such a manner that the brackets
in similar positions in the different rows may be in the same
vertical column ; thus :-—

¢] [e] [e] [e] . . . b times
L I

[ b times

to a rows.
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This being . done, it may also be said that we have Avritten
.down b columns each containing a brackets.

As we ‘have got altogether a x b brackets and as each
bracket contaius ¢ units, the total number of units = (ab) x c...(a)

Again, since we have got 6 brackets in a row each contain-
ing ¢ units, the number of wnnits in a row = bc, and as there
are a rows altogether, therefore the total number of units

=a x (&c) aee . . (B)

Again, since we have got a brackets in a column each
containing ¢ units, the number of units in a column = ac,
and as there are 6 columus altog,etht.r, thevefore the total
number of units = b x (ac) . (8%2)

Hence, from (u), (8) and (y) we have
(ab) x e = ax (he) = bx (ac).

3. Formulee to be committed to memory.

1. (a+06)2 = a®+ 2ab + 02,
2. (a-1b)2 = a? - 2ab+&*.
3. (a+d)(a-18) = a? -2,
4, (a+6)? = a® 4+ 3a%b + 3abh? + b3

= a® +03 +3ul(a+b). }
5. (v+b+¢)? = a®+b%+¢* +3a2(b+c)+ 303 (a+c¢)

+ 3c?(a+b)+ 6abe.

8. (a-10) = a” —3a%b+ 3ab* b3

= —- b3 — 3abla - 0). }
7. a®+b? = (a,+b = 3ab(a+4))

= (a+0)(a® —ab+b%).J
8. -43 (a - b)3 + 3ak(a - b)

(a -b)(a® +ab+b?).
2%+ (a + b)x + ab.
2 +.(b — a)x — ab.

9. (z+a)(z+b)
10. (z-a)(z+b)

11. (z-a)(z-9) = z2 —(a +b)x + ab.
12, (@+a)(@+b)(z+c) = a® +(a+b+c)a?

+ (ab + ac + bc)z + abe.
13. (x—a)(z-b)(z—c) = 2®—(a+b+c)2?

+ (ab + ac + bc)x — abe.

14, (a+d+¢)® = a®+42 42 + 2ab + 2ac + 2bc.
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15. (a+b+c+d)® = a®+b%+c+d? +2a(b+c+d)
) +2b(c+ d) + 2cd...
16. (a+b)t=a*+4a%b+6a%b? + 4ab® +b*. .
17. (a+0)%=a® +5a*b +10a%6? 4 10a2L3 + bad® + L5,
18. a3 +62+¢® —3ube = (e +b+c)(a?+0b% +c* —ab—ac-bc).
19. ai(b-c)+bi(c-a)+ci(a—b)=(a-b)a—c)l-c) }
—(a—=b)(b-c)(c—a).
20. ab(a-b8)+be(b-c)+ca(c—a) = (a—b)(a—c)(b-c) }
=—(a-b)(b-c)c-a)

4. The expression x" - " is divisible by «x - « for
all positive integral values of n.

]

Since a"—-a"=2"—-ax"" ' +az"" ! -a"®

=z""(w-a)+a(z""1 _an-—l)’

x" -a® x--]_an—-l
we have - — Y =a""14a”. - -
z-a z-a
which shews that x — a will divide &" - a”, 3f it divides
a:"'l —-a" 1,

Hence, z - a will divide 2* — a*, because we know that it
divides #* —a3(i.e, 4~ —a4~1); and since x — a divides ¢ ~a*
(t.e.,, =1 —a®~1), therefore it will divide 2® —a® ; and so on.

Thus for zll positive integral values of », 2™ —a" is divisible
by z -a.

Again, since 2" +a" = (2" -a") +2a" of which 2"-a" is
divisible by z~a and 2a" is not, ., a"+a” is not divisible by
z-a.

Thus when = iy a positive integer,

z—-a alwaysdivides 2" —a™ |

but never divides 2" + a® i (4)
Cor. 1. (z+a) divides a"-a* only when = is an even
integer.

For, when n iseven, (—a)"= a"and * 2" -a"=2" - (-a); l
when n is odd, (-a)"= ~a” and ', 2" —a"=2" + (-a);$

also z+a = z-(-a)
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’
~ Now, from (A), we know that - (-a) divides 2" - (-a)"
but not z"+(-a)*. Hence x+adivides 2" - " when n is even,
but not when =z s odd ; i.., «+a divides 2" - a* only when n i
an even integer.

Cor. 2. =z+a divides a"+a" on/y when % is an odd integer.

For, when 2 is odd, (-a)" = —a" and ", a*+a"=2z" - (-a)" ;)
when n is even,(-a)" = a", and " a”+a”=2"+ (- a) 3

also z+a=x-(-a).
Now, from (4), we know that = — (—a) divides z" - (-a)"
but not " 4+ ( -a)* Hence, +a divides z" + a® when = is odd,
but not when = is even ; i.e, x+a divides 2" +a" only when n is
an odd integer.
Thus we have obtained the following results : —

x - a divides z" —a™ always, |
2 +a” mever. |

z +a divides 2™ —a™ only when n is even,
"+ a” only when nis odd.
5. Bxamples in Factorisation.

Example 1. Resolve into factors at +a*h® + 5",
@b +a?h? bt = (at +2PLE + ) - ath?
(a? +0%)% — (ah)*®
{(a? +b6%) +ab}i(a® + b%) — ab}
(a® +ab + b%)(a® - ab+ b*).
Example 2. Resolve into factors at +4.
2t 4 = (2t +4a® +4) - 4a®
(2% +2)% - (2r)®
{(&? +2) + 2] (a* +2) - 2}
(22 +2x 4 2)(z% - 22+ 2).
Example 3. Resolve into factors a* 4 2ry - 8y* ~ 42% + 122
The given expression
(22 + 22y + y2) - (9y® +42% - 12y2)
(@+9)* - (3y - 2)*
@ +9)+ By - 2)}{(z +3) - 3y - 22)}
= (2 +4y - 22)(z - 2y + 22).

i
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Example 4. Resolve into factors Z2a? + 5ab - 122,
3a + Bab ~ 126% = 2(a® +Jub - 64° )

2{,;2 ab+(5f) —(2?"’: sb=>}
ot -t
2f(a+ )+l }{(be)-l:b}

= %a+45)(a- 36)
= (a+45)(2a - 3b).
Example 5. Resolve into factors
4(x2 4+ 22 4+5)* + 17(x% + 20+ 5) (2% + 6x) + 4(x2 + 6r)2.

Putting a for 2% + 22+ 5 and 4 for 22 + 6, the given express-

ion becomes 4a? + 17ab + 4h% ; and it is easy to see that 4a® 4
17ab +4h% = (a+46).4a +0b).

Heunce, the given expression

= {(x% + 22 + D) + 4(e* + 6r)}{4(2% + 22 + D) + (z + 6x))}
= (bx? + 26k + 5)(Hr? + 14x + 20)
= (z+5)(hr+1)(5x* + 14x + 20).
Example 8. Resolve into factors
6x? + 170y + Ty* — 2z — 23y — 20.
The given expression arranged according to descending
powers of x

2 6a%+(1Ty - 2)a + (Ty* - 23y - 20)
- e{ (]7y ))c+ (7y'—23y—‘70>}

- 6{x’+- <17y—2>x+ 14-4(171,-2)
- 1ia(179 - 2) #4197 - 239 - 20)}
- 6[{“1-.(171, 2)} —T;lﬁ{<289y’—68y+4)

- 24(7y — 23y 20) ]

1/,» _12 2

]
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6[{z‘ + l%(l7y - 2)} + }—'2-<y + 2)]
" x [{m + -11§(17y - 2)} - {.‘,(y + 2)]
6(x+§y+ :)(w+;y -2)

7 5 1
3(x+3y+§)x2(z+-_zy—2)
(Bz+ Ty +5)(2z+y - 4).

Bxample 7. Resolve into factors z* 4 7x* — 21z - 27.

The given expression

(2% - 27) + (T2 - 21a)

(2 - 3)(x% + 32+ 9) + Tz(x - 3)
(- 3){(x* + 32+ 9)+ Tx}

= (x-3) 22 +10x+9)

(2 - 3) 2+ 9)(x+1).

Example 8. Resolve into factors
(245 +¢) (ab+ be + ca) - abe.

Arranging the cxpression within brackets according to
powers of @ we have the given expression
la+ (5 +c){a(b +¢) + be} —abe
a®(b+c)+a(h+c)? +be(b+c)
(h+c)fa® +a(b+c)+be}
= (b+e)(a+b)(a+e).
BExample 9. Resolve into factors
a(b-c)+b3(c~a)+c(a-1b).
a?(b—c)+b3(c—a)+c3(a-b)
= a®(b-c)—a(b® —c*) +be(h* - c?)
. larranged according to powers of @}
= (b-c){a® - a(b® + be +c?) + be(b + ¢)}
= (b-c){-b%(a—-c)-bc(a - ) +a(a® - c?)}
[arranged according to powers of b]
= (b—c)(a;c)‘ - be+a(a+c)}
= (b-c)(a-c)lc(a—0)+(a® - b?)}
[arranged according to powers of ¢]
= (b-c)a-c)a- b)(c +a+b).
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Example 10. Resolve into factors
N a.s(b" —c*) 4 b3 (c? - a®) +c¥(a? -.b"’).
In this expression also the letters occur in cyclic order and
we can ab once proceed as in the last example.
a:}(b! - c2)+ b«‘l(c'l _- a?) +c3(u2 - bl)
= ad(b® —c*) —a(b® - ¢3) + 6% (b - c)
[arranged according to powers of «]
= (b-c){a’(b+c)—a*(b® +bc+c?)+b%c?}
= (b—c)} —b*(n* -c®)+ ba%(a--c) + ac(a - c)}
[arranged according to powers of b]
= (b=c)(a-c)| -b%(a+c)+ba? +ac)
= (b-c)(a-c)ic(a® - b%) +ab(a - b)}
[arranged according to powers of ¢]
= (h-c)a-c)(a-b){c(n+d)+al)
= (b-c)(n-c)a-b)ab+bc+ ca).
Example 11.  Find the quotient of a®+5% 4¢3 — 3abe by
a+b+e.
Since b3 +¢3 =(b+¢)® - 3be(b +¢), we have
a.i + bﬂ + 03 - 3abc
= a%+(b+c)® - 3be(h +¢) ~ 3abe
la® + (b +¢)?} = Bbela + (b +¢))
{a+(b+e)lla® —a(db+c)+(b+c)*}—3be(a+b+c)
= (at+b+c)a® —alb+c)+(b+c)® - 3be}
(a+b+c)la* —a(b+c)+ (0% + 2be + ¢?) - 3bc}
(@+b+c)(at+b2% +¢* -ab—ac—le).
Hence, the required gquotient =a? + 62 + ¢ - ab — ac - be.
Example 12. Resolve into factors x® + 722 + 142 + 8.

On inspection it is observed that we can split up the given
expression into parts each of which is divisible by z+2 in
either of the two following ways : —

(i) (@>+8)+Tx(x+2);
(ii) 22(z+2)+br(x+2)+4(z+2).

Hence, choosing the latter way, we have

x3 4+ Tx* + 142 4+ 8
= (2+2)(z% +5z+4)
= (z+2)(z+1)(x+4).

4

I
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Example 13. Resolveinto factors 83 + 16x - 9.

We find that the given expression can be split up into parts
divisible by 26— 1 in cither of the two following ways:—

(i) (Be* -1)+8(22-1);
(i) 2x(4x* - 1)+ 9(2x - 1).
ITence, choosing the former way, we have
8r% 4+16x-9 = (8r% —1)+8(2x-1)
(22~ D42 +2x +1) + 8}
(26 - 1)(4x2 4+ 22+ 9).
Example 14. Resolve into factors a® + Tab? - 2253,

i

We find that the expression can be split np into parts each
of which is divisible by @ - 26 in either of the two following

ways :—
(i) (2% —84)+Tb2(a—20);
(ii) a(a® - 406%)+ 115%(a - 24).
Hencee, choosing the former way, we have
a® + Tab? - 226% = (a® - 8H%) + Tb*(a - 2b)
= (a-26)}(n® + 2ab + 4b%) + Tb%)}
= (a - 2b)(a* + 2ab + 115%).

Example 15. Resolve into factors (a? —%)(x2? ~ y*) + 4abry.

The given expression

= a*x? —a?y? - b%x% + b y? + 4abry
= (a2 +b2y% + 2absy) - (a*y* + 4727 - 2abay)
(ax+ by)® — (ay - br)? ’
{(na + by) + (ay - bx)}{(nx + by) - (ay - bx)}
Ha—b)r+ (a+b)yH(a+b)e - (a - by}
Example 16. Resolve into factors
4 + 223y + 3x2y? + 2yt + Yt

The given expression
(2% + 2222 +9*) + 2%y% + (203y + 20ry?)
= (5 +y?)? 4 (1) + Axy)(e? +y7)
(=® + %) +ay}?
(x2 +xy+y")’.
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Example 17. Resolve into factors
) (-1)(z-2)(z+3)(x+4)+4 -

(z-1)(x-2)(z+3)(x+4)
= {(z- 1)+ 3)i(e - 2)(z + 4}
N = (22 4+ 2z - 3)(z* + 2z - 8).
Hence, putting 2 for 2% + 2x, the given expression
= (2=-3)(z-8)+4
= 22-112428
= - 4)-7)
= (22 4 22 — 4)(x% +22 - 7).
Example 18. If2+y = aand ay = 42, find the value of
(i) a*+ytand (ii) 2% -ay—ay?+y3 in terms of @ and b.
(i) &* +3* = (22 +y?)% - 2?y?
= {(z+9)* - 2ay)? - 2%y,
and °,  the required value
= (a2 - 2h2)2 - 9p*
= a* —4a%b® + 254,
(i) 2°-=z%y-ry?+y°
= 2}z -9)-y*(z-9)
= (z-y)=* -9?)
= (2=-9)*(z+9)
= {(#+9)* - 4ry}(z +9)
= (a? - 4b2)a.
Example 19, Find the value of z*-z3+z2+2, when
2?43 = 22,
' —xt a2 +2 = (2t +2% +22)-2(z% - 1)
2252 +x+1)-2(=2-1)(z2 +2+1)
= (e +x+ 1){e? -2(c-1))
= (22 +z+1)(«? - 22 +2),
and . the required value
= (z2+2+1)x0 = 0.
Example 20. Fiund the value of
at + 0% +¢t - 2b%c% — 2c%a® — 2a%b%, whena+b = c.
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The given expression
at — 2(b% +¢%)a® + b* + ¢ - 2b%c?
{at = 2(6% +c*)a® + (b% +c*)*}

= (b% +e?)¥ + 0% et — 2b%c?
{a“ — (b% +c?)}% — 4b2c®
(a2 = 6% - c?) + bc}i(a? - b2 - ¢?) - 2bc}
{a* = (b - 0)*}{a* - (b+¢)*
(a+b-c)a-b+c)a+b+c)a—-b-c),
0, whena+b = c.

6 The ordinary method of finding the H. C. F.
-of two multinomial expressions which have no
monomial factors.

Let A and B stand for two such expressions both arranged
according to descending powers of some common letter, and
let the index of the highest power of that letterin A be not
less than the index of the highest power of that letter in B.

Divide A by B, and let Q be the quoticnt and C the
remainder.

Fnouna

and .

Then we must have C = A -BQ ... ... (1)

or, A=BQ+C ... .. (2)

From (1) it is clear that every common factor of A and B
isa factor of C [for if A = paand B = pj, we have C =

p(e-4Q)]. Hence, 1if H denote the H. C F. of Aand B, H also
is a factor of C, and is therefore a common factor of B and C.

It is clear therefore that the H. C F. of B and C is either
H or an expression of higher dimensions than H ... ... (a)

Now, from (2) it is evident that every common factor of B
and C isa factor of A and is therefore a common factor of B
and A. Hence, the H. C. F. of B and ¢ also is a common
factor of B and A, and therefore canuot be of higher dimen-
sions than H.

Hence, from (a), the H. C. K. of B and C is H.
Thus the H. C. F. of B and C is the H. C. F. required.

Similarly, if B be divided by C, and D be the new remainder,
the H. C. F. of C and D is the same as the H. C. F. of B and
< and is therefore the H. C. I' required.

Now, divide C by D and let there be no remainder. Then
Disthe H.C. F.of (Cand D and is therefore the H. C. F.
reauired. .
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Cor. 1. As theH. C. V. of any divisor and the correspond-
ing dividend is the H. C. F. required, it is clear that, for the
sake of convenience, either of them may be multiplied or
divided by any monomial expression which s not a factor of
the other,

Cor. 2. Tn dividing A by B if we stop before the complete
quotient is obtained so that ¢ is the partial quotient and €'
the corresponding remainder, then the H. C. F. of B and
C), just as the H. C. F, of B and C, is the H. C. F. required.
Hence, by Cor. 1. in dividing C" by B (or if couvenient, B by
C’ when C' is not of higher degree than B) we can multiply or
divide either of them, if necessuy, by any monomial expression
which i3 not a fuctor of the other.

Hence, we have the following rule :—

Arrange the two erpressions according to descending powers
of some common letter ; divide the expression which 1s of higher
degren in that letter hy the other, ov if they be of the same d-gree,
either of them by the other ; if there be any remainder take it
Jor & new divisor and the preceding divisor for the dimdend,
and continue the process till there ix no vemainder The last
divizor will be the 1. C. F. vequared. Of any divisor and the
corresponding doordend either may be multipned or dwided by

any number which s not a factcr of the other.

Example. Find the H. C. F. of
42 + 1123 42762 + 1724+ 5 and 6x* +14r% + 3662 + 14r+10
The 2nd expression = 2(3:¢* +7e% +182% +7r+5), but
2is not a factor of the 1st expression. Heuce, the H. C. F.
required is the H. (0 F. of the 1st. expression and 3r4 + Tx*
+182% 4+ T + 5.
;;4 + 1163 + 2722 + 172+ 5

34 +72% + 1827 4 T+ 5\124% + 3320% + 814 + 5o 4 15/4
1224 + 2825 +722% + 28 + 20(

 Bi%+ 9% +332- 5
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3rt+ Tx3+ 18+2+ Tx+ 5
5

1524 +2743 + 69x% ~ 1Hz

5x3+9x2+23.x—5>151_‘_+354“+ 90s* + 35x+ 25(3x

S8e3 4+ 2lx%2+ 50x+ 2D
5

1075 + 1056% + 2505 + 1258
4025 + T2:% + 184z — 40
3'34)'33_..5* + 6624165

z*+ 2x+ 5
22 +2r+5\5u3 + 9¢24+232z-5/5x-1
J5e% +10£% + 25
- z*- 24-H
- x%2- 2¢-5H

Thus the required I-T C. F. - ;z” +2x+ 5.
7. An important principle.

1f A and B denote two expressions having no monomial
factors and if m, », p, ¢ be any four numericil quantities such
that mg -np is wot equal to zero, then the H. €. T. of
A and B is the same as the H. C. F. of mA + 213 and pA +¢B,
numerical common factors, il any, being left out. This may be
proved as follows :—

Let H denote the H. C. F. of A and B, and I’ the H. C. F.
of mA+aB and pA+4qB after removal from them of any
numerical common factor that may occur.

Now, since erery common factor of A and B is a factor of
mA+xB and also of pA+¢B, therefore H is a common factor
of mA + 2B and pA + ¢B.

Hence, H'is either equal to H or is an expression of higher
dimcnsions than H (a)

Again, since g(mA +nB) -n(pA+¢B) = (mq-np)d, and
m(pA + ¢B) - p(mA +2B) = (mg—np)B, it is clear that every
common factor of mA+2B  and pA+qB is a factor of
(mg —mp)A, and also of (mg-up)B.” Hence, as myg —np i8
only a numerical quantity, every common factor of those
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€
expressions other than numerical must be a factor of A as well
as of B. Hence H is a common factor of A and B aud therefore
cannot be of higher dimensions than H.

Hence, by («), H" = H, which proves the proposition.

Covr. 1. The H. C. F. of A and B i~ the same as the H. C. F.
of A+Band A-B. Herem=1,n2=1,p=1and ¢g=-1.

Cor. 2. The H. C. F. of A and B is the same as the H. C. F.
of A+B and B; herem=1, n=*%1, p=0and ¢=1. Similarly,
it is the same as the I, C. F. of A+ B and A.
Example 1. Find the IT C. F. of

zd +a® -Dx? —3c+2and 2t - 35” +2% +3x - 2.

Let A= at+a®-bx®-le+ 2,

and B = a*-3:% 42% 430 -2,

Then A+ B = 22% - 223 - 422

= 2e%(a? -z - 2),
and A-B = 4x? -6s% -Gr++4
= 2(2x% - 3x% - 3x +2).

Hence, by Cor. 1, the vequired H. €. F. is the H. C. I
of x2(x® —w—2) amd 227 -3 -3¢+3, aund therefore of
2 —x -2 and 2% — 352 - 3x + 2.

Let A= a2 -x-2,

and B 23 - 3% - 3x+ 2.

Then A"+ B = 253 - 352 — 4

= 2(z? —z-9).

i

Hence, the required H. C. I,
= the H. C. F. of A’ and A’ + P |Cor. 2.]
= g% -z -2,

Example 2. Fiud the H. C. F. of

4z* +112" + 2722 + 17T+ 5 and 3a* + 7u® + 1822 4+ T + 5.

Let A = 42* + 1122 +272% + 172 + 5,

and B = 3z4+7:% +1822+ Tax+5.

Then A-B = at+4x3 + 92%2+10x
= z(a® +42% + 9x +10),
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and 3A -4B=5x%+92? + 232 - 5. ,
Hence, the H. C. I. of z3 + 422 +9r+10 and 5z3 + 922 +
23z - 5 is the H. C. I. required.
Let A' = 2% 4422 4+ 92+ 10,
. and B’ B5x% 4 9z% + 232 - 5.
Then A’ + 2B = 1127 + 2222 + 552
11x(x? + 2x + 5),
and 5A’'-B' = 112°+ 222+ 55
11(x2 + 2 + 5).
Hence, the H (¢ F. required is the H. C. F. of x(x2 + 22 + 5)
and 2% + 2c+ 5, and is therefore=a* + 2z + 5.

8. The H. C. F. of three or more expressions
whose factors cannot be easily found.

Let A, B, Cstand for any three expressions of which the
H. C. F. is to be found,

liet G denote the II. C. F. of A and B and 1I that of
and C.

Then (i being the product of @/l the elemientary common
factors of A and B, every factor of G is a common factor of
A and B, and therefore every common factor of (G and C is
a common factor of A, B and (.

Hence, H also is a common factor of A, B and . Therefore
the H. C. F. required is either H or an expression of higher
dimensions than H . B)

But, since every common factor of A and B is a factor of
G, every common factor of A, B and Cis a common factor of
1and C. Hence, the M. C. ¥. required is a commen factor of
@i and C and therefore cannot be of higher dimensions than H.

Hence, by (), the L. C. F. required = 1I.

By a similar reasoning it follows that if D be a fourth
expression, then the H. C. ¥.of IT and D is the H. C. F. of
A, B, Cand D.

Thus we have the following rule :— 7% find the II. C. F.
of any number of expressions A, B, C, D, dec., first find the
H.C. F.of A and B, then the Il. (. F. of this result and C,
and so on ; the result obtained last of all s the H, (. #.
required.
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9. L. C. M. of two expressions whose factors are
not obvious by inspection.
Let A and B stand for two such expressions, and suppose
their H. C. F. is found to be H.
Divide A and B by H and let the respective quotients be
aand 6. Then we have
A =aH
B =10tH
Heuce, siuce @ and 6 bave no common factor, every common

multiple of A and B must necessarily contain a x Hx b as a
factor.

Hence, the L. C. M. required = aHb.
But aHb = a(Hb) - fxB
B
= (aH)b = Ax-
or = (al) * i
. , A B
Hence, the required L. C. M. =-ux B, or = AxH .

Thus, to find the L. C. M. of any two expressions we have

to divide one of them by their Il.C. F. and multiply the quotient
by the other.
Cor. 1f L denote the L. C. M. of A and B we have
LxH = AxB; that is, the product of the L. C. M. and
. C. F. of any two erpressions is equal to the product of those
expressions.

Nore. If any two expressions have no common factor, their L. C. M,
is evidently equal to their product.

10. L. C. M. of three or more expressions whose
factors are not obvious by inspection.

Let A, B, C stand for thrce such expressions; to find
their L. C. M.

Let L denote the 1. C. M. of A and B, and M that of L.
and C.

Then evidently every common multiple of L and C is a
common multiple of A, B, C; (1)

also every common multiple of A, B, C is a common
multiple of L and C. 2)
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From (1) M is a common multiple of A, B, . Hence,
-either M or an expression of a lower degree than M is the
L. C. M. of A, B, C.

But an expression of a lower degrece than M cannot be
the L. C. M. of 4, B, C; because, from (2), the L. C. M. of
* A, B, C is 2 common multiple of I. and C.

Heuce, the required L. C. M. = M.

Thus. to find the L. C. M. of any nuwmber of eéxpressions
4, B. C, D, &e., we harve first to find the [.. C. M. of A and B,
then the L. C. M. of this result and C, and so on; the last
result thus obtained 18 the L. C. M. requirved.
Bxample. If ky, k,, Ay be the highest common factors, and
1., 1, I, the lowest commoun multiples of B and C, C and A,
A and B respectively ; and if H be the highest common factor,
and L the lowest common multiple of A, B and C; prove that
(i) hyhhylll, = (ABC)?,
(i ‘L ABC
) B = hyhghy
Since h, isthe II. C. K, and {; the .. C. M., of B and C,
swwe must have

k1, = BC. [Cor. Art. 9.]
Similarly hyl, = CA,
and hily = AB.
Hence, h,hyhyl ll; = (ABC)2.
Again, since H is the H. C. F. of A, B and C, it is a factor

common to B and C and is therefore a factor of %,. Hence
we must have

ky=MHf, . . . . . . . ()
where f, is the quotient of 4, by H.
Similarly we have
heg =Hf, . . . . . 0 oL (2
andk, = Hfy, . . . . . . . . . (3 -

It is clear that no two of the three quantities f;, f;, f; have
a common factor; for instance if f, and f; had a common
factor, say k, then Hk would be a factor of %2, as well as of kg
and would therefore be a common  factor of C, A, B, which
is impossible. :

2—2
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Now, from hypothesis, it is evident that both A, and A, are’
factors of C; hence from (1) and (2) we must have
C = Hf, fap e (4)
where p is the quotient of C by B f, f,

Similarly we must have

A=Hfofsg . . . o o o . (9)
and B = Hffhr . . . . . . . . (6)

From these relations it is easy to see that the following
pairs of quantities caunot have a common factor :—(p, q), (p, 7),
(q, r), (0Ss) (@f2) and (rf;). For instance it p and f; had
a common factor, say &k, then Hf, K, ie., A,k would be, as
evident from (4) and (5), a common factor of C and A, which
is impossible.
Now, from (4), (.)) and (6) it is clear that

= Hf\fof sp47;
and we have also
ABC = H2.(f1fofs)? por.
[‘_» Hf]f? aPqr
Hence:  TBE = H{fuffs) war
- H
T H3Sfufs
.. H
(Bf1)-(Hfz)-(Hf5)
H —
T hahshy’
L ABC

and R W
11. A few examples in fractions.

Example 1. Reduce to its simplest form
a+d h+d c+d

" te=o T ae-a a8
Since b-—a = -(a-2>)

and (c-a)(c-b) = [-(@a=-c)]x[-(b-¢)] = (@a=c)(b-c¢),
the given expression
b a+d -(b+d) a c+d

“@-ta-9 “@-b-0 " @-b-0
_ bofa+ d)(b ~c) — ac(b + d)(a ~ ) + ablc +d)a - ) ,
fa- 8@ - )60
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Now, the numerator = abe{(b-c)—-(a~c)+(a-28)} ~
+ d{be(b - ¢) — ac(a - ¢) + ab(a — b)}
= d{be(b — ) —ac(a ~ c) + ab(a — &)}
= d{a*(b—c)+b*(c~a) +c*(a - b)}
= d(a-b)(a - c)b-c).
[ Formula 19, page 4.]
Hence, the given expression = d. .

Example 2. Simplify
2 53 c?
@ 5@ =c)z+a) T G-a)-o)=+6) (c-a)c-b){a+c)
The given expression
a? ) —b2 c2
@-b)a-c)z+a) (@=b)b-cNztb)  (@=c)b- o)zt
at(h - c)(z+b)(z+e) - b2(w— e)(x +c)(z +a) +c?(a - b)(x +a)(z+h)
_‘ T T (w-b)Xa—eph - e)(@+ a)(x 4+ b)(x+c) :
Now, the numerator
= a?(b-e){z? +2(b +¢) + be} + b%(c — a){x? + z(c + a) + ca}
+c2(a - b){x% + z(a + b) + abd)}
= z%{a%(b—c)+0%(c - a)+ct(a-b)}
+:¢{a.’(b2 —_ c?) +bﬂ(cg — a’) +cﬁ(a9 — 69)}
+abela(b — ¢) + b(c — a) + ¢c(a - b)}
= z2{a%(b - c) +b%(c - a) +¢%(a — &)}

= z%(a-b)(a-c)(d-c). { Formula 19, Page 4, ]
. . z?
Hence, the given expression = Era)EthET)"

Example 3. Simplify
a3 68 03
@-ta-0 T 6-ob-a)Tc-a)c-0)"
The given expression
ad —33 e3
T @-tja-0 G-a@-6 @60
- a3(b—-c)-b3(a—c)+c3(a-b)
(a-b)(a—c)(6-c) '
Now, the numerator
= a%(b-c)+b3(c-a)+c*(a-b)
= (a-b)a-c)(b-c)z+b+c). [ See example 9, Page 7.]
Hence, the given expression = a+b+c¢,
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12. Solutions of some equations.

E o1 Sove d 4.5 _ 8
xamp. . 0 ;-—Z+.z:—6=z+3'

Since 8 = 3 + A
<+ 3 a+3 «+3

we have 3 + o8 _+ 5
-2 &-6  w+3 x+3

Hence, by transposition,
3 3 5 5
=27 4%¥3 " ©+3 x-6
or. .. 19 T L
T(e-2)(x+3)  (z+3)(e-6)"

Multiplying both sides by 2 + 3, and dividing by 15,

we have 1 -3

z—2 £—6"
Hence, z2-6 = -3(x-2);

4x = 12,
z = 3.
a 8 9 7
Example 2. Solve e T 801 = Eal
9 4 3

We have ?a:_-_f+§£:1‘ = iitenl

8 4 9 3
Hence, {~2’_ l_—z_-o--l-} + {fc_—-l -2 = 0

o, 12 12
o@e=1)(e+1) (Bx-1)x+1)
1 1
Hence, PPy T B

Multiplying both sides by (2z - 1)(3z - 1),
we have (3x-1)+(2x-1) = 0.
Therefore 5z = 2, or, z = 2.

' - b-c a+h-2¢
am . Solve -2=°¢ . 0-c _e¥b-ce
Example 3. Solve 26+a;+2a+z arors "
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a-¢ b-c¢ (a,—c)+(b—c)
+z " 2atx a+b+z
* a-c b-c
T atbrzarbra

We have

Hence, by transposition,

1 1 1
@-Ngrz=azies) = O Nazsra-mrs)
or, (a,--c).——--—~—(i —b—--— = (b—c).——i—b C e
(26 +z)(a+6+x) (@ +6+z)(2a+x)
a-c b-c |
2+z Za+z’
. (a—c)(2a+z) = (b—c)(2b +x),
Sooal(a—e)—(b-c)} = 26(b—c) - 2a(a—c)
or, x(a - b) = 2(b% -a?)- 2¢(b-a)
= 2b-a)b+a—c)
= 2(a-"b)(c—-a-1"b),
z = 2(c-a->5).

Te-55 2x-17 6x-T1 3xr-14

Hence,

Example 4. Solve SRt Ty = st TE
We have
M@=-8)+1 2Az-9+1 6(x-12)+1 3(z-5)+1
z-8 z-9 x—12 -5
or, ( 7+x18)+( 2+x%9->=( 6+x—_lﬁ)+(.3+z—13);
1 1 1 1

2 8%zZ9 T 2 13%:T5
Hence, by transposition,
1 1 1 1
z-8 z-5 z-12 -9’
3 3
o (e-B)e-5) ~ (x=12)(x-9)
(z-8)(&-5) = (z-12)(z-9)
or, 2% -13x+40 = 22 - 21z + 108,
. 8x = 68, " z = 8}.
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Example 5. Solve (x—2a)? + (¢ —26)® = 2(x-a-25)3.
By transposilion, we have ‘
(x-2a)? -(z-a-0)% = (x—a-0b)°—(z-2b)3.
Putting X for x — 2a, Y for z - 25, ard Z for z—a -5,
* we have X3 -Z3 = Z3-Y8,
or, (X -Z)X2+XZ+72) = (Z-Y)Z2+ZY +Y?).
But X -Z = Z-Y, because each of them = b-a.
X%+ XZ+2% = 22+ ZY + Y2
Hence, by transposition,
X?-Y? = Z(Y -X).
Removing the common factor X - Y, which = 2b - 2a,
we have X+Y =-2,
te, (z-2a)+(x-2b) =—-(z-a=-b);
S 3z = 3(a+b),and . =z =a+b
Example 6. Solve 4z-3y+2: =40 .. (1)
S5x+9y -T2 = 47 ... (2) }
9x+8y-32 =97 ... (3)
Multiplying (1) by 7, and (2) by 2, we have
28z - 21y + 142 = 280
and 10x+ 18y -14: = 94 }
Hence, by addition, 382 -3y = 374 ... (4)
Again, multiplying (1) by 3, and (3) by 2, we have
122~ 9y +6z = 120
and 18z+ 16y -6z = 194 }
Hence, by addition, 30r+7y = 314 ... (5)
Now, from (4) and (b), we have .
38x-3y-3714 =0
and 302+ 7y-314 = 0}
Hence, by cross multiplication,
x v
3x314-7(-374) ~ (-374).30—(—314).38
1
= WxT-30(=3)
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x Y 1
O . 91232608 - —11220+11932 ~ 266+90
or. 2 ¥ _ 1
' 3560 712 — 3566 °

Therefore 2=10,and y = 2.
Substituting these valnes of # and g in (1), we have
40-6+2z = 40, whence z = 3.
Thus we have z %= 10,y = 2,2 & 3.
Example 7. Solve z+y+z =0
(b+o)z+(c+a)y+(a+bd)z =0 }
bex + cay +abz = 1
Since (b+c)z+(c+a)y+(a+b)z = O}

and z+y+z =0
therefore, by cross multiplication,
x v z
(c+a)—(a+b) = a+b)- (b+¢) = (b+¢c)-(c+a)

x 2
o, E oY

c-b a-¢ b-a
Supposing each of these fractions = %, we have
z = kic—06),y = kia-c), z = k(b-a)
Substituting these values of #, y, z in the 3rd equation,
we have kibec(c--b) + ca(a — ¢) + ab(b - a)} = 1.
But  be(c - b) + ca(a — ¢) + ab(b - a)
= be(c - 8) +a?(c—b) - a(c? - 63)
= (c-b){bc+a®-alc+b)} -
= (c—-b)a—-c)a-b)
Thus, k(c-b)(a -c)a—b) = 1;
C e ae
1 .
Hence, = =- k(c-6) = m ;
1 .
y=Ha=o) = Clhjaze)’
1

2z = k(b—a) = -(—c—-m———g)-



CHAPTER I

SQUARE AND CUBE ROOTS.

1. Extraction of square roots by the applicatiom
of the formula a@? + 2ab + b* = (a +b)*.

Example 1. Find the square root of

b!
4—de+2WH+c2-bc+ 4"

The given expression, arranged according to powers of 5,

»2
= —ble—2)+(c? -4c+4)

2 2

- (’;) —2{-3(c—2>}+(c—2)

2

- {g-(c-z)}”=(g-c+2) .
Therefora the required root =-.b,--c+2.

Example 2. Extract the square root of
(ab + ac + be)? - 4abe(a + c).
The given expression
= {b(a +¢) +ac}® — 4abe(a +¢)
= b%(a+c)? +ac? — 2abe(a +c)
= {b(a+c) -ac}® = (ab—ac+bc)®.
Therefore the required root = ab —ac + be.
Example 3. Extract the square root of
a* +5% +ct +d* —2(a® +¢?)(5% +d®) + 2a%c® + 2b%d°.
Arranging the given expression according to descending:
powers of a, we have
at —2a%(0% +d% —c?)+ {b* + ¢t +d* - 2c7(5% + d?) + 26%d?},
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and the expression within the braces, arranged according to-
descending powers of b,

= b - 2b%(c® - d?) + (c* + d* - 2?%d?)

= b* - 2b%(c? - d¥) + (c? - d?)*

= b2 — (c® - d2)}".
Hence, the given expression

= at - 2a2(b% — c? +d?) + (b? - ¢? +d?)?

= {a® — (b2 - ¢? +d*)}?

= (a®? - 0% +c® - d?)2.
Therefore the required root = a2 —%2 4 ¢2

Example 4. Extract the square root of
(a2 + %) a b
iy Ty 2)a=b‘+ T TRPY
The given expression
_ (b
(a' b!)l b’
(2% +5%)% + 4ah(af_:b=)
(aﬂ 62)2
of which the numerator
= {(2% - 52)% + 4a?b?} + 4ab(a® - b%)
= (a? - b%)? + dab(a® - b%) + 4a%b*
= {(a® -5%)+2ab}?;
the given expression = -("”(:;2“:,)3 it

-dz.

i

Therefore the required root = - g

Exercise (1).

Find the square root of :—

49a2z* - 42ab%2* + 96,

a? + 52 4 c? - 2ab + 2ac — 2be.

4a? + 5% + 9c® + 6bc — 12ac — 4ad.

at +4b* +9c* +4a?b?% - 6a?c® — 1253¢2,

hWON=
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249 _ppat_ob 20e
8. aldsy b -3+
1\* 1 el pofps, L
6. (x"';) —4(@—;). 7. X l";""-l(x +$' +3.

9. a?+56%+c?+d?-2a(b-c+d)-2(c~d)-2d.
10. (a-8)* —2(a® +%)(a-b)? +2(at +54).
11. a* 48 +ct +d* - 2a2(b? +d?) - 20%(c? - d?)
+2¢%(a? - d2).
12. 2a?(b+c)? +26%(c+a)® + 2c%(a+3)? + 4abe(a + b +c).
2. The ordinary method of finding the square
root of a compound algebraical expression.

From our previous knowledge of formulze the following results
are obvious :—

(@+5)? = a?+(2a+d)b;
(@+d+c)? = a?+(2a+b)b+(2a +2b+¢)c;
(a+b+c+d)? = a®+(2a+b)b+(2a+2b+c)c

+(2a+26+2c+d)d ;
and so on.

Clearly therefore we must have

(ax® +bz4¢)? = alzt +(2ax? +bx)bx + (2az2 + 2bx + c)e,
and this latter, when arranged according to descending
powers of x, =a?z* + 2abz® + (b2 + 2ac)z* + 26cx +c*.

Now, if it is proposed to find the square root of the above
expression, let us see what means we have of discovering success-
ively the several terms of the root :—

The first term of the root, viz., az?, is evidently the square
root of the first term of the given expression, which is a®z* ;

if we subtract a®z* from the given expression, the remainder
is {(2ax?® 4 bx)bz + (2ax?® + 26z + c)c}, in which the term containing
the highest power of # = 2ax?® x bz, 1. e, = twice the first term
-of the root info the second term ; this enables us to get the 2nd
term after having obtained the first ;
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if now from the above remainder we subtract (2ax?® + bx)ba,

the second remainder is (2ax? + 2az+¢)c, in which the term

containing the highest power of «=2az® x ¢, i.e.,, = twice the first

term of the root into the third ; this shows how to get the 3rd
" term after having obtained the 1st and the 2nd.

Thus we are furnished with a clue for successively discover-
ing the terms of the expression az®+déx+c¢ when its square
is given.

The operation may be performed as follows : —

a?zt + 2abx3 + (0% + 2ac)x® + 2bcx + c’(ax:’ +bx+c

azt
2ax? + bx 2abx® + (b2 + 2ac)z? + 2hcx +¢*
2abx® + 6323
222 + 2bx +¢ Qacx? + 2ber + ¢
2acx3 + 2bcx + c?

(1) Find the square root of a%x*, the first term of the
proposed expression, and set it down us the first term of the
reqaired root ;

(2) Subtract a2z* from the given expression and bring
down the remainder 22br3 + (6 + 2ac)z? + 2bcx +¢* ;

(3) Set down 2ar2, i.e., twice the lst term of the roots
on the left of the above remainder as the first term of a
divisor ;

(4) Divide the first term of the remainder by 2ax?, and set
down the quotient, bz, as the second term of the root and also as
the second term of the divisor ;

(5) Multiply the divisor thus obtained by the second term
of the root, and subtract the product from the first remainder ;

(6) Bring down the second remainder 2acz? 4 2bez + ¢? and
put 2az? + 2bs(ie., twice the sum of the two terms of the root
already obtained) on the left of the remainder for the first two
‘terws of a divisor ;

(7) Divide the first term of the new remainder by
the first term of the new divisor, and set down the quotient, ¢,
as the third term of the root and also as the third term of
the divisor ;
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(8) Multiply the complete divisor thus obtained by the-

third term of the root, and subtract the product from the
second remainder.

After this nothing remains, and we obtain az? 4+ bx + ¢ for the
required root.

Nore. The expression considered above stands arranged according to-
descending powers of x. Similarly every expression of which thesquare root
is sought must be arranged according to the d ding or ding order of
the powers of some letter.

Example 1. Kxtract the square root of

The expression when arranged according to descending
powers of z stands thus :-—

zt 4y? 4yt

gty I e
for, now the indices of thc powers of z in the successive terms are
respectively 4, 2,0, —2 and -4, which numbers evidently are
in descending order of magnitude. Hence we proceed as follows :—
4y® 4y (x” 2y*

Z’
. AL 142
+ y# +3+ zz + 2y$ + z!

z(
4yt
,r~l

;ly‘

W‘

4y*

IZ
2 4

4y + 4yt

z¢ ozt

4yt
e

x? 21/’\‘
Q4=
gt 2+

2+

Thus th ired root = #1422
us the required root = 3 e



1] SQUARE AND CUBE ROOTS. 29
[ ]
Example 2. Extract the square root of y

8 3 11 4 4 _6 14 17 8
£5-2a 5z % +2a%2% +a 5z % —2abxt 4ab.
Let us proceed by arranging the expression according to
descending powers of z, thus :—

_6 14 311 8 17 44 Rs _3 % 4 4
a x5 -2 5zt +z"-2a3z‘+2a-'z"+a"(a S8 - gt — @b

_6 s
a Sz 5
31 4 _3 11 »
2a 5:::-'-.1:-')—241 525 4 af
-3 11 N
5$3 +z‘5 .

7 PR 1T 44

.r:-'—‘.’.x“—a*)—2u“x"+2a~‘z‘+a‘
1 7 4 4

- 2a°z% + 2a%2% +af

37 4 4
Thus the required root = a Fx® -z —a’.

Exercise (2).

Find the square root of :—

zt — 42+ 1022 = 122+ 9.

2% - 224 + 22 + 22 - 22+ 1.

4zt + 8ax® + 4a%x? + 166222 4 16ab%x + 1644,

2 3
10516 L4t e g

WK

s

25 5
xt g, ax* a® _, , 4oz
5. '4'—+4$ + —3“+ 9 2z 2 °
2 y* oz y 3
6. y;+'m';—y+—z— 14-
7 053 20r 9y 16y 42

7 " 1y Yi6er " 2z YiggE

s 4 3
13—4x5+2z+4z"+z*.

®
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9. a?z7?+2ax ' +a %22 +3 +2a 2.
3 - 5 _
10. aZ+ay b 2x%y i 2.;*3,/i + 2.:;3‘3/é +y.

3 a
923 53 179z%y 4r%y%  day®
11, —--b=%"+ 3. v

12, =zt +2(y +2)x% + (39> + 2yz + 322)x?
+2(y3 +yZz+y2® +2%)x + yt + 2y%2% + 24,

3. Square roots of numbers.

Example 1. Given that the greatest integer whose square is
contained in 140925 is 375, find the square root of 140925,16.

Since 140925>(375)*
and <(376)%,
140925,16>(3750)*

and <(3760)2.

Fvidently therefore the required root must lie between
3750 and 3760 ; let it thereforc be represented by 3750 + x,.
where x is some integer less than 10.

Hence, we must have
140925,16 = (3750 + x)*
= 14062500 + 7500z + x2,
or, 30016 = (7500 + z)=.
By trial we find that z = 4 satisfies this equation.
Hence, the required root = 3750 +4 = 3754.

Note. The operation mny be performed briefly, as in finding the square-
root of a compound algebraical expression as follows :—

14092516/ 3760+ 4
(8750)* = 14062500

7500 +—4)30016
30016

or, more briefly thus ;—

140925163754
(375)* = 140625

75;4)3031 (]

30016
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It may be observed that the figure 4 of the root is the same as the quo-
tient obtained by dividing 3001 by 750.

Cor. Hence we can easily find the square roots of the follow-
ing numbers :—784, 2116, and 5625, for the greatest integers
whose squares are respeotlvely contained in 7, 21 and 56 are
known,

Bxample 2. Given that the greatest integer whose square is
contained in 65739 is 256, find the greatest integer whose square-
is contained in 65739,82.

Since 65739 > (256)*
and < (257)2,

65739,82 > (2560)2
and < (2570)¢.

Evidently therefore the required number must lie between
2560 and 2570 ; let it therefore be represented by 2560+,
where z is some integer less than 10.

Hence we must have
65739,82 > (2560 + z)*

but < {2560 + (x+1)}2
e, > 6553600 + (5120 +ax)x

but < 6353600 + {5120 + (x+1)}(x+1),
and ., 20382 > (5120 + )z

but < {5120+ (z+ 1)}(x +1).
By trial we find that # = 3 satisfies these conditions.
Hence the required number = 2560+3 = 2563,
Note. The operation may be performed briefly as follows :—

65739,82/25604-3
(2560)* = 65536,00

5120 + 31203 82
1563 69

5013

or, more briefly thus :=—
65739,82(2563
(256)8 = 65536

51 23)20382
15369

5013
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Thus the process is just the same in this example asin the last, with
this difference only that there is a remainder in this example whilst there
was none in the last. .

Here also it may be observed that the figure; 3 obtained by trial is the
same a8 the quotient of 2038 by 512.
Cor. We are thus furnished with a clue for determining the
square root of any given number. For instance, the determin-
ation of the square root of 14175225 depends, as cvident from
example 1, upon finding the greatest integer whose square is
contained 'in 141752 ;
and this latter, by the present example, depends upon
finding the greatest integer whose square is contained in 1417 ;
which again, in like manner, depends upon finding the
greatest integer whosc square ,is contained in 14, which is
known. Hence it is easy to see that the successive stages in
arriving at the required root are : —
(1) To find the greatest integer whose square 4s con-
tained in 14 ;
(2) Thence to find the greatest integer whose square is
contained in 1417 ;
(3) Thence to find the grentest integer whose square is
contained in 141752 ;
(4) Thence to find the required number,

Example 3. Find the square root of 3976185249,

Putting a comma before every second figure from the right
we have
39,76,18.52,49.
Now, by the corollary to the last example the successive
stages of the required operation will be as follows :—
(1) The greatest integer whose square is contained in
39 is 6.
(2) Hence let us find the greatest integer whose square is
contained in 39,76 :—
39,76/63

6% = 36

1"3)376 '
369
T

Thus the greatest integer whose square is contained im
3976 is 63.
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(3) Hence let us find the greatest integer whose sqﬁare
is contained in 3976,18 : —

397&18(630
(63): = 3969
'i266)718
0
718

Thus the greatest integer whose squaro is contained in
397618 is 630.

(4) Hence let us find the greatest integer whose square
is contained in 397618,52 : —

397618,52/6305 -
(630)2 = 396900 (
12605\718 52
630 25
88 27
Thus the greatest integer whose square is contained in
39761852 is 6305.

©~ (5) Hence let us find the square root of 39761852,49 :—

39761852,49/63057
(6305)% = 39753025 \
126i07)882749
882749

Thus the required root is 63057,

Nore. 1. It may be observed that the remainder in (2), viz., 7, is the
same as the remainder left by subtracting (63)% from 3976 in (3) ; that the.
remainder in (3), »iz., 718, is the same as the remainder left by subtracting
(630)? from 397618 in (4) ; and that the remainder in (4), viz., 8827, iy the
same as the remainder left by subtracting (6305)% from 39761852 in (5).
Hence the five stages of the process shewn above may be most conveniently
combined into one as follows :—

39,76,18,52,49/63057
36

123\ 876
369
718
._;0 -
12605171852
63025

12610i}83§729
882749

iﬁéo)
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NoTe. 2. The groups of figures separated by commas are called periods
thus the given number in the present example has been divided into five
periods altogether, namely, 39, 76, 18, 52 and 49. Hence the operation
performed above amounts to the carrying out of the following directions :—

(1) Fiud the greatest integer whose square is contuined in the first
period, riz., 39. Thix is found to be ¢.

(2) Put down 6 as the first tigure of the root and subtract its square
from the first period.

(3) To the remainder, 3, bring down the second period, riz., 76, thus
getting 376.

(1) On the left of 376 place 12, i.e., twice the first figure of the root.

(5) Divide 37, i. ¢., the number obtained by omitting the last figure of
376, by 12, The quotient is found to be 3.

(6) Anunex this 3 to 12, thus getting 123 on the left of 376 and also
annex it to 6 as the second figure of the root.

(7) Multiply 123 by 3 and subtract the product from 876.

(8) ''o the remainder, 7, bring down the next period, »riz, 18, thus
getting 718.

{9 On the left of 718 place 126, iv., twice the part of the root already
Tound.

(10) Divide 71, 7_e.,, the numher obtained by omitting the last tigure
of 718, by 126. The qudtient is found to e vzero,

(11)  Aunex this zero to 126, thus getting 1260 on the left, of 718, and
also annex it to 63 as the third figure of the root.

(12)  Multiply 1260 by zero and subtract. the product fromn 718,

(13) To the remainder, 715, bring down the next period, »iz, 52, thus
getting 71852,

(14) On the left of 71852 place 1260, i.r., twice the part of the root
already found.

(15)  Divide 7185, i.e . the number obtained by omitting the last figure
of 71852, by 1260. The quoticnt is found to be 5.

(16)  Annex this 5 to 1260, thus getting 12605 on the left of 71852, and
also annex it to 630 as the fourth figurc of the root.

(17)  Multiply 12605 Ly 5 and subtract the product from 71852,

(18) To the remainder, 8827 bring down the next period (which is
also the last), viz., 49, thus getting 882749,

(19) On the left of 832719 place 12610. <.c., twice the part of the root
already found.

(20) Divide 88274, i.e., the number obtained by omitting the last

figure of 882749, by 12610. The quotient is found to be 7.

(21) Annex this 7 to 12610, thus getting 126107 on the left of 882719,

and also annex it to 6305 as the fifth figure of the root.

(22) Multiply 126107 by 7 and subtract the product from 882749,

(23) As no remainder is left the operation ceases and we obtain the
required root = 63057,

Note 3. The first period may consist of one figure only, as in 8, 53, 64.
It may also be observed with profit that the number of figures in the root
is the same as the number of periods into which the given number is divided,
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Example 4. Find the square rout of 564 343, to three places
of decimals. *

We hive £564:345 = 004345000

108~
— 64345000
Hence /564345 = —TJo5
Now lct us find the square root of 564345000.
5,64,34,50,00(23755
4

43\1 64
129
467\39 34
3269
4745\2 65 HU
23725
47507\28 25 00
23 75 25
44975
This shows that the square root can not be exactly found,
and all that we have found is the greatest integer whose square
is contained in the vumber,
23755
1 0:}

Nore. 1. If we were asked to find the root to 4 decimal places we
would have to multiply and divide the number by 10%; if to 5 decimal
places, by 10'¢ 5 and = on, . .

NOTE. 2. From the process shewn above itix clear that we might with
much advantage proceed as follows :—

(1) Make the decimal places six in number by affixing three zeroes to
the right of the number ; thux, 561:345000.

(2)  On the left of the decimal point put a comma before cvery second
figure, and on the right of the point put a comma «ftcr every second figure,
thus, 5,64:34,50,00. The whole number is thus divided into five periods
altogether, of which two are on the left, and three on the right, of the
decimal point.

(3) Now extract the square root of thix number as if it were an
integer and put the decimal point after the first two figures in the root
thus found.

Nore. 3. It should be observed with care that the number of figures
on the left of the decimal point in the root is the same as the number of
periods on the left of the decimal point in the proposed number. It should
also be observed that if we were asked to find the root to four or fire decimal
places, we would have to make the decimal places respectively eight or ten
in number by affixing zeroes,

Hence the required root = = 23755,
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Wxample 5. Find the square root of 3 to fve places of
decimals. :
3 00.00,00,00,00(1'73205

3464051760000

1732025

T27975

Thus the required ront = 1-73205.

Exercise (3).

Find the square root of :—

1. 37249 2. 824464. 3. 2819041
4., 22071204. 5. 97535376. 6. 550183936.
7. 28-8369. 8. -000729. O. 236°144689.

10. -00139876.
Find to four places of decimals the square root of :—
11. 16-245. 12. 2. 13. -00064. 14, 5. 15, 20.

* 4. If the square root of a number consists of
2n + 1 figures, the first » + 1 of them being found by
the ordinary method the remaining 7¢ may be obtain-
ed by division only.

[Let us take a particular case. Suppose we have to find
the square root of 4556235397156, This number when divided
into periods stands thus : —4,55,62,35,39,71,56. Hence evidently
the square root will consist of 7 figures, and hence in this case
n = 3.

If we proceed by the ordinary method the square root will
be found to be 2134534.

We have to shew then that after the first four figures,
2134. have been obtained by the ordinary method, the remain-
ilrgg. three, 534, may be obtained by a simple opecration of

ivision.
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The given number being 4,55,62,35,39,71,56, by exam'ple 3
we know that 2134 js the greatest integer whose square is
contained in 4,55,62,35. Hence the remainder at this stage of
the process

— 4556235\ <= 4556235
. _(2134)2 — 4553956
= 2279

to which the next period, ., 39, would be annexed if the
ordinary method were continued.

The divisor at this stuge = 2x 2134 = 4268. We have
to shew now that if instead of annexing to 2279 the next period
only, viz, 39, we aunex to it all the remaining three periods and
divide the number thus formed by the number formed by an-
nexing three zeroes to 4268, e, divide 2279397156 by 4268000,
the quotient will be equal to 534 (the remaining three figures of
the root).

By actual division we find this to be the case and we are
inclined to accept the proposition as true.
It may be observed that
2279397156 = 4556235397156
- 4553956000000
= 4556235397156 - (2134).210°.
Hence, it is clear that the remaining three figures of the
root are given by the quotient of
4556235397166 — {(2134).10%}% by 2x (2134).10%.
Now we shall give an algebraical proof of the proposition.]
Let N represent the given number, ¢ the number formed
by the first n+ 1 figures of the root (found by the ordinary

method), and z the number formed by the remaining n figures
of the root.

Then we must have
JN = a.10" +2,
‘N = a2.10%2" + 2a.10".2 + z2.
N a?.102» x2

P () A PR (i

Now N -a2.10%" is the number formed by annexing all the
remaining periods of N to the remainder after the group of root-
figures represented by a has been found.
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Thus we find that if the above number be divided by
2
2a.10", the quotient is equal to x together with '.)5—1-6:.

Now since « cousists of n digits. 2% consists of 2« digits at
most ; also since @.10" consists of 2n+1 digits, 2a.10™ consists
1.2
2a.10"
therefore it forms no part of the arithmetical quotient.

Thus it is clear that when N - a® 10%" ig divided by 2a.10",

the arithmetical quotient is the remaining part of the root ;
which proves the proposition.

of 2u.+1 digits, at least. Hence, is a proper fraction and

Nore. The proposition evidently applies to integers which are perfect
squares. It may also be shewn to be true (with some exceptions) fur integers
which are not perfect squares,

Suppose N is an integer which is not a perfect square and that it is
divided into 2n+1 periods. Suppose also that « represents the number
formed by the tirst a+ 1 figures of ity square root and that - represents the
number formed by the next = figures. If now N —a210%" be divided by
2a..10" will & be the quotient ?

Let N7 be the perfect square next below N.  Then by the present article
we must have

N’ -a¢2.10%» o2
2aw.10" BRARTSTLN

and .. we must bave

N —a?10% £ N-N'
waron T zua0m T 240000
_ aH(N=N)
- 20,100

Hence it i clear that our answer to the above query can he aflirmative
only when x3 + (N — N’') is less than 2a.10",

Exawple. Find the square root of 7 to six places of decimals.

The answer will evidently be found by extracting the
square root of

7,00,00,00,00,00,00
and putting a decimal point after the first figure of the root.

Now the square root of the akove number will evidently
consist of 7 digits, and hence if four of them Le found by the
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ordinary method the remaining three can be obtaineds by
division. . 7,00,00,00,00,00,00(2645
4

46\300
276
524\2400

2096

5285130400
26425

:’)‘390)3975

Now that we have found the first four figures of the root,
the remaining three will be obtained by dividing 3975,00,00,00
by 5290,000, i ¢, by dividing 3975000 by 5290.

5290)3975000 751
37030
27200

26450
7500
5290

2210
Thus the square root of the above number = 2645751
and ., the required root = 2-645751

5. The ordinary method of finding the cube
root of a compound algebraical expression.

Lividently we have (ax?® + bx + c)3
(ax? +02)* + 3(ax® + be)*c + 3(ax? + bx)c? + ¢?

a’x? + 3(uxt)(br) + 3(ax®)(br)? + (bs)?

+3(ar? + bx)%c + 3(ar? + bxle® + 3.

Hence if we are asked to find the cube root of the above
expression we see that we have the following means of dis-
covering successively the several terms of the root : —

The first term of the root, ®iz, az? is evidently the cube
root of the first term of the given expression, which is a3z,
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If we'subtract @32°® from the given expression the term
containiung the highest power of # in the remainder is 3(a2z*)
(bx), i.e., equal to three times the square of the first term of the
root info the second term; the second term is therefore dis-
covered.

If from the above remainder we now subtract {3(a®x*)
+ 3(ax?)(bx) + (bx)?}(bz), the second remainder is 3(ax* +bx)%c
+ 3(ax? + bx)c? + ¢ ; the term containing the highest power of
« in this remainder is 3a2xzic, i.e., equal to three times the
square of the first term of the root 1nto the third.

Hence the third term is discovered.

If from the second remainder we mnow subtract
{3(ax? + bx)2 + 3(ax? + bx)c +c?}c, nothing is left and we obtain
the required root = az®+bzx+ec.

Let us illustrate the process by an example. -

Example. Find the cube root of .
28 — 623y + 24x4y? — 56xz3y3 + 96x2y* — 96xy® + 64y°.
The given expression stands arranged according to descend -
ing powers of z; we need not therefore change ths order of the
terms.

The second term of the root, viz, — 2xy, as shewn on the
next page, is obtained by dividing - 63y, by 3z* (i.e., threc
times the square of the first term).

Then the divisor, 3z* - 6x3y +4x2y2, is formed as shewn
on the next page.

The prodnet of this divisor by ( - 2ay), viz, — 6x5y + 12z4y*
—8us3y3, is now subtracted from the expression which stands.
above it, and the rcmainder is put down below the line.

Now take three times the square of the part of the root
already obtained and put down the result, 3x* —12x%y + 122%y2,
as part of a divisor.

The third term of the root, wviz, 4y®, is obtained by
dividing 12s%y2, the first term of the remainder, by 3z*, the
first term of the divisor.

' The complete divisor is then formed as shewn on the next
page, and the product of this divisor by the third term of the
root is subtracted from the expression which stands above it.

" As no remainder is now left we find the required root
2 _ 2zy +4y2.
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Exercise (4).
Find the cube root of :—-

1. 2% 4+272% + 2430+ 729, 2. 27x% - 21642 + 5762 —512.
3. 64a® - 144a2b+ 108ab? - 2763,

4. 33z% —36x+x% - 6353 +8—94° + 6622,

B, 8x% +12x% - 30x* — 3523 + 4522 + 272 — 27.

6. 1-92%+33z%- 632°% +66c% — 36210 4 82132,

7. c®—63ctc? +8x" - 9Pz + 66c%x* — 36cx® + 33ctx2.

6. Cube Roots of Numbers.

Example 1. Given that the greatest number whose cube is
contained in 9718142 is 213, find the cube root of 9718142,104.

Since 9718142 > (213)3
and < (214)3
9718142,104 > (2130)3
and < (2140)3.
ividently therefore the required reot must lie between
2130 and 2140 ; let it thercfore be represented by 2130+,
where z is some integer less than 10,

Hence, we must have
9718142,104 (2130 + x)3
(2130)% + 3.(2130)%x + 3.(2130)2* + 2*
9663597000 + 3 x 4536900.
+ 3 x 21302 + 23,
or, 54545104 = (3 x 4536900+ 3 x 2130x + z2)z.

Dividing 54545104 by 3 x 4536900 we get 4 as the guotient,
and we also find that £ = 4 satisties the above relation.

Hence we have the required root = 2134. 'The process may
‘be shewn us follows :—

9718142,104/213 + 4
(2130)3 = 9663597 000

3x(2130)* = 13610700 | 54545 104
3x2130x4 = 25560
42 = 16
13636276
4

54545104 | 54545 104
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Or, more briefly thus :—

9718142,104/2134
(213)® = 9663597

13610700| 54545104

3x(2130)2 =
3x2130x4 = 25560
4 = 16
13636276
4
54545104 54545104

Note. 1. 1t should be ecarefully remembered that the figure 4 of the
root i8 found by dividing 54545104 by 13610700. Sometimes the figure so
found may prove too large and then we have to try the next sialler figure.

Note. 2. By a method similar to that of example 2, article 3, we can
easily shew that when the greatest integer who-e cube is contained in a
given number i known, we can determine the greatest integer whose cube is
contained in a number formed by annexing three more digits to the given
number ; i c., when the greatest integer whose cube is contained in & number
like 34567 is known, we can fiud the greatest integer whose cube is contained
in 34567,432.

llence we have the following means of determining the cube root of
any number, say 3278975416,

(1) Divide the number into a number of periods by placirg a comma
Lefore every third figure from the right, thus : —3,278,975,416.

(2) FKind the greatest number whose cube is contained in the first
period, namely 3.

(3) Hence find the greatest integer whose cube is contained in 3,278.

(4) Hence find the greatest integer whose cube is contained in
3,278,975,

(5) Hence find the greatest integer whose cube is.contained in
3,278,975,416. Tf the number be a perfect cube thi» integer will be its cube
root and no remainder will be left after the operation.

Example 2. Find the cube root of 68417929.

Putting a comma before every third figure from the right
we have 68,417,929,

Then, by Note 2, last example, the successive stages of the
required operation will be as follows :—

(1) The greatest number whose cube is contained in the
first period, namely 68, is 4.

(2) HUence let us find the greatest number whose cube is
contained in 68,417 :—
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68,417/40
43 = 64
3x(40)* = 4800] 4417 Since 4417 is not divisible by
3x40x0 = 0 4800. the second figure of the
02 = 0 root must be zero.
4800
0
0 0
4417

Thus the greatest integer whose cube is contained in
68,417 is 40.

(3) Hence let us find the cube root of 68,417,929.

68,417,929/409
(40)3 = 64000 (

3% (400)? = 480000( 4417929
I3x400x9 = 10800 Dividing 4417929 by
92 o 81 480000 we have 9 for the
quotient, and so 9 is the
T next figure of the root.
4908381
9
4417929| 4417929

Thus the required root = 409.

Note, 1. Since the remainder in (2), namely 4417, is the same an the
remainder left when (40)? is subtracted from 68,417 in (3), it is clear that

the three different stages might very well be combined into one as in example
3, article 3.

Nore. 2. The number of figures in the cube root is the same as the
number of periods into which the given number is divided.

Example 3. Find the cube root of 568743275 to two places
of decimals.
. 5687432750000
Hence V568743275 = ————-—a“ 5687452750000
100~ *
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Now let us find the cube root of 5687432750000 or rather
the greatest integer whose cube is contained in it,

5,687,432,750,000(17850

. 13 =1
4637 Dividing 4687 by 300 w
3x (10)2 = 300 get 15, g\vhich ofycourse :‘v:
3x 10x7 = 210 reject since the next figure
7t = 49 of the root cannot be greater
than 9. Trying successively
9 aud 8 we ultimately arrive
559 at numbers too large to be
7 subtracted from 4687 ; so
we next try 7 and succeed.
3913 8913
3x (170)% = 86700 | 774432
3x1T0x8 = 4080
82 = 64
90844
8
726752 | 726752
3x(1780)2 = 9505200 | 47630750
3x1780x5 = 26700
52 = 25
9531925
5
47659625 | 47659625
3 x (17850)% = 955867500 21125000

As 21125000 is not divisible by 955867500 we must take
zero for the next figure of the root and stop here.

Thus the greatest number whose cube is contained in
5,687,432,750,000 is 17850 ; and therefore the required root
= 178-50.

Nore. 1. If we were asked to find the cube root to three places of

decimals we would have to multiply and divide the given number by (1000)3,
and if to four places of decimals, by (10000)* or (10*)3, and so on.

Nore. 2. From the process shown above it is clear that we might with
much advantage proceed as follows :—
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(1) Since the root is to be found to ¢two places of decimals, make the
decimal places six in number by affixing four zeroes o the right of the
proposed number, thus :—i687482:750000.

(2) On the left of the decimal point put a comma before every third
figure, and on the right of the point put & comma after every third figure,
thus :—5,687,432:750,000. The whole number is thus divided into five
periods altogether of which three are on the left, and two on the right, of
the decimal point.

(3) Now extract the cube root of this number as if it were an integer.
and put the decimal point after the first three figures in the root thus found.

Nork. 3. It should be observed with care that the number of figures
on the left of the decimal point in the root is the same as the number of
periods on the left of the decimal point in the proposed number. 1t <hould
also be observed that if we were asked to find the root to three or four
places of decimals we  would have to make the decimal places in the proposed
number respectively nine or twelve in number by affixing zeroes.

Ezxercise (5).

IFind the eube root of :—

1. 15625. 2. 110592, 3. 941192,

4. 8365427, 5. 28934443, 6. 95443993,

7. 194104539, 8. 223643543, 9. 843908625.
10. 673373097125. 11. 32461759, 12. 27054-036008.

Find to three places of decimals the cube voot of :—

13. 44.6. 14. 3:00415. 15. 5%6.

7. If the cube root of a number consists of 2 +
2 figures, the first 7+ 2 of them being found by the
ordinary method the remaining » may be obtained
by division only.

Let N represent the given number, a the number formed
by the first »+2 figures of the root (found by the ordinary
naethod), and « the number formed by the remaining n figures
of the ront

Then we must have
VN = a.10" +2,
S N = a%10%"+3a%.10*"2 + 3a.10".2% + 2% ;
. N-a%102" x* z3
 T3h10i T Tra0-t gan10
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Now, N -a3.10%" is the number formed by annexing all” the
remaining periods of N to the remainder after the group of root-
figures represented by a has been found.

Thus we find that if the above number be divided by 3a2.10%~,
. 2 3
the quotient is equal to z together with afl ¥ 3 :.1 Gin-
Now, since x consists of 72 digits it is I»ss than 10" and

.. %% << 10%"; also since @ cousists of n+2 figuios it is greater
than 10"*? and ", ¢.10">10%"*1 ; hence

r2 102" ie. < 1
wi0r 1o =0
3 5n
and also m 10 1.6, < 1

ux.10%  SFx 104n1s’ Fx 107

r? :t.‘)
oo ——— - iy clearly a proper fraction and
a.i0" ¥ a7 108 Y prol

it forms no part of the arithmetical quotient.

Thus when N —a#.10%" is divided by 3a2.10%", the arith-
metical quotient is x, the remaining part of the root ; which
proves the proposition.

Notk. Remarks similar Lo those made in the note to article 4 apply
to the present article.

Miscellaneous examples.

Example 1. If 2" +3dc’ +er' +/(c® +9x* +hx+1* be a
perfect cnbe, find its cube root and determine the co-eHicients
e, f, 9, b in terms of d and .

Hence,

(Bombay University I. . Paper, 1889.)

The given expression stands arranged according to descend-
ing powers of x. ;

Hence the first and last terms of the root must be z* and
%, the cube roots of the first and last terms of the given expres-
sion.

Also as the second term of the root is to be found by
dividing the second term of the given expression by three times
the square of the first term of the root, .°. the second term of
the root must be = 3dxz® +3x* = dz.

Thus we have

the 1st term of the root = 2?)ana evidently there cannot be any
the 2nd terin = dz }more term of the root between dz
and the last term =k Jandk
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Hence, the required root = z? +dz+F.
Therefore we must have
28 + 3dx® +ext + fu3 + gx® + ha + k°
identically = (2% +dz+1)3
= 2°% + 3a*(ds + k) + 32*(dx + k)? + (dx + k)
= %% + 3dz5 + 3(k +d?)z* + d(6k + d?)z?
+ 3k(k + d*)z? + 3dk?x + k3,
Hence, equating the co-efficients of like powers of x on
‘both sides, we have
e = 3(k+d?), S = d(6k+a?),
g = 3k(k+d?), h = 3dk3,

Kxample 2. If a be the greatest integer contained in Né, and
the difference be so small that its cube may be neglected, prove

that a nearer approximate value of N¥ will be

1
1 4N —a3\Z
7{“(_ 3b"> }

(Bombay UTniversity P. E. Paper, 1885.)

1
Let N3 = a+#, where x is, by hypothesis, so small that
its cube may be neglected.

Then we have
N = a® + 3a2z+ 3ax® + .
Hence, neglecting z3, we have the following equation from
which the value of x can be determined approximately :—
3ax? + 3az+a® = N.

3
Hence, 22 far = g..i"_;
3a
o a? N-a® a?
or, g rar o = ge— 4 i
or a\? - 4N -a3
: Y] T a3

3 {The negative sign is rejected
a 1 (4N -a%\2 sirlicezi 8  hesis oo
. e L) 8, by hypothesis, -
S %y 2( 32 ) S otive] ¥ Aypot posi
a1 (4N-a3)§

—2—+—§. —3a /)
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Thus the approximate value of a +2z

e (22

and this is therefore the required value of Ni.

CHAPTER IIL

INDICES.

1. Definition. The product of m factors each equal to @
is represented by a™. [ Sec Art. 11, page 9.]

Thus the meaning of a™ is clear when m is a positive integer.

2. The Index Law and the truths necessarily
following from it.

To prove that a™ x a® = a™*", where m and n are any two
positive integers.

Since a™ = a & a. ... ... ... .. tom factors
and a" = a.a a a vee eee  +..  tom factors,
a"xa* = (e @ @ ... ... .. ... tom factors)
x(a.a. a a.. .. .. ton factors)
=a. a4 aadad.. .. to(m+mn)factors
= am™t,

This result is called the Index Law.

Cor. 1. a™xa"xa® = a™"*?, when m, n and p are positive
integers.

For a”xa™ = a™™", . a™xa"xa’® = a™*"xa® = a™t"P
= gmints,
= am+n+y+q+ s

Hence, a™ xa"xa*xa? """ *

_ Thus, the product of any number of powers of a given quan-
tity is that power of the quantity whose index is equal to the sum
of the indices of the factors,

4
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Cor. 2. (a™" = a™, when m and n are any two positive
integers.

For - (a™)" = a™xa™xa™x .. . ton factors

= gmtmimt - ..« tonterms [ by Cor. 1.]

and S, = a™.
Cor. 3. a™+a" = a™ ", when m and n are positive integers
and m is greater than .

For a™ " x a® = a™-"+" [ because m—n is a

positive integer. ]

3. Assuming the formula «™x«" = a™" to be
true for all values of ue and n, to find meanings for
quantities with fractional or negative indices.

»
(i) To tind the meaning of @, when pand ¢ are any two

positive integers.
Since a™xa* = a™" for all values of m and =, putting

lq, - for each of them, we have

4 » »or 2r

a'xa” =a* " =a".

[T B LLI | ap
Similarly, a* xa” xa" =a’ xa' = a", and so on.

14 » »
Hence, o’ xa'xa” . . . . . . to ¢ factors

ap
=a' = a’

»
Thus a? is equal to the ¢™ root of a?, and is therefore

equivalent to /a?.
Cor. Hence ot = Ja, of = 3/a, ot - 4/a, and so on.

2 )
Generally, a" = ¥a.
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R A 1.4
Note. From the Index Law it is also easy to see that a ? xa* xa ¥ x
.
2 2
eestopfactors = a?. Thusa? may as well be regarded as the p™ power
1 * »

of &?,i.ec., equivalent to (4/a)?. Thus a? may be interpreted either as
the ¢ root of the p™ power of @, or as the pt* power of the ¢** root of a.

(ii) To find the meaning of a°.
Since a™xa® = a™" is true for all values of m and »,
putting m = 0 we have
a() xaﬁ = a0+|| = q" ;
S.oa® =a"ra"= 1

Thus any quantity raised to the power zero is equivalent to 1.
(iii) To find the meaning of a=*, where v is any positive
integer.
Since a” xa" = a™" is true for all values of m and n,
. putting m = —wn, we have
a*xa" =a """ =qa% = 1;

1

1
Jooam= . andae” = -1 .
a

Cor. Hence a™+a" = a™ " for all values of m and n.

am
For a™+a" = — = a™xa™" = a™™".
a

Example 1. TFind the value of 8%,
85 = (‘{/8)" - 925 = 32,

Example 2. Find the value of 4_%.
i1 1 _ 1
;f (V) — 2° 327

8
Example 3. Multiply together ;v/a"', a*, 412~ and a—!-a- .

4 3 _5
The required product = a% xatxa ¢ xal®
5,8_5
= gZtTTts

5
= af i+s = a?*% = @b,
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Exercise (6)

.

Express the following avoiding fractional or negative
indices :—

5 _a 3 .
1. a7, 2. =z 3 =
z 2
_e 2 _2 " _5
4., z 5x3a 2. 5 8m*xm 3 6 z:3a*
-2 1
7. z 3% %, 8. urs Uz,

9. 2/a"%x a—" 10. ‘\“/_‘ \/x'.

Express the following avoiding radical signs and negative
indices :—

11. ('{/z)- 12. (‘,/a)_ﬁ. 13. 1-

14. W._};)__s. 15. “x/.t‘-!-('"\/‘)-l' 16. VF-:_(V“)-"'

Find the value of : —

17. 4= 18. 83, 19. 9%

20. 167, o1. s1°% 23. L.
__.‘2 Il 4 Il _2
2_ 3 - 3 . e 3'-

23, (125, 24, (27) 25, (216)

26. Simplify am Ergdm e

o T

4. To prove that (a")' = a™ is true for all
values of . and n.

(1) Let m be a positive integer. Then, whatever may be
the value of m, we have

(™" = a™xa™xa™x . . . . . to nfactors

L]
= gmtmim+ to n terms

= a™,
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r'
(ii) Let n be a positive fraction equal to ©, where p and
g are positive integers. Then we have

o () (amj T \/ (_‘ .'7 [Art. 3, (i))

\

< Yarr [by (i)]

mp

a? [Art. 3, ()]

= a™.

(ili) Let n be any negative quantity, equal to —p, where p
is positive. Then we have

n -p 1
(um) —_ (am) —

e [Art. 3, (iii)]
- a:"' [by (i) and (ii)]
= a" [Art. 3, (iii)]

— am(-pp = a™",

Thus the proposition is established.

5. To prove that «*d" = (ab)" for all values of =.

(i) Let n be a positive integer. Then we have

a'lt® = (a. a. a. ... to n factors)

x(b. b 6. ... ton factors)

= (ab. ab. ab. ... to n factors)
= (ab)".
(ii) Let n be a positive fraction equal to -f; , where p and
q are positive integers. Then putting z for a"5” we have
LI
z =a'b",

2 2\t
Sl = a'b')

)< GEY) [by )]
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= a?x ¥ . [Art. 4]
= (ad)’; [by ()]
z = (ab)':'; ie, a"b" = (ab)".

(iii) Let % be any negative quantity, equal to —p, where p
is positive. Then we bave

a"" = arb->
1

= o5 [Ar3, Gib)
- (0_155 [by (i) and (iii)]
= (ab)™* [Art. 3, (iii)]
= (ahb)®.

Thus the proposition is established.

)

Cor. 1. * . a"b™" = a® (b-ly = (al,—l)" = (%

bh
C(”‘. 2. a“b"c* = (ab)"c" == (abc)";
generally, a*b c*d® . ... = (abed . .. )~

6. Applications of the results proved in the last
two articles.

Example 1. Simplify (aebg)"%_
(aebg)’% - (as)_% X (bg)_%
= qf (_%) X b%(—;)
-5
= a"% &
Example 2. Simplify a~*l x Va3
Na“%b = (a"b)i = (a")*xb} - a"bi;

Iy oyl 1 1 1 1
Nab = (ab=3)F = a¥x (-3)% = a3~
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Hence, the given expression
¢ 1
= a-16¥ xadp

. _ . s _
=a ”}xbi =a b }

.Example 3. Simplify Jm_ ,\s/a‘-b“c%
St o (aorib
A
_ byt
wi e - (amd
(P

= a??b-ic{’ .

Hence, the given expression
33 -1, LY
= a%b 3¢ 12 +a3 317

3 .1 17 _4.1_5
= aZ 8 1% x ¢ 345 1T
3_4 _ O A )

= aZ 3} i*ic 1273178

= aab"c‘1 = %c'l.

Exercise (7).
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7. \‘/w”-‘\/é_—*. 8. Ja bt Yarbmo.

NN

10. (8x% =+ ‘77a‘3)§. 11. (642%= 27“-3)—?;_

12. ¥Va*oict x Va4, 13. ./ a—gb‘c_ﬁ—ﬁ f\:/a’b‘c“‘.
. e \—1 -152\7 34=6\-5
1 s/ab“"c3 -:—(3Juﬂbzc'3) . 15. <:“b:‘) T(%:m) .

7. Miscellaneous Examples.

9

»

. 2 1 1 (R

Example 1. Dividea+b+c+ 3:1.!’1;ﬁ + 3a§ 63 by a¥ + b3 +¢%,

Let us proceed by arranging the dividend and the divisor
according to descending powers of a :—

a’+(b"+c‘~‘) a+3abed s 3a"b“+(b+c)( T’+a3(21)§-c3)
at ag(b* ) +(1,J —tded i)

5("6* - c3) + 3agb” +(b+ c)

a3(2b3 - ¢ 5) + a§(9b3+ b*c.'l' - 03')

a“(b's - b:"c?I + c“) +(b+c)

1 2 11 2
a3(h3 - b3¢% +¢3) + (b+¢c)

Thus the required quotient
2 11 11 2 11 2
= a? + 22353 — a¥c5 + 4T — 53¢ + 3,

No1e. In multiplication as well as ln division the armngement. of
the expressions concerned according to ding or d ding powers of
some common letter should mever be overlooked. Such arrangements
m\armbly give neatness to the required operations, if not always indis-

pensable,
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Example 2. Divide 2 at

INDICES.

n—1 n
z?  +a? by

n-1 - n—-2 n—2 n—
, 22 —-a? z* 4a®* .
. n-2 n—-2
Let m =2z* . andn = a?
n—-2\ 2 ) “'l—) n—1
Then m? = (z = zx* =z*
and mt =

Similarly, n?

n

n: n
a? and n* = a?.

n—1 n—-1 n

22 +a? 22 4a?

Hence, TwIr
- a

%2

1

n-2z n-2

Wi
z2  +a?

m* +m2n2 40t (m? +n2)2 —m2n?
T = : .
m? —mn+n*

m* —mn+4n*

(m? + 02 + ma)(m? +n? —mn)

m?% —mn +n*

= m3 +mn+

n?

-1 n—-2

= x* + x*

Example 3. Shew that

1

Tamn g

The 1st term

the 2nd term

p

1

e v

x ™

;:;qi +_zm—n+_wm-w)

z ™

a.;"‘_-i- i +z‘;’ ’

x
(Ll 4z 2P

F'4

"
S Y

57
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x~P
and the 3rd term - W)
= P ram g
Hence, the given expression
™™ x

[CHaP.

Rl T T e T el el el T

™+ +x?

e = b

Tz
‘Bxample 4. Solve the equation

a%b? +1
a“.(a‘ + b-') = “};;5’—‘" .

We have a™a*+a™*b* =1+ Z’l-b’— .
or, 1+(ab)™ = 14a"75"1
= 1+ {ud)~2.

Hence (ad)~* = (ab)-2,
: z =2

Example 5. If a® = &° shew that (%)T - a%_l; and

if a = 25, shew that § = 2,

Since a® = 3%,

a =b"% [extracting the dth root of both sides]

a v a® o’ S
Hence, (»5) = b—::- = —a— =q .

If a = 2b, from the given relation we have
(25)° = () = (8%),
2 =89, . b=2
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o \1 —

#xample 6, ‘1f z = (a+ ,Ja*+b")’+ a-— Ja*+b')§,
shew that 23 #3bz~2a = 0.
* Putting m for a + Na® + 6%,

and n for a - Na® + 6%, we have
. 1 1
23 = (m3 +n3)3

1s 13 11 1 1
(m®) +(n®) + 3m3.a3(m® +x3)

1 1 1
= m+n+ 3(mn)5. (m3 + n3)

. 1
= m +n + 3(mn)3.2.
But m+n = 2a,

1 1
and (mn)® = {a? - (a? +b3)}3
= (=898 = -3

23 = 2a - 3bz,

23+3bx—-2a = 0.

Exercise (8).
Multiply :—

2 1 1 1 1 1
1. 23+2:74+325+22%+1 by 23 - 2%+ 1.

s
2. o+ 32559 + 98% by a5 - 33,
3. 1+ab~' +a%"? by 1 -abd~! +a?b~2.

1 1 1 1
4, z+2y* + 35 by 2 - 2yT + 325,
-1 _ -1 -

5. z—l + 2 'fy %+y—l by Z-I—E '}y %+y—l.~

2 1 -1 -3 1 =1
6. a®-a%+1-a ¥+a3byad+l+a

2 k] 2 *1 11 1 1 1 1 1
T. aS4+y34 05 —y853 - 7357 — 23 by 2 +y3 +45.
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8. a™+3b" - 2¢* by a™ — 35" + 2¢”.

€

% PRIT 3 4 3.4 3 o2
9. a®+8ab+4ab3 + 2a253 + 3207 + 16a°6% by a® ~ 253,

5 1.3 -5 3 1 1.1 1l _1
10. af+a*s ¥+2 S+afz ‘+a¥s L +az ¥ by
3 11 -3 i, .
ab +afr 4z F_aty ¥,
Divide :—

5 3 * 3 1
11. x% —4a? - 222 4 6z — a2 by 2% + 2 — 42%.
12. 841222 +22°2+22 ‘byz2-22 144,
11 11 -1 1
13. 2y '+2% 2+3+2 %y +alybyal+a Ty T4y
5 3 3 1 5 3 1 1 3
14. a% - a®b+ub? - 2a%4® +b% by a® - ab? +a%b - b7,
15. 8a ™ —8a"+5x%" - 3573 by Sa* - 347,

s _a 111 1 11
18. 8x%+y %—2z462%y 23 by ez +y % -25.

3 3 a 3 3 3
17. Show that 23 +a®+ax*a? is divisible by z* +a® +a¥a®.

»—1

n—1 w—1 n-1
18. Multiply 22 +a* byaz? -—a?

-1 a1

19. Divide 2% —y; by #*  +y?

20. Simplify {( ) }"'“

21. Divide 20 ¥43:% 7ot sz st by Aot
22. Find the square of o - a:'-‘ 0 y®.

23. Divide 27 -g% hy o . §

24. Find the square of o8 - 207 4 8.

1 _1 11
26. Divide az '+a"'z+2bya’s S+a 323-1.

2 A\
26. Simplify a=-b _a-b7
af 5t a-b
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27.

28.

29,

30.

31.

32.
34.

35.
36.

38.

40.
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L J‘ + 3:/§ 23 - 3x§y§ + 9_1/3'r
Simplify. ——- -5+ ,—_T—]————g:-
e 3y% 2% +35y% + 9y

3 3
a? - am& + a*m - %

Simplify - 2'—_;_.5_— =g *_._5. .
a® -a%2? + 3a%x - 3ax® +a%zx? — x2
L a? 452 -a"2-56"2 (1-a 1) (b-0"1)
Simplify - ST T + el
Simplify ooV -+ oot
I S
Simplify

(a+b+e)a ' +07' +e ) —a~10 e (b +c)(c+a)(a +B).
Solve : —

Qr+T - 4a+3, 33. (“/3)”5 = ("«/3)2”5 .
(5J4)4z|~7 ”J(A)z 47 .

- (
(sﬁ;r;)”“ ( ﬁﬁ)

231—1 _ 92:—3 — (J3 2y—x
3x -y =l } 37. 23+ ‘= 4 ) }
43r-1 = 16 Qrty+z = 8rti-4
g=+3r 92z+s}' 30, 532 o 9pu:

324ty . Q3zHy
(7
()2 ()

(< ey



CHAPTER IIL

SURDS.

1. Definition. Any root of any arithmetical number
which cannot be exactly found is called a surd or an irrational
quantity. Thus /2, /6, 3/4, and 4/5 are all surds.

Nore 1. Quantities which are not surds are called rational quantities.
Hence every root of an arithmetical number is cither rational or irrational.
Thus /8, \/2Z5 and 4/I6 are rational quantities, whilst /2, A/5 and 4/9
are all irrational quantities.

Nork 2. An algebraical expression also, such as \/x, is called & surd
although the value of . may be such that A/z is not in reality a surd, For
instance, if z = 4, \'r = A\/4 = 2, and is therefore not really a surd.

2. To express in the form of a surd the product.
of a rational quantity and a surd.

Example 1. 5,/3 = (5’)‘1'x3§

= (5' X 3)* [ Art. 5, Chap. 11.]

= V5 %3 = JI5.

Example 2. 239 = (23)§x 93
= (23 x 9)3lr [ Art. 5, Chap. IL}

= V29 = Y73

Exercise (9).

Express as a complete surd : —
1. 3,5 2, 23%/3. 3. 24/6. 4, 41/5.
5. aZb. 6. =3y 7. at 562
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3. A surd may sometimes be expressed as the
product of a rational quantity and a surd.

Example 1. 32 = Vi6xz
. = (42 x2)}
- (@)hxat [ Art. 5, Chap.'IL ]
= axat = 4 o
= X8x5

» 1
= (23 x5)7

!
Ql

Example 2. 3/

1 1
= (2%)¥x53 [ Art. 5,Chap. II.]

Exercise (10.)

Simplify :—
1. JIB 2. 8. 3. /350,
4. /198, 5. 4/105. 6. 3/1373,
7. 4/IR75. 8. Vat. 9. ¥ztna,
10. %/ =2560. 1L ¥ -192e%¢ 19, V500a7z+,

4. Similar surds. Two or more surds are said to be
similar or like when they can be so reduced as to have the same
irrational factor. Thus /45 and /80 are similar surds for
they are respectively equivalent to 3 /5 and 4 ,/5. The sum of
any number of similar surds may be found as follows :—
Example 1. /137+ /37 _

= Ji9x3+ J/Ix3

= TJ3+3,3 = 10,/3.
Example 2. 3/635- 2/135 + 3/40

= Y1BxB- Y9x5+ 3/8x5
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r

= 3/55%x5 - 33 x 54+ 323® x5
=5%5-33/5+23/5
= 4%/5.

Exercise (11).
Simplify : —
1. JiB+ JB. 2 JTB+ 3B 3 04 JTHD.
4, 98- J50. 5. YYI3/-YBL 6. 4/B0+ 4/i05,
7. YYTEE-4/243. 8. 2./2T- [J75+ /13,
9. 2 Ji05-3 125+ JI5. 10. 4 YT93- 4375 +23/31,
11. 33/40+2%/635 - 4 3/320.
12. 5¥=54-2Y216+4 V6H6.
13. 575 + /802" + /52y7.
14. z¥%a+y ¥ =8y%a -2/ - 2T%.
15. 2%/3%a%%+3%/b512a%x — 4a V163
5. Surds of the same order. Surds are .aid to be of
the same order or equiradical when they have all got the same

5
root symbol. Thus /5, \/a® and (a+z)® are all surds of the
same (the second) order.

A surd of the second order is often called a quadratic
surd ; whilst one of the third order, as /4 or 3/a2,” is called a
cubic surd.

Surds of different orders may be reduced to equivalent
surds of the same order.

Example 1. Reduce ,/5 and 3/4 to surds of the same order.

The given surds are respectively of the 2nd and 3rd orders ;
and the L. C. M. of 2 and 3 is 6. Hence we can at once reduce
them to surds of the 6th order, thus :—

J5 = 5% = 5% = 9/5% = /T35
b = 4% = 4F o 93T = Y8,
Thus the required surds are 3/125 and $/T6.
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Bxample 2. Reduce %/3 and /2 to surds of the same order.
The L. C. M. of 6 and 8 is 24.
Thus we have «
y 0/3 = 3% = 37 o 2agm o 2egs]

and 82 = 2% = 997 = 34437 o 2¢/E,

Thus the required surds are 24/81 and %4/3.
Example 3. Which is the greater 3/9 or 4/20¢

We have 5/9 = 95 = 91 = 12/57 = 12/6561

and 4/20 = 20% = 20'17 = 12/30% = 12/8000.

Thus the given surds are respectively equivalent to '2 /6561
and '32/8000, and us the latter is greater than the former, there-

fore 4/20> /9.

Exercise (12).

Reduce to surds of the same order : —

1. J3and 3/2. 2. 3%/4and 4/5. 3. 3&/2and %/3.
4. 4/3and %/5. 5. ¢&/4 and 4/6.
Which is the greater :—
6. J2ori/3% 7. 3/3ori/4? 8. Af6or 4/10?
Arrange according to descending order of magnitu&e e
9. 4/6, J/2and 3/4. 10, /3, %/10 and *%/25.
" 8. Multiplication and division of surds.
Bxample 1. 3/6x /10 = 63x 103
= (6 x 10)e
= /60,
Nore. In this example the given surds are of the same order.
2-5
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Example 2. 4/5x%/8 = st gt
=5 Tx x 8%“"
1 1
= (53\)15 x (8’)‘ 2 [Art. 4, Chap. IL.]

= (53 x 8’)‘15 [Art. 5, Chap. I1.]

1125 % 64
= 1%/8000.
Nore. In this example the given surds are of different orders,

1 1

Example 3. %/2x5/2 = 23 x 28
93t3
= J L

8
91F = 13 /9n

- 15 /356,

Nork. In this example the given surds have got the same quantity
under the radical sign. They may as well be regarded as surdslof different
orders and treated like those in the last example.

Example 4. 4,./18x /75
=43,/2x5,/3
= 60,/2../3 = 60 ,/6.

Nore. In this example the given surds have been§ reduced to simpler
forms before multiplication.

Example 5. 4/4+4/6 = st .6l

2 K
= 417612

[Art. 4, Chap. IL}

4’ 1
- (—)Tr ‘.COI'. 1, Art, 5’ Ch‘p. II.J
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’
Bxample 8. Ixpress /53 ,/3 as a fraction with a rational

denominator.

5 Jox /3

We have. J5+33 = A0 _ 3%
v v 33 3./3x J3
) _ JIB _ /15
3x3 9

Nore. For arithmetical calculations it is always most convenient te
reduce the quotient of one surd by another to the form of a fraction with a

rational denominator. Hence even when the numerical value of a surd frac-
tion is not required it is usual to express it in the above form.

Exercise (13).

Simplify :—
1. J3x J10. 2. J8x 6. 3. J2Tx /3.
4, ,/15x /6. 5. J20x /15 6. %/5x 3/25.
7. V6arx Vzlaca. 8. Y2x3i/6. 9. %/2x /6.
10. 3/4x %/8. 11, 39x3/27.12. §/2x Y3.
13. 4/3x /3. 14. /2x%/2. 16, 4/4x /4.
16. 5,./8x2,./6- 17. 8, /12x3./24.

18. 4%/73x53/576. 19, 7/8a%s* x 527652,
20. 8,/10+4,/i5. 21. 3,/12+6,/27.
22. 3/36+ 3/18, 23. /8 1/6.

Given J2 = 1414, /3 = 1732, /5 = 2236, find to 3
places of decimals the numerical valne of :—
24. J2+ /6. 256. J72+ J40. 286. 275+ /24
27. 10,108 /15.

7. Compound Surds. An expression consisting of two
or more simple surds connected by the sign + or — is called a

compound surd. Thus 5,/2 and 4,/3 are simple surds, but
5.2+4,/3 and 5 /2 - 4 /3 are compound surds.

Two or more compound surds are multiplied together in the
same way a8 two .or more compound -algebraical expressions,
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Example 1. Multiply 3./c+2,/3by Je- /3.
(B Ve +2./3)(Jx - J3) = 3 Jx. Ju+2°/3. Ju
-3z /3-2,/3./3
32+232-332-6
= 32— A3z -6.
Example 2. Multiply 7./2+ /3 by 7./2- /3.
‘ (TN2+ JNT 2= \J3) = (T.J2)% - (J3)*

- 492-3
= 98-3 = 95.
Example 3. Fiud the square of /3u +x + ~/3a - v,
(Voa+u+ V3u—u)t = (NBu+2)? +(NBu—u)?

+23u+a 3a-x
(Ba+z)+(3a-=x)+2 JOaE —a*
Ga + 2 \/9a% — 2,

Exercise (14).

Multiply :(—
1. Ja+ Jb by Jab. 2. Ja+ Jbby Ja- Jb.
3. 3Ja-5 by2Ja. 4. 4./c+3,Jybyd.Jz-3./y.
5. 2Jz-5+4by3J z-5-6.
6. 3/5-4,/2by2 /5+3,/2
T J2+2.3+ /T by J2+2./3- T
8. 3- /5+ /8by3- /5~ /8.
9. Jll+ /6~ .3 by JiT- /6+ /3.
10. /4 +%/9+3/48 by 3/2+%/3.
Find the square of :—
11. Jz+a- Jz-a 12, 2,/8+5.6. -
13. 2./5+3 7. 14, Ja®+28% - Ja* - 253,

15. 2z¥+y® +52% -2
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8. Rationalisation. If two surds be such that théir
product is rational, each of them iy said to be rationalised
when multiplied by the other. Thus 2 /5 and /3+ /2 are
rationalised when rgspectively multiplied by /5 and /3 - /2;
for, 2, /6% (/b = 10,

and (/3 + J2)(J3-42)=38-2=1.

Two binomial quadratic surds which difter only yin the
sign which connects thenr terms are said to be conjugate or
complementary to¢ each other. Thus /3+ /2 aud 2 N
AT are respectively conjugate or complementary to J3-"J2
and 2 /5 + JT.

Lvidently therefore every binomial quadratic surd is ration-
alised when multiplied by the complementary surd.

Hence a fraction with a binomial quadratic surd for its
denominator can be easily reduced to an equivalent fraction
with a rational denominator.

Example 1. Given /2 = 1414, find to three places of

decimals the value of .l—t - v
3-2

I+ 2 _ (1+ V2342 /2)

3-22  (3-zJi3+22)

_343./2+2/2+4

)
2
2

9-8
= T+5,/2
= T+5x1414

. 7417070 = 14-070.

Example 2. Rationalise the denominator of
NSy
ieat+ 1=

The given expression
(VT2 = A1 —z3)"
(N1+z*+ JI-wt)(J1+a2 = JI-a%)
_+a40 -2ty 21—t
(L+2%) - (1 -2%)
2-24i-a¢ 1-JT-4*

2x2 = xd '
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3+ /6
3 /12~ /324 J60°
The denominator = 5,/3-2x2,/3-4,/2+5,/2
= J3+ J2
Hence, the given fraction
3+ 6
NEESNE
- B JOA- D
(J3+ J2(J8-J2)
_ 3./3-3/2+3/2-2.3
- -
= /3.

T 3.2 4./3 6
Example 4. Simplify _,:/3::/—,\7(3_:%‘_43-/—,\/—?2+'723-{-_‘:/§'

Example 3. Simplify 573

The 1st term

3.2 J6 J8(J2-1)
T80 g2 T gzl T ((r)(JE-D)
=2,./3- /6

The 2nd term

43 26 2./6(/3-1)
T OJAVIEY) T J3¥1 T (J3+N)(J3-10)
2(,3_~/;32,:._~/_§l - 342~ 6.

The 3rd term

_N8 o WEY3- g
N3+ U2 (VB34 (V3= D)
Hence the given expression

= (23~ /6)=(3./2- y6)+(3./2-2./3)
=0

= 3.J2-2/3.

"~
Example 5. Bring — ‘—I—~ to a form with a rational
27424 +1
denominator. .
(Bombay University P. E. Paper, 1890.)
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The given expression Y
1
* 7 _ T{(2¥ +1) - 29}
1 1 1 1 1 1
(22+1)+28  {(2%7+1)+29}{(2T+ 1) - 2%}
-of which the denominator

= (2Fe1)_2?

- (2+29741)-27 = 3427
Hence, the given expression
_ a4 -ody
3427
-8 vty 30t ys-—satizad _otiat_g)

"""" = 9o

(3+29)(3-2%)

—1-33tpa0d 0l

Nore. It may be observed in this connection that any fraction of
‘the form —— % _
L At b+ /e
a rational denominator as follows :—Multiply the numerator and denominator
by sa+ \/b— \Je ; the denominator thus becomes (a/a+ /b)? —(A/c)? or
«+b—c+2Nab, Now multiply both numerator and denominator by

(a+b—c) -2~ ud, on which the denominator becomes (« + b ~ )8 — 4ab, which
is rational.

can be reduced to an equivalent fraction with

Exercise (15).

Reduce to an equivalent fraction with a rational denomi-
mnator :— ’

1. 38+ JT g 342+2J3
ST 3. J2-2.J3

g 4+3.J2 q 353
t3-2,2 U= 8

5. Naxz+Na-z g NoHI- -1
" Netz-Ja-z BN U TNy

7. 1 12

I+ 25 73 8 i poagat
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o (VNS 4o 1
: NEESWERING) CJ10+ S1da4 JI5+ J21°
Given /2 = 1-414, /3 = 1732, /56 = 2-236, find to-
thiree places of decimals the value of : —

11. j;fi 12. 2_\/33. 13. 25 j;

14. J-'§73 15. ;{—Ajg 16, +JJ .
Simplify :

17 5y Jamitan deror

18. 15

JI0+ J20+ J40 - /5= /80"
J"(,J3+])(2— ,\/'3)

(J2-D)@ Js-5)2+ J2)°

20. (34222 +(3-2.2) 3,

r+ et 1 - et o1

19.

21. K
1 .a.-J:r—l z+J.z"—l
29, NPT +1+Jz*-1 Nz? + l_:_{:p’-l

Jerdl- Jat - Tl e JeI1

9. To find a factor which will rationalise any
given binomial surd.

Every binomial surd must be of the form Xa+ /5 or ¥a

— 3 4 = - .
— 6. For instance, 3%5+27 = 5/3%4+7/37 = 5/37 4 7/16 ;
and 4% 37T = /37 L1130 = 8/16 - 11/EL

I Let it be of the formy ¥a+ ¥/6.

Lev ?/a = x, and Jb = y; and let » be the L.C. M. of
p and q.

Then a» and y* ave clearly rational guantities.

Hence, if a factor P be found such that (z+y).P = a”+y>

_or, 2" —y", "P will be the very factor we seek.
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Now, we know that if » be an even mteger z+y divides

- _1/ only, and we have a* - y" = (z+y)(a" ' -2*"2y+ ... +
xy oyl and if » be an odd integer z+y divides a."+_1/*
only, and we have
T4yt = (Y@t -2 2y + L —ayT )

* Hence, if n be even, the rationalising factor and the rational
product are respectively a"~!-a* 3y ..... +xy" 2 -y,
and a® -y ; whilst if » be odd, these quantities are respectively
2"t -anfy 4 oL —zy" "t 4yl and 2t 4y

II. If the binomial surd be of the form /u— /b, taking
2, v and n to mean the same as before, we see that a factor Q
will rationalise z—y if Q be such that (x-).Q)=2"-y" or
"+,

Now, we know that x — y divides a* —y" only for all values
of », und that a"-p* = (z-y)(&" ' +a" 2y+ .... +ay"*

+y" ).
Hence, in this case, whether n be odd or even, the rational-
ising factor is a" l+4a% fy4+-...... +ay""%+y""", and the

. rational product is z” - y~.
Example 1. Vind the factor which will rationalise 4/3 + /2.

1
The given surd = 33 4 2’}.

1
Putting 2 = 3%, y = 2%, we see that #® and »® are both
rational, and we also know that z° - 9% = (z+y)(z® — 2ty + 2%y*
—2y> +ayt-y").
Hence, the required factor
= z8 —x‘y+m”y2 —z2y3 tayt —y°
15 14 1 13 12 12 13 1 14
= (3%) -(3%) .22 +(3%) .(2%) -(3%) .(2¥) +3%.(2%)
15
- (29)
2 3 1 2
= 35_3528 .32 3808 4 350" _of;
and the rational product

(o

16 16
= (3%) —(27) = 3%-2% = 1,
' 3
Example 2. Reduce 3 ,}{3 3- 3‘\-“]/;- to an equivalent fraction.

with a rational denominator.
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The denominator of the given expression

1 1
= 32 - 5?.
1 1
Putting z = 3% y = 53, we see that z® and p° are
both rational, and we also know that
2 —y® = (x-y)(=® +2'y +23y® + 2%y +ay* +¥°).
Hence, the rationalising factor of the denominator
= 2 +aty +ady? + 2%y +ayt +y°
15 141 13 12 12 13
= (3%) +(3%) 5% +(3%). (6%) +(3%).(5%)
1 1 4 135
+3%.(53) +(69)
5 1 3 2 1 4 5
= 374+325343256%4+3.5+3%5%5+57;
and the rationalised denominator
16 fa
=Y -h) =351 22
Hence, the given expression

3 1 & 1 3 2 1 4 5
(3% - H3)(3% + 32,53 + 3.5% + 3.5 + 32.53 + 539)
2

Exercise (16).
Find the factor which will rationalise :—
1. J3-3/4 2. J6+14/3. 3. 3+5/4.
4. 2i_3% 5. 33448, 8. 4-7/5.

Reduce to an equivalent fraction with a rational denomina-
-tor :-—

7. 2-34 8. A3+V2 g, AB-4/32
BTV BN FI=EYE N NN VED
3-10
10 Sip:

10. The square root of a rational quantity can-
-not be partly rational and partly a quadratic surd.
If possible let /n = a+ /m.
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Then, squaring both sides, we have
‘' n=a’+m+2a,/m,
n-a?-m
whence, oJm o= — 7,
’ </m 2a

Thus a surd is equal to a rational quantity, which is impos-
:sible,

11. Ifa+ /b=x+ /y, where @ and x are ration-
al, and ./b and ./y are irrational, then will @ = 2,
and b = .
For if a be not equal to r, let @ = z+m.
Then we have z+m+ /b = =+ Jy ;
.m+ L Jb = Jy.

Thus ,/y is partly rational and partly a quadratic surd,
‘which is impossible by the last article,

Therefore a =z, and consequently /b= /y, or b=y.

Nore. It should be distinetly borne in mind that the results proved
above arc true only when (/b and /y are really irrational. For instance,

from the relation 5+ \/9 —= 3+ /25, we cannot conclude that 5 = 3 and
9 = 25,

12. To find the square root of « + /b, where /b
.is a surd.

Let \/a:_,,/b = Jz+ \Jy.
Then, squaring both sides, we have

at Jb = z+y+2aay.
Hence, by the last article,

a=aty
and /b = 2~/.zy} - (D)
Hence, a? -6 = (z+9)2 — 42y

= (x-y)’a
S JarSh =2y
Thus we have z+y = a
and z-y = Ja®-5
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Hence, by addition and subtraction,

22 = a+ Jai =6, and 2y = a— Na* -0';
Sz o= f(a+ atTb), aud y = §(a- Va® -b).

Thus N/ ot Jb = VA Ma+ Ja*<0) + V Y- Ja =T

Nore. From the values of 2 and y found ahbove it is clear that

unless Nu? - is rational the square root obtained is by far more compli-
cated than the original expression. Thus the process given above is of no
great practical value except when a? - ) is a perfect square.

Cor. From (1) wehavea - Jb =+ -2 Vuy=(Je- N
s o Na= Jb= Jo- Jy. Thus if Na+ Jb = Jo+ Jy
then will Va— Jb = Jx - /9.

Example 1. Fiud the square root of 7+ 2 ,/10.

Let N/7+2~/|o = ety
Then, squaring both sides,
T+2,J10 = 2+y+2 ey,

Hence, x+y 7
and xy 10 }

The relations are evidently satisfied by the numbers 5

and 2.
Hence, the required root = ,/5+ ,/2.

Example 2. Find the square root of 16 -5 (7.

Let NI6=5 JT = Ja— Jy.

Then 16-5./7 = z4y-2ry.
Therefore z+y = 16

2Ney = 5 ~/7}-
Hence, (z-9) = (z+y)% -4day

= 162~ (5,/7)%
= 256 -175 = 81 ;
S z-y =0,

Thus we have z+y = 16
z-y= 9J°
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9
whence, x =
»

3T

,andy =

w
1(\.'*1

=y
».*\

Thus the requn'ed root = \/ \/ g
Example 3. Find the square root of /27 + /15.
2T+ 15 = 3 /3+ /3. /5 = J3(3+ /).

37 + /15 1/3\/3+ J5.

Hence, \/,\/21 + J15

Now, proccedmg as in the last example, we find that

T e is s Sl )
erefore J2T+ Jl.) = J;}( ot .,)

Exercise (17).

v.

Find the square root of :—

1. &+2i5. 2. 14-6,/5. 3. 17+12,/2.
4 37-203. 5. 31 +4. /3. 8. 73-12,/35.
7. 4T+4J33. 8. 6- J3. 9. Jis- JI6.

10, W3- 2 11 J27+ JH 12, 5.5+ J120.
13. af+2xa/a* —g=. 14. 2a+2Wa¥ —6%,

15. a+z+ «/2ax+.%. 16. 22-142z7—2-6.

17. z+y+z+2az+yz.

13. If ¥VYa+ Jo = ¢+ Jy, then will Va- /b
=2- Jy.
Since Va+ Jb Jb = x+ Jy,
cubmg both sides, we have
a+ Jb = 2®+3:7 Jy+3ay+y .y
Hence, equating rational and irrational parts, we have
a = a%+ 3xy }
and /b = 3% Jy+y.Jy
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Hence, a — /b = 23 - 3x% \Jy +3zy -y ./y.
NaZJb = Jom Jr .
Cor. Conversely if Ya = /6" = z~ Jy, then ¥a¥ /b
= x4 \Jy.
ixample 1. Find the cube root of 38+ 17 /5.
Let Wﬁ?ﬁ = x4+ \/y,
then R/38-17/6 = x- Jy.
Therefore, by multiplication,
a? -y = W144d 1435 = V-1 = -1
Again, since 38+ 17./6 = z+ /y,

38+17 /6 = 3 +3x% Jy+ 32y +y Yy,
whence 38 = 2% + 3ry.
Thus we have z3 +3rxy = 38
and x*-y = -1
Hence, % +3x(z%+1) = 38
or, 423 +3r = 38.

By trial, we find =« 2, and hence y = 22 +1 = b.
Thus the required rovt = 2+ /5.

Nore. The method shewn ahove is practically of no use unless the
value of z? — y as found above be rational.

Example 2. Find the cube root of 21 ,/6 - 23 /5.
91 /6-23. /5 = 6 J6(2.l - 23$5)

6 6,6
- (3-2/3);

Let \’/.l—_'?'ii/_"’ﬂ -a-
° 26V E ~ VY

ton 3/ TLE TS
L 3*t% 6 z+ \/y.
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49 2646 s/ 1 1 ’
s _ - 3 ————— == —_— = cee 1
Hence z* -y t _Zi6 216 6 M
also, Z-g(; % - a%-32% Jy+3ay -y Jy;

2% + 3ry =-Z N )
Hence, from (1) and (2), we have

z3+31(x2—~(l§) = Z‘i;

or, 823 -z = 1T.

By trial, wefind z = 1,and ', y =

s/ 237/5 5 .
Thus\/z'_('{\/(‘;- 1—\/6’

and .. the required root = ,,/6(1 - \/g) = J6- /5.

[=oRSi

Exercise (18).
Find the cube root of :—
1. 19+9 /6. 2. 26-15,/3. 3. 11,./5+17,/2.
4. 99.2-59./5. 5. 264,./3+150,/6.
14. Miscellaneous Examples.
Example 1. Find the square root of 6+ /12~ /24 - /8.

Assume ,\/6+ 12— 24— /8 = Jr+ Jy- Ja
Then we must have
6+ JIZ2- /24~ /8 = z4+y+2+2ay .

-2yz -2/
If now, z, g, z be such that

22y = J12
2 yz = JF and also z+y+z = 6, then the
2z = B required root will be found.
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From the first three equations we have

Ney = V3
Nyz = V2
Nzx = /2

ALGEBRA MADE KASY.

(1)
o |
- (3)

[Caag,

by multiplication,
2yz = 2.3 = 6;
‘\/.a,yz = J6

Dividing (4) by (2), (3) and (1) respectively, we have

,Jz = ~/1’

Ny =

NE RN

4

and these values of #, g, z also satisfy the equation z+y+z = 6.

Hence the required

Example 2. Simplify i

The lst term of the

root = 1+ ,/3-

2+ V8
J2v st

J2.

2- /3
Ja- NEI s

(Bombay University P K. Paper, 1888).

given expression
W22+ J3)

T2+ Jav2,g3

-and the 2ud [term
A

J22+ /3)

N2+ /3)
(VB +1)
4+2,/3
V2. 3(J3+1)
(J3+1)2
VE(J/3+T)

W3+1,
NN
NJa2- J3)
2-Ji-2./3
2(2- J3)
2-(J3-1)
V22~ J3)
J3(J3-1)
4-2,/3

INENEIWEESY)
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(J3-1)7
~ J6(J3-1)
J3-1

. Jb .

Heuce, the given expression

LBl 3=l 23

N4 J6 /6
P j’+landy = ://2 , find the value
of x*+ay+y3.
We have x = ://31'}=(J2+1)s
2 —
and y =—\j3+}. = (J2-1)2
Therefore z+y =6
and ay = 1
Hence @ +ay+y? = (z+y)? —ay
= 62-1 = 35.

3

Example 4, 1If X = /\/1‘4- NIS +‘I + = J,.Tm

find the valne of X? +3¢X -
(Madras University F. A, Pn.per, 1885).

Putting a for \77-.4. NrEEg® and b for ’ r—riag,
we have X = a+6;
X? = a® + 4% + 3ab(a + b)
a® + 6% +3ab.X
(r+ NP g%+ (r = Jri4gP)
F3VTTETR)X
= 2+3¥ "¢ X
= 2r - 3gX.
X? +39X -2 = 0.
© 26
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Example 5. It  (c+ v&? - bc)(y + g% - ca)(z + ~/2* - ab)
= (z— ¥ —be)(y - Ny* = ca)(z— 2* ~ ab), shew that each of
these expressions = +abe. (Bombay University P E. Paper, 1889.)
Let each of the given expressions = K, then we have
K = (z+ Vo “50)(y + Vo= —ca)(z+ N7* —ab)
and also K = (z- Mc_)(y- Ny* = ca)(z— ~nz - ab).

s K% = {#? - (2 - be)[{y? - (y° - ca)}{z® - (2% - abd)}
= bec. ca. ab = a?b%c?;
o K = +abe,

i.e, each of the given expressions = +abe.

9
.Example 8. If ar = “P7 . find the value of
1+g¢

\/——+x+\/
\/?+z—- p—a-'
a

a

The given expression

e T
(7 +xk(——a —x)

2
Now since az = _2rq . P T+g

I+¢®’ *° ax 29 °

Hence, the given expression
- lre? (1+,,:)-£—_‘1 1kt JTagt -2
2 4q 29 4q®
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Example 7. .If (2=~ Nai Zb%)2 4 g2

. +\/(z+ Ja - b2)t 4y = 20,

\

) 2
shew that 2. 4+ %

e + 5—‘ = 1. (Madras University F. A. Paper, 1886)

By transposition, we have

(2~ Jum %) 4yt = 2“‘\/(_w+-:/h)“+y“.

Squaring both sides, we have

2— Nur T0%)¥ 4yt = dat 4 (z+ NVat < %)% 4yt
ey

- 4“\/(~v+ JaFZ b2 4y,
or, —2rur-b% = 4a® + 2z J.F-?F
-4a\/(x+ Jar - o)t 4y

tt.crefore, by transposition,

4“\/(1:+ Jaz —b%)% +y? = 4a® +4x Ja® - 62,
Removing the common factor 4 from both sides and squar-
ing, we have
a?(x+ Ja* -_b")“ +a?y? = a* +2%(a® - H%)+ 2a’x \/(z_"_:F;
or, a*(a®-04%)+a?y? = a*t-52x3,
or, higi +aly? = a%b?,
Hence, dividing both sides by a%62, we have

xﬁ :'/2

artyi = b

Otherwise :—
We have

,\/(x- J;’—;b‘)2+y”+J(x+ Nar Z82)2 4y = 2 ... (1)
and also identically
{(= - Nai =621 — gt} - {(z 4 NaTTB) 4yt
=42 NaT-8 .. (2)
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Dividing (2) by (1), we have
\/(z— Jad Zp1)2 4yt \/(:H- Na® Zb%)? 4 g2

2z 2 _ 12
= - .a..\/a %2 ... (3)
Adding (1) and (3), we have

2\/(”- Vat -6t 4yt = 2a—3””~/ a? - b%,
a

or, a /(Z—'sz—b’ ’+.1/3 = a’-z,\/‘uj;___bi'
Squaring both sides, we have
a®(z - Ja* —b—’)’ +a®y?

a* +2%(a? - b2)
—2a%z Ja¥ T b,

or, a®(a? -b%) +a’y? = a* b2,
or, ' 5222 +a?y? = a2b?,
Hence, dividing both sides by a?42, we hLave
x2 yﬂ 1
ar g = -

Exercise (1u).
Find the square root of :—
8+2,/2+2,/642,/10. 2. 10+2,/6+2,/10+2,/15.
11+6,/2+4,/3+2,/6. 4. 21-4,/5+8,/3-4,/15.
Simplify :— :
M3+ 2 J3- 2 )
N2+ Nzw g3 J2- V2w B

Given /5 = 223607, find the value of __ ~3= +/3

JI+ T35

3, /8 3+ 5
=N AN, b iversi . E. 7.
it JlO — ,J'-’- (Bombay University P, E. Paper, 1887.)
Find the value of
1+~ 1-» 3
e } ———po==, when x = X _.
1+ Witz 1-Wl-z 2
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~/l+.r- -z

9. Find the value of
~/1+a:+ -z

» when z = Lﬁé

. (Bombay University P. E. Paper, 1883.)
. . & + 4 2ab
10. Find the value of :/"Tt_“-—vu——z-. when z = .—a
Na+i- oo b5 +1°

11. Find the value of
2@\/[-0_1‘” \/ ~/7;)
z+ JI_HT’ when z = —2( e A

12, Reduce

4/9 _-3:/—3 i’ to an equivalent fraction with a
rational denominator.
-2 .
13. Simplify (72-32./5)"3 - (72+32/5) *.
) .

Iz = s =
14 g ¥
3x® + 23ry + 3y*.

15. 'f z = 5;“_ ://’ y = _:;;"' "/_ , find the value of

CHAPTER LV.

RATIO AND PROPORTION.

1. Deflnitions. The ratio of one quantity to another
of the same kind is defined to be the abstract number {integral
or fractional) which expresses what multiple, part or partc, the
former is of the latter. Thus,

since 2 hours is a portion of time which is thiee times as
large as 40 minutes, the ratio of 2 hours to 40 minutes =3 ;

since a length of 9 inches is a fourth part of 3 feet, the
ratio of 9 inches to 3 feet = 1;

since the sum of £1. 4s. is obtained by dividing 18s. into
3 equal pn.rl:s and takmg 4 of those parts, the ratio of £1, 4s.
to 18s. = §&;

and so on.’

find the value of

1
558

3 + 93
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Hence it is clear that the ratio of one concrete quantity to
another (of the same kind) is a fraction, of which the numer-
ator and denominator are respectively the measnres of those
guantities (referred to one and the same unit) ; and the ratio of
e abstract quantity to another is a fraction of which the
rumerator and denominator are respectively the quantities
themselves.

The ratio of any number e to any other number 5 is usually
expressed by the notation « : 6 ; thusa : 6 is the same as
@
b
dent and the consequent (or the first term and the second
term) of the ratio a : b.

. The quantities @ and b are respectively called the antece-

A ratio is called a ratio of greater inequality, of less in-
equality , or of equality, according as it is greuter than, fess than,
or equal to, 1.

Nore. Since a ratio is only a fraction there is to difficutly in sceing
that the valuc of a ratio remains unaltered if itx terms bo multiplied or
divided by the sune number. Thus the ratios 3 : 4, 6: 8, 15 : 20, and
3% : 4n are all equal to one another. Hence also two or mere ratios can
be easily compared with one another ; for instance, the ratios 2 : 8, 4 : 5,
and 7 : 10 being respectively equivalent to 20 : 30, 24 : 30 and 21 : 30,
we see at unce that the sccond of them is the greatest and the first
the least.

2. A ratio of less inequality is increased, and a-
ratio of greater inequality is diniinished, by adding
the same number to both its terms.

. . a+: .
Let -'bi be any given ratio, and let IT; be the new ratio

formed by adding x to both its terms.
a+r a a(h-a)
bes 8 " i(hin)’
and therefore it is positive or negative according as a is less
or greater than 6.

Then,

Hence, if a<b, .. .
h B¢ b +w> b | which proves the
. a+r a roposition.
and ifa>h 20| Prop
Y TP

Nore. Similarly it can be proved that a ratio of less inequality is
diminished, and a ratio of qreater inequality is increased by subtractina from
both its terms any number which is less than cuch of those tcrms. This is
left as an exercise for the student.
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’

3. Compgsition of ratios. The ratio of the product

of the antecedents of any number of ratios to the product of their

consequents is called the ratio compounded of the given ratios,
Thus, the ratio compounded of the three ratios—

. 34, 8:9, 2x : 3y,
is 2x8x2e: 4x9x3y,

or, 4x © 9y.
When the ratio u ; 6 is compounded with itself the result-
ing ratio a® : 6% is called the duplicate ratio of @ : b. Similarly

1 1
a® : b3 is called the #riplicute ratio of a : & ; a* : b2 is called the
1 1
subduplicate ratio of @ : & ; and a¥ : 63 is called the subtriplicate
ratio of @  b.

4. Approximate values of ratios. If z is very
small compared with @, to show that the ratio (¢ +ux)* : a? is
approximately the same us a + 2 : a.

2 2 2 2 2 2
We have f_a:o-_:)__ o i kmardE 4 “3. .
“ u* a a?
. 2x
and C. approximately = 14+7-,
a
2 4
since Z’E which = %- X : ) is very small compared with »2:' ,
and smaller still than 1,
Thus approximately we have
(a+ x)* 2r a+2r
a = l+— = .o (1)

Cor. From (1) we have \/9—'22'"=9'-£--'1: . Hence, if z is very

small compared with 2, we have

Naxe: Ja = a+lz: a
Nore. By a similar mode of reasoning it can be shown that when
« is very small compared with a, (¢+x)3 : ¢® = ¢+3x : a; (¢+x)* : a* =
at+dr g (a+x)& :a,& = a+4x : «, and so on.

5. Incommensurable quantities. If two quantities
be such that their ratio cannot be exactly expressed by the
ratio of two integers, they are said to be incommensurable
quantities. Thus /3 and 2 are incommensurable quantities,
since no two integers can be found whose ratio is exactly equal
to /3 : 2 .
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Although the ratio of two incommensurable quantities can-
not be exactly expressed by the ratio of two ‘integers, we can
always find two integers however, whose ratio differs from such.
a ratio by as small a quantity as we please.

173205 .....
2

For instance, i:j ~ =2 '86602....c.000u0nee .

3 86602 86603
and therefore 5> 160000 and < 100006 °
thus ,/3 : 2 differs from either 86602 : 100000 or 86603 :
100000 by even less than a hundred-thousandth part of unity.
A further approximation might evidently be arrived at by
calculating the value of ,/3 to more places of decimals.

Notk. Any number which cannot be cxactly expressed as the ratio-
of two whole numbers is also sometimes called incommensurable. From
this point of view every surd is an incommensurable quantity.

Examples.

Bxamole 1. Two numbers arc in the ratio of 2 to 3, and if
9 be added to each they are in the ratio of 3 to 4. Find the
numbers.

Since the numbers are in the ratio of 2 to 3, evidently
we can represent them by 2z and 3x respectively.
Hence, by the second condition, we have

20+9 _ 3
3z+9 4’
Hence 8x+36 = 9x+27, whence 2 = 9.
Therefore the numbers are 18 and 27.
Example 2. What is the ratio of = to g, if
10z+3y : 5r+2y =9 : 51

o 10543 10.2 43
‘We have — o A -

5 E;-E;_ 5‘f_+2-
Yy

Hence, 45.=+18 = 50 2 +15,
y y

- 5L =3 ..

z _3
v Y 5
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Example 3. Which is the greater
22 +y® i 2?2 +y%, or a2 +y?iz+yl
Sy yd gtqg 3 4 a3y _ 9x2y3
We have 2. ®Y _ % +¥° _ sy +a'y-day”
#*+y?  z+y @ +y*)z+y)
o wy(=-9)*
@ +y*)z+y)’
which evidently is a positive quantity, since (x—y)? is positive-
whether z is greater or less than y. Hence,
#3+y® 2P +yi>at4y? a4y
Example 4. Two armies number 11000 and 7000 men respect-
ively ; before they fight each is reinforced by 1000 men : in
favour of which army is the increase?

The new strength of the 1lst army : its original strength.
= 12000 : 11000 = 12 : 11,
whilst, the new strength of the 2ud army : its original strength.
8000 : 7000 = & : 7.
Now, since 12 ; 11 84 : 77,
and 8: 7 =288:171,
it is clear that 8 : 7 > 12 : 1L

Thus, compared with the original strength the new strength.
of the second army is greater than that of the first.

Hence the increase is in favour of the 2nd army.

]

Exercise (20).

Which is the greater :—
1. 4: 5o0r 7: 81 2. 7 :100r 11 : 14
3. 9: H5orl3: 87 4 22:27or 32: 457
5. 28 : 39 or 49 : 657
Find the ratio compounded of :—
8. a :b0b :candec : d.
7. 3:5017:9and15 : 28
8. a+z:a-xa? +z?: (a+2)% and (a? -2%)? [ at -4,
9. 16 : b, the triplicate ratio of 5 : 4, and the subduplicate
ratioof 9 : 4.
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10. 25 : 18, the subduplicate ratio of 81 : 49, the tripli-
cate ratio of 2.: 3, and the duplicate ratio of 1 5.

11, 1f2x+5y : 3c+5y=9:10, find z : ».
12. Iix:y = 3 : 4,find the value of bz + 9y : 16x + Hy.

13. Two numbers are in the ratio of 7 : 8, and their sum
i8 135. Find the numbers.

14. Find the two numbers which are in the ratio of 5 : 3
and whose difference is 34.

15. Two numbers are in the ratio of 4 : 5, and if 7 be
added to each the sums are in the ratioof 5 ; 6 Find the
numbers.

16. Two numbers are in the ratio of 7 : 9, and if 10 be
subtracted from each the remainders are in the ratio of 8 : 11.
Find the numbers.

17. For what value of z will the ratio 234z : 19+ 2 be
equal to 2 ?

18. What number must be added to each term of the
ratio 27 ; 35 that it may become equal to 5 : 67

19. What number must be taken from each term of the
ratio 29 : 38 that it may become equal to 4 ; 71

20. What quantity must be added to each of the terms
of the ratio @ ; 6, that it may become equal toc : d1

21. Show that if a>x, the ratio a® —z2 : a® +2a? is greater
thau the ratioa -z : a+x.

22. Show that the ratio a? +4% ; a+bis less than the
ratio a® - %% : a-b.

Find approximately the value of :—

23. (226)% : (225)°.

24. /3546 : /3512

25. A, B, C are three school boys, getting monthly allow-
ances of Rs 15, Rs. 20, and Rs. 25 respectively ; out of these

amounts they respectively spend Rs. 83, Rs. 11}, and Rs. 15§
per month. Which of them is the most frugal

PROPORTION.

8. Deflnitions. Four quantities are said to be propor-
tionals when the ratio of the first to the second is equal to the
ratio of the third to the fourth. Thusa, b, ¢, d are propor-
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tionals, if @ : & = ¢ : d. Thisisoften expressedasa :b: c: d,
and is read ‘“‘a is to b as ¢ is to d.”

The terms @ and b are called the exlremes, and the terms
b and ¢, the means. The termn d is also called the fourth propor-
tional to a, b, c.

Three or more guantities are said to be in continued propor-
tion when the first is to the second, as the second is to the third,
as the third is to the fourth, and so on  Thus a, 6, ¢, d are in
continued proportion when o ; 6 = b:c=:cd

If three quantitics a, 4, ¢ are in continued proportion,
(@ :b::b:eythenbiscalled the mean proportional between
@ and ¢, and ¢ is called the third proportional to a and b.

7. If a:0::c¢:d,then will ud = be.
e _c

6 d’ )
multiplying both sides by 4d, we have ad = &e.

Since

Thus, if' four guantities are proportionals, the product of the
extremes is equal to the product of the means.

[Conversely, if ad=bc, then @ : b : : ¢ : d. This is obvious by dividing
both sides of the equation by bd.] .

Cor. 1f a:b::b:ec then ac=04%; 1.e., if three quantities
are ir continned proportion, the product of the extremes is equal
to the square of the meun.

Norte. From the results above established we can at once find a third
proportional to, or a mean proportional between, two given quantities, as
well as a fourth proportional to three given quantities,

Exercise (21).

Find a third proportional to :—

1. 9, 6. 2, 8, 12 3. 6, 15, 4, 16, 24.
Find the fourth proportional to :—
5. 6, 8 15, 6. 14, 24, 35. 7. 0014, 1-4, -02.

Find a mean proportional between :—
8 409 09, 7, 28 10. 6, 54.
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8. If u:b::b:c,thena:c:sa’:b’.

S a b
FO!‘ *‘b“ = ‘;:-',
. 8 b a. e
b T e b
a a?
or, -;- = p-.

Thus, if three quantitics ure in continued proportion, the
Jirst is to the third in the duplicate ratro of the first to the second.

Norg. Similarly,if a : 4 = b : ¢ = ¢ : d, it can beeasily proved that
a ! d = a": b3 which is left as an exercise for the student.

9 Ifae:b::¢c:dythend:a::d:c.

For »z = Tci;
C e . h _ 4
s l-.—f-b— ngE’ whence Pl

Thus, if four quantities he proportionals, they are also pro-
portionals when taken inversely.

This operation is called Invertendo.
10. Ifa:b::c:d,thena:c::b:d.

For z-=—3';
- b——-c—x-b— or, = b
B Xe T ad¥er vy d’

Thus, if four quantities be proportionais, they are propor-
tionals when taken alternately.

This operation is called Alternando.
11, Ifa:b::¢c:d, thena+d : b : :c+d : d.

For —_ —

iR ©
|

|+

o

Q

+

Y
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Thus when four quantities are proportionals, the first together
with the second is to the second as the third together with the
fourth 18 to the fourth.

This operation*is called Componendo.
*12. fa:b::c¢c:d,thena-b:b::¢c-ad:ad.

a c .

For 7 = ‘(‘i—,
a ¢ a-h c—-d
-———1 = - - - - BB e——
b ! b d

Thus, when four quantities are proportionals, the excess of the
first over the second 1is to the second as the excess of the third over
.the fourth is to the fourth.

This operation is called Dividendo.

Cor. fa:b::c:d, then a:a-b::c:c-d.

b e-d, . . b a
For “_b. =" inversely, s =i
h a d ¢
Hence, TTE% e = aXa’
or. ~ L
i a-b c-d’

Thus, rwhen four quantities are proportionals, the first is to
the excess of the first above the second as the third is to the excess
of the third above the fourth.

This operation is called Convertendo.

13. Ifa:b::c:d, then a+b:a-b::c+d:c-d.

From Ar 12, “X2 %0
From Ar 13, 222 22 )

Hence, dividing (1) by (2), “_ﬂ c+d
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Otherwise :—
Since % = 7;-, putting each = &, we hrve
a = I;k}
and ¢ = dkf "’
a+b _ b(k+1) E+1,
Hence, 0= = i o1 =1’
also cid = i(_k:"_l) = 1"_4'.1
’ c—d  dk-1) -1’

" a+d c+d
Therefore wsb = isd’

Thus, when four quantities are proportionals, the sum of
the first and second 18 to their difference as the sum of the third
and fourth 1s to their difference.

This result is often spoken of as Componendo and
Dividendo.

Note. The reult proved in this article is of great use in solving a
certain class of equations. This will be illustrated in some of the following
examples.

Example 1. Solve Vavazd Juos .
a+r- Nu-a

By componendo and dividendo, we have

2avz b4l
ISu—w b-1"

a+r [B+1\2 A2 4941

Hence, o = \6-1/ ~ 6*~2b+1

Again applying componendo and dividendo,
2a _ 2087 +1)

9: = 7 4%
a hZ a1
o T T’

. 2ab
° z(b*+l)=2ab, .e Eaz—’—:‘_—l—.
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l-az /1+6as
Example 2. Salve traA T =1

L+be 1 +ar
We have '\/I-—b‘,‘; = l _a‘ H
. . T+be - 1+ 2az +a2®
1 —-bx 1 - 2ax +a*c*
Hence, by componendo and dividendo,

1 - 1+a%z?

b5 = zas
b(1 + a?x?) = 2a,
2a.

or,a?s? = =--1;

. Za
e X = —\/
x+2 x+2b

Example 3. Find the v:Lluo of T

4ab
when x = —.
at+b

From the given relation, we have

z _26 and © 2a
2 a+d 20 a+b’

Hence, by componendo and dividendo,
z+2 _ a+3b ld:r:+2b 3a+b

z-2a o-a’ =26 a-b"
Hence, the given expression
—(a+3b) 3a+h

a-b a-b
2Aa-b) _ .
“a-6 2

Example 4. If (pa+qh+rc+sd)(pa—qb—re+sd)
= (pa—gb+rc—sd)(pa+qgb-rc—sd), shew that le, ad, ps, q»

are in proportion. (Bombay University P. E. Paper, 1890.)
From the given relation, we have
pot+gbt+re+sd pa-qgb+re—sd
patgb--rc—sd  pa-gb-retsd
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Hence, by componendo and dividendo,

patqb _ pa-qb '

rc+ sd re—sd’
" pa-gb re—sd’ [alternately]
. Whence, by a second application of compounendo and
dividendo,
pr _ re
. b sd’
Hence, gb.re¢ = pa.sd,
or, be.gqr = ad.ps; S beiad i olps g
3= 5 )—
Example 5. If « = —"/"'H' L+ Vm - l, shew that

?\/m+.i_—_§~71'n' 1
23— 3mz?+3z-m = 0.
From the given relation, by componendo and dividendo,

we have
g+l VUm+1
1T e
m+1 (z+1)3 23 4+ 322 + 32+ 1

m-1"(@-1p = 2®_3z* x5z 1"
Hence, by a second application of componendo and dividendo,
m x5 +3r

L7 Sl
S m(3z2+1) = 2% +3a,
whence, 23 - 3mz2 + 32 -m = 0.

Exercise (22).

Solve the following equations :—

Ty 32-5y
L 2ty 5} 2 -t
22+ 3y = 36 4z-9y = 19
bz - Ty 1 a-z\3 a+z
3. S+ Ty =T 4. 16(a+w) Sa-z
3x—by = 18) . . .
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5 9z + A4z - 1 1- Ji-%
. e T = 4- 6. = = i.
25— Jhzt -1 1+ /12
7 _J_‘S_ti_?:-:i_-_a-._ffs—ﬁ} —9 g l+e+z? 621+a
. N3be+ 1 - J/36. C 1Tz 4er T 63l-=
9. NitNi-x o ersrNei-zt 4
NI ryapt a+x- »./a"-a:” z
11 af—{a—(az—ar%}&
- . -—;———~—-—-——-——-—11=b.
a? +la - (a® - ax)?)¥
Provethat @ : 6 : ¢ d—
12, 1t (a+3b+20+6d)(a 35— 2¢+ 6d)

= (a- 36+ 2¢c~ 6d)(a+ 3b - 2¢ - 6d).

13. 1f (2 a+b+4c+’d)(7a b~ 4c+2d)
= (2a — b+ 4c - 2d)(2a + b — 4c - 2d).
Tx — by 11 H5x2 — 4yt
14. 7;“_5!/ 31 find the value of Bat 4 dy*
156. If « "/z"’»"_ib -_1-__~/.£a- ~_, show that
«/..a+d(z— N2a - 36
3622 - 4ax+3b = 0.
2y z+ /8 xz+ [J12
16. If « = Jrr J3 find the value of — ~/8+z-~,\/'l_2'

a c e

14. An Important Theorem. If = - = 7 then

1

«each of these ratios = <Z:::;;T::}‘) , Where p, ¢, 7, %,
are any quantities whatever.

Supposil}gk each of the given ratios = &, we have a = &k,
¢ = dk e = fk.

Hence,

pa’” = p(bk)' = Pb“-kn . » " "

v = o(dB)" = . i S pattqet+re
rer = 32,%)’- = Z}z» k"} = (pb" +qd® +rf*)h"

= Parrgondrer

whence, k*

2—7
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1
and , k= (m"+qc*+re”>", which proves the propo-

po™ +qd” +1f*

sition,

Cor. As a particular case, if p, ¢, 7, n be each equal to 1,
. . a+ete

we have each of the given ratios = trdeS

Similarly, giving different sets of values to p, g, », n, several
particular cases may be at once deduced.

Note, What is proved above for three equal ratios is obviously true
for uny number of equal ratios, the rame reasoning being applicuble to all
cages. It is always a very good exercise for the student however to work
out independently every fresh example of this class, applying the mode of
demonstration illustrated above. Hence an exercise is added below with a
recommendation to the student that he should find the rerult in cach case
without using the formula established in thix article.

EXxercise (23).
It "= |, = : , prove that each of these ratios is

equal to—
1 a-c+e 9 a+ 3¢ - He 3 ba-"Tc-13¢ , ka+lc+ me

a4 L Ee3dof S b6 Td- 157 P b idvmf
5, (2*e? -I-__e’)é a® - 23 +3e3 4 o Yad ¥ 4ot
. (b" +ad +fE ’ (aa - 2d% + 3% ) e s d
a _ _L‘ = e - —‘?_ .
If s = d ¥ J 0 prove that each of these ratios.
is equal to—

8 (!":it.c“_t*“_+_9_:_‘)" \‘/ff-i_?‘}fi?"-_?yf
ERUALEY 2L ALY S B A Ly AR ) Y
1o, /[T T E T
3675 - Td=* - 8- + 1oA~*
156. Miscellaneous Examples.
Example 1. If z:y::m2: 2% and
min:: Jp+a®: Jp* -yt thenp® lay: izt+yia-y.
2 ] 2
Wo have ; = Z"; = %s_t";?;
S a(p®-gt) = y(p® +at), [Art 7.}
or, p'(z-y) = ay(x+y) -
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Pl zt+y
 =-y’
te, pPlay:lz+ylx-y.
x vy
Bxample 2. 1t 0 iy da) = Caicra=th)
z
= G-bar6=T0)’
Let each of the given ratios = k.
Then, & = k(b—c)b+c—2a) = Kk|(b% —c?)-2a(b-c)),
Yy = kic-a)(c+a—2b) = ki(c® —a?)-2b(c-a)},
z = k(a-b)a+b-2c) = h{(a®-b2)~2¢(a-85)}.
Hence x+y+2
= k[{(82 - c2) +(c? —a?) + (a® - b))
—- 2da(b-c)+b(c—a)+c(a-b)]]

{Art. 7, converse.]

find the value of 2 +y +2.

= 0.
Example 3. 1t WY _ e -
) c 6 a ’
shew that % = ¥ = 2.
a b [
Let each of the given ratios = k.
Then, we have (ay - bx)c = kc?,

(ex —az)b = kh?,
(bz —cy)a = ka®.
Hence, by addition, k(a2 +0*+c?) = 0; /. k = 0.

Hence, ay —bx = 0, ., ay = br, ", :; = % 1)
also, cx—-az =0, ' cxr = az . Tl (2)
a c
z
c

Hence, from (1) and (2), % = z =
[

Exampled, If - - .% - °,
y+z zt&  a+y
a(b-c) blc-a) cla-d)
y? —z* Rt B P
o (Madras University F. A. Paper, 1887.)

prove that
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Let each of the given ratios = &.
Then we have a = k(y+z)l
b = k(z+x)
¢ = HKz+y)
Hence, we have
a(b-c) = Hy+9)kz-y) = —k(y®-27)

blc—a) = Kz+2) k(z—-2) = —Ek*(z%-2z?)
o(a-8) = Hreg)hy—g) = —k%z? - g?)
whence
a(b-c¢) b(c—a) c(a -b)
";/'z __—z".'; 2% _ g% .‘t’ _yi ’

each of them being equal to - k2.

Example 5. 1f ab = c¢d = ¢f, shew that
ac+ce+ea a® +c2 462
bdfb+d+f) = A4 5 6%d
(Bombay University F. A. Paper, 1889.)
Letad = c¢d = ef =

=y € = - .

k.
Then we have a —’Z , € A k

I <1 +3 1 - 1 )

ac+ce+en bd df /b
bdfibFd+f)  bdf(b+d+f)
K2 (f + b +d)

~ brdifib+d )
lﬂ
= wgip - o ()
1 1
also ._._.a:’_t?’__"'e’ = ks( +d‘ +ﬂ)
T dAMP SRR 0 T dEf 4 AR 4 b2
E2(d%f? 4 £22 +5%d%)
bzd’f"(d"f" +f'b'+b’d’)
k’
“Fap v - @

Hence
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Heunce, from (1) and (2),

actecden  alicidel
baf6+d+ ) © ARt v bvdi
Example 6. If z :a=y:56=2z:c showthat

22 yd 23 (x4y+2)?
a2 bRV eE T (atbto)
Let each of the given ratios = k. Then we have r = ak,
= bk, and z = ck.
z3 ys z:) a"]. b lLl 03].:3
=+ b e T g% o2 T Ter
(@+b+¢c) k®
_ (@a+b+o)ip?
(@a+b+c)t
(alc + bk + ck)®
(e +b+ )
(z +y+2)°*
(d. +b+ (.)
Example 7. If, «, b, ¢, d be in continned proportion prove that
Jab - Néc+ Ned = «/(a,—b+c)(b_—_m}._
(Madras University F. A. Paper, 1890).

We have (Z =, = ; » and supposing cach of them = &,

Hence,

we have
a = bk b = ck, ¢ = dk.

Hence, Vab - b+ NJed
— Ek- otk 4 Jah

= (b-c+d) Jk e e (D)
also Nia=bre)o-c+d)

= V-crdk(6=c+d)

= Jh-c+rd)ik

= (b-c+ad)k (2

Hence, from (1) and (2),
Nab - NJbc+ WJed
"= Jasttb-c+d).
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Exercise (24). '

If a be the greatest of the four quantities a, &, ¢, d, and if
a:.b::c:d shew that—
4% 1. b and c are each>d.
2, a-b>c-d. 3. a+d>b+e.
If a:6::c¢:d shew that—
m+nd b ime+ud | d
ma+nb : me+nd . . pa-gh: pc—qd.
a4c? b2 +d? : : ac: bd.
(a+c)® : (6+d)® = ala~c)? : b(b-d)2.
ala+c) 2 ¢® 2 2 h(b+d) : d2.
a+bictd = Jar+or: Jerydd,
10, a+b:c+d:: /3a*+56% 1 Jic* +5d2.
11, a%+ub+6?:a%-ab+b%:  c?+cd+d? :c®—cd+d?.
12. a®+ac+c®ia®—ac+c? : ;02 +bd+d? ;b2 - bd+d>.
13. ! + ! +—1—+—1 = l~{f-+£+-"'-+-—‘?}-
ma nb pc qd  belg p n m
(Bombay University P. E. Paper, 1881.)
If a:b=c:d=e:f shew that—
14 ma + nh b3¢

P20k

©

me+nd  d’a’
15. ac: bd : : 2%+ 3c® +5e? : 2b% +3d? + 572,
18. a®+c%+e® b 4d*+f2: ! ce: df.
17. pat+yctrs phgd+rt : : ace : Vbdf.
18. a*+c*+e2 B3+d3+/% . : ace : bdf.
19. a¥c® +ced te%ad ; JE3d® 1 + 553 : ace:bdf.
20. 1If, a, b. ¢, d, e be in continued proportion,
shew thata ; 6 : ; a* ! b%,
21, If bteld = c+Z—b = a+zb—c’ find the value of
(6—c)z+(c‘— a)y +(a - &)z,
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‘22, If a:b. :c:d prove that
a®+e? 8% +d? I Natvot i Wbt rdt.
23. If a :b=c:d=e¢:f shew that
3
2% (a +8)(c +d)(o +f) = bdf (‘”” °"_"+”.‘.“f) .

d ¥

24, If a:b::¢:d, show that

ad+be : 2bd ; : a®+c? ; ab+cd.
25. If a:b::¢:d show that

a?+5% : abtad-bc; : c*+d? ; cd-ad+be.

If a:b::5:c¢c show that

26. a’+ab+62%: b2 +be+c® =a e
97, a-%4c = 270 _ (-7

a . e
'28. a?bic? (l +bla + 15,) = a®+b% +¢.
If a:bd=25:c¢=c:d, show that
29. (b+c)b+d) = (c+a)(c+d).
30. (a+d)(d+c)=(a+e)b+d) = (b-c)?.

2 - - 2
3l (‘fgﬁ‘ig—i’) -(”-’-c--’f#”g-f) - (a-d)=(3§_51_,).
1 1 1 1 1 1
32, a:b= TtetaiJtite
33. a:d::a’+b3+c*:b%+c?+d5.
34, If a:b5: :c:d show that
a?+ab :c®+ed ; ;b2 —2ab [ d* - 2cd.
36. If a:b=c:d=c¢:f showthat—
(@34 8Y)(ce+df)? = (c? +d%)(ae+8f)? = (® + ) (ac+bd)™
36. It JE-2)+@w-y)
= NJer+yt - Jat 4y,

then z, g, 2/, 9, are in proportion.
¥ 4 P (b'iwadma University F. A. Paper, 1888).

3%7. If z:y::a:b show that—
23 +q® y3+3°  (z+y)*+(a+d)’?
i ta’ YR 46t (+y) + (@R )
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38, If z:a=y:b=12:c showthat—
ai_-l-a‘+y"+b" 2t 4t ’
Brae TPt Aye
_(e+y+)t+(atbto)t
T (@+y+2z)P+(atbtc)®’
2a +5b "¢ a-2b+e 3a-115+10¢
8. I ‘a+3b+c  Za-b-4c Ta-66-13¢’
show that a : b :c=2:3:1,
40. Shew that the ratio of pa, +qa, +7a, +...to phy + b, +
rbg +...is greater than the least aud less than the greatest of
the ratios a, : 6, a, : by, a; © by, &c., the quantities being all
Ppositive.

CHAPTER V.
VARIATION.

1. Definition. Oune quantity is said to vary directly as
another when the two quantities are so related that if one of them
be changed the other is changed in ¢he same ratio; or, in other
words, if a, @’ be uny two values of a quantity 4, and &, &' the
corresponding values of a second quantity J, then 4 is said
to vary directly as 8 whena : a' = & ;¥

For instance, suppose the measurc of the aren of a triangle
is @, when that of the base is & ; now if, the height remaining
unchanged, the base be increased to 26, then as we know from
Euclid, the area will become 2a ; if the base becomes 34, the area
will be 3a; and so on. Thus the height remaining the same if
the base is doubled, trebled, quadrupled, &ec., the area also
becomes doubled, trebled, quadrupled, &c, (i.e, the area
changes in the same ratio as the base) and so we say that if the
height of a triangle remains unaltered, the area varies dirvectly
as the base.

Nore 1. The word directly is often omitted, so that when we say 4
varies as B it is implied that 4 varies directly as B.

Nore 2. The symbol o is used to express variation ; thus 4 - B
stands for “4 varies as B.” '
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’
2. If A varies as B, then the numerical measure
of any valuevof A and that of the corresponding
value of B are in a constant ratio.
Let a,, a,, a,,,' &c, be the measures of a series of values of
4,=and let 6,, 4,, 65, &c, be the measures of the corresponding
values of B.

Then, by definition,

a b, a b a. b
T L2 2. T8 T8 and so on.
ay by ay by ay U,
a a, a, a .
Hence, ! = 2% = '4 &e..  which  proves the
b, by by by
proposition.
Note. Patting m for each of the above rativs, we have «, = mb,,

«, = mh,, ay = mb,, and xo on. Thus when 4 variesns B, the numcrical
measure of any value of 4 ix equal to that of the correspunding value of
B multiplied by a constant. This result is briefly expresscd as follows :—
“1f A<= B, then 4 — mB where m ia a constant.

3 Definitions.—(1) One quantity A is said to vary inversely
as another B, when 4 varies directly as the reciprocal of B.

. . m .
Thns if 4 varies inverselyas 3, 4 = /" , where m is constant.

Hlustration : —1f 20 men do a certain work in 4 hours, 10
men would do it in 8 hours, 40 men in two hours; and so on.
Thus when the number of men diminishes, the time proportionate-
ly increases ; and vice-wersa, This is expressed by saying that if
the amounnt of work to be done remains constant, the number of
men varics inversely as the time.

(2) One quantity is said to wvary jointly as a uwumber of
others, when it varies directly as their product. Thus if 4 varies
jointly as B and C, 4 = m.BC, where m is conslant.

Litustration :—'The monthly income of a day labourer varies
jointly as his daily earning and the nuamber of days he works in
a month,

(3) 4 is said to vary directly as B and inversely as C when
A varies jointly as B and the reciprocal of C, that is, when

4 = m here mis constant.

o "

Illustration :—The time of travelling a distance varies di-
rectly as the distance and inversely as the specd of travelling.
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4, An Important Theorem.— .

If A varies as B when C is constant, and A varies as C
ghcn B 1is constant, then will A vary as BC when both B and
vary.

Suppose @, is the value of 4 when &, is that of B, and
¢, that of €. Suppose also that a, is the value of 4 when 5,
is that of B, and ¢, that of C. Then the proposition will be
proved if wo can show that @, : ay = b ¢; : bye,.

Now, the change of A from a, to a, is due to fwo causes,
‘namely,

o (1) the change of B from &, to b, and (2) the change of
rom ¢, to ¢y,

Hence, it is clear that if one ouly of these causes be present
-(t.e., if either B or C arons undergoes the supposed change), 4
will change from a, to some value which is different from a,.
Let therefore a’ be the value of A when &, is that of 5, and
¢, that of C.

Thus we have the value of 4

= a, when those of B and C are respectively b, and ¢, ... (1)
= a’ when those of # and C are respectively b, and ¢, ... (2)
= a, when those of B and C are respectively b, and ¢, ... (3)

Hence, from (1) and (2), we see that 4 changes from a, to
o/, when B changes from b, to b,, C remaining constant (i.e,
retaining the value ¢,), and therefore, by hypothesis,

a, by,
';7 —b-a s .es .ore aese (a)
and from (2) and (3) we see that 4 changes from a’ to a,
when C changes from ¢, to ¢y, B remaining constant (ie., re-
‘taining the value 4,), aud therefore, by hypothesis,

’

e OO ()}

Gq Cy

Hencz, from (a) and (/3) ah c,

5"
E} = f’A‘i&
o ay bgeg ’

which proves the proposition.

Zlnstration :—(1) Suppose that a number of plants have
40 be watered : the quantity of water bestowed evidently varies
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irectly as the number of men employed if the time for watering
remains unchanged ? and also it varies directly as the number of
hours for which the men can work, if the number of men engaged
remain the same ; hence if the number of men and the number
of hours be both variable, the quautity of water will vary as the
product of the number of men and the number of hours.

(2) The area of a triangle varies directly as the base when
the height is constant, and it also varies directly as the height
when the base is constant ; hence when both the base and the
height are variable the area varies as the product of the numbers
which express the base and the height

Cor. If there be any number of quantities B, C, D, &c., each
of which varies as another 4 when the rest are constant ; then
if they are all vuriable, 4 varies ss their product.

5. Some Results worth remembering—

()If4 « Band B « C, then 4 « C.

¥or,let A = mB, and 8 = nC, where m and = are con-
stants ; then A = mnC ; and . as mn is constant, 4 « C.

(2) IfdeC, and BecC, then A+ B C, and VABC.

For,let A = mC, and B = =n(, where m and = are con-
stants ; then 4+ B = (m+n)C, and A-B = (m-n)C;

(4% B)=C.

Also V4B = JmnC* = ¢ «/1719&} o NAdB=C.

(3) 1If A« BC, then Bcc‘g,, and C « 1‘:

» 1 4, . A
For, let A = mBC, then B = ".l..C; A Bcc?
Similarly C= A_

B

(4) Ao B, and C e D, then AC = BD.

For,let A = mB, and C = uD, then AC = mn BD
;. AC < BD.

(5) If 4 < B, then 4"« B,

For let 4 .= mB, then 4= m"B";
s At B*,
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(6) If A4 < B, then AP o« BI, where [’ is any quantity
variable or invariable.

For,let A = mB, then AP = mBP ;
. APo. B8P,

6. Examples—Applications of the principles explained:
in some of the preceding articles will be illustrated by the
following examples.
Example 1. 1f y variesas x, and y = 5 when z = 12, find
the value of ¥ when z = 13,

By supposition y = mr, where m is constant.

Puttingy = 5, z = 12, we have

D=ml2  m=

Hence, x and y are connccted by the relation y = 12%

Hence, when z = 18, we have y = 15—_’.18 = 15 =17

2 e

-

Example 2. Il zvariesaspr+y, andif z = 3 when 2z = ¥
andy = 2,andz = 5§ whenz = 2and y = 3, find p.

By supposition z = m{pr+y) where m is constant.
Puttingz = 3,2 =1, y = 2, we have

3 =m(p+2) e (1)
Again putting z = 5, 2 = 2, y = 3, we have
Hh = 1::(2p+3) (2)
Hence. from (1) and (2), by division,
g— = Z)—ti, whence p = 1.

Example 3. If y = the sum of 3 quantities, of which the
1st. o 22, the 2nd. « z, and the 3rd. is coustant ; and when
=1 2 3, y =6, 11, 18 respectively, find the equation
between 2z and y.

By supposition y = mz? +nz +p, where m, », p are con-
' stants.
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Now since ¥y = 6 when 2 = 1, we have
6=mtntp o ... (1)
Similarly, 11 = 4dm+2n+p ... ... (2) }
and 18 = dm+3n4p ... .. (3)
“From (1) and (2) by subtractiou,
dm4n =5 ... .. (4)
Similarly from (2) and (3),
fm+n =17 ... .. (B)
Now subtracting (1) from (5), we have
2m =32, , m=1;
hence from (4), » = 2, . from (1), »
Hence, the equation between 2 and y is g

3.
224+ %+ 3.

Example 4. If «+b < a-b, prove that a® +6* « ab ;

\

and if a o« b, prove that a? — 6% « ab.

(i) By supposition, a +b = m(a - b) where m is constant.
Hence, (@a+0)? = m%(a-b)?,

or, a?+b%+2ub = m2(a®+5% - 2ab),

(m? = 1)(a? +562) = 2ab(l +m?),

at 42 = 2HMIAD)

m* -1
2m? 4+ 1)
‘m* -1
(ii) Since a = mb,
multiplying both sides by a, we have

But is constant, .. a? +b% o ab.

a? = m.ab O ¢ §
and also multiplying both sides by &, we have

s - %

b e e (2)

-Subtracting (2) from (1),
a?-32 = (m—<1—>.ab,
m

where (m - ;}:) is constant, .. a? -4%?c«ab.
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Example 5. The wages of 5 men for 6 weeks being £14. bs.,
how muny weeks will 4 men work for £19

Let « denote the wages (in pounds), earned by ¥ men in z
weeks.
Then evidently z o g, when z is constant,
aund also 2 o z, when y is constant ;
. when g and z are both variable,
x < yz,
1.6, Z = m.yz where m is constant.
Now, since # = 14}, when y = 5and z = 6,
14} = mx5x6 ... ... (1)

Also, If 2z, denote the required number of weeks, then, since
the corresponding values of x and y are respectively 19 and 4,
we have
19 = mx4xz, ... .. (2
Hence, dividing (1) by (2),
3 Bx6

= -, whence z, = 10;
4 4%z,

i. e, the required time = 10 weeks.

Example 6. Assuming that the quantity of work done varies
as the cube root of the number of agents when the time is the
sume, and varies a8 the square root of the time when the number
of agents is the same ; find how long 3 men would take to do
one-tifth of the work which 24 men can do in 25 hours.

Let z denote the quantity of work done by y men in :z
hours.

Then by supposition,
z o yi when z and ., zi is constant,

and also, z = z* when yand y* is constant.

Hence, when both y and zand .-, 3/"!f and :i are vari;.ble,
& .’/iz*o

.6, 2 = k.y*z*, where & is constant.
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Now, since by the problem, ’
z =1, when y = 24 and z = 25,
.'_ 1 = k. 1/21. J:ls .es “ee “se (l)

Also, if z, be thé required number of hours, since the corres-
ponding values of # and y are respectively } and 3, we have

1=rk33.V .. U )
Hence, dividing (1) by (2),
5 = M2ix5  3/8x5
3/3x Nz, N

Nzy = 2 and 7, = 4

t.e., the reaquired time = 4 hours.

Example 7. A sphere of metal is known to have a hollow
space above its centre in the form of a concentric sphere, and
its weight is ; of the weight of a solid sphere of the same
substance and rudius ; compare the inner and outer radii, having

+ given that the weights of spheres of the same substance o (radii)3.
Let R be the outer radius, and I the weight of a solid
sphere of the given metul of radius £ ; also let » be the inuer
radius (i.e., radius of the spherical cavity), and w the weight of
a solid sphere of the given metal of radius 7.
Then, by hypothesis,
W = KR,
and w = Kr®, where A" is constant.
Now, since (II"-w) is the weight of the given sphere, we
have, by the question, W -w = 71/; hence we must have

K(R3 -r3) = IKR3,

S, ARB3 = r® whence ;t = 4

Example 8. A point moves with a speed which is different
in different miles, but invariable in the same mile, and its
speed in any mile varies inversely as the number of miles
travelled before 1t commences this mile. If the second mile
be -described in 2 hours, tind the time occupied in describing
the n** mile. '

Evidently the time of describing any mile varies inversely
ag the speed in that mile; hence if v, denote the speed in the
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#® mile and ¢, the number of hours required to describe the ™
mile, we must have

m .
t, = — , where m is constant.
n

. K ..
Also, by hypothesis, v, = wo1’ where A is constant ;
hence, t, = 'l,: (n -1
Evidently then ¢, is known if ';: is known ; and since the

time of deseribing the “od mile is two hours (ie,t, = 2,
when % = 2) we have
m mn
3=,.1; .= 2
Y A
Hence, ¢, = 2(n - 1),
i.e., the » mile is described in 2(n - 1) hours.
Example 9. A locomotive engine without a train can go
24 miles an hour, and its speed is diminished by a quantity
which varies #s the square root of the number of waggons
attached. With four waggons its speed is 20 miles an hour.
Find the greatest number of waggons which the engine can
move. :
Let # = the number of waggons attached.

Then the number of miles travelled by the train per hour

(i.e., its speed) = 24 -m Nz where m is a constant.

Now, since the speed is 20 miles per hour when 2z = 4, we
must have
20 = 24 -m /%

24-2m, . m =2

Hence, the speed of the engine with z waggons = 242 ,/z;
evidently therefore the speed diminishes as z increases.

Now let us see for what value of z the speed is reduced to
nothing. 1f z, be this value, we must have
0 = 24-24z,,
- Wz, =12, and 7, = 144
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Thus when 144 waggons are attached, the engine just fails
to move the train.

Hence, the greatest number of waggons which the engine
can move = 143. °

Example 10. If x, y, z be variable quantities such that
y+2-xis constant, and that (x+y - z)(x+2-y) variés us yz,
Jprove that z + y + 2z varies as yz.
By supposition, we have
y+z-x =k e (1)
and (z+y-z)(e+z-y) = myz ... e (2)
where k and m are constants.
Now from (2), we hyve
2% - (y -2)* = mye,
2~ (y+2)* = (m-4)yz
or, (x+y+z)(e-y-2) = (m-4)yz
Hence, from (1),
(x+y+:2)(~-4) = (m—4)yz

4 m
Lry+z = \—--I;—)g/z,

1.6, = (a constant) x yz.
Hence, xz+y+2z =< yz

Exercise (25).

1. If y < x, andy = 5 when z = 15, find the equation
between a2 and y.

2. lfyxz andy = 10 when z = 25, find y when z =35,

3. If P varies inversely as @, and @ = 10 when P = 2,
what will £ become when @ = 8?7

4. 1If ¥ < QR, and the three corresponding values of P.Q. R,
be 6, 9, 10 respectively, find the value of 7’ when @ = b and
R = 3.

5. 1If the square of # vary as the cube of y, and z = 2
when y = 3, find the eyuation between z and y.

2—8
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6. Given that y varies as the sum of two quantities, one
of which varies as z directly, the other as « inversely, and that
v =4whenz = 1, and y = 5 when z = 2, find the equation
getween z and y.

7. Hay=z®+y* andy = 4 whenz =: 3, find the equation
betweeh z and y.

8. (Given that y is equal to the sum of two gquantities, one
of which varies as x, and the other varies inversely as 2%, and
when z = 1, 2, y = 6, 5 respectively. Find the equation between
&and y.

9. Ify = the sum of 3 quantities, of which the 1st. is con-
stant, the 2nd. « x, and the 3rd. « z2, also whenz = 3,5, 17,
y =0, — 12, - 32 respectively ; find the equation between z and y.

10. Uiven that y* = a? % aud when z = Nat - b2,

b . ,
y= find the equation between z ard y.

11. 1f y = r+5 whilst » « x, and s « Wz ; and if, when
=4, y =5 and when =9, y = 10, shew that 6y =
5(x+ ).

12. Assuming that the time of oscillation of a pendulum
varies as the square root of its length ; if the length of a pen-
dulum which oscillates once in a second be 392 inches, find the
length of one which oscillates 56 times m a minute.

13. If 13 men carn £7 in 15 days of 8 hours each, what
will be the wages of 52 men for 121 days of 9 hours each ?

14. Given that the volume of sphere varies as the cube
of its radius, prove that the volume of a sphere whose radius is
6 inches is equal to the sum of the volumes of three spheres
whose radii are 3, 4, 5 inches, .

15. The volume of a pyramid varies jointly as its height
and the area of its base ; and when the area of the base is 60
squarc feet and the height 14 feet, the volume is 280 cubic feet.
What is the areaof the base of a pyramid whose volume is
390 cubic feet and whose height is 26 feet ?

16. Given that the area of a circle varies as the square of
its radius, and that the area of a circle is 154 square feet, when
the radius is 7 feet ; find the area of a circle whose radius is
10 feet 6 inches.
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17. TIf the volume of a cone whose height is 12 inches and
base 30 square inches be 120 cubic inches, tind the volume of
another whose height is 20 inches and base 1 square foot : the
volume of a cone varying as the height and base jointly.

'18. The volume of a circular cylinder varies as the square
of the radius of the base when the height is the same, and-as the
height when the base is the same. The volume is 88 cubic feet
when the height is 7 feet, and the radins of the buse is 2 feet ;
what will be the height of a cylinder on a base of radius 9 feet,
when the volume is 396 cubic fect ¢ '

19. Two circular gold plates, each an inch thick, the dia-
meters of which are 6 inches and 8 inches rvespectively, are
melted and formed into a single circular plate one inch thick.
Find its diameter, having given that the area of a circle varies
as the square of its diameter.

20 Given that the illustration from a source of light
varies inversely as the sguare of the distance, how much further
from a candle must a book, which is now three inches off, be re-
moved, so as to receive just half as much light

21. A solid spherical mass of glass, 1 inch in diameter, is
blown into a shell bonnded by two concentric spheres, the diame-
ter of the outer one being 3 inches.  Calculate the thickness of
the shell. (The volume of a sphere varies directly as the cube of
its diameter).

22. When a body falls from rest, its distance from the start-
ing point varies as the synare of the tiwne it has been fallipg : if
a body falls through 4021 feet in 5 seconds, how far does” it fall
in 10 seconds? Also how far does it fall in the 10th second ?

23. If 10 men can reap a field of 71 acres, in 3 days of 12
hours each, how long will it take 8 men to reap 9 acres, working
16 hours a day ?

24. The square of the time of a planet’s revolution varies
as the cube of its distance from the Sun ; find the time of Venus’
revolution, assuming the distances of the earth and Venus from
the Sun to be 91} and 66 millions of miles respectively.

[If P be the time of revolution measured in days, and D the distance
in mullions of miles, we have P? = KD?*, where K is a constant, &c.]

25. The value of a silver coin varies directly as the
.square of its diameter while its thickness remains the same,
and directly as. its thickness while its diameter remains the
same. Two silver coins have their diameters in the ratio of

2
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4:3; find the ratio of their thickness if the value of the
first be four times the value of the second. .
(Bombay University P. E. Paper, 1885).

26. The value of diamonds o the square of their weights,
and the square of the value of rubies  the cube of their weights.
A diamond of « carats is worth m times the value of a ruby of
b carats, and both together are worth £c. Required the values
of a diamond and of a ruby, each weighing n carats.

3

27. If acxb, and b, shew that (a2 +52)% <3,

. 28. If a+yxz—y, shew that 2% +y?cayand 2° +y3
e zy(r +y).

29. Given that x4y o 2+ »}_, and that z—y o« z2— .:_ ,
find the relation between z and z provided that z = 2 when
z=3and y=1.

(Bombay University P. E. Paper, 1888.)

30. If zo .]—, prove that x +  is least when z=y.

[We have xy = a constant.]

31. The consumption of coal by a locomotive varies as the
square of the velocity ; when the speed is 16 miles an hour the
consumption of coxl per hour is 2 tons : if the price of coal be
10s. per ton and the other expenses of the engine be 1ls. 3d.
an hour, find the least cost of a journey of 100 nules.

[Apply the preceding example.]

32. If z < gy, and y = x, shew that

1 1 1
z+y+z e (y2)% + (a2)* + (xy)™

CHAPTER VI.
QUADRATIC EQUATIONS.

1. Definition —Any equation which contains the sqnare
of the unknown gnantity, but no higher power, is called a
quadratic equation, or an equation of the second degree.
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4
If an equation contains on’y the sacond power of the un-
known quantity (and not the first) it is called a pure quadratic ;
if it contains the second as well as the first power it is called an
adfected quadratic. °
« Thus 3x* = 75 is a pure quadratic ;

and 32%-Tx = 6 is an adfected quadratic.

2. Solution of a Pure Quadratic.—In solving a Pure
Quadratic we have to find the squure of the nnknown quantity
just in the same way as simple equations are solved and then to
extract the square root of the value so found. -

Example 1. Solve 5(:2+1)-2 = 3(z®+7).
We have 52243 = 322421 ;
hence, 2s% = 18

2z z? = 9;

now, since the unknown quautity is one of which the square is
9, it must be either +3 ¢ -3. (Thus there are two values of x
satisfying the given equation, as the student can easily verify).

Note. The student should carefully observe that the last step of the
above solution amounts to answering the following question :—* What
quantity is that of which the square is 9 2"

36-2-'_'_5_1:’_17 _ 17-3=
9 He* -7 3
By transposition, we have
5r247  b51-2¢ 35-2¢

0').03‘2—7 - 9 9

Example 2. If , find x.

7 169 7 (Componendo and dividendo.)

Sooox o= % /5,

Example 3. Solve 3 (“ ;§)+ 4 (E:—f—:%) =1

By transposition, we have

221 + 2% 22 -9
B oz
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or, 4{2:'?{:;‘—’ - 1} - 3{ 1 -::—;g}
o‘r, 4x£}§-3x-’;71.2;§,
'ty __"i___ - _2__ [Removing the factor 18
. &% 49 z% 4 3' frow both sides.
32249 = 22% +18,
z? = 9.

z = +3.

1 1+ Net-1 s/a:"-—_;_-_l’ find z.

1+2a /2% -1 x* -
Put y for Jz% <1 and S y? -1 for 2% -2,
l+y _y-1 _ 1
l+2ay y*-1 y+1’
Therefore (1+9)? = 1+2ay
or, 1+2y+y? = 1+2ay,
Y+2 = 2a, ory = 2a-1)
e, N =1 = 2(a-1),
y 22 -1 = 4(a-1)3
= % ~/l+4(a-l)*.

Example 4.

Thus we have

Exercise (26).

Find the values of z in each of the following equations : —

7 65 227 + 10 50 + x2
Vl' 8""; = "7—xo 2. ——15 - - = 7-——QF.

1422416 22348 - 22

3. 3 T8S-11° 3

vq, z+7  x=1 7
2(z-T) z(z+17)  25-13°

22-1 2341
76, eThiees -
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1 - 1
Ji-z+1 Nits-1
[Rationalise both the terms of the left-hand side and then proceed.]
7. (+z+a)l'= ac(l-z+a9)t.

8 _E-aE-h) | (z+a)z+d)
v o (@ —mayw—-mb) (&£+ma)(z+mb)’

V8.

-1
—-

9 az+l+(a’x“—1)& - b_’:'g.
az+1-(atz? -1)8 2

10. (a+=%)® +(a.-ar:)§ = 3(a? —x*)i.
J1p, SRV Metonr
11 PR P 12.
22-1 2*-5 x?-3 z%2-6
v12 TR T FTh L
. 3. The ordinary method of solving an Adfected
‘Quadratic.—Bring the terms containing the unknown quantity
to the left-hand side of the equation, and the known quantities
to the right-hand side ; if the co-efficient of 2? be negative,
change the sign of every term of the equation, and then divide
every term by the co-efficient of x* : thus the equation is re-

2
duced to the form z? + pz = ¢q. Now add (; (i.e, square of half
the co-efficient of z) to both sides, on which the left-hand side

P 3 p’
becomes a complete square and we get ( z+) =g+ T

2

whence z+ £ = 4+ \/ q+?-’-‘ “and therefore
2 - 4’

Py S

x 9 + q+ i

Exercise (27).
. Solve the following equations :—
J1. 70z-63 = 723,
By transposition, we have
=723+ 70z = 63.
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Since the co-efficient of z® is negative, changing the sign of
every term we get

722 -T70x = -63 ;
dividing both sides by 7,
22 -10c = - 9.

2
Now adding (l‘?) or 25 to both sides, we have

22 -10c+25 = 25-9 = 16,
or, (z-5)2 = 16.
Hence, x-5 = +4 (Lecause z-5isa quantity of which the
square is 16) ;.
z =5+4, or 5-4,
te, =z =9o0rl
V2 2%-1lz45 = 0.
By transposition,
222 -1lz = -5
dividing both sides by 2,

22 - Vlg = - 1L,

. 1\ .
Adding (-4 ) to both sides,
w0 - b ()t = W1

te, (z-12)?=

8
1

a1
x--p =%
1

3.

4. 17:%-552+4216 = 652—8z2.
#2248 _ . a9

5. 1 = Se-a 5.

6. 4(x%+23zx-24) = 29x* -8z+1.

7. (3z-1)z-4)+(z-2)(2z-3)

= 4z(x - 3)-5.
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10.

11.

12.

14.

156.

17.

18.

19.

The left-hand side .
= (32% - 132+ 4)+ (2% - Tz +6)
= 5z2 - 20 + 10.
Hence, we have 5r% - 20r 410 = 422 - 122 -5,
.. —8x = =15 (by transposition),
S x2-8r+(4) = 16-15,
or, (z-4)® =1,
z-4¢ = %1,
z=4+1
= 5, or 3.
(22 -5)(3z-T) - (- 1) (12— 5) = x? — 3(x+14).
(Bz-11)(x—2)+(2z-3)(x+4)+ 13z
= 102z -1)2+12.
@E-HE-H+@E-{)e=] = (@-{Nz-}).

(Calcutta University K. A. Paper, 1861)

=, 40 _ 3010+2)
157 3(10-7%) 9
", 4 310+
[By transposition, ESUUO 5= .. 80 95 %) l‘% = &e, :l
_2a:+ 3z - 50 - 122470 13 z+4 <-4 10
157 3(10 +x) 190 " x-4"z+d 3

2+3 z-3  2r-3

z+27z-2 " F-1°

z-2 242 2e+3)

18, “*2_==2_

z+2 z-2 z-3 ° z-2 z+2 6

40 ¢+1 )

4T B+ = 3z 3+l (Calcutta University F. A. Paper, 1878)
2r 2z-5 ¢

a-ata 3 = 8 -

- 2x 2% -5 _ ]
[\\ehave (;_—4-2 )+(z—3 2 ) = 43.

z+5 1lz—876-4z — = 0.



122 ALGEBRA MADE EASY. [CHae.
' e

2 L, L., L __3

z4+a x2+2a 2+ 3a z

(11 11 11y _
[Werere (z-3)+(7m2)* (srm %) = @
1 2 3 ’
PRI A

whence =0,
1 1 S 1 1
" eraTEisa™ “(—:a—a"m)

whence ?::—2'-’ = _2z+ba , -~ &e. ]

4. The general expression for the roots of a
-quadratic.

N.B. The roots of any equation are those values of the unknown
quantity that satisfy the equation.

As every quadratic equation can be written in the form
ax? +bzx+c¢ = 0 (after suitable reduction if necessary) we must
regard this equation as the general typs of all quadratics. Let
‘us solve it.

By transposition,
ax? +bx = —c.
Dividing both sides by a, e
2, 0 ¢
X+ — = - -
a a

Adding ( :%)’m both sides,

b

2
e ~z+(b)= b ¢

2¢) T 4 a
b\*2 b2 — 4ac
A% T Tda

b
Soxt - =

S zr2 e ———5



V1] THE GENERAL EXPRESSION FOR THE ROOTS, 123
M - ’ !

Thus the roots of the quadratic ax®+4br+c = 0, pre

b T —b - b5~ dac
—b+ Jbr-duc b *{b - 4ac , and therefore we must

2a \ 2a
© _b+ N0* -duc )
regard the expression T the general expression

sought. .

By the application of this formula we can find out the roots
of a quadratic equation without going through the process
explained in Art. 3. .

Example 1. Write down the roots of 2% ~13z+15 = 0.

Comparing this with the cquation ax®+dz+c = 0, we
have a = 2, 6 = -13, ¢ ='1b.

Hence, the roots of this given equation are

(=13 J(- B -4x2x15
= 2x2
13+ Ji69 - 120
4
13+ J49 _ 1327

4 4
5, or 3.

That is, =

Example 2. Writc down the roots of - 3z¢ = llz-4.
Bringing all the terms to one side, we have
-323-1lz+4 = 0.

Here, a =-3, b =-11, ¢ = 4

o —(=11) V(-11)* - 4x(=3)x4

Hence, z Tx(=3)
_ 11+ JI3T+48
-6
_ 11+ 169
_ =6 . ’:
11+13

= -4, or }.
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Exercise (28).

Write down the roots of the fallowing equations :—

1. 3z2-172+25 = 0. 2. 23492420 = 0.
3. 61 = 20-"7x 4, -9r2--26 = 6x-10.
5. 8x% = 14r+15. 8. -3z%2+20r= 25.

7. 5+z-4r2 =0.

6. Sreedharacharyya's Method of solving a Qua-
dratic. — Reduce the equation to the form pz2 + ¢r = r ; multi-
Ply both sides of this by 4p(i.e., by four times the co-efficient of
«*) and then add ¢* to both sides ; we thus get 4p%z* + 4pqr + ¢
= 4pr + ¢% the left-hand side of which is evidently a complete
square being equal to (2px +¢)*.

Example. Solve 5:2-17c46 = 0.
By transposition, 5x% ~17r = -6,
Multiplying both sides by 4 x 5,
4 x (5r)® -4 x (5r)x 17 = — 120,
Adding (17)% to both sides, we bave
4 x (5r)® -4 x(5r)x 17T+ (17)2 = 289 - 120
or (2x52-17)2 = 169,
S 102-17 = +£13,
1713
r = ——-

10
= 3,or %

Exercise (29)

Solve the following equations by Sridharacharyya’s method :—

. 234+9c =18, ¢2. 152% -28 = x.
3. 16x*+100z = 3x*+2+40. 4. 2*+50r = 102 - 15z —z*.
5. 1722 +19z = 1848. 8. 2cz? —acr = 3(2z -a).
7. z® +azx = ab(3x +a) - 222,

8. Solution of a Quadratic by the method of
Resolution into Factors.—Reducing a Quadratic to the form
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az? +br+c¢ = 0, if we know the factors of which the left-hand
side is the product, then by equating to zero either of these fac-
tors, we get a solution of the Quadratic.
Example 1. Solve x®-52+6 = 0.
+ Evidently the left-hand side = (= -- 2)(z — 3).
Hence, we have
(z-2)(z-3) = 0.

Kither 2-2 =0 or, x-3
and o =2 and Sz

.

0
3f-
Thus 2 and 3 are the roots of the equation, as the student

-can easily verify.

Example 2. Solve 2¢2-10r = 3x-15.

We have “du(e=5) = 3(x=5) cciriiieirninnans 1)
(2 -3)(x-5) = 0.
Hence, either 2r-3 = 0} or. z-5 =0
and [, oz =3 and [, z =5f"

Thus % aud 5 are the roots of the equation.

Noure.  The solution also at once follows from equation (1) ; forx-5
-being a factor common to both sides, the equation evidently holds good
when this factor is zero, i. ¢, when x = 5, and evidently also the equation
is satisfied when 22 = 3 orx = § : therefore 5 and § are the roots of the
equation The student will thus observe that it is uot always necessary to
Aranspose all the terms to the left-hand side of the equation,

Example 3. Solve (7-4./3)z*+(2- /3 = 2.
Since T-4,3 = (2- J3)%
we have (2- 3222+ (2~ J3)z = 2.
Hence, putting z for (2 - /3)x, we have :
2242-2 =0
or, (z+2)(z-1) =

0.
Hence, either 2+2 = 0} or, z2-1=20
and [, z=- and .z = 1f°

Thus, z = S 2~ -2(2+ A/3)

3= /3
] -
3- .3

or, = = 2+ J3
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o 1
(z-b)x—c) (a+c)a+b)
-l
(@tc)e—c) (a+b)(c—-b)

Example 4. Solve

By transposition,

LIS S I 1 ‘I__!__._',l_}
Z-cle-6 a+ec a+blz-6 a+cf’

1 1
Therefore, either - e 0 (See Note Ex. 2.)

whence b = a+b+c;
1 1

' or — = -—
z—¢ a+b’

whence also ¢ = a+b+c¢.
Thus the equation has got two equal roots.

+e(n+r) a+m n
. Solve a_ e R
Example 5 fda-5"t s a3
. a+zx a {a+x
Since 2Hela* ) - ML L
a+ e~ .c) a+ea-x) a+ea—x)’

we have by transposition,

¢ 1 1 1 1
‘“”){Hc«a,-t,* ol "“{a‘_ % " ardata)’
all +c) —a. cla+ x)
z{a +cia - %)} (@ -2ex)ja+c(a—-zx)}’
or, (a+2)(1+0) _ cla+2)
) % a—%ux’

or, (a+).-

Hence, eithera+a = 0,and . 2 = -a;

a(l+c)
(3+ .«c)

]-'.'.'.'f'= —, Whencez =

or,
' x a-2cx

a(l +¢)

Thus -a and Bri) are the roots of the equation.
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Exercise (30). /
Solve the following equations :—
1. 322-12¢+1 = 6x-23. | 6. 6x’+5z 4 =0,
Q, -4z = 80. 7. 3(x-2)% = 18+ (8x+1).
2% -8
3. 2+2-— =1 8 z——— =2
x4+ z°+5
2123 16
2 ) = R R — - =
4, 2*+92-5 (¢ 9. b 4 T 5
5. -8x-4 =0. 10. 2*-(a+d)x+ab =0.
11. (a-d)x®—(a+b)c+26 = 0.
z ] 1
12. _E —(a§—b‘}\)x S
af 4ot / (ab’)_é\+(a’l))—é
2r(a - 7) a ; a b 2
18 T s 15, o utiTe  ase
14 16+.f% = —6£ 16 a-—A_\{.’.ur-'r‘ z
’ T2 x “ a+ Jar-z* a-z

CHAPTER VIIL
&
MeTHODS OF SOLUTION OF S0ME IMPORTANT
Crasses oF EQUaTIONS REDUCIBLE TO QUADRATICS.

1. Equations reducible to the form pa**+ gx" = ».
Bxample 1. Solve z°-92%+8 = 0.

We have 2% —9x% +(3)2 = -84 8]
or, (z® -3)% = 42,
-3 = +§,
947
3 = =
. “ 2
* = 8,0rl;

and ' 2z =2 0rl
Thus 2 and 1 are the roots of the equation.
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BExample 2. Solve 6t = 721 - 2274,

Multiplying by z*,
6z = Tad -2,
Transposing and dividing by 6,
-3t = -3

7 2 49
2 gad s T§) = 145~ b

ATy o L
on ( ’12) = 147

17 1
2 —
= *13,
3 =% 0r};

x = $,or}

Exercise (31).

Solve the following equations :—
1. 2°-35:2+4216 = 0. 1

9. 2 L “ 8 = 0.
2 -4 +40 =0, et

7 2 5

I 10, oF = 560 S 4at.
4, 9+a* = 10c-%, ar— . Iy
5 ’ 11 6¥af = -;/z+\/x1.,.
6.
7.

x 2-24"1 = 8.

- % 2 age - 2 1
27! +axr ® = 2a2, 12. 5__3_1___}__'_ 1=3x= .
x‘$+2=1fl‘_':_8 14+ 52% 2%
_'-5+5
x ¥ N
) . 13. 3 Y& = - = 16.
8 zn +15=8aw. Ve

2 Pquations in which ths expression equated
to zero is capable of baing reso.ved into factors in-
volving the unknown quantity ; or where expres-
sions on both sidas of ths sign of ejuality have
common factors involving the unknowg quantity.
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Example 1. Solve 27z%+21z+8 = 0.
The left-hand side = 3x(92% — 1) +8(3z+1)
= (3z+41){3x(3z2—-1)+8}
= (3c+1)(92% - 3z + 8).
Hence, we have
(B2+1)(94%*-32+8) = 0;
either 3z+1 = O......... (1)
or, " 9r%-3r48 = 0......... (2)}

From (1), z = - §.

From (2), # = 3 V9 - 368 = 3% \1(-_?_79.

18 8
—979
Thus - —; anc 3 1;-3/1—5—‘-”-‘) are the roots of the equation.

: 1
Example 2. Solve 2 +2ax® = 25+, .
(Calcutta University F. A. Paper, 1874.)

-

1 1 1
By transposition, (x‘ _;‘.‘) + 2“(”9 - a.) = 0.

or, <x2-:l){(z*+-i~) +2az} = 0.

Hence, either z* - 111. =0

1
. = +
and ., = -

or, 2 + 2ax + L =0
a
—2a+24/a?%~ !
and . x =

]
|
s
+
B
»
i
8=
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Example 3. Solve Sz3 + 16z = 9.

By transposition,
) (8+2-1)+8(2z-1) = 0,

or, (2z-1)(42%+2c+1)+8(2z-1) = 0,
or, (22-1)(4a%+ 22 +9) =0;
(2z-1)=0 .. (1)

;. either
or, 422 +22+9 =0 ... (2)J
From (1), z = }. ‘ -
From (2), = = ~ 2% *8/4' 144 _ "t4“/‘.:?5?.
Example 4. Solve z*-3x = 2.
By transposition, »
(2% -4)+(x-2) = 0,
or, (z-2){e(z+2)+1} = 0;
either 2-2=0 . (N
or, 22+2+1 =0 .. (2))

From (1), = = 2 }
From (2), z = -1
Thus 2 and — 1 are the roots of the equation.

Example 5. Solve 2x®+5x%2-4x-3 = 0.

The left-hand side
= (223 +6x%) - (% + 42+ 3)

= 22%(x+3)—(z+3)(z+1)
. = (z+3)(22-2z-1)

= (z+3)}{22(x - 1)+ (x - 1)}

= (x+3)(x-1)(2x +1).

Hence, we have
(x+3)(z-1)22+1) = 0.
Hence, the roots of the equation are — 3, 1, and - 1.

Exercise (32).

Solve the following equations :— 3
1. 623-5z2+z = 0. 2. x%+a*-42-4 =0,

2

3 - =1 4, 2247z = 22,
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6. 2:5-2% = 1. . [Wehave 2z%(x-1)+(x?-1) = 0, &¢]
6. x?-6x+9 = 0. . T, 3s%+8s%-8s = 3.
8. z(2?-2) = m(x?+2mx+2).

* [We have (x*+m?)-2(z+m) = m(x+m)?, &c.}
9. 2%(x?-32+2) - Tu(z? -3r)+ 1222 ~50zx+24 = 0.
' (Calcutta University F. A. Paper, 1875).

10. a%-6x2+10x-8 = 0.

{We have ‘#(x? - 6x+8)+2(x—4) = 0, &e.]

11, (x2-5)% = (x-3)2+(x+1)%

{We have (z-3)% = (2? - 5)% - (2 +1)?, &c.]

12. x3+pz’+<r—l+:,;—_l—_'—l)z+l =0

13. (p-1)%® +px’+(p—l+P]_—T)z+l = 0.

3. Bquations reducible to the form 22 + pz = q,
where = represents a simple or quadratic expression
involving the unknown quantity. ’

Exercise (33).

Solve the following equations :—
1. 3%°+9 = 10.3~
Putting z for 3%, we have

22-10z+9 = 0,

or, (z=9)(z=-1) =0;
either z = 9 (1)
or, z=1 (2)

From (1), 3= - 9=23% . =
From (2),3* =1 =3° ' =

b
(=X
—

Thus 2 and O are the roots of the equation.

2. 21 £ 4°=80,
We have 27+ = 2.2‘}
and 4* = (2’)5 - 2!3 - (2:). []
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Hence, putting z for 2%, we have

2:+2% = 80,
or, (z+1)% = 81,

2= =149
= 8 .. 1)
or, =-10 .. (2)
From (1), 2*=8=2% ' 2 = 3.
From (2), 2* = -10, which gives no real value for z.
3. 5°+5%* = 26. 4. 343172 = 10,

5. 29841 = 32.2% 6. 2¥*3-57 = 65(2°-1).
7. T"M+T7 =8 8. V¥4 J - = 4.

9. 3x?-4r+ J3ci=45-6 = 18,
Adding - 6 to each side,
3e* — 4z -6+ N30 =226 = 12,

Putting z for /34% — 4z~ 6, we have
22 +z = 13,

or, 22 +2-12 = 0,
or, (z2+4)(z-3) =20;
cither z = -4 ...... ... (1)
or, z= 3 ... ... 2)
From (1), N3 1-6 = -4,

or, 322 -4r-6 = 16,
or, 31’—4z—°2= 0,

. 4% J16+466
X = A
6
4+"J4'¥?§R
76

_ 2+ 70
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From (2),

EQUATIONS REDUCIBLE TO THE FORM 2% +p: = q.

V3 TisT6 = 3,

or, 322 -42x-6 = 9,
or, *3z*-4x-15 = 0,
. or, (x-3)(3z+5) = 0,
.oz =3 0r -4
10 ¥ 72y Yiei ooy = OIE
We have .
3(32-2)+6 Jur¥ e +3 = 2z +1)8
= 2(z%+2z+1).

Heuce, by transposition,
.m’

Adding 3 to both sides,

5r-6n262-5c+3 = -8,

(22% - bz +3) -6 /35" ~bs+3 = - 5.
Putting z for \/.'.v" -He+3, we have
-62+45 =0
or, (z—l)(z—5) =0;
either 2z =1 ..(1)
or, z =5 «(2)
From (1), ~Zii—ve+3 =1,
: 22 -5c43 =1,
or, 222 -6r+2 = 0,
or, (x-2)(2r-1) =0;
Soxz=2 or }
From (2), W% -5+ 3 = 25,
or, -He-22 =0;
- 52 VBT _ 52 Vi
4
11. z*4+24<- +6x = 24 - 62,
12, 2%+3 = 2/s* —2z+2+42r.
13. 224+5zx+4 = 5 + 50+ 28,
14. =’+z+10.\h +32+16 = 2(20-2).

133

’

(Madras University F. A. Paper, 1888)
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15.
16.

17.

18.

19.
20.

21.

22.

23.

ALGEBRA MADE BABY, . [Cauxe.

2243~ V%Y 3242 = Yz +1).
8+9J@Bz-1)z-2) = 3% -Tu
2~z 4302 “Bsr2 = -z +17.
- .9 |

lL+xz+a*
97— 4z% 4 ar* “92+ 11 = 5.
2(x? -3z +1)2 +5(2% -3x+1)+3 = 0. :

(Calcutta University I*. A. Paper, 1873.)
@+4)(z+1)+ J@+5)(«-3) = 3z +3L

(Caleutta University ¥. A. Paper, 1877.) "
3r+24s - 324 ¢ = 2% +6.

(Calcutta University I. A. Paper, 1886.)
(x-5)(x—T)(x+6)(x+4) = 504.

The left-hand side = {(x - 5)(x + 4)} x {(z - T}z + 6)}
= (2% -z - 20)(2® — x - 42).

= b -z—2x2

Hence, putting z for 22 - z we have

(- 20)(z - 42) = 504,
or, z%-62:+840 = 504,
or, 22-62:4+336 = 0,
or, (2-6)z-56) = 0;

either = = 6 ... ... (1)
or, z = 56 ..... 2)
From (1), x> -z-6= 0,

or, (z-3)(z+2) = 0;
. x = 3,or-2,

From (2), 22-x-56 = O,

24.

or, (x-8)(x+T7) = 0;
S oz = 8or-T.
(2z - T)(x2 - 9)(22 + 5) = 91.
The left-hand side
= {(22 - T)(z + 3)}{(x - 3)(22 + B)},
= (22? -z - 21)(2+* — 2 - 15).
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Hence, putting 2 for 213 - x, we have
(z-21)(z-15) = 91,
23 ~36:4+315 = 91,

or, 2?-362+422¢4 = 0O,
or, (2-28)(z2-8) = 0; "
either z = 28...... (1)
or, z= 8... (2)
From (1), 2 -z-28 = 0,
or, (z-4)2z+7) = 0;
. x= 4 or-1.
From (2), 222 -x-8 = O,
oo LENT+64
4
_ 1% /85
i
1 1 222492+ 10
Y25 e 10T BT IO T T 150

185"

(Madras University F.A. Paper, 1880.)

Since 322 + 112410 = (3 +5)(z +2),
6x% + 192+ 15 = (3z+5)(2x + 3),

and %%+ 92410 (%+5)(z+2),
. 11 (27+5)(z+2)
we bave 3ﬂ+5{5+z 2»’4-3} 15
or 1 (22 +5)(z+2)
' (x+2)(2c+3) 150

or, (2% + 3)(2z + 5)(x + 2)* = 150,
or, (4r®+16x+15)(x? +4r+4) = 150.
Hence, putting z for 22 +4x, we have
(42+15)(z+ 4) = 150,
or, 4:24312-90 = 0, '
or, (42-9)(z+10)= 0.
Hence, &e. - : L
26. (z-T7)(z-3)(x+5)(z+1) = 1680.
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27. (z+9)(x-3)(z-"T)(z+5) = 385.
28. (z+9)(z-4)(z-8)(x+2) = 825.
29. x(2x +1)(z-2)(2z-3) = 63.
30. 16z(z+1)(z+ 2)(z + 3) 9.
3l. z*-22%+x = 132.

[The left-hand side = (x* - 223 -+ x?) — (2% — x)

= (x? -x)? -(x? —x) ; hence, &c.]

32. 2t -8x% +10z% +24z+5 = 0.

[The left-hand side = (x* — 8x® +1622) — (662 — 24x)+5.]

4. An Important Artifice.

Example., Solve 3% -T2-30- J/22%-7Tx-5
= x-5. e e (D)

We have identically
3z -Tx—-30) - (22® -Te-5) = 2*-26 ... ... (2
(i e., this relation is true for every value of «, and hence it is
also true for the particular value which  has-in the proposed:
equation.)
(3z* - Tx—30) - (22® - Tz -5) _ »*-25
J35 T5_80- iz -Tz-5  ®-
or, W3z*-Tz-30+ N2e*-T72-5 = z45 ... (3)
From (1) and (3), by addition,
2/32¥ Z2 =30 = 2,
S 322 =Tz -30 = x?,
or, 2z2-72-30 = 0,
or, (z-6)(2z+5) = 0,
' x =26, or -§.

(1]

N. B—We might as well have subtracted (1) from (3) and got
the same result.

Exercise (34).
Solve the following equations :—
1. N22¥462-2~ A/2234+52-9 = 1.
2. N3P 4+Tz-1+N32%+T72-10 = 9.




VIL) RECIPROCAL EQUATIONS, 137

3. Vori—6x+8- 62 —6z-7 = 1.
4 iz “Tz+ 164+ Na Tz -1 = 17,
5. Jbz“+7'w+ 2- i+ Ta+18 = z-4.

5. Reciprocal Equations.—In such equations if all the
terms are brought to one side, the co-efficients of terms equidistant
from the beginning and end are either equal and of the same
sign, or equal and of ‘different signs, (provided that in the latter
case the middle term be wanting if the equation be of an even
degree).

Thus the following equations are reciprocal : —
(i) z°+2x*+323+322+22+1 = 0.

(i) «® - 2x*+3x% - 322 4+22-1 = 0.

(iii) x*-22" +322-22x +1 = 0.

(iv) xt-234+32z -1 =0

Nore. The last equation would not be called reciprocal if the co-
efficient of x? wers not zero. Such equations remain unaltered when z is

changed into i and hence the name.

The method of solving such equations will be illustrated by
the following examples.

Example 1. Solve z*+2z3 -42%+z+1

54

We have (z*+1)+ (x® +x) - 422 =
Dividing both sides by x2,

(sr45)+(s45)-4 - 0
(R

Hence. putting z for z + :; , we have

-4 =

224z2-6 = 0,

or, (z2+3)(2-2)= 0;
.. either 2= -3 (l)}
: or, z= 2 (2)
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From (1), . z+% = -3
or, z2+32+1 = o;

C g =34 325

2 ¥ 2
From (2), 24l =2
or, z2-2z+1 = 0,
or, (x-1)2 = 0;
z =1,
Bxample 2. Solve 2" -2z%+3z4-222+1 =0.
We have (®® +1) - 2(2® + 22) + 324 = 0.

Dividing both sides by z*,
(w‘+ 1.) —2(z“+ ! )+3 = 0.
\ L

x?
Leb 2 =x+l;
x
2
then x”+1’ = (a:+ 1\ -2
z \ €/
=2z2-2 L . (1)
and oy 1 2, 1 s 9
an z +a“ = (z +;’_ -9
= (22-2)2-2
=2t -4242 L. 2)

Hence, by (1) and (2), the equation becomes
(2 4224 2)-2(2*-2)+3 = 0,

or, 24 -6:24+9 =« O,
or, (3’—3)’ = 0;
S22 =3,
2 = % ,J3.
1
Hence, lst. —=
ence, lst , o EE .,‘/.3,

or, x%- J3x+l.=0;
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M3 J3-14
x = —=-- -—«i—- —_—

_3r M
5 -
2ndly, z+% = - Js?
or, z%+4 ,f3r+1 =0,
- J3x W3R
x ==
2
BIIVLE R
2

Example 3. Solve 10r* — 63z + 522 + 632+ 10 = 0.

This equation though not reciprocal can yet be solved by
a similar method.

We have 10(z* +1)- 63(z3—z)+5"z’ = 0.
Dividing by 2,
10(a* + ! )-63 z- ' )+52 =0
x* & :

Put z for z - ; , then22+2 = z’+£’ ;

hence, 10(22+2)-63z+52 = 0,
or, 1022 - 632+ 72 = 0,
or, (22-3)(5z-24) = 0 ;
either z = 3 (l)]
or, 1z =3 RV )Y |
From (1), z - »:; = 4
or, 263 -3xz-2 = 0,
or, (£-2)2z+1) =0, -
S x=2, or-3}
From (2), : z- % -2

or, 5r2 -242-5 = 0,
or, (2-5)bz#1) = 0
. S, zw= b or-}
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Exercise (35).

~

Solve the following equations :—
1, #4-32%-2:2-3:41 =0,
2. zt-xP+irt-z+1 = 0.
3. 2 -zbrat-242-1 =
[The left-hand side = (x® - 1)-a(x* — 1)+ 22(x? - 1)
= (2? - )){(x* + 27 +1) - 2(a? +1) + 27}
= (®9 - 1)(x* — 23 +2x® —z+1).]

4. 2*+8z%+1 = bu(x®+1).
5. 4r* -16x% +2322 -16z+4 = 0.
(Calcutta University . A. Paper, 1882.)
6. z*+5%2x2+1 = Ta(x®+1).
7. xt-5x34+152+9 = O.
8 4r*-16x2+T22+16x+4 = 0.
9, 6x*—-252% +122% +252x4+6 = 0.
10. =*+ 1,;+2<au+ l-) =12
x x 9

2
11, »* +az"+bz*+cz+‘% = 0.

14zt
12. (T-'_—z)r = %.

Miscellaneous Equations (36).

N. B.—Solutions of the equations given below will be obtained by
some one or other of the methods explained in this chapter, or by the
application of some special artifice. The student is strongly recommended
to exercise his own ingenuity to the utmost and try to arrive at solutions
independently of the hints given here and there.

1. 2¢ 12 =8 L

g a2+ JaF—det  5r
* a+2- NJat -4 @

3. a*(a®+1) = (a®> +a%a.

4, J3P+bz-T+ 3@ ~T2+6)- NTz* —62-1 = 0.
[Firat see if the equation could be divided out by any common factor.}
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5. WNad+2ax-3s%= Na® +ar-06s2 = N 2a? + 3ar - 9z®,

6. \/:+\/—- =

.7 (a+z)§+4(a x)g =5(a’—a,’)§

[Dunde both sides by (a-— z)ﬁ and then put = for( +-’°)§]

8. (s4m) +(s-m) =(ns L) (xr-m)’

(Madras University F. A. Paper, 1884.)

9. zt-234+2 = 380.
[We have (22 -x)2~(r?-x) = 380. Hence, putting = for

2% —x, we have z%-:-380 = 0, &c.]
10. 22 +x" % +z24+2" ! = 4.
11. 2*-32% = 1-3x.
12. x+4+(”+_4) -2
13. z-1 =2+

14. (2* +2e)(z+4) = 2-(x+4).

a—-2x x b
15. z +r—x= ;.
18, 292 +io-19 =94 2
4 z

[ Add :,— to both sides, when each side becomes a complete squnre.]

1
9 2
17. == 12¥87

x—-9

[We have z? - 4x = 1248+ adding 4 to each side we get
. complete squares.]

z32 r-12
18.3 - o1
[We have z*—14x? = 42%+4x-43; now add 49 to both sides.]
19. 24 -423-222+12249 = 0.
[We have (x? - 2x)? ~ 6(%% - 22)+9 = 0; hence, &c.]
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20, 2+ -6x34+6r24+9:+2 = 0.
21. ,‘x‘.—bz";ﬂ-lo.c“+24z+5 = 0.
e+ JerZeF 9z +0)
z4c— Aot —c? 8¢
a’+a’m+.ar’ f_f

a? - ar+z* x*

24, ( . )’+(-f~)’ - a(n-1).

P

a2.

23.

x -1 z+1

x a \z2 2r®
-1 x+1

[The left-hand side = (_ + _gee
rs -1

2% \e+ 2¢? | . 2
= (;c'_-_i) el hence, putting = for AT &e :l
1

Ta Lo
- = \/l+ oo,
x a
[ We have ,\/1+%-—»\/1 —% = 1; now square Loth sides.]

R 1 =z-1
26. J—z—Jl—;= =
7. (2-2)(z-3)(z-4) = 1.2.3.

[Since the equation is obviously satisfled if « = 5, we know from
Art. 2 that the expression obtiined by bringing all the terms to one side
must have (x ~ 5) for a factor.

Now, since the left-hand side of the equation = (x? - 5a+6)(x - 1)
= x% — 0x? 4+ 26x — 24, the equation becomes 2% —92*+26r-30 =0 when
all the terms are brought to cne side. Hence x® —- 922 +26x — 30 wmust have
2 - b for a factor, which shows how to proceed.)

z b b® h b2
28. —G-+—£_+F-l+;b+_a-§.

20, (x-1)(z-2)(x-3)-(6-1)(6-2)C-3) = 0.
30. (z-1)z=2)z-3) = 24

- a+l
3l. (1+z+2%)* = m(l+z’+z‘).

25. 1+

1+a2* .
32. (1::).‘-7. 33, #°-1=0. 34 a'+l=0
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s5. (22t 3)* . (_2:_-_3)* 84k sy
*\2z-3 2z+3 13422 -9°
[Cubing both sides, the left-hand side becomes
2427 +9) 442749 5042749

&9 18z -9 " 13479’

(a+D0)® = a®+b3 +3ab(a + h).]

3e (-2, 2
ot -4s  (£-2)F
(Calcutta University F. A. Paper, 1889)

(x-2)? 2
-1 A

zt -4z (x—2)? 3
I
zt -4 x?-4r+4

=4,

[We have { } +

or, = 3. Now put : for 27 - 4x.]

CHAPTER VIIIL

T'AEORY OF QUaDRATIC EQUATIONS aND
QUADRATIC EXPRESSIONS.
2. A Quadratic Equation cannot have more tham
two roots.—Let us take the equation axz* +6x+c=0 which is

the general form of all quadratics. If possible, let this equation
have three different roots a, 3, y. We then must have

aw? +ba+c =0 ... ... ... (1)
aB2+B+c =0 .. ... .. (2)
ay?+by4+c =0 ... ... .. (3)
From (1) and (2), by subtraction, we have
a(e?~f)+8e-B) = 0, W
or, (a-B)ala+B)+8} = O,
Now, since o~ 3 is not zero (a and B being different ),
Sooa@EB)+b =0 . . e (9)
Similarly, from (1) and (3),
aat+7)+b =m0  we = o (D)
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Hence, subtracting (5) froms(4), we have
aB-v) =0 .. .. .. (6)

which is impossible since a is not zero and also by supposition
B -7y is not zero. Hence, the supposition is wrong, in other
words, there cannot be three different roots to a quadratic.

»
Cor. 1. The equation ar®+bz+c = 0 can be satisfied by
three different values of z only when @ = 0,4 = 0,and ¢ = 0.
For, the eqnation is so satisfied only when the relation (6) holds
good, and B, y being different, this relation is true only when
a = 0; but when @ = 0, by (4) or (5) b also = 0, and therefore
by (1), (2), or (3) ¢ also = 0.

Cor. 2. If the equation az®+bx+c = 0 be satisfied by
three different values of =, it will be satisfied by any value what-
ever of x, (or, the equation will be an identity). For by Cor. 1,
the equation now becomes 0.z* +0.x+0 = 0, which evidently
is true for all values of .

Example 1. Is 2{(z-a)(z-28)+(a -2)a-b)+(b-=2)b-a)}
= (a-5)%+(x-a)?+(x~b)* an Identity or an Equation ?

The student can easily see that this relation is satisfied
when z = a, orz = b, orz =0, i. e, by three different values
of z; hence it is satisfied by any value whatever of x and is
therefore an identity.

Example 2. Show that, if—
(p-a)®+(p-5)° = 2(p-c)3,
(z-a)*+(g-8)* = 2(g-c)%
(r=a)*+(r-8)° = 2(r-op,
then will also
: (8-a)®+(8-56)2 = 2 (s-c)3. .
/ 2. Nature of the roots of a Quadratic.—If 4, 8
denote the r of the quadratic ax® +bx+c = 0, we have by
art. 4, Chap. .,

-b+ N6¥ —tac Pt Nb¥ —dac

" 2a 2

a =

2a
- Hence the following conclusions are evident :-—

(1) If 32 — 4ac be a positive quantity, /6% —4ac is real
and therefore o; B are real (and unequal). ‘~
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(2) 1If 57 - 4ac be a perfect square, Jo* = 4ac is ratiorial
and therefore «, 3 are rational (and unsgual )

(3) Tf b% - 4ac he zero, ~b% —4ac is zero, and therefore
«a, 3 are real and equal. .

(4) M 4% —4dac be a negative quantity, ~/6* —4dac is im-
aginary and thercfore «, 8 are imuginary (and unequal.)

Exercise (37).

1. Kxamine the roots of the equation 2z +7z—4 = 0.
The expression under the radical sign in the roots of the
given equation = 7%--4.2(-4)
. = 49+32
= 81 which is a perfect square ;
the roots are rational and wunequal.
2. Examine the roots of the equation 22% -9z +8 = 0.

The expression under the radical sign in the roots of the
*given egnation = (-9)2-4.28
= 81-64
= 17 whose square roots cannob
be exactly foand ;
the roots are real (and unequal), but not rational.
3. Fxamine the roots of the eguation 3z2+42+2 = 0.
The expression under the radical sign in the roots of the
given equation = (4)?-4.3.2 '
= 16-24
= -8, whose square roots are im-
pussible or imaginary ;
the roots under examination too are imaginary.
4. Examine the roots of the following equations :—
(1) 32?+20z-19 = 0. (2) 2z%9-8z+9 = 0.
(3) z?+hz+4 = 0. (4) 423-12z49 = 0.
(5) -322-2¢+6 = 0. (6) -4x24582-8 = 0.

2—10

.
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5. Show that the equation 3z*+7x+8 = 0 cannot be
satisfied by any real values of «.

6. For what values of m will the equation a%- 2(5 + 2m)x
+3(7+10m) ‘= 0 have equal roots

By the condition of the problem, the expression under the-
radical sign in the roots must be zero.
Hence, we must have
4(6+2m)* - 4.3(7T+10m) = 0,
or, (25+20m + 4m?) - (21 +30m) = 0,
or, 4m?-10m+4 = 0,
or, ‘2m? -5m+2 = O,
or, (2m-1)m-2) =0;
om o= 3, or 2.

That is, the given equation has equal roots cither when.
m = ), or when m =2,
7. 1f the equation 422 - px+9 = 0 has equal roots, find p.
8. For what value of m will the equation 212 4 8z+m = 0
have equal roots ?
9. [t the equation (1+m)2®—2(1+3m)z+(1+8m) = 0,
has equal roots, find the values of m.
10. Prove that the roots of the equation (a—&+c)a® +
4(a-0)r+(u~b-c) = 0 are real.
11. Show that the roots of %2 +px+q = 0 will be rational,.
q
k .
The expression under the radical sign in the roots of the
given equation

if p =1+ , wherep, q, k are rational gnantities.

= p? -4y

= (k+ %)’ -4
= k?-2¢ +%:
- ( k- 'i)’, whose square root is rational.

«» the roots of the given equation are rational.
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12. Show that the roots of the following equatious are
’

real :—
(1) 42% -8z+(4-a%-5"% = 0.
(2) (@a-8)x2+2a+b)x-(a-5) = 0.
13. Prove that the roots of the equation (a+c - b)r®
+2cx+(h+c—-a) = 0are rational.

3. Applications of the results proved in Art. 2.—

Exercise (38). : :

1. If x be real, prove that 2% — 10z + 27 can never bo Less

than 2.
Let 2* =102+ 27 = m ;

then, «?-10r+25 = m—-2,
z-5 = + Jm-13,
. z =5+ Jm-2.

Now, since z i8 real, m - 2 cannot be negative, and ,', m can
never be less than 2. That is, whatever real value may be given
to z, the correspouding value of the given expression will never

+be less than 2, ’
Otherwise : —

The given expression = (z* —10x + 25) + 2

= (¢-5)*+2.

Now, since z is real;” (2 - 5)? caunot be negative. Hence,
the given expression can never be less than 2. )

.
.

" 2. If z be real, prove that— ,
(1) 4x® - 122+ 17 cunnot De less than 8.
(2) 2% - 9x + 21 ” » 1 9 ) ” {"- '

(3) 5x%-Tz+4 w oo ow o ow w130
3. Fiud the least (or minimum) value of 2z* -7z + 6 for
real values of z. .
. Let 22 -Tx+6 = m ;
then 2x% -Tz+(6-m) = 0O,

YL a1 Ni9-B(6-m)
oo 4
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Hence in order thet 2z may be renl,
49 - 8,6 - m) must not be negative,
or, 1+ 8mn must not be negative,
or, 8(1+m) must not be negative.
Hence, since this expression becomes negative when m is
less than — }, the least value m can have is - }.

Thus, whatever real values be given to x, the value of the
given expression will never be less than - }

N. B.—The student must observe that when the given expression has
its miniinum value, the corresponding value of x is i, because in this case
the expression under the radical sign is zero,

Otherwise : —

The given expression = 2<z“ - ;x) +6

7 49\ 49
- 2 2.0 - -
(z ;::H' 16) 8 +6
7 2
- 2 -_—— -,
(“’ i) ¢
. . T\3 . 7\?
Now, since x is real, (z—-*) and [, 2(z- i cannot
be negative.

Hence, whatever real value z may have, the given expres-
sion can never be lews than -4 ; i.e,—3 is its least value.

It is also evident from the above relation that the given
expression has its least value when z = J.

4. Find the minimum values of the following expressions
for real values of x :—

(1) 4z% - 9x+5.
(2) 3z°- S5x+4.
(3) 227 -13xz+22.

6. In the above examples find also the values of z corres-
ponding to the minimum values of the expressions.

6. Shew that whatever real value may be given to z, the
value of the expression 3+ 05x~ 2z will never be greater
than 63. "
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’
Let 34+55-2s% = m;
then, 242 -5+ (m-3) = 0,
. - -"_)t ~/25:8(—wb:3)
.e - 4 - e

* Now, in order that z may be real the expression 25 -
8(m - 3) must be positive or zero, 1.2, 49 - 8w must be positive
or zero. Hence 8m cannot be greater than 49, or m cannot be
greater than 4.

That is, none of the different valnes of the given expres-
sion, due to different values of x, will be greater ‘than 6}.

N. B—When the given expression has ita greatest value (i.e, 6}), the

expression under the radical sign is zero, and therefore the corresponding
wvalue of r i §.

Otherwise :—

The given expression

1
()
|
[£3
AN
8
©
|
by
8
~——

- Ofeofe- 1))

2
Now, since « is real, (x - Z—) cannot be negative, and there-
A

fore the expression within the braces cannot be positive,

Heunee, whatever real value  may have, the given expres-

. 49 . 9 o .
8ion can never be greater thau 8" 1e., g or 6»8 is its maxinium
value
[t is also evident from the above relation that the given
expression hay it wmaximum value when z = }.
7. Fnd the grentest (or maximum) values of the following
expressions for 1cal values of a.”

(1) 6x-=z%-1.
(2) 54+8z—-842.
(3) 54 tx—4ax2.
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8. In the above three cases find also the values of x corres-
ponding to the maxima values of the expressions.

2
9. TFind the greatest value of iy 9 for real values
x*+2r+3
of x.
’ ' z? +14x+9 .
Lot wordars ~ "

then, (m—1)z%+2(m -T7)x+3(m-3) = 0 ;

5 = AT -m 2 T - Sim = T)im - 3)
2(m ~ 1)
The expression under the radical sign
= (m? - 14m + 49) - 3om* - 4m + 3)
= —2(m?+m - 20)
= —3(m+5)(m-4).
Now, since this must be positine or zero, m cannot be greater
than, but may be equal to, 4. Hence 4 is the greatest value of
the given expression.
10. In the last example find alvo the least (or minimum)’
value of the given expression.
Since - 2(m + 5)(m — 4) must be positive or :zero, evidently
m cunnot be less than, but may be equal to, = 5 ; (for when m has
any value less than -5, suy -6, both (m +5) and (m - 4) are
negative, and thus the above expression, being the product of
three negutive quautities, becomes also negative) ; hence -5 is
the least valne of the given expression,
N. B.—The student should carefully olwerve from the above results that.

whatever real value may be given to x, the value of the given expression
will never be greater than 4 and never less than - 5.

11. If = be »eal, prove that ’—,-;-? hid —-7—lcau have all
£ + e~
numerical values except such as lie between 5 and 9.
734+ 34r-171

Let 2% 420 -7
then, (m-1)22 +2(m - 17)x-(Tm - 71) = O,

o = 2w o= T = =)

ot Hm-1)

.
J
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The expression under the radical sign
(m?® — 34m + 289) + (Tm? — T8m + 71)
8m* - 112m + 360
8(m? - 14m + 45)
= 8(m - 5,(m-9).

Now, when m is less than 5, both (m —-5) and (m-9) are
megative, and therefore their product is positive ; also when m is
greater than 9, both the factors are positive, and therefore their

product is positive ; hence, for real values of x the given expres-
sion can have any value from 5 downwards or from 9 upwards.

But this product becomes negative when m has any value
between 5 and 9 (for then m -5 is positive, but m — 9 is nega-
tive), and therefore for 7¢al values of x the given expression can
have no vaiue between d and 9.

[}

z% + 22 -11
-3
can have all .numerical values except such as lie between 2 and 6.
(z - 1)z +3)
(= 2)(=+4)

12. 1f z is real, prove that the expression

13. 1f xis real the value of does not lie be-

tween 3 and 1.
(Madras University F. A. Paper, 1884,)

" . SR 1
14. The expression sritirel @+ )3 4 1)

lie between the values of 1 and 4, for any real value of «.
(Madras University F. A. Paper, 1880.)

cannot

15. If x be real, prove that m"sfj;%{:fl cannot lie, bLe-
tween 2 and - .
o Eoted
6x-14
then, 2% -2(1+3m)z+7(3+2m) = 0 ;
. Do 21432/ 3w - 1B Im)

2
The expression under the radical sign
= (1+6m+9m?) - (21 + 14m)
= 9m? - 8m - 20
= (9m +10)(m - 2)
= 9(m + 12)(m - 2).
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This becomes negative when m lies between — 12 aud 2. For
when m is positive and less than 2, m + % is positive, but m — 2
is negative and therefore their product, negative ; also when m is
negative and greater than -~ “(i.e, numerically less than 12),
m+ 1 is positive, but m - 2 is negative, and therefore their pro-
duet, negative. Hence, for real values of z the given expression
can have no value between — \° and 2.

1122 + 122+ 6

16, If z be real, prove that R caunot lie

between - 5 and 3.
17. Prove that - ;z+9 must lic between 1 and - i}l'
for all real values of .
18. In the equation 2* —pr+¢? = 0, if x be real, prove-
that p camnot lic between + 24 and - 2¢.
(Caleutta University . A. Paper, 1877.)

19. If z be real, prove that the expression o

admits of all values except such as lie between — 8 und 8.
20. If p be greater than unity, theu for all real values of

% _9 EI _
® TP lies between 7 --—1 and 2 !

x, the expression - .
’ P z* + 2 + p? p+l »-1

21. Prove that if the equation 22 + 4% - 8r +12 = 0 is.
to he satisfied by real values of x and y, x must lie between 2
and 6, and y must lie between — 1 and 1.

First, let us express y in terms of ..
From the given equation we have
4y? =~ (22 -8r+12)
= ~(z-2)(=-6),

2y =t & = (& 2)(z - 6).
Since y is real, (¢ - 2)(x - 6) must be negative, and this is.
possible only when z is greater than 2 but less thau 6.

Hence x must lie between 2 and 6.
Secondly, let us express z in terms of y.
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From the given equation we have

22 -8z +4(y2+3) = 0; .
_ 82 JBE-T6(r* +3)
. T ’ 2
=4+2/1 "y

=4+2J/ - (y+1)y-1)
Hence, arguing as before, y must lie between 1 and - 1.

22. If 4« +9y%-36y = 0 for real values of zand g,
find the limits between which x and y must lie.

23. Prove that the equation 4z% +5y?% - 48z - 72y + 252
= 0 will be satisfied only by sach real values of z and y us
respectively lie between the limits (3, 9) and (2, 6).

24. Prove that in the equation 9r? - 25y% - 1085 +99=0
for any real value of y. x will be real but that the correspond-
ing values of » will never lie betreen the limits 1 and 11.

4. Relations between the Roots and the co-effi-
cients —1f a, 3 denote the roots of the quadratic ax* +dx+c

v = 0, to prove that wtfl =~ I', and off = ° .
« a
Sulving the equation as in Art. 4, Chap. V1, we have
- b + JF - 4ac
“a
— - / < —
and B = —h- Nb* - dac .
Zu
Hence, by addition,
-2 b
3 = = - M
wtf 2a a’

and by multiplication,
o = (___’f - f{l;_z_-‘_?f:c)(‘— L bt - 4ac)

4a*
_ (=20)* ~(b% - dar)
T 4
4ac ¢

“d T
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Cor, Siuce the equation az? +éx+c = 0 can also be

written in the form z’+:£z+-;- = 0, we conclude that in a

quadratic equation of the form 2% +pr+¢ = O (i, where the
co-efficrent of x?* is unity and the terms are cll on one side),

(i) the sum of the roots is equal to the co-efficient of =
with its sign changed ;

(ii) the product of the roots is equal to the last term (i.e.,
the term independent of x or the absotute term, as it is called).

5. Applications of the preceding Results.—

1. To find the equation of which the roots are given.

Suppose «, B are the given roots and let z* —pr+qg = 0
be the equation sought.

Then siuce the sum of the roots i3 equal to the co-efficient
of the second term with its sign changed, we must have

p=oa+p
and since the product of the roots = the alsolute term, we
.must have q = af.

Hence the equation sought is

2t = (a+B)r+aff = 0 (A)

or, (z—a)(z-B) =0 (B)
Thus we can easily form quadratics whose roots are given.

Example 1. Form the equation whose roots are 4 and - 5.

By (B), the equation sought is
(z - 4)(x+ 8) = 0,
or, z*+x-20 = 0.
Example 2. Form the quadratic whose roots are 3 4 ,/5 and
3-./5
Since (3 + ,/3)+ (3~ \/B) = 6,
and (3+ J5)x(3- .J5) = 4,
by (A), the equation sought is
2% -6x+4 = 0.
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Exercise (39).

Form the quadratics whose roots are :—

1. 3and2. 6. 5+ J2and5- /2
‘2. 4aud -T. 7. 4+ JTand 4- JT.
3. 8&and -13. 8 7+2,/5.

4, 17 and & 9. +3,./6-1.

5. 3and -} 10, :%_'__’.' and _ME®

+n m-n
11 31+ v3+ \/?:/_3) and ;.(1 + J3- J2 J3).
(Madras University F. A. Paper, 1881.)
11. Given the sum and product of any two quantities,
we know the quantities at once by golving a quadratic.
Example. Givenp+q = 5 and pg = 6, find p and ¢
From the given relations, evidently » and ¢ are the roots
-of the quadratic 22 —-5x+6 = 0.
5+ 25~ 24

*)

-

1

But the roots of this quadratic

5

+

= =3, or2

ui

p=2

Hence, either p = ?,} or, 223

g =2

bxercise (40).

Find the values of p, ¢ from the relations giveu below : —

l. p+g= 1T, pg = 12
2. p+qg = 2 pg = —-15.

3. p+g =-6, pg = 8

4. p+y = 6 g =2 _

. III. If oneroot of a quadratic be known by inspec-
‘tion or otherwise, the other root can be immediately
:found. .

. at+e hte _ 2(a+b+c)

Example 1. Sol il
ple 1 . ve .r+a+z+b z+a+b

Here obviously « = ¢ is a solution.
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Clearing of fractions, we have
(3 +8)x® +{a® +b* —c(a+b)}xr —c(a® +52) = 0.

—cla® + b2
Therefore' the product of the roots = — cla® +6%) .
a+b
242
Hence, ¢ being one root, the other root must be — (n? +5%) .

a+b
Example 2. Solve the equation
Vet vuz -1+ Jei4bs—1 = Ja+t Jb .. ... (1)
Here obviously x = 1 is a solution.
Jdentically we have

(z*+azx-1)- (2 +br-1) = (a -b)x v e (2)
Heuce, dividing (2) by (1), we have
N ¥ar—1- Mo ghr-1 = (Ja- bz ... ... (3)

From (1) aud (3), by addition,
2z rar <1 = (Ja- Jhx+(Ja+ Jb).
Squaring both sides,

42 kax-1) = (Jo— SO+ 2(a-b)r+(Jat+ Jb)?
or, {( Ja— Jb)? -4t - Aa+ bz +{( Ja+ JO)P+4} = 0.
(Jat JorF+4.
(Ja- Jb)* -4’
but one root = 1, .. the other root

(Ja+ Jb)® +4
T (Ja= JhE 4

Hence, the product of the roots =

B xercise (41).

Solve the following equations : —
1. (x-2)(z-4) = 5.3.
2. (z-a+b)(z+c-a) = be
3. (x-3)(x-4) = (a—-3)(a-4)
4.

I1V. Values of expressions directly or indirectly-
involving the sum and product of the roots of a quadratic
can be easily found in terms of the co-efficients.
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Example 1. If «, B be the roots of the equation z* - px +¢ £ 0,
Aind the valnes of « — f3 and o” + 83,
Since a+f = p and o8 = g,
we have ' (a=B)2 = (a+B)% —4uf
) = p?-4q.
Hence, if « be greater than 3,
a-f3 = :s/g_)“-_- 4—(].
Again, u? 4+ 3% = (a+f)° - 3af(a+ )
= p®-3pq
= p(o* - 3q).
Example 2. If a, 3 be the roots of the equation—

az® +bx+c = 0, find the values of -1— + 19 nd (f" - B) .
B B
Since atf3 = —::- and aff =

we have : +/3* -

i, (& _BY _ (@=B0 (et B)a-p)2
Again, (ﬁ a) aip a2
(u-l-ﬂ)"{(a-l-ﬁ)’ 4uﬂ}_
,/fi

b’(b’ 4c)

- 53(d% ~ 4ac)

adcd
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Bxample 3. 1f x=2+7V -1, find the value of
2% - 2% + 452 + 114.
Let us form the equation whose roots nre 247/ -1;
the sum of the roots = 4,
and the product of the roots = 4+49 = 53 ;
hence the desired equation is 2* —4¢4+ 53 = 0.
Thus the expression z? — 4r+53 vanishes when z has the
given value.
Hence, the given expression, which is 23 - 2x% + 45z + 114,
= a(z® - 42 +53)+ 2(z? -~ 42+ 53)+ 8
= (zx0)+(2x0)+8
= 8.
Example 4. If « and 8 be the roots of the equution—
2% 4+ 2ax+b = 0, form a quadratic equation with rational co-effi-
cients, one of whose roots is « + 8 + Ja* + 82,
(Calcutta University F. A. Paper, 1878,)
We have a+f = -2a and o8 = &.
Now since one of the roots of the equation sought is «+f3 '
+ va® + 3%, the other root must clearly be a4 - Ja* +B¥;
for otherwise uneither the sum of the roots mnor their product.
will be rational.
Hence, the sum of the roots = 2(a+8) = -4a,
and their product = (u+ 8)2 — («* + 82)
= 2088 = 9.
Hence, the equation sought is
z?+4ax+ 25 = 0.

Bxample 5. If a be a root of the equation 422 +22-1 = 0,
prove that 4u® —3a is the other root.
(Bombay University F. A. Paper, 1889.)
Since « is a root of the given equation, we must have
"4u34+2a-1 = 0,
and' ', 40 = 1-2a
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° Hence, 403 - 3a = «(l - 2a) - 3a
= =2a - 2u3
-2~ }(1 ~ 24)
= —a-}.
Hence, ol.+(4¢1.3 -3ua) = a+(-a-3})
. . - -4
and (403 -3¢) = a(-a-3)
= —a’-}a
= —3(1-2a) -4
= - } :
which shews that « and 4a’ - 3a are the two roots of the-
equation 4z% +2x-1 = 0.

Exercise (42).

1. If «, 3 be the roots of x? + pz+¢ = 0, find the equation-
whose roots are - and E- .
B «
(Calcutta UTniversity I. A. Pnper, 1887.)
' 2. If o, 3 be the roots of z? — pz + q = 0, form the equation.
2 ) 1 1 p® 3p
B and prove that s +/33 =g
(Calcutta University F. A. Parer, 1886.)

3. It «, Bbe the roots of 22 +pr+q = 0, form the
equation whose roots are a? + uf3 and B2 + «f8.

(Bombay University 1. A, ’aper, 1887,)
4. 1If »be the ratio of the roots of the equation uz? + bz +¢
(r+ l)

) 2
whose roots are —-,
(1A

= 0, shew that .
ac

(Caleutta University F. A. Paper, 1883.)
6. Find the difference of the roots of z* —-42x+4+117 = 0.
6. If z,, =, represent the two values of z which satisfy
5% —2ac .
T -"' 1 = ac ’
and verify this formula. by the equation 2% -7z+3 = 0.

the equation az’ +bz+c = 0, prove that !
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7. If a, B be the roots of the equation ax? +bzx+¢ = 0,
find the value of : —

(1) atB7 4 a7 B4, (2) u®B-'+a"2B%.  (3) u*B% +u"3p0.
8. If x,, z, be the roots of the equation #2 + mz + m? + n%®
= 0, prove that z,* +&,%s,%* +2;,* = a?(2m? + 3n?).
(Bombay University P. E. Paper, 1890).
9. Find the value of z° — 42% — 92+ 97, when z =4 + ~/ = 7.
10. Find the value of 2% + 422+ 62z% +4x+9,
when 2 = ~-2-1
(Calcutta University F. A. Paper, 1886.)
[The given expression = (z+1)*+8 = &ec.]
11. Find the valne of z* - 223 4+ 22 + 42 + 8,
whenz = L3+ v -17).
12. Find the value of 162 — 162% — 11z + 173,
when « = }(6+7~ -1).

13. 1f one root of the vquation «ax®+bx+c = 0 be the
square of the other, prove that 4% +a*c +ac? = 3abe.
(Calcutta University F. A. Paper, 1879).
[Since a = B%, we have B?+8 = - b (1) and B%8 = il . (2)

a’ a

From (2) 8= (i—)b ; hence from (1) (7‘:‘)34-(_"")& = - 3_,

a
c\?, ¢ c b b3
hS (;) +-(-'—+3‘:(—~;) =-a &c.]
' 14. If at /B be the roots of the equation z* + pz + g=0,
1 1 .
rove that — #-— will be the roots of the equation—
pro " n\/ﬁ q
(p* - 44)(p*a* + 4pz) = 16g.
(Calcutta University F. A, Paper, 1880.)
15. Iftheratioof the roots of the equation x? +pr+¢ = 0
be equal to that of the roots of 2?4+ p,2+g, = 0, shew that
P'a = e N
(Calcutta University F. A. Papaer, 1885.)

[ 3o5 o e oo 22 (0]
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6. Distinction between a Quadratic Expression
.and a Quadratic €quation.—A Quadratic Expression when
equated to zero gives rise to a Quadratic Equation. Thus ex? +
bz + ¢ is a quadratle exprassion, the value of which depends upon
that of # so that for different values of = the corresponding
values of the expression are also different. DBut az® +bz+c = 0
is a gnadratic equation, where x must have one of two dsfinite
values and for any other value of  the given relation will not hold.

(i) To show that the quadratic expression al?+ X +¢

= a(X-a)(?-B) where a, g are the roots of the quadratic
equation al* + X +¢ = 0.

_ Since «, B3 are the roots of the equation az? +dx+4¢ = 0,

atfl = —-I’a—andu[fa.;.

b
Hence, az®?+bz+c = a (z* +—ax+-¢c?)

= alx? - (a + Bt uﬁ}
= a(z - a)(z - B).

This furnishes us with a rendy means of resolving a quarda-

, tic expression into the product of two linear factors.
¥

N. B.—Expressions containing only the first power of zare called
linear.

Example 1. Resolve the expression 3z% ~ 7z + 3 into linear
factors.
The roots of the equation 322 — Tz +3 = 0, are
_ T+ J49-36 _ T+ JI3

e T 6
Hence, the expression 3% - Tz + 3

=3 (, T ,_»_Gﬁ:;) (x _ 7___(%@

Example 2. Resolve the expression 17x* -6z -7 into the
product of linear factors.

The roots of the equation 1722 -6z -7 = 0, are
_ 6x2J05T70 34 STIR 248 /2

e — =

- and — -
X} 17 17
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Hence, the expression 172% —6r -7
24+8,/2 3-8 JZ)
. = 17(”‘ 17 )("' 17 )

(ii) To show that the expression ax’+ba + ¢ is divisible
by x-I only when h is a root of the equation «x?4 b
4+ C = 0.

Let us divide az® +bz+c by x-h :—
z- h)am’ +bx+ecfax+ (ak +1b)
azx® —ahe
(a4 bte
(ak + b)z — h(ah + &)

ah® +bh +¢

Thus the remainder is ah? + bk +c ; and heuce a2 +bx+c
is divisible by z - h only when ah® +bh+¢ = 0, .., only when
h is a root of the equation ax? +bx+c = 0.

Example. FExamine if the expression z? + 72 — 18 be divisible
by = - 2.

If we put 2 for x in the given expression, it becomes
22 4+7.2-18 or zero;

2 is a root of the equation 2% +7x-18 = 0.
Hence the expression % + 7z — 18 is divisible by x ~ 2.

Exercise (43).

Resolve the following quadratic expressions into the pro-
duct of lineur factors :—

1. 42?-52-21. 2. 22+22z+85. 3. x%-12x--640.

4, 3:2+8c-1. 5. 5x2+12zx+2.
Examine if the expression
-6, 3x%-4x-15 be divisible by =z - 3.
7. z2*+2r- 4 " " .
8 2z2+x-10 " " n &-2.
9., x? -5x-48 " " w z-8.
10. «? +62-24 o o %-3.
11. What values of & will make 2x% +x—-15 positive ?
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[The given expression = 2(x—§)(z+ 3). If x> both the factors are
positive and therefore the given expression is positive. If x be less than —3
(i.c., negative and numerically greater than 3) both the factors are negative
and .. the product is positive. If .z be less than § and greater than - 3, then
o — § is negative, but r + 3 is positive and ... their product is negative. Hence
&ll values of x excepting those which lie between 3 and - 3 (z.c.. between the
roots of the equation 2z +x — 15=0) will make the given expression positive.]

12. Show that the expression 10—z — 3x* is positive for
those values of z only that lie between the roots of the equation
10-2-3x2 = 0.

13. What values of z will make 8z* - 18z +9 negative ?

7. Some Important Theorems and examples.

(i) To show that for all real values of r the expres-
sion ¢x* +bx +¢ has the same sign as «, except when the
roots of the corresponding equation (wx?+b.r+e¢ = 0) are
real and different, and . lies between them.

Since ax®+bx+c

a
2+bz+ b__)+ e b?
i L 4a®, (u— " 4at

et )

*. it has, or has not, the same sign as a, according as

b\% (b% —4ac\) . - .
{(a:+§(_z) _< o )} is positive or negative.

e .
Now (z+£:—l) , being a square, is always positive whatever

real value x may have; the only uncertainty then is about the

2 _
sign of b—m—f 2% . Thus three cases will arise :—
Case I. When the roots of the equation az®+éx+c¢ = 0
are impossible (or imaginary).

2 _
If this be so, then &2 - 4ac, and ", Lwi“, is negative ;

. b\? (b2 —4ac\) . . ’
. {(z+2;) -(T)} is positive.
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L)

Hence, in this case ax? + bz +c has the same sign as «.

Case II. When the roots of the equation az® +bx+c = 0
are real and equal.
b\% (b2 - 4ac
2 _ = .o o PO ke
Here 4% - 4ac 0; .. {(m+2a) ( s )} becomes
b\? >
(z + .)—) and is therefore positive.
2a

Hence, in this case also ax® + bz + ¢ has the same sign as «a.

Case ITl. When the roots of the cquation ax? +br+c = 0
are real and unegual,
b® - 4ac

Here then &% —4ac, and gt

is positive.

2 2 _
Consequently {(z + ;;) - (b 4a;1a_c)} will be positive only
A b \? % - 4ac
if (z+ i',Tx) be greater than - 4t
_
te, if <w+ 2’-’“) be either greater than + -~/»I)‘-'2—a ‘4_ac,
b% — dac
or less than - J ¥ - dac H
2a
- 5% 4ac
ie, it x be either greater than b+ “2[" dac ,
a
or less than :é_—_f&’:: ac ;
2a

i.e, if = be either greater than the greater root or less than
the lesser root of the equation az®+4br+c¢ = 0.

Hence, in this case az® + bz + ¢ has the same sign as @ ex-

cept when the values of # are intermediate between the roots of
the equation ax® +bx+c¢ = 0-

Cor, 1t is evident from cases I and IT that ax?+dz+cis

always (i.e., for all real values of z) positive if a be positive and
4% — 4ac, negative or zero.
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(ii) To find the condition that the expression «d: i 2hacy
+ by + 2% + 2fy + ¢ may be resolved into two linear factors
,li.e,, factors containing only the first powers of 2 and y.)

Assume that the given expression
= (le+my +u)(Va+m'y+1)

which = Wa? 4 (I’ + t'm)xy + mndy? + (0" + ')z +
(mn’ +m'n)y + nn'.

Heunce, W =a Im' +lm = 2h
mw' =61, h'+tn = 29
an' = ¢ mn' +m'n = 2f

Hence, 8_/_2,7};' = (mn' +mn)(In' +i'n)(Im’ + L'm)
(e 4wl (ma’ + me'n) + m'nl? + mnl'*
U (mn' +m'n)? + mon' (0212 + 1n20%)
+un'(m?'? +n'2l%)
L' +m'n)® +mn ('l + nl')? = 2nall’}
+n'{(ml +0/0)® — 21}
@ Af? + b 4g? +c.4h* - dabe ;

whence  ale + 2fyh — af? - bg* — ch® = 0, which is the re-
quired condition,

i

1

(iii) To find the condition that the equations wur: + b
+¢=0 and «X? - bL + ¢’ - 0 may have a common root.
Let « be the common root.

Then both the equations are satisfied by «, and we have
au? +ha+c = 0)
au? +latc = 0f
Hence, by cross multiplication,
a? « 1
S m e o= R . §
o -bc  ea-ca ab'-ab’ (A)
a? a? 1
(e =cu)t — (b =bc)ab —a'b’
. e’ =)t = (bc - b'c)(ab’ - a’b), which is the cone
dition required.
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Cor. 1. F¥rom (A) it is cvident that the common root «

e -ca b -be
= - 5 =
ab' —a'b ' -ca

Cor. 2. Hence the remaining roots of the equations are res-

’ 7 ’ ’ U
. c chp -CcQ [ L —-Ca .
pectively (~—-—: ), and ( , E—_—— ), e,
a a

ab' —a'b ub -a
c(ab’ —a'h clal —a'bh L.
o(al - -.l and ,( oo ) ; or the remaining roots are
a(ca’ —ca) a'(ca’ - ca) .
c(ca’ - c'a) 1 c'(ca’ - cd'a)

a(be - bc) e ae -te)”
Example 1. [I'rove that if the equation z?+drx+ca = 0,
x#?+cr+ab = 0, have a common root, their other roots will
satisfy the equation @ +ax+6bc = 0.
(Caleutta U nivérsil.y . A. Paper, 1892,)
Let o be the conunon root ; then we have
a? fbo+cea = 0,
and a? fentab = 0.
Hence, by cross multiplication,

. 2.3__‘ _ e 1 .
a(b® —¢*)  —a(b-¢) -(b-¢)’
ll’ n l
or, = - = - .
a(b+¢) -a -1
Hence, o = a; S €0
also *

2 1 fu \2
iz(b+c)'('—"l> = (1 }i> :
and . —a(b+c) = a2,

or, a+b+c=0, e e e e (2)
From (1) we know that the remaining roots of the given

equations are respectively cand 5. Hence they must satisfy
the equation z* —~ (b+c)r+be = 0.

Example 2. 1f the cquations az?®+ 36z% +3cz+d = 0 and
az* +2bz +¢ = 0 have a common root, prove that
(be—ad)? = 4(ac—L2)(d - c®).
(Caleutta University F. A, Paper, 1889.)
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Let « denote the common root of the given equations ; then

we have . an® 4+ 36u® + 3cu+d = 0 .. (1)
and an?+2butc =0 .o (2)

Hence, we must have
(a? 4 3b0? + 3ew + d) - w(@n? +2ba+c) = 0

or, b2 +2u+d = 0 o (3)
Hence, from (2) and (3), by cross multiplication,
a? a 1 X
2(bd—c*) ~ be—ad _ ac-b%)’
o? a? 1

(be —ad)* ~ 2(bd = c?) %ac - b%)"
Hence, (be-ad)? = 4(ac - 5%)(bd —c*), which is the re-
quired coudition.
Example 3. Find the condition that the expression lz? +mzy

+ny?, and Vz®+m'ry+n'y® may have a common linear
factor.

Suppose Iz? + mry + ny® = Uz - ay)(z - Ly),
and Ve +m'ay +0'y* = I'(z —ay)(x-Vy), sothat z-ay
is the lincar factor common to the given expressions.
Now since ¥z - ay)(z - by) becomes zero, when z = ay ;
A 1z2 + mry + ny? also becomes zero, when z = ay.
Hence we have
l(ay)® + m(ay)y + ny? = 0,
or, la?+ma+n = 0; ... .. (1)
and similarly, la®+wla+n’ =0. ... .. (2)
Hence, from (1) and (2), by cross multiplication,
a? a 1
mw —m'n . ow'—wb " lm -im’

_a? _ a* 1
(i ='t)2  (mn' —wm'n) (' = im)’
and 0, (w0 =n'l)? = (mn’ - m'n)(lm' - U'm),
which is the condition required.

whence

Example 4. Find the condition that the expressions az? + 2hzy
+by®, aund a'z? +2h'zy+0b'y? may be respectively divisible by
factors of the form y — mz and my + .



168 ALGEBRA MADE EASY. [CrAR.

Suppose az? + 2hzy +by? = b(y — mx)(y — nx)
and  a'z®+ Wxy +b'y? = do'(x+my)(z—-ny).
Now evidently the first given expression vanishes when y =muz,
. ax® 4 2hr.mz + bm*x? = 0,
or, a+2hm+im? = 0.
Evidently also the 2ud given expression vaunishes when
z = -my ; hence

&~ my)® + (- my)y +¥y? = O,

or, am? - 2km+0 = 0.

Thus we have m? +2hm4+a = 0,
and am? -2Wm +0' = 0.

Hence, by cross multiplication,
_m L om I
2(ht +Ka)  ad b0 - 206k +da'h)’
Whence "_”z 1y = __"_”ﬁ__;_‘_ Y 1; ’ 1]
(e’ ~66)% At + h'a) — 2(bA +u'h)
(aa’ = bb')2 = — 4(hd' + K'a)(bh' +a'h),
or, (an' = 8Y')% + 4(h&' + Ka)(bk +a'h) = O ;

which is the condition required.

and ",

Example 5. Prove that if x is real the expression (@ —:-)-(Z" <)
is capable of assuming all values if a, b, ¢ are in ascending order
of magnitude.
(Manras University . A. Paper, 1889)
(z—-a)z—-c) _
L =
Then we have
z% —(a+c)a+ac = y(z - b),
or, a*-(a+c+y)z+(ac+by) =0;
s = @rernE Jatery) - dlactly)

&

Let

The expression under the radical sign
= y?+2(a+c-2)y+(a~-c)?
= {y+(a+c-28)}* +{(a-c)* - (a+c-26)*}
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= {y+(a+c-20)}2+{(a-c)+(a+c-2b)}{(a-c)
—(a+c-20)}
,y+(a+c-— 26)}2 4 4(a - 8)(b - ¢),

and is thercfore positive for all values of ¥ if a<b and b<e.

Thus it is clear that whatever real value may be attributed
to the given expression the corresponding values of z will be
real if a, b, ¢ be in ascending order of magnitude ; which was
to be proved.

Exercise (44).

1. For what values of m will z% 4 8ay—4y®+2my -5
be cquivalent to the product of two linear factors ?

2. Find the values of m which will make 222 + may + 3y*
— 5y — 2 equivalent to the product of two linear factors.

3. Show that the expression 5x% - 30x+47 is always.
positive whatever real values x may have.

4. Show that the expression

(% —4) (2% + 3r + 2)(2% —2 - 2)+ 10
a*+br+1
is positive for all real values of .
(Madras University F. A. Paper, 1881).

6. If the equations 22 +px +¢ = 0, z? +p’x+q’ = 0 have

7"] 'I 7

a common root, shew that it must be cither P
-q " -p’

6. Trove that for real values of z the exprcsslon Lrte
+ 5T+ c?
will always lie between two fixed finite limits if a? +c¢®>ab and
5% < 4¢2,
7. DProve that if a® +¢®>ab and also 42 > 4¢2, then for all
real values of  there are two limits between which the above
expression cannot lie.

8. Prove that the same expression is capable of all values
if £2>4c? and a? +¢® = ab or <ab.
2 2
9. If z be real shew that the expression me_
. l+a 1-2
can have any real value. (Madras University F. A. Paper, 1883).
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];0. Find the condition that the expressions az? + bry +cy*®
and a'c® - {'ky + c'y® may be respectively divisible by expres-
sions of the form z + py and pr +y.

11. [fz-aisa factor of a,z% + 2b, 2+,

and z+a of a,x2 + 26,7 + ¢,, prove that
(€28, —¢1a,)* + 4(@165 + @by )(bycg +hyey) = O.
(Madras University I, A. Paper, 1890.)

12, 1f the eqnations ax® + bx? +cx+d = 0 and a'x> + b2
+c¢z+d = 0 have a common root, find it.

CHAPTER 1X.

SIMULTAN Z0US EQUATIONS INVOLVING
QUADRATICS.

1. Simple cases.—Most of the equations treated of in
this article admit of being solved by methods similar to those
for solving Simultaneous liguations of the first degree, but other
artifices may sometimes be profitably employed as will be illus-
trated by the following examples.

Example 1. Solve 5Hz-gy =3 (1)
y?-6a% = 25 . (2)
From (1), y =5z-3 ... (3)
Substituting this value of y in (2), we have
(5 - 3)% — 62* = 25,
or, 19:2-30x-16 = 0,
or, (z-2)(192+8) = 0;
Sox = 2,0r—%.
Hence from (3), y = T, or -
Thus we have z = 2} = - “,—,}
~{ oOf [
y=1
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1_+1 = é- T ¢

Example 2. Solve 3z+4y = 1& ... ... .. (l)}
* £y 6

.
[
—
w
LN
| oo
R
—~
o
N

From (1), ¥

Substituting this value of y in (2), we have
1 4 5
et1s-3:7 6"
or, 6(18-3r)+24x = 52(18 - 3r),

or, 1522 - 84z +6.18 = 0,
or, Hr? ~28x+36 = 0,
or, (x-2)(5x~-18) = 0;

ox o= 2 or A},

Q-
Hence from (3), =‘] 1 6 = 3,
oo _ 18-y 36
T T4 Taxa T

I

Thus we have =

| )
v=3] " y= o

Example 3. Solve z-y = 2 (l)}
xy = 156 . (2)
We have 2242y +y? = (z-y)* +4xy
= 4+ 60,

or, (z+y)* = 64;
S o z+y = 8 . 3
or, z+y =-8 . @)
From (3) and (1), we have
z+y = 8}

Hence, adding and subtra(.t.mg, we have
2z = 10o0r, z = 5}
and 2y =-.6o0r, y =3
Again, from (4) and (1), we have

ziy ==—8}
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Hence, adding and subtracting, we have
22 =- 6or, x =-3
and 2y =-10o0r, y =-5
Thus we have = = 5 z = - 3)
¥y = 3} y=-5/"
Example 4. Solve 3x-5y = 2 e (D)
ay = 8 e (2)
We have (3z + 5y)* (3z - 5y)? + 60xy
4 + 480,
484 ;
RS 3z+by = 22 .. e (3)
or, 3x+5y = -22 ... e (4)
Now, from (1) and (3), we have

3z +5y = 22\
32-by = ZJ

or,

.

.. by adding and subtracting, we have

6r = 24 or, z = 4)
and 10y = 20 or, y = 2/
Again from (1) and (4), we have
3e+ by = —22)
by adding and subtracting, we have
6x =-20o0r, x = -1
and 10y = -24 or,y = -12
Thus we have x = 4 = -101
of On e
Yy == -5
Example 5. Solve 2x+3y = 18 ... ... .. (1)
ry = 12 e e (2)S
We have (2c-3y)% = (22+3y)? - 242y

= (18)2-24x12
= 62(32-4x2)
= 36;

S 2-3y = 6 ... .. . (3)
or, 2z-3y =-6 ... .. .. (4)
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/
From (1) and (3), we have
2 +3y = 18)
. 2z-3y = 6
by adding and subtracting, we have

4z = 24 or, z = 6
and 6y =12 or, y = 2

Also from (1) and (4), we have

2xr+3y = 18
2 -3y = -6

by adding and subtracting, we have

4z = 12 0or, 2 = 3\
and 6y = 24o0r,y = 4)

Thus we have z = 6 z =25
or,

y=2/"y=1¢
Example 6. Solve  z%+y* =13 .. .. (1)}
ay = 6 ... ... (2

We have z2+y? =13

and 2ry = 12
by addition,
x% + 2xy +y? = 25,
or, (x+y)? = 25,
z2+y = 9,
and by subtraction,
2% -2ry+y* = 1,
o, (z-y)* = 1,
z-y = +1.
Now we have the following four cases to consider : —
x+y = 5} z+y = 5}’ z+y =-5) z+y= —5}
z-y=1f" z-y=-1 z-y= 1) z-y=-1§"

Hence, corresponding to these we have the following four
sets of values for # and y :—

% 3} z = 2} r=-=2 r =-3
9f* y= 3 y==3" =_2}.

y
ExaIIIple 7“ Solve x2 +_7,2 =95 .. ... . (1)]
ety = T ... ... .. (2))
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Subtracting (1) from the square of (2), we have
2ry = 49-25

= 24 ... .. (3)
Hence from (1) and (3), by subtraction, we have
(‘”—y)g = 1,
z-y =+1 ... ... .. (N
or, -y =-1 ... ... ... (5)J
Now from (2) and (4),
x+y = 7} z = 4\
z-y =1J" y =3J
Also from (2) and (),
r+y = 7} x = 3)
s-y =-1J" y = 4
Thus we have two sets of values :—
X = 4\ xr = 3]_
y =3J° y =4

2 2
Example 8. Solve ;+'; =18 i e o (1)

z+y =12 ... ... ... (2)
Since from (1), we have 2* + y* = 18xy ;
.. from (2), 1728 = z* + 9 + Bry(z +¥)
= 18xy + 36xy
= Diry ;
2y = 32 .. .. (3)
Now since (z-9)2 = (z+y)? -4zxy,

from (2) and (3),
(x-9)? = 144-128

= 16;
Soz-y =+4 .. .. . (B)
or, z-y =-4 ... .. .. (5

Now from (2) and (4),

rry = 12}1 . =28
X~y = 4' . y=4
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L]
Also from (2) und (5),

z+y = ]"\ z = 4}.
z-y =- 4J’ y =38
Thus we have two'sets of values :—
. xz = 8) z =4\
=4’  y=38J

Exercise (45).

Solve the following equations :—

1. 4z-3y = 1\ 2. 2c+3y = 30
12ry +13y%* = 25) 1 1 14
z y 45J
3. c+y = 30) 4 z-y = 18]
xy = 216J ry =1363J

5. rt4+y? = 13} 6. z*+y® = 185

7. %2 +y’ = 063 1 1 "
Z—y = 3} 8. P + !/_ = w}

ay = 12
9. z%+2y* = 34\ 10. az+by = 2\
r+y = 7/ abzy = 1/

11. z?+y? = 58 12. z*+y* = 8N
xy = 21 xy = 40f

13. a*+y? = T4 14. 3z-2% = 1)
ry = 3D xy = 20f

156. % +y? = 637 16. a%-y3 = 218
z+y = 13J x-y = 2}

17. 2% +2%y% +y* =2613
z?fay+y* = 67
[zt +28y? +y¢ = {(x? +y*) +ay}{(x?+y?) -2y} ; hence the value of
% —xy + y? is known, which combined with the uecond of the given equa-
tions gives z3+y?* = 53 and xy = 14.)

18. z*+a’y? +y* -_'=9le 19. z? +y3 =4914
x’-:ry+y 61 z+y = 18

20. =2*- = } 2]. 2+ay+y% = 49
x‘+z’y +g" = 133 zt + 22y 4yt = 931
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¥ z, v _.l16
22, y +4,'Ip = 2% } 23. y + z “21 }
z+y = 6 T-y = 4
1 1 481 1 1 1
24. 'w,'+.'}, = 576 25. x3+y3' = 11—5
1 + 1 29 1 + 1 1 1
x "y 24 xy T s

286. r+y+ Jty

= 14} 27 z4y-Jay = 7
z*+y? oy = 84 #?+y® +ay = 133

28, 234yt = 126} 290, /\/:r— \/g/ 5]
#t-zy+y? = 21 y*V 7z = 2

*+y = 10]

30. z+y = 1072 1 [(_¢§+yg‘)n=w+y+:S.u*yi'(xﬁ+!/§)
z&.g.y& = 16 J :a:-l-y+481§y*-:|

31. . z+y=651 32 mf+y’= 9
J

z§+y§ =5 y = 2
3

o= 1

L4y :

1 1 1 1

‘33. z~3-'1‘3 - 91 34- 13 "'.'/2 = 13

1 L S
L z ¥y

(Calcutta University F. A, Paper, 1879)

2. Homogeneous Equations.—Equations in  which
the sum of the indices of the powers of # and y in each term ig
the same, can very conveniently be solved by the artifice illus-
trated below :—

Example 1. 'Solve 222 -3zy+ y? = 24
3z? - bay + 2y? = 33

[Here the equations are homogeneous and of the second degree, the sum
of the indices of the powers of x and y in each term Leing 2.]
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2 ’
We have x’(? -3, 3’_+3L2) =924 )
x X
2
:(35Y 2,3’_) = 33 2
x ( 5 z + x* 2
Hence, putting m for ;':_, we have
2-Bmemt 2 B
3-bm+2m* ~ 33 " 11’ '

22 -33m+ 11m? = 24 - 40m + 16m3?,
5m?-Tm+2 = 0,

(m—~1)(5m-2) = 0,

y 1, or §-

or,
or,

m

™ Now we have two cases to consider corresponding to the
‘two values of m : — '

(i) Taking m = 1 and substituting in (1) we get z%2 x0
= 24, which is inconsistent with z having any finite value and
30 we must reject this case.

o (ii) Taking m = 2 and substituting in (1) we have
2%(2-G+5%) = 24,

z? x 34 = 24,

z? = 35 ;

x = 4+ 5;

or,

.

Sy = H(25) = £2,
Thus we have 2 =205 or. T = -5
y = 9 'y = =2J°

3z +ay+y* =15

Example 2. Solve
3lay - 3x2 - 5y2 = 45

Putting! m for ‘: we have

z2(3 +m +m?) =15 .. .. (D)
23(3lm-3-bm?) = 45 ... .. (2)
. . 3+m+m? 1.
.e by division m -= -§- H

212
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9+3m+3m? = 3lm-3-5mi,
or, 8m? - 28m +12 = 0,
or, 2m? -Tm+3 = 0,
or, (m-3)(2m-1) =0;
’ m = 3, or }.

(i) Taking m = 3 and substituting in (1) we have
—:'§=]v Sz = '-t]].
and [, y = +3]

R
©
|

(ii) Taking wm = } aud substituting in (1) we have
15

z*? 33 = 41 e z = .t21
1
and . oy = }+2)
= +1,

Thus we have four sets of values :—
a:==l} r =-1) z = 2) z =-2\
y=3J" y=-3" y=1J' y=-1f
Exercise (46).

Solve the following equations :—

1. z?+ay =15 ) 2. z24+xy+dy? = 6 )

Ty -y* = 2/ 3z2+8y% =14 f

3. 2% +3zy = 26 )| 4, 2tay+y? =31 )

3y2+2%y =39 ) 222 - ey +2y? = 23 f

5. 2 +ay+y? = 52 6. 32% +165 = ley}
ay—-2% = 8 | Txy + 3y% = 132

7. 2?+y%-3 = 3ay) 8. 2x%4+3xy+y? = 20 }
22 -6+y* = 0 J bx? +4y? = 41

9. 22 +ay = 12 | 10, 2% —ay+y® =21 }
ay-2% = 1 J y:-2ry+15 = 0

11. 2%-2y = 21 12. 2 4+y® = 91 }
zy+y? = 18 aly+ay? = 84

13. 23 -y? = 127) 14.  327+2* = 50 }
2ty -zy? = 42) zy-3y* = 1

(Calcutta University F. A. Paper, 1877.)
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’

2 _ 2 _
15. 3= 41’;? _S‘Zy - ?g} (Cal. University K. A. Paper, 1878).
2 s
16. 124&3‘:_?/2) - 2513’} (Punj. University I. K. Paper, 1*487)

3. Equations symmetrical with respect to «
and ¥ :—In such equations the unknown quantities are similar-
{y involved, so that if « be put for y and y for & no chatige what-
ever is made in the equations. Thuas the equations z+y = 5
and 2y -z -y = 6 are both symmetrical with respect to z and y.

Some equations of this class as well as a few others can be
very well solved by the application of the artifice illustrated
below : —

Example 1. Solve z*+y* =706 .. .. ... (1)}
z+y = 8 ... ... ... (2
[Here the equations are both symmetrical with respect to x and y.]
Assume % = u+v and ‘y = u -v, then from (2), we have
2u = 8, or u =4
Hence, we have x = 4+v}
and y=4-vf
Substituting these values of z, y in (1), we have
(4+v)* + (4 -v)* = 706,
or, 2(4% +6.4%202 +04) = 706,
or, 256 + 9602 +v* = 353,
or, v 4+9602-97 = 0,
or. (02 -1)(v2+97) = O0;
: v? = 1or -97,
v =+ lor + J/-97.

Hence, z = 4+1
=5, or3 or, z=4i~/:§7}
and y =43 1 and y = 43 /=97
= 3 orb

Thus we have four solutions :—

#=58] #=3] z=44+/-97T| z=4-J-97)
y=3 ’y=‘5J’y—4—J:—!ﬁ y-4+J-9]
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Example 2. Solve a®-y* = 3093 ... ... (1))
g-y= 3 .. .. Of

[Here the e:;uations though not symmetrical witk respect to r and y
ran yet be solved by the method above illustrated.]

Assume 2z = u+v and y
then from (2), 20 = 3, or v = 3

Hence, we have 2 = u+§
and y = w-3

Substituting these values of # and y in (1), we have
(n+3)F ~(u-2)° = 3093,
or, 2{5.u3+10.u%(3)3 +(2)"} = 3093,
90n2 81

or, Sult ++ 16 = 1031,
or, 80ut 4+ 360u% + 81 = 16496,
or, 80nu%4360u®-16415 = 0,

or, 1604 4 72u? — 3283 = 0,

or, (4u? - 49)(4n® +67) = 0,

u? = 32 or -7, o
soow o=t 0r £}V =67,
Hence, z = ti+3
=5 or —2, or, z = % ‘\/
and y= *I-3| and y= %
= 2 or -5.
Thus we have four solutions :-—
z = 5) “""21 2 =3J-6T+3) o =-}J-67+3
y=2" y=-b|"¥=4V-0T-3 "y = -} V-FT-4
b ay a+d 1)

Example 3. Solve p}-bi-b"';;a =%

Zi¥ -2 C e (3
—+ . (2)

Assume 2 u 4 v, and ¥y u-—,
@ b

then from (2), 2u = 2, oru = 1,
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a
and ¥ = 1-»
v
Substitutiug these values of - and -;f- in (1), whichis
a
- —i-----p- Y_ - a_+b’ we have
Y r 2
+1 41
[ w
a(l +v) bH(1 -7) a+h
ot 5 = 5
—-—7v 2 +7v
1+ f 1=-»
G PR R R
or, a. --3—"- b.- .
2-v 2+
b
either v = 0, or 2. g ’
2-v J+v
Uh ~ a)

and . v

(i) Taking v =0, wehave * =1, ¥ =
a b
and z=a, y
b -
(i) Taking v = :fl'l;b“), we have
z 2(h ~a) 3h-n v Uh - a) 3a-b
- = l - = - - z = -_— = ;
a + a+b a+b6’ and b a+b a+b
. . 31h-n? ” 3ab - bH*
- avs ' YT Tavi
Thus we have two solutions :—
3ah - a?
T =a — i
a+b
’ 3ab j- b?
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Example 4. If Var+ by = }(¢+y) = a+b, findzand y.
Assume x=u+v and ¥Y=u-v;
then 2u = 24y = 2(a+b) and [, u = a+b.
Hence, we have « = (a.+b)+v}

Yy =(a+b)-v
* .
Now since  Jaz+ by = (a +0),
ax+by+2 Jub ny = (a+6)%;
hence, by the substitution of the above values of £ and y,
we have —
(2 +8)% +(a-b)v+2abJ(a+0)* —v* = (a+b)?,
(a -6 = -2 abJia+b) —v?,
(a ~h)?v2 = 4abl(a +b)* - 2},
r3(a+b)? = 4dab(a +b)2,

Soow o= +2ab,

Hence z=a+b+2Jab = (Jat \Jb)?

and ¥ =a+h32ab = (JauF V’b)’J;

Exercise (47).

Solve the following equations :—

1. 2t 4yt = 82]‘ 2. "ib oy
€ Y
x+y = 4’ LY
a b
3. x4yt = 272} 4, z'+yt = 257}
-y = 2 z4+y = D
5. 2t -yt = 14560} 6. z°-y* = 992
z-y = 8 z-y = 3
7. 2 +y° = 33} 8. z*+y* = 14z%y?
z2+y = 3 z+y = a }
a b_ - 2 2V ;3 3) = :
O. a+:¢+b+y 1 100 (2% +y%)(2® +yP) = 455
z+y = b

Z+y =a+d
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4. The method of cross multiplication.—

If there be two equations such as a,z+b,y+¢,2 = 0 and
‘ay+byy+cy2 =0, we can find the relation between x, g, z in
the following way ‘—-\[ult,lply the Ist equation by ¢, and the
second by ¢, and subtract the latter produet from the former,
we thus get  z(a ¢, —aye,)+y(hcy —bge,) = 0,

T y
biey —bye, g —Cyahy
equation by a, and the second by a,, and subtracting as before,
we get v :

& Ciay — ey, ayb, —azh,

x v H
Thus we have — =" = .
0163 —by0y €@y —C3dy  Gyby —ayb,

This result can be easily remembered, for writing down the
equations one above the other,

0, 2+b,y+¢c,z =0 )
ax+byt+eqz =0 )

(i) the quantity under z = co—eﬂicient of y in the 1st equa-
tion x co-efticient of z in the 2wd minus co-cflicient of y in the
2nd x co-efticient of 2z in the 1st ;

(ii) the quantity under y = co-etticient of z in the 1st
equation x co-efticient of x in the 2nd minus co-efticient of z in
‘the 2nd x co-efficient of z in the 1st ;

(iii) the quantity under z = co efficient of x# in the 1st
-equation x co-efficient of y in the second minus co-efficient of
x in the second x co-eflicient of y in the 1st.

Cor. In the above equations if we put = = 1,
z v 1

we have goomo= - = -z
bycg — by, € a, —Cya, @by —azb,’

or, ; similarly, multiplying the 1st

, we find that

which gives us the solution of the equations
ak+b,y+e;, =0 andazx+by,y+c, = 0.

The above results should be committed to memory as a
ready application of them will save the student much time and
trouble in solving a certain class of equations involving three
anknown quantities ; the following examples will afford illus-
trations :—

Example 1. Solve w+y-2 = 0 ... (1
Tz +6y-9z = 0 ... (2)
23 +y3+23 = 1728 ... (3)
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From (1) and (2), by cross multiplication, we have
x v 2

(-9)T6(<2) ~ (-HT- (-9 " 2F-71’
or, =¥

Suppose each of these ratios = k; then we have z = 3%,
y = 4k 2z = bk,
Substituting these values in (3), we have

13(27 + 64 +125) = 1728,

or, 216k = 1728,

jEI- 8,

k= 2.

Ilence z2=6y=8z= 10
Example 2. Solve z+y+z =at+dte 1)

234y 422 = a®+6% +c%... (2)

x v
SR SO ()

b

(Calcutta University F. A. Paper, 1880.)-
N x v _ “ _ _
From (3), (2-1)+(% )+(7-1) -0,
From (1), (x-a)+(y-b)+(z~¢c) = 0,

or, a(.“..- 1)+b(! - 1)+c(z - 1) -0
@ b ¢

Hence, by cross multiplication,
x

ecb = aze T goa =)

whence E-l = Ke-b) . z-a = alc-b)k,
i’.-l = ka=-c), .. y-b=2>ta-ok.
Z.-] = kib-a), ... z2-¢c = o(b - a)k.

Now, from (2), we have (2% -a®)+(y? - 8%) +(2* - c?) = 0,
o, (F—a)(x—a+2a)+(y-b)y-b+28)+(z=c)(z—c+2c) =03
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substituting in this equation the values of z-a, y-5,2-¢,
found above, we have
{a?(c - 8)2k? 4 2a%(c - b)k} + {b%(a - ¢)?)® + 2b%(a - c)k}
+{c?*(h - a)?k® + 2¢*(b~a)k} = O-
+ or, k¥a*(b-c)® +b3(c—a)? +c*(a-0)%}
= 2kiad(b-c)+b%(c~a)+c2(a-b)};
either £ = 0,

a’(b—c) +b%*c-a) +ea-b)
a¥(0—c)* +b¥(c — a)* + c¥(a ~ b)*
= P (suppose).

(i) Taking the lst value of k, we have

w

or, - k=

"

w—laO, z=a
a
Y
= -1 = = b ;
5 0, Y b
z—l=0, z =c
¢

(ii) Taking the 2nd value, we have

%-1 =DPe-b), ", x=all+l(c-b)};
Y-1=Pa-o, o y=l+Pa-o)};
Z-—l = Pb-a), ", z=c{l+P(b-a)}.

Exercise (48).

Solve the following equations': —

1. bz-4y + 2 =0 2. 3xr -4y +72 Ol
2x+b5y -4z =0 W -y -2 0;
zs_‘)ya_._zs =0 33 — _f/"’+ 3 = ]8’

3. ar+by+cz =0

bex 4 cay +abz = 0
zyz +abe(a®z + b3y +¢32) = 0

4 3z +y -22= 0 5. 2*4+2?4+3:% = 23]1
4 -y -3z = O 3z + y -6z = 0
S rytas® = 467 ¢ -3y -9 = Of

(Calcutta University F. A. Paper, 1873.)



186

8.

8.

Example 1.

ALGEBRA MADE EASY. (CHar.

9z4+ y-8z = 0] 7. 327-2y2+ 5:2 = 0
4x-8y+7z = 0O 723 - 3y? - 1622 = 0
yr+zefay = 47] Sz —4y + 7z =6
s-a, y-b rme
b-cteata-s 0

ax +by +cz = 0 ¢ (Caleutta University F. A, Paper, 1875.)

Ty +2 =0

a b ¢

5. Miscellaneous Artifices,—The student is strongly

recommended to try each equation himsclf before looking into
its solution.

Tz-1ly = 17
From (1), we have, by transposition,

4x? - 20cy +25y% = 20 -Hy+6

or, (22 -5y)* - (2x-5y)-6 = 0
or, W(2x - Dy) - 3}1(2x - by)+ 2] = 0,
o either 2x-5y = 3)

or, 2x-by =-2|f
(i) Taking the 1st of these values, we have
2x- by- 3 =0,
and from (2), Tx-11y-17 = 0;
by cross multiplication,

z ~ Yy 1
85 - 33 - 21+ 34 —-22+ 35
- v 1,
% 52 T3 13)

z=4andy =1,
(i) Taking the 2nd value of 2z - 5y, we have
2z~ by+ 2 =0,

and from (2), Tx-1lly-17 =0;

.. by cross multiplication,
LA A
856+22  14+34 -23+35

Solve 4z% +5y = 6+ 20zy - 25y% + 2z

(1)
2
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/

x oy _ 1.
307 T o7 13°
107 48
. TR T
Thus we have two solutions :—
z = 4) . 107 48

v=1’ P YT
P4yt a3 —y? 43:-
oy gy =5 O
bz-Ty = 4 (@)
Since 2® +3% = (z+y)® - 3ry(z+y)
and  x® —g® = (x-9)3 + uey(z - y),
from (1), we have

Jry 43r
{‘“y"“q} A GREADI

Example 2. Solve

or. 3w {1 431_21 _ 27x
'.y[.cyw+y=8- |
2y 27r
or, .‘Lry = 2!
-¥* 8
92
o, w29,
.l:‘—y- S

either z = 0, and . from (2),y = -

or, Ye? = 2593,
c 3x = + by.
{1) Taking the upper sign, we have
x y . s 9r-Ty -
5 = 3 and ., each of these ratios = 05 _ 31 1, by (2).

X = 5, Yy = 3.
{ii) Taking the lower sign, we have

s g - Be-Ty
e = and ", each of them -25-21
4
46 [by (2)]
2

23
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Example 3. Solve x%+y?

ALGEBRA MADE EASY. [Crar.
10 6
T YT Tas
Thus we have three solutions : —

= 0 3 1
z 1'—._.-5} X = 93
’ ’

4
y=-5] y=3

([}
-
+
]
<
—~~
—
N
-

%% +y®
From (1), we have
7T =ux?-ay+y?;
Ta+g) = 25+
= bry-1, by 2)... ... .. (3)

Again from (1), adding 2ry to both sides,
T+3xy = (x+y)?, B € )]
by -1 = 2(c+y)%-15.
Hence, from (3),
2+y)2-15 = T(x+y).

Hence, }(z+y)-5}{2(z+y)+3} = 0;
either x+y = 5)
o, x+y=-3J"

Taking the 1st value, we have from (4),
3ry = 25-7
= 18, S, oxy = 6.
Thus we have z+y = H and oy = 6;
(x-9)2 = (e+y) -day =1, /. z-y=+1.

Now since z+y = 5\ . =z =32
and -y = tlJ’uudy=2,3}'

Similarly, we get two other solutions by taking the other

value of 2 + 3.
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2 2
Example 4. Solve (3 ‘,%) +(3 +;§_’-’—y) = 82...(1)
30+7y = 26...(2)

189
’

A= —_.1()}’ N {?_(?J_!L) oo,

*  From (1), { ity %<y

rat "HY - ; then we have

9<—~1§+z*) = 82,
z

or, 9:4-82:240 = 0,

or, (22 -9)(92*-1) = 0;

22 =9, or ).

Thus we have four values for z :—
(i) Taking the 1st value, we have

Y _ 3,

-y

1y QR

= % and .. each of these

32+T7y _ 26 .
6+ 7 = 13 [by (2)]
= 2; S =

and y =

(ii) Taking the 2nd value, we have
z2+y 3

ey = T1°
by componendo and dividendo,
xz _ 2 - 1.
Yy 4 2’
. F Y = 3247y
3 -5 and ., each of them 3514

z=3-3 ) or -]

ratios

4
of -

26, .

i

4
= 5= 2 (Componendo and dividendo)
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(iii) Taking the 3rd value, we have
z+y |
» :c—y =3’
.. by componendo and dividendo,

x 4 - 2
Y -2 -1’
z v . )
g = _land .. each of them
Jx+7y _ 26 — _Ro
= 6—7 = —l’ . x = !’dl‘
and y = 26J

(iv) Taking the 4th value, we have

z+y 1

z-y = -y
by componendo and dividendo,
x -2 -1,

Y & T

’

. ® _Y . ¢
S 9 and .. each of them
=_§E'!'7'/ _—_-26, N X = - 3%
-3+ 11 11 tt 1
andy = §2
Thus we have four solutions : —
x =4 $=%‘g .’E=-—521 E-—%?
’ 52(° ’ 59(°
y=2f y=57"y= ) y- 3
1 1 1
mmple 5. Solve —z-+'!7+7 = 9 ... .. (l)
2 3
—;+y =13 ... .. (2
8z+3y = 5 ... .. (3
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Multiplying this by (3), we have
(3429824 39) _ o
ry
Now putting y = mr, we have
(3.+ 2m)(8 + 3m)
m
or, 6m?+25m+24 = 6Im ;
by transposing and dividing by 2,
3m*® -20m+12 0,
or, (3m-2)(m-6) = 0;
. om = 3 or6.

= 65,

(i) Taking the 1st value, we have
y _ 2 .« _y

2 = 3’ 3= 3> and ", each of them
8z + 3y 5[ .
= -— = — f =1
2436 30[ rom (3) ] v

z=7}andy = }.
Hence from (1), —:» =4, z=1

(ii) Taking the 2nd valne of m, we have

v _ .z _y .
. = 6, .. 1 6 and .. each of them
8z +3y _ 5T ’
= F¥i8 "% [ from (3) [
=45 and y= {3

Hence, from (1), —} = 9-<2_6+,13> = 9_21

5 156 1
= th o=l
Thus we have two solutions :—
r = } z = 3y
y=1%1, y="

Ti1= 2 =
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Example 8, Solve z(z+y+:z) = a® ... (1) '
y(+y+z) = % ... (2)
Hety+s) = et (3)
Adding the equations, we have
(x+y+2)(z+y+:) = a®+b% ¥ ;
rty+z = + Ja® 4% 44,
a?
 Jutgbtpes
"3
Jar 464 ¢4’
¢?
Jar # 6% et
Example 7. Solve «(y+:z) = a
y(+zx) = b
Aat+y) = o
We have @ = zy+zx,
b = yz+ay,
¢ = x4y,
Heuce, a+b-c = (zy+x:2)+ (yz+ay)-(cz+y2),

=2ry ... ... . .. (l)l
Similarly, b4c-a = 2yz ... ... ... .. (2)
and cta-bm 2z .. o oo (3))

Now multiplying together (1), (2), (3) we have
823y%:2 = (a+b-c)(b+c—a)(c+a-1b);
2zy: = + \/(‘-"+b~c)_(i~_0-c—'¢)(c+d— 5)'

2

Hence, from (1), »
w (2hy = %

” (:‘): T =+

(a+b—¢-)(c+a b)

w ! 9 -+
Houce, 'from (2), = b ) .

- (a+b—c)(b+_g_—a).
n Bhy= 2t T 2(c+a-b)

- (b+c- a)(c+a b).
IORTENL T Satboo)
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Example 8. Solve  xy = a(zx+y) (1)
az = Yx+2z) 2) L.
yz = c(y+z) (3)
From (1), - =7*¥ . 1.1
« £y y =z
1 T4z 1.1
2 - I .
w3 az PR
1 v+z 1 1
11 (3)i ¢ y: 2 y *
1,1 2 - _2ake
Hence, et "™ x S e ab’
1. 1 1 2 .o 2abe
b+c-a =7 i ca+ab-te’
1 1 1 2 2abe
and 7+Z—b = y y ab+be~-ca”

Solve

-'Exa.mple 9.

We have

1

xyz = a3(y+z), .. “
2 .1

ryz = b(z+x), .. P
N |

xyz = ¢*(x+y), .. ot
1 1

Hence, *‘+I;"_¢,‘

1 1 1

b"+‘c_" at

and 1.1 1

¥ +a—:’ Tz

2—13

xy

ay: = a*(y+2) = b*(z+2)= c*x+y)

1,
ay’
1,
ye'
1
J’Z-
Q)]
. e ()
e (3)
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Now, dividing (2) by the product of (1) and (3), we have

1 1 1
z3 - he +c“ _a" .
2 ( 1 + 1 Lyl + 1 1y’
at bt c‘/'kc‘ a® b'-‘)
/ T U
c oxa 4 2(/»*4-0’—".”)

\/ ("fl“ + /rl-' - rl" ) (rl- + ul" - l,l=)

Similurly, y and z can be found.
Example 10. Solve wyz = a(y® +2%) =0(z% + 2?) = c(x? + y*).
We have

LI
@ e ay’
1 3 xr
b 1y+§/}='
1 _
c Y2 zx
1 1 1 Or
Hence, Y e a = v: n
1 1 1 2y .
¢ + a” b " *
1 1 1 2
d = T i el e
B + I ¢ zy (3)'

Now, mult.iplying together (2) and (3), we have

4 1 1 1y1 1 1
= (c+a_'l;)(a.+ b_“c—)’
. 2

e S T Bt
VIR e

Siwilarly, y and 2 can be fouund.
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Example 11. Solve (¢+y)(x+:) = 40
W+Ny+e) = 350
(+2):+y) = :)UJ
Putting  w, v, w for y+:, 240, £+y respectively, we have
we = 40, we = 3o, vu = 96 .. (1)
Multiplying together these equations, we have
w¥r?0? = J0x33x5H6 = 52 x 8 x T,

nwrw = +(Hx8x7)

Hence from (1),

SxS8xT
"= 40 =17 n =7
Dx8xT
ro= 35 =8 or, r =8 .
35
Hx8&xT .
w = ng =9 w o= -5
Hb

Taking the Ist set of values, we have

‘,,.,.;=7] S, 2 =845-T= 6, or,x = 3
t4x = N, 2y =5H4+T7-8 = 4, or,y =2
z+y=5,' 2 =T748-6=10, or,z =05

Similarly, for the other set of vulues of %, », w, we have
x==-3,y=-2z=-5
Example 12. Solve 2*4y*+:%2 =84 ... .. (l)]
r+y+z =14 ... ... (2,
rz =yt . .. (3) '
(Caleutta University F. A, Paper, 18%4,)
Since (r+y +2)? = z* +y* +2% + 2(xy + y2 + :x), we have
from (1) and (2),
(14)® = 84+ 2(ry +yz +:7),
zy+yz+:x = L (196 - 84) = 56.
Hence, from (3), ry+yz+y® = 56,
or, yx+z+y) = 56 ;
by (2), y=ii=4
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Hence, from (2), a4z =10,
and from (3), az = 16
o (x-2)% = (z4:2)% -4
= 100-64 = 36 ;
s z-z = %6
Thus we have x4z = 10}
and z-z2 =% 6
Hence, .: : g} or, : : 3}
Thus the solutions are : —
x =8 T = 2)
y=4; and y = 4;
2 = 2] zZ = SJ

Otherwise :—
From 1), (z+2)*-2z24y? = 84

. from  (3), (x+7)2 =93 = 54 ;
also from (2), (z+:)+y = 14,
Hence, (2+2) -y = 6,

4)

which combined with (1) gives the values of y and x4z

Example 13. Solve z? +ry+p? = 37
y:P+yr42? = 19
B4 e? = 28
Subtracting (2) from (1),
(2 -:z¥)+y(r-2) = 18,
or, (2-z)(x+z+y) = 18.
Again subteacting (3) from (1),
(¥ =2%)+a(y-2) = 9,
or, (y-z)y+:42) =09,
Hence, from (4) and (5), by division—
-z

y-3

~

whence y Iz +2).

(1)
(2)
3)

#)

3)

©)

[Caar.

)

l
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Substituting this value of y in (2), we have

(_’_‘;_‘l.'...;(nz)q.ﬁ - 19,
or, 22 44224 72% = 76 ;
also from (3), z®4xz4:% = 23
2z ?2 19
44+ xz4 2% 77
or, l:':_:_:_':g’f'.:’ = 1‘9, putting m for lz B

30n? +9m -12 = 0,
or, 10m2+3m- 4 = 0,
or, 2m—-1)dm+4) = 0;
m = *' or -— ﬂ,.
(i) Taking m = !, we have from (3)

2R
z? = ;x_? = 16;

]

z =+4
Jooz =12

and . from (6) y =+3

(i) Takiug m = —$ we have

S Y

- -_—_z-z = Lk (supjose)

Hence, from (3), £k%2(16 -20425) = 28 ;

2
k* = S,ork = ¢+
v
10 10
Hence z = % S *y NES
and z = F5./3,

and o from (B), y = Y24 /3F5./3) = £} /3.
Hence the solutious are :—

z = 4 x o= -4 X - ‘:,‘-’J.‘l zZ - —-',,"JS‘
y=d;, y= -85, y= §J3:, y= - /3
z =2 z2 = -2 z2wm-3 3] z - §J3,
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Example 14. Solve r+y+: = l+ ; + : = : » xyz= 1.
Since l-}-l {-l = ":.
£y 2
yitzetay = Liyz = 1
Thus we have
Z+y+: =3 (l)]
yrrutay =] (2) ¢
ryz = | (.'j),
From (2), we have
vitar(y+z) = 1 ;
Hence, from (3) and (1,
g reli-a) = 1
S 20t - Tat T2 = 0,
or, (et =1)-Tu(e-1) = 0,
or, (e~ INZ2e* - He42) = 0,
or, (r-l)jw=-2)2r-1) = 0; .
£ = l,or2 or}

(i) Taking & = 1, we have fiom (1)

v+ = 1)
and from (3), yz = 1f
wlwncv_fg : .:} or, _r: : 3}
(i) Taking & = 2, we have from (1)
y+: = 1)
aud from (3), yz = 4
vhence = ] =1
w u.nu.;; = ;‘.} or, .'1 - f}
(iii) Taking 2 = 1, we have from (1)
y+: =3
and from (3), y: =2
whence y = 2 y =1
Y o : = 2

Thus we have six solutions.



] MISCELLANEOUS ARTIFICES, 199

Example 15. Solve z?-y: =a* .. (1)‘
y2-ze = 0% | .
::3—::3/ = c* .. .i)’
Multiplying (1) by g, (2) by z and (3) by r, we have
aty = 2ty -y,
b= yi:-z%x,
clx = z%a —xty.
Hence, by addition,
ctrdafy+biz =0 .. . (4)
Again, multiplying (1) by z, (2) by z and (3) by y, we have
@ = gz -y,
bie = y*r— ¥z,
cty = 2ty -yia.
Hencee, by addition,

b2x+riy4a®: =0 ... ... (D)
Now from (4) and (9), by cross multiplication, we have
x _ y _ z
al —bEcé T bY-ctat et —atb®
Let each of these ratios = L
then ro= kin* =h%c?) ]
y = k(b* —c*a?)

hict —a®*b*)

5

Substituting these values of 7, y, zin (1), we have
I-"{(a‘ —b3c2)2 - A - cta?)(c* —a”b")} = a?,
or, k2(a® +0%+c¢" -3ab%c?) = 1;
l
RS e 2 Butbicr
at - b3c?

+ H

Ju® 469 +¢% - darbie*
and we have similar expressions for y and 2.

Example 16, Solve z +y +z = 9. ... (l)}

k =

Hence, z =

"+y2+z’ = 29 “ e e e (2)
Byl ta® =99 ....(3)
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Since  2(ry + yz + 2x)

[Craap..

= (x+y+2)° - (2 +y? +2%),

we have from (1) and (2),

2y +yz+zx = §(81 -29)

26 .

Aguin, since  x® + 3 +2% - 3xyz

)

= (@+y+2)(a® +y* +2* —yz -2z -ay),
[ a well-known Algebraical identity

we have from (1), (2), (3) and (4),
Jayz = 99-9x(29-
= 72;
2y: = 24,

26)

Thus wo have z+y +:

xy+y:tar
Y2

From (f3) we have
y+a(y+2)
heuce, by («) and (y),
23+:r(9-—:v;) = 26;
0,
0

-00? £ 260 -24 =
(=2)(x? -T2 +12) =
(z-2)(x-3)(x-4) =

or,

L]
or, 0;

x = 2 or3 or
(i) "Taking z = 2, we have
from (a), y+z = 7}
and from (y), ya = 12
whence
z - 4} or,

(ii) Taking x = 3, we have as before
Y+ = 6, and Yy: =

whence 'z - 2} or,

()

)
ol
4,
A

-

unwwe o
[ ]
L
—
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(iii) Taking z = 4, we have
y+z= S,andyz = 6 ;
. =2 v =23
whence ": - 3} or, o _ 2\-

Thus we have six solutions altogether.

Exercise (49).

Solve the following equations :—
1. =z+y = 32} 2. 4z+y) = 3ry)\
Jy—-x = y? x+y+ad 4yt = 20 |
(Madras University K. A. Paper, 1887.)
3 " 4Y -9 1 4, o+ JFETP =y
11 3
P J

-y = lJ

x y 4
. x v 7 6. Tx?-BRay
5. \/y+\/:- = :/::5}“ ] 5c+ 2y

= 159)
7)
Vity + Jyie = T8
7. bSry = Ri-z*y?) 8 z2+y+ay = 11)
z-y =6 J ¥y +ay* = 30)
10. 34+y? = 351
9. w+3(z+y>* = 18-y ]_ * Zy = 14}

z3 _yz =9 J
2e+y T-y "
11. Je-y <4y =% [ Reducing the 1st equation we have
Te+5y = 29 ] 3r = 2y ur, Ve - -19y.]

12. aepfeae-nf = sar-yt)
3r-2y = 13 J
iDiride each term of the 1st equation Ly (=~ y)! and then

5

L]
put ¢ for (:—j%) ; we thus get a quadratic in z. }
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13. \/.t+y-6-~/.£-y=‘}
_‘;z._yz =
14, 2* +4y* - 152 = 10(3y - &))
1y 6 )
15. 2e? ~xy 4yt = 2\

2% 4 4ay = yJ
¢y oz LY I
16. y* + - + y = 4 T (Calentta University F. A,
z-y =9 ] Paper, 1865).

['I‘Iu- Irt equation may be 1educed to a quadratic in ( : 1 Z)]
4

17. z+y+3 s/u:-c-y = z% +y? = 10.
(Punjab University 1. K. Paper, 1887.)

18. z+

(Caleutta University F. A, Paper, 1881,)

<

19. 6. +5y-_g + y +20%
3 4
y

(Madras University I'. A, Paper, 1888,)
Je 4ty = ; + g

+182

[\\'e have r- 1_ =y- ‘1, = gg]
20. /i - Jy = 2\'!3/}
£+y = 20
2L, 2 +yi+2cty) = 11 }
3uy = 2z +y)
22. rtta’ =yt 4bt = (14y) +(a-b)t

[We have (r+y)? -2 = a? - (¢ —8)? and (r+¥)?-y? = b? — (¢~ b)2
which are Homoweneous ; hence tind a relation between x and g.]

23. x(9 - xy) = ylxy - 36) \ (Madras University F. A.
xy(3e+ 12y —ay) = 108(x+y-3) ) Paper, 1882.)
[ From (1), xy(r+y) == 9c+4y), and from (2), ryley - 3(x+4y)}
= 168{3 - (« +y)}. Hence, x7y* { 1- .r-;y} = 108{3-(z+y)} 3

whence, z+y = 3, or £%y* = 3,108 = 9,36 = 182.]
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Dividing one by the other and putting

2p.2)Y _ g2 |

24. (“ +y )‘,‘- 83 y — mr we find one value of m 1
hence from ot - y* 8% .78, w1 deter-

(:"—y’)~: = 7}] mined

25. a' = mr+ny

} find ouly one solution.
y' = my+ e

28 z oy r+y [ Dividing the 2ud equation by the 1nt,
oy Tz atseyr Ly Tty
z* Yy x-y AR A
- = - ° . R ] ;
1,* i y* From this y 1+ (72
R
Now from the lst equation - Y o Y which gives y.
1 v s ri y
: y(y, . 1)
ar by (a4 b)e
27.

Xty = ¢
u+.«:+b+y S atbte y

{ Substituting x4 y for + in the 1st equation and transporing we have

YaRd aih ) , ath ]
"(uo: arhde 'I(u thicty biy)’
whence ay—br 0, 0r :: Z . ]
98, N(=t et e) + V(e + 0% )y +a¥) = (a+b)?
’ z+y = a+dh
[We have a'ureras)y® 1 b%) 1 (% ¢ 09) (gt 4 ) = (u4-b)(x+4 7).
Now applying  the artifice of Art. 4, Chapter VII, we have
UNLr o at iyt b he) (a+t hile t y) + a=b)ly~r) 2(ay 1 bz),
whencee by squaring, &e., oy ah.)

29. L-y-2 = ‘.!l

afyyt-zt = 22 ; Putting u forx -y we haven - 2,
xy = 5J and w? - :? == 12, ]
30. (y-2)(z+2) = 22)
(z+x)x-y) = 33
-y)y-2) = 6
3l c+y+: = 3 l
y : + z‘: + 'yl = -ll (Calcutta University F. A. Paper, 1878,)
A P oo
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1 1 z 1
32 (s+¥) - -1
2 w\** sa\¥7* . 6
z+y+z =15

[We have « + "/ = %’ asndy + : = ::61; add and form a quadratic

in z by the help of the 2ud equation.)

33- ’3+y = 71 34. Ty - (I"'y)]
yz“'.'&' = 8z 2z = "(1‘-0- 7)
x +y+l =z 12 yz = J(y"‘ ’)
35. z+y+z = 13 38. ayz= 231
&% 4yt 422 - 9] zyw = 490
y' = xzw = 660
yz0 = 1540
37. z*+ay+az = 45)
YV +yz+yx = 5t
P22y = 105J
x+y+2 l
2% +yt +2¥ 65L (¥ +2)'—(y?+:*) = 29z hence find a

vz 10 J quadratic in x.)

-
-
=
z24+y+z = 13 [Subtracting the 2nd equation from the
2 +y ' +2* = 61 aquare of the 1st, we get Ly the
z(y+2) = 2yz help of the 3rd equation, yz = 1N.)
40, 2%-y*-2'4+2%z = 3
—x* 4y -23 422 m -9} (Cal. University F. A. Paper, 1866.,
-zt -yt 42042y = -3
[Putting « for x4y -2, v for z—y+z2, and w for y+:-x, we have
e = 3,uw = ~Pand vw = -3, Finding u, r, w it must be
obaerved that x4+ y+2 = u+v+wandis ... known ]

41. .t"+3ry+z')n - 63 1Tt can be easily seen shat
3y  +5y2+yx = - x v _z
527 425431y = 144] 274 a0 ]

43. y+ziz24z.2+y =a b
G+ +@ra) 24y = L.

43. z2*+zy+y? -13} 44, zr4+y+z = 12\‘

Pl vk A R8s,

yrryrezt = 49 22 4ytest & B0
2V 4arta? = 31 23 +y3+2° = 316
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.

4&. zt + 2%y + 2%y + ryd 4yt = 41
=, v 5
y <= 2

(Calcutta University F. A. Paper, 1889.)

[From the 2nd equation we have i’ =2, or ; . ]

CHAPTER X.

EQUATIONAL PROBLEMS.

1. What are eggs a dozen when two more in a shilling’s
worth lowers the price one penny per dozen 1
Let z = the number of eggs we get for a shilling.
2
- Then the price of each egg = ]z pence,

and ., the price of a dozen = 1:4 pence . ... (1)

If two more were obtained for a shilling, i.s., if (z+2) cags
were worth a shilling, the price of a dozen would, for a similar

144
reason, be -- — pence.
z+2
But by the condition of the problem, the lutter price is one
penny less than the former price, hence
4144
w+ 2 &
x% 4+ 2z = 288,
S22 42241 - 289,
S+l =17,
. Sz = 16,
Hence, from (1), the price per dozen = 9d.

l;
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2. Find two numbers, whose difference, multiplied by the
difference of their squares = 160 ; and whose sum, multiplied
by the sum of their squares gives the munber 580,

Let z +y and 2 - y be the numbers,
Then, by the lst condition of the problem,
2y.(4xy) = 160
or, xy* = 20 . . . . . (1)
By the 2nd condition of the problem,
22{2(z* +y%)} = HRO
or, (e +y®) = 145 . . . . . (2
Dividing (1) by (2),
y? 20 4
x4yt 14D 297
25y? = 4a?;

x
5 - '-; = k (suppose).

Hence from (1),
20k* = 20, ., ke=1;
z=0 ad v =2

Hence the required numbers are 7 and 3.

3. 4 sets off from London to York and B at the same time
from York to London, and they travel uniformly ; . reaches
York 16 hours and B reaches London 36 hours, after they have
met on the rond. Find in what time ench has performed the

journey.
y M

Lo o Y
m n

Let L, Y represent London and York respectively, and Jf
the place where the travellers meet. Let m, » be the measures
of Lil, MY respectively in miles.

Now, since 4 travels n miles (te, from J/ to ¥)in 16 hours,

he travels 1 mile in l: hours and .°. m miles in -: .m hours ;

hence the time in which 4 travelled from L to Jf

- 19 .m hours. .
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-

Similarly the time in which 2 travelled from ) to M
36
= .n hours.
m
Now, since they started at the same instant, the time in

which A travelled from L to M is evidently equal to the time
in which B travelled from Y to M/ ;

16 36

. —m = .n
n m
3

whence - 5
2

Hence the time in which 4 performed the journey
= (!f.m+ 16) hours = 40 hours ;
and the time in which B performed the journey
= (3,.6,,,4.36 ) hours = 60 hours.
m /

4. A fraudulent tradesman contrives to employ his fulse
balance both in buying and selling w certain article, thereby
gaining 11 per cent. more on his outlay than he would gain, were
the balance &rue. If however the scale pans, in which the
article iy weighed when bought and sold respectively, were in-
terchanged, he would neither gain nor lose by the transaction.
Determine the legitimate gain per cent on the article.

[In a fulse Lalance if any weight be placed on one of the seale pans
the weight to be put on the other pan in order to make the beam horizoutal
will be different.  For instanee, if in buying rice a five-scer counterpuise be
put on the pan, the quantity of rice put on the other will be vither more or
less than 5 seers.  Suppose when the five seer counterpoise i put on the
scale pan A, wo are required to pup on the pan 8, a quantity of rice whoe
real weight. i greater than 5 aeers ; but whatever may be its real weight, as
its weight now is supposed to be cqual to the weight of the counterpoine,
we take it to be 5 seers. Thus we take for 5 seers what is really more than
5 seern. Hence if the merchant contrives to put the counterpoive on 4 and
the article bought on B, he will evidently take away more of the article than
he is sopposed to do : let the supposed weight of the artizle so bought bo 1
Ibs. ; if then 1 Ibs. be the real weight of the article, % is lean than W. Again
in selling the article if he puts the counterpuives on B and the article on 4
andif W be the weight of the counterpoises, then W is greater than W,
By this contrivance then the merchant buys W Iba, of the article at the price
of w 1ba, and sells away these W Ihe. again at the price of 71w, Heuce in
such a transaction the merchant’s gain is two-fold, he buys more of the
article than he pays for and the whole quantity thus bought he seclls away
at the price of a atill greater quantity.]
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Let waud IV’ be the apparent weights of the article when
“bought and sold respectively.

Then evidently = is less, and I}’ greater, than the true
weight,

let » = prime cost of a unit of weight,
x = the legitimate gain per cent.
Then the selling price of a unit of weight

= p+z hundredths of p = p(l+izo) .

Hence the price paid by the merchant in buying the article,
i. e, his outlny = w.p, und the price realised by selling it

- o)
‘. by the condition of the problem,
w.p (l + 7 ) = 0.p+(2+ 11) hundredths of wp

100
z+11
- u.p(l+ oo ) )
1f the scale puns were interchanged, the cost of buying
the urticle would be I”.p, and the price realised by ealg,

w.p(l + 130) ; hence by the 2nd condition of the problem,

0 (”1:0) -Wp e e (®)
From (1) and (2),

r+11
1+ 100 z
S - l+
1+ % 100
100
z \3 z+11
or, (1+100) - l+——lu—o‘,

o () +ipt - el
' \100 100 " ¢ lw™ + 100’
z 6 1 1
0~ W F 10
z = 10,
t.e,, the legitimate gain is 10 per cent.
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5. A body of men were formed into a hollow square,
three deep, when it was obuserved that with the addition of 25
to their number, a solid square might be formed, of which the
number of men in each side wonld be greater by 22 than the
square root of the number of men in each side of the hollow
square. Required the number of men in the hollow square,

[A number of men are said to be arranged in a solid square when they
are arranged in parallel rows and the number of rows is equal to the number
of men m each row. The following diagram, in which A,, B,, &¢., represent
men, will clearly illustrate the matter,

A, B, C, D, E ¥, G H

A, By € Dy B, F, ¢, H,

Ay By Cym——Dy Ry R, Gy H,
|

A, B, C, D,—FE, F, G, N,
.

A, B, €, Dy—E, F, G, H,
|

Ay B, Cp—Dy——E,—F, ¢, MW,

A, B, C, Db, B, ¥, G, H,

A, By C, Dy K, F, ¢, 1,

The above diagram repre<ents an arrangement in which there are 8 rows,
each containing 8 men. This is w solid square. [f the square C, F, F, ¢,
be removed from inside, the remainder will he a kotlow square two deep
having 8 men in each side ; if, however, the square D, E, E, D, be removed
the remainder will be a hollow square three deep.

Hence, the number of men in a kollow square two derp having 2 men in
eich ride = z*—(£-4)*; in one three decp = 2% ~(r~6)8; and woon;
thus the number of men in a hollow square n vleep having x men in each side
=ud ~(z-2n)1.]
Let z = the number of men in n side of the hollow square ;
then the whole number of men

=z (z-6)* .. (1)
2—14
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Heuce, by the 2ud condition of the problem,
L3 - (x-6)+2 = (zé-i- 22)2

©+ -l-l.t'-"' + 484 ;

ll.::—'M.té = 195,

or, 12211

whence x = 81,
Henee, from (1), the whole number of men
= Bl%-75%

156 x 6 = 936,

il

8. K cngages to play w game of chess with £ on the
following conditions :- that /7 should nume & certain number
and put into A's  possession twenty  four rupees together with as
many rapees as equal the square of this number and that at
the conclusion of the gaune A should return to & ouly a numbeg
of rupees cqual to cight  tines the nwmber naned. What numn
ber could £ name with the greatest advantage possible to
himself ¥

Let & = the number which 2 should name ; then he has
to deposit with A, (21 +.r¥) rupees and get back at the end of
the gamoe only 87 rupees ;

hence 4 has altogether to lose (0% + 24~ Kr) rupees ;

. & must bo such that this Joss may be as smadl as pussible,

Now, since x® - 8r+24 = (r-4)2+8, which is always
greater than 8 exeept when o« = 1, the losy will for all values
of x be greater thau Rs, & except when x has this value.

Hence in ordor that the loss may be a minimum £ should
name the number 4.

7. With the object of examining a student of the 1st
year a8 regards his progress in - Algebra, T undertake to engage
iq a certain contract with him, which is as follows :—he is to
give me a certain number of bouks, each worth as many rupees
a8 the number of books, and to get from me in return six times
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as many rupees as any of those books 13 worth and also 21
rupees more.  How many  books should he bring me, with the
greatest possible advantage to himself !

Let & = the number of books that the student brings wme ;

then, since the price of each book is x rupees, evidently |
get % rapees from him ;and in return 1 give him (6x+21)
rupees.

Henee hus gain (or loss as the case may be)

= (21 + 6 —ua”) rupees
Now, 21460 -x* = 21 - (£ - bu)

= 30 - (r* -Gz +9)

e 30 - (2 -3)%

Evidently  therefore the student s a loseraf (x-3) be
greater than H, 1oy af £ be greater than 8, and he is o gainer
if £ be S oor less than X,

But not only should the student be & gainer but his gain
must be the greatest possible, which evidently s the ease when
(« ~3)% 18 the least possible, te, when @ = 3.

Heuee the student should bring nie only three hoohs,

8. QRam, Lakshman and Bharat went to visit a Rishi
aml brought thewr wives with them.  The Risln knew the wives’
n®ues to be Urmtla, Mandavi and Sita, but forgot. which was
the wife of cach hero.  They told the Rishi that they had given
presents to Pandity, and that each of the siv had rewarded as
many Pandits, as he or she had given gold mudras  to each
Pandit  Taun had revanded 23 more Pandits than Unmla, and
Lakshman hald vewarded 11 Pandits more than Mandavy, like-
wise cach hero had given away 63 gold mudras more than  his
wife.  The Rishn having  thonght on what they said, dismissed
them with his blessing, nwmmg correctly the wife of each hero.
From the conditions given, do youn also find out the names of
the wives.

Let 2 = the number of Pandity rewarded by any hero,

and y = the number of Pandits rewarded by lus wife ;

then  the number of gold mudras  given away by the
hero = 2,

and the number of  gold mudras given away by his
wife = y*,

Henee, by the last condition of the problem, we have

22 —-n? = 63,

or, (¢+yNr-y) = 63
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But 63=63 x1,0r 21 x3, 0or 9x7;

hence, since z+y and z -y are positive integers, and z+y is
necessarily greater than z -y, we get the followiug three pairs
of values for z +y and x =y and wo other :
(1) z+y = 63 (2) »+y = 2!} (B)z+y =N
£=-y = 1f° z-y = 3 £-y=1T)"
Hence we have the following three pairs of values for
z and g :—
(1) = =32 (2) z=121 (@3) 2= 8}
g =314 y= 9/ gy=1/"" (A)
i.e,, the wife of the hero who rewarded 32 Pandits. reward
ed 31 Pandits ;

the wife of the hero who rewarded 12 Pandits, rewarded

9 Pandits ; . («)
and the wife of thu hero who rewarded 8 Pandits, reward-
ed only one Pandit. ... )

Now let us find out the namwmes of the wives from the other
conditions of the problem.

The number of Pandits rewarded by Ram may be 32, 12
or 8 ; but since he is known to have rewarded 23 more Pandits
than somebody elso, the number of Pandits rewarded by hint
must be 32,

s The number of Pandits rewarded by Lakshman may then
be either 12 or 8, but as he is known to have rewarded 11 more
Pandits than somebody else, the number of Pandits rewarded
by him must be 12, ... . (a)

Hence the number of P:mdlts rewarded by Bharat mese
be 8. (»

Agnin, since the nnmber of Pnndnt,s rewarded by Urmiln
is 23 less than the number rewarded by Ram, it must be 9 ;
hence vy («) and (a) Urmila is the wife of Lakshman ;

also, since the number of Pandits rewarded by Mandavi
in 11 less than the number rewarded by Lakshman, it must
bel;and . by (8) aud (5) Maunduvi is the wife of Bharat ;

evidently ', Sita is the wife of Ram.

Thus we have—

Ram) T.akshman } Bharat
Sita f Urmila Mandavi }
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Exercise (50).

1. A person bought a certain number of oxen for £80 ;
if he had bought 4 more for the same sum, each ox would have
cost £1 less ; find the number of oxen and the price of each.

2. A gentleman sends a lad into the :market to buya
shilling’s worth of oranges. The lad having eaten a couple, the
gentleman pays at the rate of a penny tor fifteen more than the
market price ; how many did the gentleman get for his shilling ?

3. The plate of a looking glass is 18 inches by 12, and is
to be framed with a frame of equal width, whose uren is to be
equal to that of the glass. Required the width of the frame.

4. A and Blay out some money on speculntion. A dis-
poses of his bargain for £11, and gains as much per cent. as B
lays out ; A's gain is £36, and it appears that A gains four times
as much par cent. us B.  Required the capital of each.

5. A boat’s crew row 3} miles down a river and back
again in 1 hour and 40 minutes. Supposing the river to have
a current of 2 miles per hour, find the rate at which the crow
would row in still water.

6. What two numbers ure those whose sum multiplied
by the greater is 204 ; and whose difference multiplied by the
less is 35 1

7. What two numbers are those whose sum added to the
sum of their squares is 42 and whose product is 151

8. 4 and B distribute £60 each among a certnin number
of persons. 4 relieves 40 persons more than B does, and B gives
to each 5s. more than 4. How many persons did 4 and B res-
pectively rclieve

9. The product of two numbers added to their sum is 23 ;
and five times their sum taken from the sum of their squares
leaves 8 ; required the numbers.

10. A horse dealer buys a horse, and pays a certain sum
for it ; he afterwards sells it again for Rs. 171, and gains
exactly ns much per cent. as the horre had cost him. How much
did he pay for the horse ?

11. The small wheel of a bicycle makes 135 revolutions
niore than the large wheel in a distance of 260 yards ; if the
circumference of each were one foot more, the small wheel
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would make 27 revolutions more than the large wheel in a distance
of 70 yurds ; find the circumference of each wheel.

12. By lowering the price of apples and selling them one
penmy w dozen cheaper, an apple-woman finds that she can sell
60 more thun she used to do for 58, At what price per dozen
did she sell them at first 7

13. Thereds n number between 10 and 100 ; when multi-
plied by Lhe digit on the left the product is 280 ; if the sum of
the digits be multipled by the swme digit the product is 55 ;
required the number.

14. A and B are two stations 300 miles apart.  T'wo
trains start simultancously from 4 and B, earh to the opposite
stution, Tho train from 4 reaches B nine hours, the train from
B reaches A four hours, after they meet : find the rate at which
ench train travels.

16. By selling n horse for £24, 1 lose as mnch per cent,
us it cost me. What was the prime cost of it ?

16. Find threo numbers, such that if the first be multiplied
by the sum of the second and third, the second by the sum of
the first and the third and the third by the sum of the first and
the sccond, the produets shall be 408, 480 and 504, .

17. ‘There are two square buildings that are paved with
stones, « foot square each. The side of one building exceeds
that of the other by 12 feet, and both their pavements taken
together contain 2120 stones.  What are the lengths of them
separately ?

18. Thero are three mumbers, the difference of whose
differences is b ; their sum is 44, and continued product 1950 ;
find the numbers. '

19. A train 4 starts to go from P to @), two stations 240
niles apart, and travols uniformly. An hour Iater, another train
B starts from P, and after travelling for 2 hours, comes to a
point that 4 had passed 45 minutes previously. The pace of B
8 now incrensed by 5 miles an hour, and it overtakes A just on
entering . Find the rates nt which they started.

20. A square court-yard has a rectangular gravel walk
round it. The side of the court wants 2 yards of heing 6 times
the breadth of the gravel walk ; and the number of square-yards
in the walk exceeds the number of yards in the periphery of the
court by 92. Required the area of the court.
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21. Divide the number 26 into three such parts that their
squares may have equal differences, and that the sum of those
squares may be 300.

22. The number of soldiers present at u review is such
that they could all be formed into a solid square and ulso could
be forined into four hollow squares each 4 deep and each con-
taining 24 more men in the front rank than whien formed into o
solid square : find the whole number.

23. A and B run a race round a two-mile course. In the
first heat B reaches the winning post 2 minutes before 4. In the
second heat A increases his speed 2 mules an hour, and B dini-
nishes his by the sume gquantity ; and 4 then reaches tho
winning post 2 minutes before 8. Find at what rate each ran
in the first heat.

24. From a vessel of wine containing a gallons, b gallons
are drawn oft, and the vessel is filled up with water. Find the
quantity of wine remaining in the vessel when this has been
repeated 4 times.

25. A wall was built round a rectangular court to a certain
height.  Now the length of one side of the court was two yards
less, whilst three times the length of the other wax 25 yurds
greater, than 8 times the height of the wall ; and the number of
square yards in the court was greater than the number in the
wall by 178, Required the dimensions of the court, and the
height of the wall.

26. A person bought a number of £20 railway shares when
"they were at a certain rate per cent. discount for £1,500; and
afterwards when they were at the samme rate per cent. preminm
sold them all but 60 for £1,000. How wany did he buy and
what did he give for each of them ?

27. The sum of | numbers is 44 ; the sum of the product
of the Ist and 2nd, and 3rd and 4th is 250 ; of the 1st and 3rd,
and 2nd and 4th is 234 ; and of the 1st and 4th, and 2nd and
3rd is 225. Find them.

28. To complete a certain work 4 requires m times as long
a time as B and C together ; B requires » times as long as 4 and
C together ; and C requires p times as long as 4 and 8 together.
Compare the times in which each would do it and prove that

1 1 . 1 1
M1l T ntl Tpel T
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29. In a certain village there lived in the year 1872a
number of families each consisting of us many members ns there
were families. Ten yeurs afterwards it was found that during this
wterval there were 670 births in the village and that on the
average 50 lives were lost per family. Prove that the number of
persons, living in the village at the time of this calculation, could
not be less than 45, and if this vumber be actually 45, find out
the number of souls that lived in the village in the year 1872.

30. Suppose you agree to give me out of your landed
property a square plot of ground and receive in exchange o
circular plot of land whose aren is 76 square feet and also
rectangular plot, one of whose sidesis 36 feet and the other is
equal to u side of the picce of lund you give me. What must be
the area of the plot you give me, so that you can profit most by
the exchange ?

CHAPTER XI.

IMAGINARY QUANTITIES,

1. Definition and Conventions. Justas ,/a is re-
garded us u symbol such that Jax Ja = «, s0 v/ -« is defined
to be such that & —a x N-a = -a

The symbol o ~a is always regarded as equivalent to
Jax Z1: thus we have to deal with only one imaginary
expression, namely, ~ =1, in all investigations.

Honce V-—ax /-5 = Jax J/=1x Jbx =1

o= vlbx(\/—])’ = = Jub.

The imaginary expression a~ -1 is considered to vanish
when a = 0,

Any algobraical expression of the form a+4+/ -1 where
aand b aro real quantities is regarded as an imaginary ex-
Ppression ; it is said to cousist of a real part @ aud an imaginary

part s N -1,
N. B. 'The letter 1 is generally used to denote the symbol A/ =1,
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2. Powers of 4.
G = i (1) = (I)%.() = -1
(92 = -1. }' (i) = (1)2.(3)° = 1.}'
By the help of these 4 results we can very easily determine
any other power of the symbol.
For instance, (i)*% = |({)*}'' x1 = 1;
(@7 = AP = @) = -
(@70 = {4107 = () = =1
O = {4 L.

Exercise (5I).

Simplify the following expressions :—
1. 25, 2. in, 3. N 4. %8, 5 #®
6. 5. 7. e, 8. 0%, 9. 7. 10. ™

3 If «¢+bi =0,thenvee = 0and b = 0.

For if a+bdi = 0,
then h = —aq

. —b? = a2,

a?+8* = 0.

Now since a? und 4* are neither of them negative, their sum
cannot be zero unless each of them iy sepurately zero ; thus we
havea = 0, and 4 = 0.

4. If a+bi = ¢c+di, then « = ¢ and b = d.

Since a+4bi = c+di, :

by transposition (@a=c)+(b-d)yi = 0.
Hence, by-the last article, a ~¢ = Oand b-d = 0;
that is @ = ¢, and b= d,

Thus in order that two imaginary eapressions may be equal
il i8 neczssury and wufficiont that the real parts should be equal,
and ths imaginary parts should be rqual.

6. Conjugate imaginary expressions.—

Two i imaginary expressions are said to be conjugatc when
they differ only in the sign of the coeflicient of 1. Thus
a+ b1 and a - 4i are conjugte.
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Now, since (a + i)+ (a - bi) = 2a,
and  (a +bi)(a - bi)
= @%b = af 442

we conclnde that the sum and the product of two conjugate
imaginary expressions are both real.

6. Deflnition. The positive value of the square root of
a® +6% in called the modulus of cach of the expressions a + 01
and a = b1,

(i) To prove that the modulus of the product of tiro ima-
ginary sxpressions is equal to the product of their moduli,

Let a+hi and ¢+di bo any two imginary expressions,
Then their product = (ae - hd) + (ad + be)i,
whose modulus = /(ac - bel)* + (ard + be)*
- Ju.’(:“ +h3d* Fald? + 423
V(@ + 03 (e* +d¥)
= Ja?¥b%x \/C" + 3,
which proves the propositioun.

]

- .o
(ii) To prove that the modnlus of the ynotient of two tma-
ginary ecpressions is the quotient of thewr modwdi.

The quotient obtained by dividing the first of the above
expressions by tho second

a+bi
S erdr

(w + hi)(c - dv)
T (c+di)c = dr)

(2e + 2d) + (be - ad)i
= et 4 d*

ac +bd  he - ndi
Seavdt o

ac+bd\?*  (be -ad
v (v +(F)

Jated FHEI 1 bV v a*dd

whose modulns
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Ju?
/a_f(:z » Which proves the proposition.
c?

7. To find the square root of ¢ + bi.
Assume Va+6i = r+yi, where & and y are real
quantities.
Then a+6i = z2 —y* + 2eys ;
J. by equating real and imaginary parts,
P -y? = a .. .. .. (l)}
and ey = b ... . o (O
Hence, («% 4+ y*)% = (&% - y*)? + dety?
= u".+l/2,
22yt = Ja24br, L (3)
From (1) and (3), we get

o= Jf;"‘-ﬁ—,).‘_:’-ﬂ, gt = Jar b

PR T
2 ’ 2 )

P 9

- z____{Ja +b +a} Ly =+ {ﬁ,/u"'-l-/:"'_:u}i.

N. B. Since x and y arc real quantities, £? +y? iy positive and . in
(3) the positive sign must be put before the quantity a2 b3,

Also from (2) we see that the product ry must have the swme sign as b ;

hence » and y must have the same sign if 4 be positire, and diferent igns
if b be negative,

Cor. Supposinga = Oand b = +1. we have

\/-Hr-'_ and\/—t-+l—:—'-.

8. The cube roots of unity.
Let z = 3/1, then 23 = 1, or 2% - 1
te, (c-1)}z*+z+1)

[ |
e
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o, either z-1 = 0 (1)
o, * z*+<+1 =0 (2)
From (1), xz =1,
-1+ /2
” (2)| x = 2J J
Thus the cube roots of 1 are
-1+4/-3 -1-J7Z3
1, Ty , and 2 .

Now with regurd to the latter two roots, both of which are
imuginary, we observe that

“1+ VT3 (- -2 -8
(1=

-

-2-2J-3

- - - -4-..—.

o -1-V-3

TR

wd(-l-;/-aya 1+(-3)+2J -3 e
o d 4
- —2+2\"—3
4
-1+ -5

2

That is, if w denote either of the imaginary roots, the other
is w3,

: Hence it is usual to denote the three cube roots of unity by
y 0, wd,

Cor. 1. Since o eatisfies the equation z? +2+1 = 0, we

bave w® +w+1=0; that is, the sum of the three cube roots of
unity is zero.

Cor. 2. Any positive integral power of o is equal to 1,
or w, or v ; thus 0’ = (W3)3%.0 = 1%0 = w,

03! = (0?)'.w? = w®; and soon.
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9. A few miscellaneous examples.

’Ex&mple l . Show thﬂ»t ((l”n + w’ﬂ)(w’m + (lln) = m’ —-mn+ n”.
(om + win)(0?m+on) = 0®m? +mn(ot +0%)+wn?
= m? —mn+nd,
(since ot +0? = wdwtn? = oto? = 1)

Example. 2. Show that (z+ vy +w?z)(z+wdy + wz)
=t +y* 428 —yz - -y,
(x+ oy +0d2)(z+o0ly+oz) =2% +0dy? + 0% + oy(o + w¥)
+ y2(w? + 0t) + 22(0? + )
= ¥ py? 423~ 2y -yz -2,
(sincew+w?® = —landw? o' =0t +o=-1).

Example 3. Show that
$-0i 3+2 815830
243 T¥i T 650
12-10i* - 74

The given expression = - . o,
°8 1 14+ 3% + 23

23 7i

S+ 2%

— _ (22-7i)(11 - 23i)

(11 + 231)(117= 234)
942 + 16143 - 583i

= 121 -529:%
S42 - 161 - 5831
121 4529
81 - 583¢

=T %507

Exercise (52).

1. Multiply 3+7JZ3 by 5-44-3

2. Multiply 3J-bby2J-3

3. Multiply 3J/-74+5J-3by 2J-7-7J-3
4. Reduce (2+:iV to the form A + Bi.

312
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11.
13.

14.

15.

16.
17.

18.
19.

ALGEBRA MADE EABY, [Crae.
Express @b in the form A + Bi.
+da
Multiply z- ! t-:/-:i‘ by « - I- ;/: 3.
3420 3-2 8

Show that e m -
2-01 B4 29

Extract the square roots of : .
1+4V-8. 9. 7-30J-2. 10 4J-5-1.
-3-4. 12, %
Find the square of
JuE 10i4 V9 - 400,
Find the valuo of

(4+3- ::0)& +(4-34 ~:O)§-

IBxtract the square root of
rrinfet vat 4l
(Mudras University F. A, Paper, 1588.)
Eind the value of ¥ - 1.
B PN N LSS SRR
) ) + ( 9 ) = -1

-

Prove that (

+

-

- / g2 v g
Prove thut( l+.)‘_' _“) ( -« J)

Determine the simplest value of

'Y N o - /_:
(l —-m) R (m -m* )J (l - Ilt"') y when we = ! +s)~ =8 '

20.
21.
22.
23.
24.
25.
26.

It 1, o, w? are the three cube roots of unity, show that—

(1+0)* - (1l +u*) =0,

ob 4+ 20% $0% = 1.

(1-0+w?)? = (l4+w-0)? =8,

byt o= (r+y)wr+ oY) o + wy).

' =yt = (& -y)oz - oly)(eis - wy).

(1 4+b+c)(a+bo+co)a+bo? +c0) = a® +8 + ¢ - 3abe.
(2+9)" + (0 +yo®)® + (z0* + yu)* = Guy.
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27. Prove that (x* +a*)*
28 Prove that (% 4a¥)!

(v = 3ea?)? + (3r2a - a")®,
(x* = 6a2a® +at)?
+ (trta - dra®)®,
29. Prove that (2% +a®)* = (2* - 10c%a® 4 Hrat)®
+(Data = 1030 £ a®)2.
30. Prove that (22 +a%)" = (@7 =21z a? + 33 %! - Taa®)?

+(7x"a - 30r'a® + 21z¥at -a¥)®.
3l. IfX = ar+ey+b:, V = ce+by+as,
Z = bx+ay+ec,
show that .\"¢ +)‘+/"-)/ \'- XV
= (0* 4+ b% 4% —be -0 -ah)(r- +!/ + ¥~y -z —wy).
32. IfY - «ar Fey+h, Vo= v by 4,
Z = ov4ay e,
show that V' 4 V3428 -3X)VZ
= (u“ O et - 3!1’;")(!3 +_l/"' -l—;l - 3.1‘]/:).

CHAPTER XIL
ARITHMETICAL PROGRESSION.

1. Deflnition.—Quantities are sad to be in Arithmetical
Progression when they mcerease or decrease regularly hy o com
mon difference.

Thus each of the following series of quantities is in Arith
metical progression :—

2, D, R, 11, 14, &
9, 5, 1, -3, -7, &c.
a, a+b, a+2h a4+ :‘_'H), &,
a, a - b’ a =24 a—-3h, Le.

In the first of the above examples the quantities increase
by 3, whereas in the second the quantitics decrease by 4 so
tho common differences in these two cases are suid to be 3 and
— 4 respectively. Similarly in the third example the coromon
difference is 6 and in the fourth it is - 4.
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Note, 1f « be the first term and b the common difference of a series
of numbers in Arithmetical Progression, we have the second term = a+b,

the 3rd term = w425, the 4th term = a +3h,......... , the 10th term = a+
W , the 218t term == «+ 205, and so on. Hence the ath term = «+-
{n=1)b,

Example 1. Find the 19th tern of the series 10, 8, 6, 4, &e.
The first term = 10, and the common ditference = - 2.
Hence the 19th term = 10+ 18.(-2) = 10- 36 = - 26,

Example 2. What term of the series 5, 7, 9, 11, &c. is 251

Let the rth term of the given series be the required termn ;
then we must have
25 = Da(r—1)3
= J3+2r;
whenece r = 11,

., Thus the 11th term of the given series = 25,

Exercise (53).

1. Fiud the Sth, 20th and (- 3)th terms of the series
2, 4, 6, 8, &c.

2. What terms of the series 9, 11, 13, 15, &e. are 65, 99,
and 62 -131 -

3. The first term of a given series is 3 and the Tth term
39 ; find the common difference. .

4. 1f thoro be 60 torms in . 7. of which the first term
is 8 and the last term 185, find the 31st term.

B5.. Tt a be the first term and ¢ the last term of o serios
of numbers in 4. £., shew that the 5th term from the begin-
ning + tWe 5th term from the end = a+{

6. ln the preceding example, shew that the rth term from
the beginning + the rth term from the end = a +¢.

«3. To find the sum of » terms of an Arithmetic
series of which the first term is @ and the common
-difference, b.

Let § denote the required sum, and [, the last term (i.e.
the nth term). W,

Theu S=a +(a+8)+ (a+ ) + (a + 35) + &c. + {a + (n - 1)8}.

And, by writing the series In*the reverse order, we have

also, S mly(B=5)+(l-2b)+ ({~30)+&o.+{l-(n-1)b}.



XIL] ARITHMETICAL PROGRESSION. 235

Therefore, by addition,
25 = (a+)+(a+l)+(e+1)+&e.........t0 n terms
= n(a+l);

S = e+l (D)

Thus the sum of 2 termsin A, P, is u times the semi-sum of
the first and last terms, or, in other words, » times the average
of the first and last terms.

Also, since ! = a+(n - 1)},

L S= Tj[a+ {a+(u-1p0 }]
- g{2u+(u—l)l;} e @

N. B.—The formuls (1) and (2) <hould Le carefully remembered so that
they might readily be applied in auy ~uitable case.

Example 1. Find the sum to 20 terms of the series 5, 4§

33, &e.
The first term = 5, and the common difference
= 135 =
Qe = 3 = 3

Hence, the required sum = 2212 x5+ (20-1) x (- %)}
10(10 - 1 "2)
= 10(-%) = -263.
Example 2. Find the value of 1+2+3+4+&c to 100

‘terms.
The last term of the series evidently = 100.

Hence, the required sum = '2°(1+100)
= 50 x 101
= 5050.

Exercise (54).

Sum 1, * 3, 4, &c. to 25 terms.
Sum 1, 3, 5 7, &ec. to 30 terms.
Sum 5, 43, 4},i &c. to 21 terms.
Sum 13, 12}, 11§, &e. 40 terms.

15

h WP
g



226 ALOEBRA MADE EASY. [Caar.

5. Sum 2, 7 12, &c. to 101 terms.

n-1 =n-2 -3
6. Sum —, "°°, . &e. to n terms,
n n n

. a=-b 3a-26 Ha-3b
7. bum‘d;—b' a+h ' a+b
3. Applications of the formule (1) and (2) of the

preceding article.—The following examples will illustrate
some important applications of those formuke.

Example 1. The first term of aseriesin 4 P.is 17, the
last term — 122, and the sum 257, ; tind the comnion difference

e, to n terms.

liet n = the number of terms ; then we must have
257y = 3117+ ( - 123)]
a (17-120)
= 3 X 4‘-.'.1
or, % o= W, =3 =11
It then A be the required common difference, we must have
—123( = the 11th term) = 17 + 104,

A 104 = —12:—17
- o203 s,
P 235 0 x 47 47
) = - = - =~ ..
8x 10 DxUx8 16
Example 2. The sum of a series in 4. P. is 72, the first

term 17, and the common difference -2 ; find the number of
torms, and explain the double answer.

Let » = the number of terms.
Then we must have '
72 = §2x1T4+(n-1)x(-2)!
= 5134 - 2(n-1)}
- (36 - 2n)
= 18n-n?;
St =18+ 72 = 0 Ay
or (n-6)(n~-12)= Q;
n =6 or 12.

The double angwer shows that there arc two sets of num-
bers satisfying the couditions of the problem, and this can be
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easily verfied.  For, the series to 6 terms is 17, 15, 13, 11, 9, 7;
and to 12 terms it is 17, 15, 13, 15 9,7, 5,3, 1, -1, -3, -5,
now since the sum of the last 6 terms of the latter set of num-
bers = 0, evidently thercfore the sum of 6 terms of the series
is exactly the sume as that of 12 terms

Example 3. How many termsof the series, =8, -6, - 1, &,
amount to 527

Let v = the required number,

Then we must have

DL = "2 (~-Ni+(n-1)xd

_ .
= " du - IN)

22 n®—=9n,

SonE o - 02 0y
or (n=13)a+1) = 0;
e n o= 13, or-4.

Henee, sinee the number of ters can only be « positive
mteger, we mnet reject the negative value and tuke 13 to be the
answer to the question,

mple 4. The smm of pterms of an A, P in g, and the
sun of 4 terms is p ; tind the sum of p 44 terns

Let a he the first teem, and 4 the common difference ; then
since the sum of p terms = ¢, we must have

q =2+ (p-1)),
or, 2¢ = plat+p(p-1)b B ()

Sindilarly 2p = g latq(y - 1o (2)}

Subtracting (2) frem (1), we huve
Ag-p) = (p-q)2at+{p® -y4*) = (p - y)ih

=@-0)2a+ip-qip+q-1)b;
=2 = 2a+(p+q-1)b.

.o

Hence, the sum of p 4 ¢ terms
Pl q -1\
3 {2""(”"'1 l)"
l’_;.'_‘lx(-g)

= —(p+9)
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Exercise (55).

1. The first term of an A. I’. is 5, the number of terms
30, and their sum 1455 ; find the common difference.

2. The first term of a series being 2, and the Sth term
being 7, find how muny terms must be taken so that the sum
may be 63.

3. What is the common difference when the first term is
1, the last 50, and the sum 204 9

4. How wany terms of the series, 19, 17, 15, &e., amount
to 9117 R
B. The sum of a certain number of terms of the series,
21,19, 17, &c,, is 120. Find the last term- and the number
of terms.
6. How many terms of the series, 54, 51, 48, &e., must be
taken to make 5131 Fxplain the double answer.
7. 1f the sum of 8 terms of an A. P, is 64, and the sum
of 19 terms is 361, find the sun of % terms.
8. Find the series of which the ath term is *1"; and
also find the sum of the sories to 105 terms.
9. TFind the series whose »th term is 2r -1 ; find the sum
of the series to 2 terms, - .
10. The sum of »n termsof an A. P. is 322 -, and the
common differcnee 6 ; find the first term,
11. The sum of = terms of an A. I is 40, the common
difference 2, and the last term 13 ; tind ».
12. Prove that the Iatter half of 2n terms of any Arith-
motical series = Jrd. of the sum of 3 terms of the same series,
13. If 2n+1 terms of the series, 1, 3, 5,7, 9, &e, be
taken, then the sum of the alternate terms, 1, 5, 9, &c., will be
to the sum of the remaining terms, 3, 7, 11, &c., as a 41 is to n.
. 1?-a®
4. Drove that (i) & = -
1 @) B-(L+a)’

and (ii) 3 = {.}:(l—a+b).

4. Arithmetic means,—

Definition 1. When three quantities are in Arithmetical
Progression, the middle one is said to be the Arithmetic
mean between the other two.
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Thus 5 is the Arithmetic mean between 3 and 7.

Definition 2. 1f A and B be any two quantities and =z,
Zgy Xy, Ty, K€, Z,_y, T, & number of others such that A, =,, 2,4,
x4, &c, x,_,, r,, Bare in Arithmetical DProgression, then, x,,
%y, x,, &c., are called the Arithmetic means between
A and B.

Thus 3, 4, 5, 6, 7 are Arithmetic means between 2 and
8, and so are the numbers 33, 5 and 6} ; for both the sories
2,3,45,6, 7,8, and 2, 3}, 5, 64, 8 are in A, P.

Note., It isevident from the nbove example that between any two
quantities the number of different sets of Arithmetic means is unlimited,

5. To insert a given number of Arithmetic
means between two given quantities.

Let @ and ¢ be the two given quantities, and » the number
of means to be inserted.

Then we have to find out n quantities x,, z,, z,, &c.,
Zy_gy Xo_y, Z, Such that a, z,, 24, r,, &e, x,_,, ,,¢ may bo in
A, P. Evidently the series [a, x,, £, z,, &¢., z,_,, z,, c] consists
of n+ 2 terms of which a is the first term and ¢ the last.
weae Hence, if & be the common difference, we must have
c=a+(n+1)b,
c—a

whence 4 = .
n+1

Hence, x a+b =a+°"%;
y Xy = + [¢ +1l-+1 >
2Ac—-a)
= G 26- —————
Zg + a+ ]

&e. &e. &e.
Z, = a+nb = a+1:(c_—:a)'
n+1

Examwple 1. Find the Arithinetic mean between any two
quantities a and b.

Let £ = the quantity sought.
Then a, z, b are in A. P, and ., we must have z ~amb -2z,

whence z = a—;—b.
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Example 2. Insert 4 Arithmetic means between 3 and 18.
Let =z, x,, 2,4, r, be the means,
Then 3, x,, 24, vy, x,, 18 are in A, I,
Henco, if & = the common difference,
we must have 18 == 246h, . b =3
Hence, v, = 3 +6 = 6
Xy, = £, 4hb = 9
ry - oagth = 12
ryo=aytbh ~ 15

Thus the required means are 6, 9, 12 and 15. v

Exercise (56).

1. Find the Arithmetic wenn between (i) 5 and 8 5 (ii) - 5,
and 21 ; (iii) m - n and m + 0 ; (iv) (2 4+ r)? and (a - r)2,

2  Insert 2 Arithmetic means between (i) 8 and 125

(ii) — 6 and 14,
3. Ingert 3 Avithmetic wmeans between 117 and 477,
4. Insert 4 Arithinetic means between 2 and - 18,
5. Tusert 17 Arithmetic means between 3} and - 413,

6. There’are » Arvithmetic means hetween 1 and 31, such
that the 7th mean : (n - 1)th mean = 5 : 9 ; required ».

6. The Natural Numbers.--The numbers 1, 2, 3, &e.
are called tho natnral wwmbers,

(i) To find the sum of the first n natural numbers.
Lot N denote the sum ; then,

S=1+243+...... +n
n+1)
-g(l+n)-"-”2---... e e N

(ii) To find the sum of the first » odd natural num-

Lot S denote the sum ; then,

S =14+3+5+7 "... ... ton terms
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= _:{ (n=1)x2 }
= gx2u =n? . .. (B)

(iii' To find the sum of the squares of the first n
natural numbe:s.
Let 8 denote the sum : then,

S o= 13422432 4424 L + i,
We have w® = (n-1)% = 3n* -3n +1.
Hence, putting 1. 2, 3, xc, for n, we have
17-04 = 312 -31+1,
91 1% = 3218241,
3123 = 332 3341,
49 3% 2 343 _3 41,
(R=1)3=(n=2)" = 3(u-1)*-3(n-1+1,
w?—(n-1)3 = 3a -3n +1,
‘.chc:-, by addition,
nt o= 312422 43% 4+ L +n?)-3(L+2+3+... +u)+n

- 35-3. n(n;&- 1) +a,

+ 3n(no+ 1)

-

3N = n? -

- n(n+l){(n-— 1)+3},
Log e MrtDEarl) (@

(iv) To find the sum of the cubes of the first # natural
numbers.
Let § denote the sum ; then,

S=134234+3%+ ..ol +n3
We have nt-(n-1)* = 423 -6n®+4n-1.
Hence, putting 1, 2, 3, ke , for n, we have
14-0* = 4.1%-6.12+4.1-1,
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2414 = 4.29-6.22+4.2-1,
34-2¢ = 43%-6.324+43-1,

-1 -(n=-2)* = 4(n-1)*-6.(n-1)"+4(n~1)-1,
nt—(n-1)4 = 4.3 -6.n% +4.n -1
Hence, by addition,
n = 4(17 423 3% + ke +03) - 6(1% + 2% + 3% + &c. +0?)
+4(1+2+3+&c.+n)-n
- 45— 6"n('n+ 1)6(275+ 1) +4_n(n‘,+ l)_n
SoAS =attntn(n+1)(2n+1)-2n(n+1)
e a(n+1)i(n® -n+1)+(2n+1) -2}
= n(n+1)(n? +n),
n(n+1)* n(n+1))2
N o

Thus the sum of the cubes of the first n natural numbers ix

equal to the syuare of the sum of those numbers, -

Example 1. Sum the series 1.2 + 2.3 + 3.4 + &c. to n terms.
The nth term of the scries evidently = n(n+1) = 22 4+ n.
Henco, putting n = 1, the 1st term = 12 +1,

" w now=2 o 2ndterm = 2249,
” w No=3  3rd term = 3?43,
and 80 on.

Hence, if S denote the sum of the given scries,
wohave S = (12 +1)4+(22+4+2)+ (32 +3)+ &c. to n terms
= (10422 +3%+&e.+n?)+ (14 243+ &e. + 1)
an+1)(2n+1) n(n+1)
- +__§._..

w(n+1)[2n+1 }

=T { 3 .'”
nin+1)(n+2)

= g
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Example 2. Sum the series—

12433 +52 472 + &c. to n terms.

Since evidently each term of the given serics is equal to the
square of the corresponding term of the series 1, 3,5, 7, &c,,
.. the nth term of the given series = the square of the nth term
of the series 1, 3, 5, 7, &c.,

and . the nth term = {1+(n-1)x 2}*
= (2n-1)*
= 4n®-4n+1.
Hence, putting » = 1, 2, 3, &c,, we have
the 1st term = 4.13 -4.1+1,
w 2ud ,, = 42%-424+],
w 3rd ,, = 43%2-43+1,

and so on.

Hence, if § denote the sumn of the given series, we must have
S =412 +2° 432+ &c.+n?) - 41 +24 3+ &c. +n) +n

-4 n(n+ 120 + 1) 4 n(n‘+ 1)

——p 6 2

= 2n(n+ l){(gl—"; D_ l]

211(_u+ l) x 2(n— l)+n

- g{-i(n“ - l) +3}

= §(4n’ - l) .

Example 3. Sum the series—
124+ (12 +2%)+ (12 + 2% + 32%) 4 &c. to » terms.
The nth term of the series
= 1242243% 4 &c. +n?
- M+ DEr+1)
6

+n

+n

- ™20+ 3n+1)

= {n®+int +in
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Hence, the st term = §. 13 ¢ 4,043 L1,
L Y AR TR A
wodrd = 4 33+ 4.3% 413

Honee, if S denote the required sum, we must have
S o= 412+ 2% £ 39 4 ke, +nP)
+H(1F 424+ 3%+ oo 4ah)+ J(1+24+3+ & +n)
n*(n+1)* w{n+1)(2n+1 nin+1
=} 4 '*'*'(' b( )""\""-i' )
win+ 1) f
1z |
- ”l"l;;:. l)(n" + 3+ '.’)
w(n+ 1) (0 +2)
l!-' .

Exercise (57).

Sum the series :— L g
2494 5% 4+ 8% 4 &e. Lo e terms,

1224232434 ¢ o, to »n terms,

13435 #D.74+79+ & to e terms,

1% +3% + 5% + &e. to n terms.

L+(1+2)+ (1 +2+3)+ & to n terms,

7. Miscellaneous Examples.

Bxample 1. Prove thatif the number of terms of an 4. P,
be odd, twice the middle term is equal to the sum of the first
and last terms,

al(ﬁ+l)+(‘.’ﬂ.+])+l}

R NARCES

Since the number of terms is odd, let it be denoted
by 2n+1.

Evidently the middle term is oue which has » terms on
either side of 1t ; heuce it iy the (n+ 1)th term from the
beginning and also the (n + 1)th term from the end.

Hence, putting Jf for the middle term, we must have

M =a+(n+1-1)
=a+nh ... i e e e (1)
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andalso M = l-(n+1- l)b
=1l-2b ... ... . L (@Q)
Hence, 1y addition,
2 = a+l.

Example 2  Prove that the sum of an odd number of terms
in 4. £ s equal to the middle tern maltiplied by the number
of terms.

Let 241 = the number of terms.

Then the sum of the terms

2 2n +
= "': ‘( |.+l) - ".) ! x 2. {lant example]
= (2n+1l)x M.

Fxample 3. Find the first tive terms of the series of which
the sum to » termis = Hu? + 3n

Let 1, t,, £, weo, 2, denote respectively the I8t 2nd., 3ed,,
&, nth terms of the series ;

and let a}, 5, &, &, ¢, denote respectively the sums of
1, 2, 3, &e., n terms of the series,

_pividently then &, = £, ; s, = £, +2,;
85 = ty+ty+ 1y ; and so on,
Now, by the question, we have
5, = Dn? +3n.

(ie, the sum to any number of terms = 5 times the square of
that number 43 times that wumber),

Hence, putting 22 = 1, we haves; = 5+ 3 = 8
) n = 2 vy 5, = W4+ 6 = 26,

" n = 3 w 8y = 40+ 9 = D

" n = 4, A RO+ 12 = 92

n =5 s, = 120 + 15 = 140,

-

and 50 on.
Hence, ¢; = 8, = R,
t, = ag—8, = 26- R = I8,
ty = 85—8; = HE-26 = 28,
l, =8, —8;= 92-54 = 38
ly = 5,5, = 140-92 = 48,
and so on.
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Thus the first five torms of the series are 8, 18, 28, 38
and 48,
Example 4. Sum the serics—

14+5+12+22+35+ &e. to n terms.

[The peculiarity of the reries is that the successive differences of the
terma are in A, ]

Let N denote the required sum and let ¢, denote the nth
term of the series. Then we have

Sea 1+h4+12422+ ..., +¢,;
also S =041+ 54124 ..., +¢6,_ +t,
Hence, by subtraction,
0=1+4+7+10+&e.+(t,~¢,_,)—~¢,
= {l+4+7+10+&c. to = terms} — ¢, ;
o= ’;{ 2+(n-l)3}
n(3n - 1)
= ---—2 -y
s.a, the ath term of the given series = 3-1% - §n.
- .
Hence, the 1st. term = 3.12 - 1.1,
2nd, ,, = 3.27-}.2,
3rd. n = 2‘3’ - *'3'
and so on,
Hence, 8 = 3(1* +2% +3% + &e. +n%) - }(1 + 2+ 3 + &e. +n)
o dam+)Cu+l) 1 n(n+ 1)
2’ 6 27 2
H]
- n(n: 1)_2,‘ o (;¢+1).
Example 5. Sum the series—
1,1,1
1.2 3.3 " 3.4
Let 8 denote the sum to n terms.

+ &c.to 1 terms.

Now, we have
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Poas 273
= 1 - 1 1
37 34 3¢
&e., &e., &e,
e = 1. _1_1
" w(n+l) no o+l
1 n

Heunce, § = 1Lu+l = el

Example 6. Find three numbersin A. P. whose product
= 120 and whose sum = 15,
Let a« — 3, o and « 4 f3 be the numbers ;
then we have
(e 4 B)a(u+f3) = 120......... (1)
and (a-fB)+a+(atfl) = 1d......... (2) } !
From (2), 3« =15, ' « =
From (1), a(a? -f3%) = 120,
5.(25 - %) = 120,
25 - 3% = 94,
B2 =1 8==%1
Hencee, the numbers are 4, 5, 6.
- Bxample 7. If a2 42, c* bein A. P, then

1_ l_ )
b+c’ c+n’ a+h

(5]

are in A, I,

1 1

Kvidently bie! L arein A, I,

c+a’ a+b
1 1 1 1
c+a b+c a+b c+a’
b-a c-b

(c+a)(i+e) = (a+b)c+a)’
e, if (b-a)(b+a) = (c-b)(c+d),
te, if b -a? = c?-0%;

but this is true by ;lypothlesis.

e, if

1 .
ive c4a’ axs are in A. P.
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Bxample 8. Deterine the relation which must exist between
@, b and ¢, in order that they way be vespectively the pth, 4th
and rth terms of un A .

Let « denote the first term and 3 the common defterence
of the A, . of which a, & and ¢ are the pth, ¢th and 7th terms :
then we must have

a = at(p-1)p. (l)!
b= arlqg-1Lp. (2
o= a4 (r- l)ﬁ e e (-")‘

Now we have ro elummate o and 3 from these three equations
Subtineting (2) from (L), and (3) from (2), we have
a-b = (p-y)fS,
b-c = (y-»fl
Henee, (i =b)qg -7) = (b-cxp -q),
or, 41(0}:: r)+b(r-pyte(p-q) = 0;
which 1s the relation required

4

Exercise (58).
ma - lllr

1. The (# # Dth term of nseries in AL P, s p
[N ]
required the sum of the series to (2n + 1) terms,
92 FKFind the first five terms of the series of which the
suin to n terms is 2% + T,
3. The sm to n terms of an A, P is 3% +10a ; find
the first term and the common difference
4. [Find the 35th term of the series of which the sum to
n terms is % +n.
5. Sum the series-—
1+3+64+104 15+ &c., to n terms.
Sum the series- -
245+ 10417 + &e., to n terms.
Sum the serics—
S+ T4+14+23+4 34+ &c., ton terms.
Sum the series—
1 1 1

3stnitay

® 9 o

+ &c., to u terms.
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9. Find 4 numbers in A, P, such that their sum shall be
56, and the sum of their squares 864,

[Let a-33 a-3,a43anda+33 be the nubers, ?

10. The sum of three numbers in A. I in 135, and the sum
of the squares of the two extremes is 58. What arc the numbers

11. There are four numbers in A, P, the sum of the Lw(;
extremes is & and the producy of the means is 15. What are
the numbers?

12. Find six numbers in A . such that the sum of the
two extremes iy le 16, and the product of the two middle
terms 63.

[Leta-03.a -83, a- 3. at+ 3, at s aihdlethe numbers, |

13. If (h-¢)%, (e =a)?, (a=0)% arcin A, P, shew thut

1 1 . ,
boe' c—a' a-4 brein AL l,;.

14. Determine ¢he relation which must etist between o,
b and ¢, in order that they may be respectively the sums of p,
¢ and » terms of an A, D

15. CGiven P and Q the mth and ath terms of an Arithmetic
serigs, find the rth term.

16. There are 2 Arithmetic means between 3 and 54, such
that the 8th mean : (- 2)th mean = 3 : H ; find .

17. 1f S, Ni. 8, be the sums of n terms of three Arith
metic weries, the first term of each being 1 and the respective
common differences 1, 2, 3 ; prove that

b‘-. "'-\'3 = 2-“2 .

18. 1f there be » Arithmetical Progressions, each beginning
from unity, whose common differences are 1, 2, 3, &e., r; shew
that the sum of theit nth termsis = §.0(n - 1) 2%+ (n+ 1) r.

19. Sum the series—

nl+(r-1)2+(R-2)3+(n=-3) 1 +&c +1n,

{ The rth termn of the series - {n—(r~1).r (n:1)r-r3, Hence
the required sum = (R4 11 +24+3 4.0 Frj~= {127 0 2243% 4 4%} = Lo

20. On the ground ure placed n stones; the distunce
between the first and second is oue yard, between the 2ud and
3rd three yards, between the 3rd and 4th five yards, and so on.
How far will a person have to travel who shall bring them, onc
by one, to a basket placed at the first stone ?

ul



CHAPTER XIIL

GEOMETRICAL PROGRESSION.,

1. Deflnition.—Quantities are said to be in icometrical
Progression when each is equal to the product of the preceding
and some constant factor.

The constant factor is called the common ratio of the series,
and it is found by dividing ary term by that which immediately
precedes it.

Thus each of the following wseries forms a (leometrical
Progression :—

1, 3, 4, 8, 16, &e. ;

1 e o

1, év l» ‘}n 10 &e. )

1 1 1 e o

lp "}l 0y T an 'YE) &c' y
@, ar, ar:, w®, ard, &c. 1

In the first examploe the common ratio is 2, in the second
3, in the third - &, and in the fourth 7.

Note. If « bLe the lirst term and # the common ratio of a (feometric
series, we have the 2nd, termn aery the 3ed. terin «.r?, the fourth term
TR LN the 10th term = ar®, ..., the 21st term = «,7??, and so on.
Hence the sth term ., i,

Ezxercise (59).

1. Find the 8th term of the sevies 4, 12, 36, «&c.
["The common vatio — '? 3 hence the Sth term = 1.37 = &e¢.)

2. Find the Gth term of the series 3%, 21, 1}, &e.

3. Find the 9th term of the series 1, 4, 16, 64, &ec.

4. Find the 6th term of the scries 1, ¢ 3, 9, - 27, &e.

5. Find the 5th term and the (x -1)th term of the series

-3 3 ke
6. Find the Tth term of the series —21, 14, -9}, &e.

7. The first two terms of a series in G. P. are 125 and
25 ; what are the 6th and Tth terms )

2. To find the sum of a number of terms in
-Geometrical Progression.

Let a be the first term, r the common ratio, 2 the number
of terms, and § the sum requn-ed
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Then
S =a+ar+ar?+ard ¢+ &e. +ar?,
. OSr = ar+ar? +ar® ¢ &c. +ar* ! fart.

Hence, by subtraction,
Sr-N = ar' -uq,

S(r=1) = a(r-1),
ort-1)

r-1

.o

N =

N 1))

a(l -r")
= -, . (2)

Copr. 1f ! denote the last (or the wth) term of the series
we have [ = "' ; hence from (1),

or,

rl -«
S = - e (3
a (3)
Note. The farmula (2) way conveniently he used in l eases ceeep
when v is positive and groater than 1,

xawmple 1. Find the sumof 2% -3+ 4 -wxe to 7 terms.
The common ratio = -5+ 1'% = -3 x ¥l = -}

Iguee, by formula (2),

the sum

s P N
= 2 X ua

403
10w

= "'l‘nlu-
Example 2. Fiud the sum of
3443467 +&c. to D terms. .
The common ratio = 413 = $x}§ = 1.
Hence, if § denote the required sum, we have by for-
mula (1),

3ys _ 0 TYr .o
S = 3-—{(—; s --!-’ - 34 31 -” = 3X'23‘}"2

"3
= e

= 39

1—16
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Exercise (60).

Sum 1 +3 +9+27+ &, to 12 terms.
Suam K1 —-2749-&e, to 8 terms.
Sum 2 - 4+8-d&c, to 10 terms.
Sum 4 - 4+]-&e, to 5 terms.
Sum 2 - 4+8-wc., to 2r terms,
Sum 2} - 1+3§-&e, to n terms.

NOOR WD~

. Shew that the sum of »# terms of a (i, P, beginning with
the pth terna 18 2% ¥ times the sum of an equal number of ; terms
of the same series begmnimg with the ¢th term.

3. If n be an integer and »r a given !proper
fraction, to prove that »* diminishes as n increases.
Lot » = 2. Now, since { of any number is undoubtedly
less than that number,

($)% is less than 3, becanse (3)* = Jof ¥
(3)® is less than  (3)2%, beeause (3)* = 2 of ()2
(3)* 18 less than  (7)?, becanse (3)* = 2 of (3)¥;

and o on. o

Hence, it is clear that in the sevies 2, (3)3, ()%, (7)*,...each
term is less thun the proceding ; which is briefly expressed by
saying that (3)" diminishes a8 # incresses,

Similarly the proposition muy be proved for any other value
of = which is less than 1.

Hence, gonerally speaking, if » has any given value less
than 1, =" diminishes as n increanses.

Note. From the sbove it is quite clear that if » be a proper fraction,
** is very small when « is intinitely large.

v 4. Geometrical series continued to infinity.
Let us consider the series a, ar, ar®, ar’, &c.
If § denote the sum to n terms, we have
g o m=
L-»
a ar”
Bl
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If then r be a proper fraction, the larger » is, the smaller

f":; be ; hence by sufticiently increasing the

will (7 and .. ) I

oL
value of n we can muke l‘" less than any assigned quautity,

however small ; and therefore by sufficrently increasing the value
of n, the sum of n terms of the series can be made to differ from
| ‘. by as small a quantity as we please.

-

This statement is usually put thus :—2%he sum of an infinite

. . .o a
number of terms of the (feometricdl Progression s =y on
-

. L a
more briefly, the sum to infinity s Iy

Let us apply all these remnrks to a particular example.
Consider the series 1, 1, 1 1, &e.
Here @ = 1, » = }; heuce the sum to # terms

‘ 1
by 1 1
- i (1-2".) =2 ("'.zn) = 2o
Now, by taking # large enough, 2*=!' can be made as large

uas we please, and therefore |~ as small ay we please.  Henco
-

we mny say that by taking n lurge envugh, the swm of n terms
of the serws can be muls to digfer from (2 by as small a quantity
as we please : or, brielly, the suui of an tufinite number of terms
of this series 1s 2.

N, B, It must be borne in mind that the sum of « terms of a
Geowetrical Progression approcches « fieed limit as n increaxes indefinitely
owly when v is less than unity. [f v be yrenter than unity there is no such
Sxed Limit,

Example 1. Prove that in a decreasing (ieometrical Progres
sion continued to infinity each term bears a constant ratio to
the sum of all which follow it.

Let the series be a, ar, 2r%, ar3, &c.,, where r is less than
unity.
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Then the »™ term = @™ ' and the sum of all the terms
which follow this

= ar'(l +r++% +r% + &, to infinity)

= -- .
L=

Hence the ratio of the »™ tern to the sum of all which

follow it
- (lll'"‘] = ‘o ) - ] -r .
|- r

Now this ix constwt whatever value w may have, which
proves the proposition.
fxample 2. Sum to infinity } -3+ % - &e.

Here a = 3, nd 7 = =520 =

fl

Henee, the required sum

T OX 4 oes

FEEIN B

Exercise (61).

Sum to mtinity each of the following series :—
| B e R . 15 2, 1-l+}-1+ac
3. :.+‘}+:+;x+&"' 4, l—§+.‘,—&l'.
6. 3i+2)+14+ k0

23 2 3
6. 5 + 54 + 58 + 54 + & [ Split this up into two series,
7.

4.5 4.5 U D B
7 hputa, b rde 8. ~’3+;‘/3+3\/3+“‘"
9. (J2+D)+1+(J2-1+&e

10. Find the common ratio of a (i, P. continued to infinity

in which each term is ten times the sum of all the terms which
follow it.

5. Recurring Decimals.—Recurring decimals furnish
a good illustration of infinite Geometrical Progressions. Thus, for
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example, -234 = -234343434.........
= 2
+-034 2 .
$0003¢ Lo D34 A

+.0000034 10* 100+ 100 o7
+ &e., e,

Here the terms after 120 coustitute a Geometrical Progres-

sion, of which the first term is 'l%" and the common ratio 10%°

2 34 1
Hence, we nmay take 231 = lO+ 104 : {l - w-._.}
2 34 232
= 10* 990 = 990’
with the value found by the usual Arithmetical rule.

68 Geometric means. MDefinition { When threo
quantities are in Geometrical Progression the middle one i
called the Geometric mean between the other two.
Difimtgon 2. When any number of quantities z,, x4, 2, &e.
are such that a, r,, 2, ry e, bavemn G, P, then z,, 2, z,,
&e. are ealled Geometric means between « and 4.

(i) To find the Georwnetric mean between two given
quantities.
Let @ and 4 be the two given quantities ; (7 the (ieometric
mean.

which ngrees

. . 4 [/
Then since «, ¢/, 5 are in i, I, we must have - (; ,
a

each being equal to the common ratio.
S =aband . G = Wub)
(ii) To insert a given number of Geometric means be-
tween two given quantities.
Let @ and b be the two given quantities ; and z,, 24, 2,, 2,
&ec., r,, the n means to be inserted.
Then a, z,, z,, z4, &c., 7., b are in G. P.

Let » denote the common ratio of the series ;
then b = the (n+2)th term = a.r"*!,
b

'u+l -,
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Hence z,

and so on.

Example.

Let
Then

ALGEBRA MADE EASY.

; nrl
and ., r = —IL) .
\ @
1 2

" wt+ 1
-11.('))"‘;1’ =ll.(:)+ ;a‘_., -a.(

\a

x,, £y, ¥, be the means, .

3 Xy, Ty, 74, 128 are in G, 1.

Hence if » be the common ratio of the series,

we m

ust have 128 = the 5th term = }.r¢,
S, rt = 256, whence r = 4,

Hence, =z, = }4 =2
l" = - 8 .

AP

7.
Bxampl

and

AT e

42
4% = 32

Ty =

Exercise (62).

Miscellaneous Examples.
el Ifz<]l, sum the series

[Crae.

3
h \utl

’
a

Tosert 3 Geometrie means between ) and 128,

Tusert 2 Gieometric means hetween 3 and 24.
Insert 3 (Geometric means between 2} and §.
Tnsert 4 (ieometric means between 3% and — 5.
Ingert 5 Geometric means hetween 3§ and 40).

1+ 22+ 3x% + 423 + &e, to infinity.
Let S denote the required sum, then,

S = 14224 32 + 429 + &e.
S, St = z+2c% + 363 + &e.

Hence, by subtraction,

S(l-2) = l+z+2?+2% 4 &c. to infinity
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Example 2. Sum to n terms 5 + 55 + 553 + &¢
Let S deaote the required sum ; then,
S = 5+55+ 355 +&e. to n terms
= dL+ 11+ 111 +&: to u terms}
= fx9l+11+111+&e. ton terms}
= $19+99+999 + &c. to n terms)
= 4(10=1)+(10% = 1) + (103 =~ 1) + &c. to n terms|
= 5110+ 10* + 10% + &e. to » terms) - n}

- w00 -n
9 -1

50 N 5n
- e”(lo -1)- 3

Bxample 3. Sum to uterms 1 +5 +13 +29 + &e.
Let ¢, denote the nth term of the scries, and 5 the
required sum ; then
N=14+5+134+29+&c. +1,;
alen S =041+ D413+ &c.+¢,_, +¢,.
Therefore, by subtraction,
0= (1+44+8+16 +&c. ton terms)—¢, ;
b, = 14+14+9+16 +&c to(2-1) terms}
H2"-1 - 1)
+ -

2 -1
= l+23.(2""—l) = 1 U3

=1

Hence, the 1st. term = 2% -3,
w 2nd. ,, = 2823,
py 3rd. ,, = 2¢-3,
and so on.
Hence, § = (23 -3)+(23-3)+(2*-3)+ &c. +(2"'' -3)
= (2242342 +&c. ton terms) - 3u
mECD-S,
= 4(2*-1)-3n.
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If a, b, ¢, d be in G. P, shew that
(2-d)* = (b=c)? +(c~a)? +(d-b)%

We have al; = Z = f , ouach of them being equal to the

Example 4.

common ratio.
b e ac; c® = bd; und be = ad. ... ... (v)

Hence, (b-¢)2 +(c—a)® +(d - 4)?
= (h* 4% - 2b¢) +(c? +a? = 2ca) + (d? + 6% - 2d1b)

= 2% —ac) + 2(c? - bd) +a® + d* - 2he
= 2x0+2x04+a?+d%-2ad [by o |

a (@ - d)2

Example 6. If«, 4, ¢, d bein G. I, shew that
a® - b2, b% —c*, ¢ -d* are in G, P.
Kvidently a® =42 b3 —c% ¢* -d? arcin G, P,
if (a® - bE)(c* - d?) = (b2 -c?)".

Now, since a, b, ¢,  are in G, I, we have
b - o .
@ b = ¢’
. ¢ and ad = br.
Hence, (@2 = 63)(c* = d¥) = a®e? = b3c* —a*d? + b3
= b4 = h%c3 — h3c? 4 ¢!
- b - 20%c% 4 ¢
- (b2 -c?)2
a? = 5% 6% ~ e, ¥ —d? are in G, I\

Bxample 8. The continned product of three numbers in
G. P, is 216, and the sum of the products of them in pairs is

156 ; find the numbers.

a
Let 7, a, ar be the numbers ;
»

ac = b%, bd =

Then, by the conditions given, we must have

L aar = 216 e (D)
r

@

and :-a+ :' -ar+aar = 156
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From (1), a® = 216, . a = 0.
a1 156 13
Hence, from (2), . +l4r = M = 3"
l+r+7®) = 15

or, 3r*-10r+3 =

or, (r=3)3r-1) =
r =3, or §.

oL

Hence the numbers are 2, 6, 18,

Exercise (63).

1. Find by the method of snmwmation of mtinite Geometric
serieg the values of 1 —

(1y 0205 () libd; (i) c2l50l; (iv) 142857

2. Sum l+3545¢% 4727 +&e. to infinmty.

3. Sum 1L.2e+2.42% + 3.8:% + we. Lo intimty.

4. Sum L3r+4.92% +7.2707 + &e. to infinity,
e85, Sum a+24% £ 30% 4 tat 4 &e. to n terns

6. NSum 1-3r+5:2 - 747 &0, 1o infinity.

T. Sum d+ )+ 5 +&e toinfinity,

8 S 1 3,34 +de t te

. oum I+ 3 +2£+2J ¢ O n terms.
9. Find the nth term, nund the sum to » terms, of the
series —
l.l, 2.3, 4.5, &7, &e.
3 4

10. Sum l+ + S 5, +&e, ton terms.

’))
11. Sum to u terms 4 +44 + 441 4 &e.
12. Sum the series ‘9 + 99 4999 + &c, to » terms.
13. Sum the series 143+ 7+ 15+ &c.,, to » terms.
14, Sum ton terms —6—-4+0+8&+24+dc.
15. Find thesumof 6 +9 4 21 + 69 + 261 + &c., to n terms,
16. If a, 4, ¢. d bein G. P., shew that
(@® 403 4c2)(82 +c® +d?) = (ab+lc+cd)t.
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£ .

b ; — k(uny): thusa = bk, b = ck, ¢ = dk;
[/

herce a%+6%+¢? - k37 1o d¥) and also a® + 5% +¢® = k(ab + he +ed).)

“°
[We have !

17. 1f a, b, ¢, & arein . P, prove that
(i) (h+c)b+d) = (c+a)(e+d);
(1) (w+d)(h+e)-(ateibrd) = (h-c)s.
18. Three numbers whose sum is 15 are in A. .5 if 1, 4

and 19 be ndded to them respectively, the results are in (i, P.
Dotermine the numbers

19. Three numbers whose product is 512 are in G, P, ; of
8 be added to the first and 6 to the second, the numbers are
in A\ P. Fud the numbers.

20 The sum of three quantities in (. P. is 244, and their
product is 64 ; find them.

21. Find the relation hetween @, &, ¢ that they may be the
pth, gth and »th terins of n Geometric series.

22. 1f P and @ be the pth and gth terms of a (feometric
series, find the ath term. L]

23 If § be the sum, 2 the product and £ the sum of the

reciprocals of » terms in (i, I',, prove that P? = (l:)
24. Find the sum of » terms of the series, the rth term
of which is (2 +1)2",
25. In a G. I shew that the product of any two terms
cquidistant from a given term is always the same.
[ 1f the uth term be t dken as the given terin, it can be easily shown
that the product of the (w4 p)th and (u - p)th terms is independent of p.)

26. If thero Dbe n terms in G. P, prove that the n™ root
of their product is equal to the square root of the product of
the first and last terms,

27. M a# Geometricnl means be found between two
yuantities a and ¢, shew that their product will be (ac)"?.

28, If a,b, ¢, d arc in (. P, shew that the reciprocals of
a? =543, b —c?, ¢ —d¥ arealsoin G. P.
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29, If N, N, Ny, &e., S, are thesums of infinite Geometric
series, whose first terms are 1, 2, 3, &c.. n, and whose common

. 1 .
rativs are }, J, }, &c, nil respectively, prove that
Ny eN g+ S5 +ke +8, = 3(n+3).
20. Fiud the sum of the infinite series—

1+4(l+ayr+(l+a+a?)r®+(l +a+a®+a)r? +&e,
r and @ being proper fractions.

CHAPTER XIV.

HARMONIC PROGRESSION.

1. Deflnition. A series of quantities are said to be in
Harmonscal Progression when their reciprocals are in Arith-
metical Progression.

Thus the series 1, Lb Lo b ke and )l -4 -4 - N -
&c., are in Harmonical Progression, their reciprocals, 1, 2, 3, 4,
D, &e., and 2, -3, =K, =13, -18, &c, being in Arithmetical
Progression.

From the above definition we can deduce the following
which is sometimes given ns the defining property :—

IT a, b, ¢ be three consacutive terms of an IHarmonical Progres-
sion, thena :¢c = a-b:bh-c.

.. 1 1 1 .
For, by definition, e’ b e arein 4. I,

1 1 1 1

... - - ¢ -y
or. a-b - b-e
' ab be
a-b ab a .
Hence, Tl which proves the property

in question.
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2. Harmonic means.— Definition 1. If three quantities

«a, I, b are such that , 1 ’ 1 are in d. P, then // is said to
a’ Il b

Yo the Harmonic mean between a and b,

Defination 2. If uny number of quantities z,, z,, r,, &c, =,
be such that ! , ! s ! -l— &e., ! ,

, are in 4. P, then
w ry x, x, x, b

Xy, Xy, Ey, e, r,onre said to be n Harmonic means hetween
a and b.

(i) To find the Harmonic mean between two given
quantities.

Let a, 4 be the two quantities and // their harmonic mean ;

then ! , , ! are in 4. I’.,, aud therefore
a Il b

11 11
nH"a = s "N

. 2 1 1 a4+l
T e T oa
Qb

Hence, / = .
ence atb

Example 1. Insert I8 harmonic means between 1 and .
Let x,, 2, 7y, &e., 74, be the required means.

Then 1, 1 , ! , ! , e, 1 ,20arein d. P.
Ty, Ty Xy Iy
 If B devote the common difference of this series, we must
have 20 = the 20th termn
=1 +198,
whenge B = 1.

Heuce, l -1+ f=2;

1423 = 3;

1436 = 4;
&c. &e. &e.
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1
— = 20-28 = 18;
£y 7
U Lo B =19
Lin

Hence, the required means are
-:, év 1’1 &e, [I-u 1".|-
Example 2. Find the Tth term of the series 3 + % + ] + &e.
The reciprocals of the terms, namely, '3, A7, 10

S, &e, arein
AL 1, henee the given series is Harmonte, and ) ity Tth term

must be the reciprocal of the Tth term of the Arithmetic series,

l‘-t, lI:Y l“ﬂ' ~e.
Now since the connmon difference of this series = -} and
the first term = 1%,
el ™ . J Y SN I )
its Tth term = 1" -6.}] = * =3.

Henee the Tth term of the given series = 4.
Example 3 Fuul the tirst three terms of an 7/ . whose 5th
term is ¥ and 9th term ).

Let @ be the Ist term and b the common diflerence of the
corrgsponding 1. P ;
then } = the Oth term of the JA. P
= a+4h (1)
aud 2 = the 9th term ot the /)2
= 4+ 8b (2)
From (1) aud (2), by subtraction,
W = = b=l
hence, from (2),a = 2-8h = 3.
Hence, the first three terms of the corresponding 4. /. are
3,3-1,3-2%14e,3 2 and )

Hence the first three terms of the /7. /2. are §, 4 and 2.

Exercise (64)

1. Fimd the harmonic mear between 4 and X.
2. Insert 2 harmonic means between } and ..
3. Insert 4 harmonic means between 4 and }.
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4. Find the 5th term of the series—
(i) 43, 2, xe.;
(i) 41, 3, 21, &
5. Find the 8th terw of the series %, ), %, de.
6. Continue to 3 terms each way the series 2, 3, 3.
7. JFind the tirst three terms of an //. ., whose 4th  term
is ¥ and 8th termn }.
8. Find the wth termn of an /. I, of which a, & ure
respectively the tirsy nud second terms,
9. lusert n harmonie means between « and g.
10. Fid the wih term of thoe servies
4445 +475+0+&e.
(Caleutta Umversity I, A, Paper, 1586 )
3. Relation between the Arithmetic, Geometric

and Harmonic means between two real positive
quantities.

Let A, (8, I be the Arithmetic, Geometrie and Harmonic
means botween any two real positire quantities ¢ aud b,

Then we have

y
A=

*)

G = o+ Wub . (@)
U = 2ab

a+b 3
b 2ab
Henes, AH = '%-‘ . «i.g-l; =ab = (3

i.e., (7 is the Geometric mean between 4 and .
Aguin, -G = 0 Jab = 3(Ja- gy

and G-l = Jab- 2ab Nab
a+bd a+bd

Now, since a and & are both positive, ./ and /6 are both
real, therefore (,Ja— ./b)? is a positive quantity ;

also /ab and a + b are both positive.
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Hence both 4 - G and G - /f are positive. Therefore 4>6
and ¢G> 11.

Thus it is proved that the Adrithmetic, Geomatric and Har-
monic means between any two real positive gnantities are them
selvag wn Geometric Progression : and that they are in descending
order of magnitude.

Miscellaneous Examples.

Example 1. If a, 4, ¢ be in Harmonic Progression, show
that a® + ¢*>26%,

We have the Harmonie mean between a and ¢ = b,

Heuce, since the geonetric mean  between any two quants

ties is greater than the Harmonice mean, we must have
Nae>band L ae>h2,
Now, since (@ - ¢)® 13 n positive quantity,
Cooa® 4 et>ac
a fortiort Cooatcet>2hl,
EBxample 2. If four positive quantities a, b, ¢,  be in . P,
show that @+ d>h +c.
The Harmonic mean between @ and ¢ = b)
and " " " hand d = ¢f’
Heuce, since the Arithmetic mean hetween two positive

quantities 15 greater than the Harmonie mean, we must have

a+c

>h

b+
and . —>e¢

Hence, d(a+d)+4§(b+¢c) b+,
S Ha+d)>A(b+e),
a+d>b+e.
Example 3. [fa* = & = ¢ = &e, and @, §, ¢, &e. be in
G. P, then will x, g, z, &c. be in /. P.
Let @ =P mcnd =& = KA.
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. . 1
Then, a = N - b K» ™«
1 (73
h = K P L1
1 /, =K. »
¢ = K ’
ol 1_
1 .
. = l\ ” <
d = K- ¢
\"(3., &, ) &l‘.' e,
But a, b, ¢, o, &c. being in /. P, we have
[ - o ¢
= = = \C;
" b ¢ T
1o L1 1
N s == /\ . k4 = /\ ' = &o¢.
1 1 ) 1
Henee, - = - = _1 e,
v oo : oy vz
1 1 1 1
e, , , , ¢ aremJd. P
£y z

Sy o ke, arein I P,
Example 4. 1 u, b, ¢ arein /1. 1", shew thut

“ / .
., are also in /1 7,
h4+e¢ c+a a+bh

] [/ .
! , ’ , arein /. P,
hte c+ua a++h

haoe IR 1] a4+ h

if \ . wre WL 2
“w [ I
. by c+a a+h . )
e, +1, +1, +1lureind 2,
«@ h ¢
atbre a+bse a+h+e .
e, o ' ' are in .. P
o ] c
., . 1 1 1 1
e, if (u+b+(){‘b -u) = (,;+b+,;)(.c__ .
te., if ! 1 1 1
o h  a b’
e, if ;-I‘ , ; , arein 4 P,

re, if a, b, carein /. P.
Thus the required result is established.
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Example 5. An Arithmetical progression and an Harmonical
progression have the same first term, the same last terin, and
the same number of terms : prove that the product of the »*
terin from the beginning in one series and the »* term from the
end in the other is independent of »,

(Bombay University P, L, Paper, 1590.)

Let p be the first term, y the last term, and » the number
of ters of cach progression.

Let 4 be the common difference of the arithmetic series, and
¢ that of the arithmetic series corresponding to the given har-
monic series.  Then we must have

g = p+(n-1) '

~and l = l4-(:1—1):‘)
] ]‘

qQ-—-p ) -
ence, & = Ill -Il vande = lh{’(n —1Il)'
and . we have r = - L e D)
1]

Let ¢, ¢ be the " term of the . /2, from the beginning
and the »* term of the /. P, from the end, respectively.
Then we have
= p+(r-1)h

annd ’l, = ll ~(r=1)
' ()' - 1)/'
+ by (1
" ][ y (1) |
= ) 4 r—- 1040,
Py {' =D J
Thus we have
., = .l b "
! Y3
and SO =y

ie., ¢ iv independent of r.

Exercise (65).

1. Prove that the three quantities a, 4, ¢ arcin 4. 7,
. P, or I. P, according as
a-14 a

or > or 4 respectively.
= — == > .
b-c¢ - -

2- .17
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2. If a, 5, ¢ be in urithnetical progression, &, ¢, d in
geometrical progression, and ¢, «, ¢ in harmonical progression,
prove that a, ¢, e arc in geometrical progression.

' {Bombay University . F. Paper, 1888.)

3. If a, b, ¢ bethe p* ¢™ and »™ terms respectively of
an Harmonic series, shew that (p - q)ab + (¢ = »)be + ( - p)ea = 0.

4, 1f the Harmonic menan hetween two quantities is to
their Geometric mean as 12 to 13, prove that the quantities are
in the ratio of 4 to 9

5. The Harmonic meau between two numbers is 14%, and
the Geometric menn 24 ¢ find the mumbers,

6. If the mth term of un //. P. be equal to » and the »th
term bo equal to m, find the (m + »)th term,

7. W, bye bem P, show that a® + ¢35 245,

8. Show that 4% is greater thaun, equal to, or less than
ae, according as a, b, ¢ aremm A. I, . " or Il ]

9. Ifa b ¢ boin /1. /', shew that

1 1 1 1
h=a"b-¢ a e’
10. If “:b , b h+r be in /P, then a, b, ¢ are in (7. P.
11, Wa,bc bem A P w3, yin . P ag, b cyin
G. P, thenwill 2407 o "L
~ w ¢ [¢2

12. «q, B, y ure the Geowetric means between ca, ab ; ab, be ;
be, en respectively.  Prove that if 4, b, ¢ arein d. P, ¥, 3%, 42
are also in A, P, and B4y, y+a, a+ 3 arein Il P,

(Madras Unnversity F. AL Paper, 1590.)

13. i %3, 8y, & denote the sums of » terms of three
arithmotic series whose first terms are unity and their common
differences in harmonic progression ; prove that
w2t sy Bombay University P. E. Paper, 183t

wy = Ty + 8y + (Bombay University P. E. Paper, 1889.)
(Y h: y bg, by respectively be the common differences, it is easy to nee
W -n l,—l_t - h-u
bl - "‘ - hﬂ )
14. If Xy-a) isan /. M. between y -z aud y -2, then
£-a, y-a, :-aformu G P,
(Allababad University 1. E. Paper, 1890.)
It can Lo shown thab(v W)+ (- a) = T (y=-a)~(c~a)

Caysr-n) T (goa)-(z-a)
result follows by componendo and dividendo.)

that

whence the



CHAPTER XYV,
PERMUTATIONS AND COMBINATIONS,

1. Definitions. (1) When we have » things at our dis-
posul the differemt srders in which 7 positions can be filled up,
placing one thing in each position, are called the permutations or
arrangements o{ the n things taken » at a time,

Thus the permutatious of the three letters a, b, ¢ taken fico
at a time are ab, ba, ac, ca, be, ch ;
and the perinutations of them taken all at u time are

abe, acb, bac, bea, cabh, cha.

(2) The diff-rent grouwps or seteof » things that can be
formed out of i things, withont regard to the order 1u whici the
thungs wre plueed in each qroup, ave ealled the combinations or
xeloctions of the n things taken » at a tnue,

Thus the combmations of the three letters o, 4, ¢ taken two
at u time are ab, ac, be :

and if all the three letters be taken, we huve the single combin- >

atioy abe.

N. B, 1t should be clearly understood that ab and b are regarded ax
ten dighrent permutations heesuse @ and b respectively oceupy difli rent
,u;“u':m:c in them ; but leaving poxition out of account, hoth of them have to
be vregarded as the same rombination ; simlarly abe, ach, hea, bae, cab, cha,
though different pormutations, have to be regarded a3 the acme comhinntion,

1t should also he borne in mind that two cotuninations are considered
different whenever they do not consist of eractly the awme thing- ; thus
abede and abfde are two,different combinations, lecause the former containg
a, b, d,  and ¢, whereas the latter a, b, d, ¢ and [ i ¢, for e i the one we
have got f in the other, the other things 1emaining unchanged, The
student should particularly attend to this point as he not unfrequently
feels disinclined to consider such condhinations ax different,

2. Before taking up the question 0f finding the number of

permutations of n things taken r at a tims, it is deemed advis-
able to give the student a clear view of the question itself and
thus prepare him for a ready comprehension of its solution. The
following examples have been devised with this object in view,
and it is desired that the student should carefully attend to the
reasoning by which each result 1s arrived at.

Example 1. In u two storied building one room in the 2nd.
stcry and one in the lower have to belet, each room being cap-
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able of accommodating ouly one person ; if there be 6 candidates
for the rooms, in how many ways can the rooms be disposed of ?
sull the eandidates A, B, €, D, E, F.

Now suppose the upper room is given to A ; then the lower
roomn can be given to any ons of the remaving fice ; thus we
have the following 5 arrangements @ —

A A A A A . (1)
B e b M ¥

Similurly, we have the following 5 sets of arrangements in
which the upper 100m is given respectively to B3, ¢, D, K and
B

B B B B B (2)
A ¢ b K K

¢ ¢ooc L OO £ )}
A H b I K

D 1] b D b . (1)
A H ¢ [ ¥

4 I I I 1 - e (5)
A B ¢ D K

I I F I ¥ e e (6)
A B C D ) .

Henee, the total number of ways of disposing of the rooms
= 6x5H = 30.

Bxample 2. Shew that the number of permutations of 4
things tuken 3 at a time 13 24,

Let the things be denoted by w, b, ¢, @ ; then we have to
find tho nnmber of wauys in which we can fill up three positions,
placing one in each position.

Putting a in the 1st. position, any one of the rest can be
put in the 2ud. ; thus we can fill up the first two positions in
3 ways, unmely, b, ac, ad. (1)

Similarly, the first two positions can also be filled up in the
following three sets of w ays in which 4, ¢, & respectively occupy
the lst. position :—

da, be, id, (2)
cn, ch, ed, (3)
h, db de. . “)

Thus altogether the number of ways of ﬁlhng up the first
two positions = 4 x3 = 12, and they are—
ab, e, ad, ba, be, bd )\
T eq, b, cd, da, db, de.f
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Now, evidently for sack of the above ways of filling up the
first two positions there are on/y fwo ways of tilling up the third
(for instance, a and b occupymy the lIst. and 2nd. positions
respectively, the third position can bd occupied either by ¢ or
by «) ; hence we have altogether the following 12 puars of ways
of filling up the three positions :—

abe | ach) adh\  bac)  bea) I;(la}
abd|’ acdf’ adc|® badf® bed|’ bde|’
cab)  chal cda) dab)| dba) dea)

cadf) ' cbd)’ edh |’ dacf’ dbe ) deb)’

Thus the number of permutations of 4 things taken 3 at u
time = 12x2 = 24
€xample 3. Suppose that the Ist,, 2nd and 3rd. teacherships
in a certain school are vacant, and that 4 candidates apply ench
for any ans of the appointments ; in how wmany ways can the
teacherships be disposed of 1

Call the eandidates A, B, ¢, D.

Now, gince the lIst. teachership can be given to any one of
the candidates, suppose 1t is given to A : then the 2nd, can be
given cither to B, or to C, or to D, aud thus the first two
teachdrships can be disposed of in the following three ways :—

AB, AC, AD. 1)

Similarly, giving the Ist. tenchership to B, ¢!, D respectively,
we have the following three sets of arrangements for the first
two appointments : — :

BA, BC, Bh, (2)
cA,CB, D, (3
DA, DB, DC. . (4)

Heuce the total number of arrangements for the first two

teacherships = $x3 = 12,

Now, evidently, after having dispused of the first two
teacherships in any one way there are on’y twn ways of disposing
of the 3rd. (for iustance, A and B getting the Ist. and 2ud. appoint-
ments respectively, the 3rd. can be given cither to C or to D) ;
hence we have altogether the following 12 pairs of arrangements
for the three appointments in question :—

ABC} ACB ADBY BAC BCA BDA)
ABDJ* ACDJ* ADCJ' BADJ BCI)} *oBDCS
CAB)  CBA (?DA} DAB DBA DCA\
CAD)* CBDJ' CDBJ’ DAC} ' DBC} * DeBS”
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Thus the total number of ways in which the appointments
can be disposed of = 12x2 = 24,

Example 4. Suppose there are 5 appointments vacant in a
Magistrato’s office ; in ho® many ways it is possible for the
Magistrate to provide for three select candidates 4, B, ¢'?

If one of the appointments be given to A, any oue of the
remaining four can be given to 1 ; thus, corresponding to ench
way of providing for A4 there are four ways of providing for 4

and B ; hence there are altogether 5 x 4 ways of providing for A
and B,

Again, giving one of the appointments to A and another to
B, any one of the remaintng three can be given to C ; thus
corresponding to each way of providing for 4 and B, there are
hree ways of providing for 4, B and (.

Hence, the total number of ways of providing for 4, B and
C = (Dx4)x3 = 60,

Exercise (66).

N. B. 'Che following examples are intended as an exercise for the
atdent and it is strongly recommended that he should work out the results
oxactly in the way pointed out in the above examplea :— L

1. Sbow that the number of permutations of 4 things
taken 2 at a time is 12.

" 2. Suppose I have 7 flags of seven different colours (red,
orange, yelow, green, blue, indigo, violet), and 2 flagstaffs of
unequal heights.  How wmnny different signals can I make
using both. the flagstaffs for a signal ?

3. A student has got 6 subjects to rend (English, Mathe-
matics, Sanskrit, Physics, History and Logic), but having got
holidays he wants to read only 2 of them, one in the morning

aud one in the evening: in how many ways can he draw up a
routine !

4. Shew that the number of permuta‘tions of three things
taken all together is 6.

6. A gentleman has got 6 rooms to spare ; in how many

ways can he accommodate 3 guests (4, B, C), each in a separate
room 1

6. A gentleman has got 3 rooms to spare, but he has got
6 guests to accommodate ; il after accommodating three of the
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guests one in each room he takes the other three elsewhere,
shew that the number of ways in which the three rooms can be
disposed of is 120.

7. If there are 32 stations on#the Eunstern RBeugal Rail.
way from Calcutta to Goalundo, find the number of tickots
required in order that a person mny travel from any one station
to any other.

3. To find the nuaber of permutations of » differ-
ent things taken » at a time.

Let w, b, ¢, d, 4, &c.. /, & denote the n things. Then we
have to find the number of ways in which we can ill up » posi-
tious ptacing one wn each position.

Now, if we put a in the Ist. position, we can put any one
of the remaining (2 - 1) things in the 2nd. ; thus we can fill up
the first two positions in (#-- 1) ways, namely,

ab, wne, ad, ae, e, al, ak. ... (1)

Similarly, putting 4, ¢, d, &ec, k respectively in the first
position we can also fill up the first two positions as follows : —

ba, be, bd. be, &c., b, Ok ... (2)
ea, c¢h, cd, ez, &c., o, k... #(3)

. da, db, dec, de, &e, di, dk, ... (4)

&e &e. &e.
ka, kb, ke, kd, ke, &c, ki ... (m)

Hence the total number of ways in which the first two
positions can be filled up = n(n -1).

Now it is evident that for each of the above ways of filling
up. the first two positions there are only (2 - 2) ways of ﬁ"ing,(:f
the 3rd. (for instance, @ and 4 occupying the Ist. and 2nd. posi-
tions respectively, the 3rd. position can be occupied by any one
of the ramaining n - 2 things) ; i.e, for each way of filling up
the first two positions there ure (n - 2) ways of filling up the
first three Hence the total number of ways of filling up the
first three positions = n(n - 1)(z - 2). :

Evidently again for each way of filling up tho first three
positicns there are only (s -—3) ways of filling up the 4th (for
instance, a, b and ¢ respectively occupying the 1st,, 2nd. und 3rd.
positions, the 4th position can be occupied hy any one of the
remaining n -3 things) ; i.a., for each way of filling up the
first three positions there are (r — 3) ways of filling up the first
four. Hence the total number of ways of filling up the first
four positions = »(n -1)(n - 2)(n - 3).
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Proceeding thus, we find that the total number of ways of
filling up any number of positions always = the product of an
equal number of factors and that these factors commencing from
# guccessively diminish by 1.

Hence, the total number of ways of filling up » positions
= a(n = 1)(n=2)(n-3) &e. to r factors
= n(n-1)n-2)n-3)..(n-2r-1)

Thus the number of permutations of » things taken » at a

time w= (=10 n=2)n-3) ... (n=-r+1).
Cor. The number of permutations of # things taken all toge-
ther = n(n = 1)(n - .2) &e. to n factors

= n(n-1)n-2).321
This product is usuully denoted by {n, which is read fucto-
rial n ; thus [» denotes the product of the natural numbers from
1 to = inclusive.
Note.  For the sake of convenience the «ymbol *£, is usually employ
ed to denote the number of penmutations of » things taken » at a time

thus "2, denote the number of permutations of 5 thiogs taken 4 at a time.
1t should also he olwerved that n - wn -1 = n(a=1)n - 2, and o on.

Example 1. Find the value of ©7,.

‘The required value = the number of permutations of 6
things taken 4 at a time

=0xHx4x3 = 360.

Example 2. How many numbers can be formed taking only
3 out of the 5 digits 1, 2, 3, 4, 51

Since ench arrangement of 3 digits gives us a new number,
the nwber of differont numbers that can be formed is evidently
the samo as the number of permutations of 5 things taken 3 at
a time.

Hence, the required number = 5x 4 x 3

. = 60.
Example 3. 0f the different words that can be formed from
the letters of the word courtesy how many will begin with ¢
and end with y ?

We have altogether 8 letters, namely, ¢, 0, %, r, 4, ¢, 3, 9.

Now if ¢ and y always occupy respectively the first and
last positions, then we can form only as many words as there
are ways of arranging among themselves the six intermediate
ettors.
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Hence, the required number of words
- P, = 654321
= T20.
Example 4. In how many ways can the 7 letters 4, B, C,
D, E, F, G be arranged that B and C may always oceupy
contiguous positions ?

Since B and (' will always be together, let us put them
within brackets as (B(€’), and find the number of ways in which
the six things, namely :—.1, (BC), D, E, F, (7 can be arranged

The number of such arrangements evidently = /7%,

= 6.5.4.3.2.1
= 720,
and in each of these the letters £, ' stand in the order B8C ;
similarly there are 720 arrangements in cach of whigh they
stand m the order CB.

Hence, there are altogether 2x 720 or 1440 arrangements
in ench of which the letters B, C oceupy contignous positions.
Example 5. In how many ways can the letters of the word
valedtory be arranged so that the vowels may never be
separated

Let us put the vowels within hrackets, as (acio) ; then we
have got ouly 8 things, nmwely, v/, d, ¢, t, v, y, (acio) to
arrange. "

Hence, the number of arrangements of the letters in which
the vowels stand together in the order aeio

‘w 9P, = 8.7.6.5.4.3.2.1. = 40320,

Similarly, cotrrespouding to eack order in which the vowels
may stand together there are 40320 arrangements of the letters.

But the vowels, being 4 in number, may stand together
in 4.3.2.1 or 24 different orders.

.. the total number of arrangements of the given letters
under the given condition -

4 - 440320
w .
. . e - 87880,
N. B. If the cundition were that the vowels should not only occupy
contiguous poeitions but stand, with_reapect to each ather, in une and the

um% sinuriable order, then the number of arraugement« would only be
= 40320.
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Example 8. Find the uumber of ways in which the letters
of the word machine canfbe arranged such that the vowels may
occupy only odd pmntlonn

We have altogether 7 letters to deal with, 4 consonants,
and 3 vowels,

- Let us mark out the pomtmns to be filled np as follows : —

@ O o G oe OO

Now, since the vowels can be placed only in three out of
the four positions marked 1, 3, 5, 7, the total number of ways in
wﬁlch they can be made to stand in odd positions

= 40P, = 432 = 24,

Suppose one arrangement of the vowels is uy shewn in the
diagram ; then for this particular arrangement of the vowels
the number of ways in which the 4 consonants can be made to
occupylgho romaining 4 positions (marked 2, 4, 6, 7)

‘ = 4P, = 4321,

Hence, for each particular way of putting the vowels in odd

positions there are 24 arrangements of the whole set ;

the total number of arrangements of the given letters
under the given condition
= 24 x 24 = H76.
Example 7. You are given 8 balls of different colonrs (black,
white, red, -yollow, green, blue, indigo, violet) ; in how many
ways can you arrange them inarow so that the black and
white balls may never come together t

Let z = the required number of permutations, s.e., those in
which the black and white balls are not together,
and y = the number of permutations in which they are together.
Then evidently r+y = 8P,
Now, as in Example 4,
N y-?x"l’,-?x[l.
Hence, L= Py -y
= '8 -lg'x 17
83-2)x|T P
6x76.5.4.32.1
30240,
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Exercise (67).

1. In the permutations formed out of a, b, ¢, d, ¢, 1, g, taken
all together, how many begin with ad? How many with abe ?
How many with abed ?

2. Find the values of ' und '2P,.

3. H"P, =12x"P,, find a

q, If 2=ip VP =35, find n

5. If *°P = 13x29P, ,, find r. '

6. How many numbers each lying between 100 and 1000
can be formed with the digits 1, 2, 3, 4, 5,6, 71

7. How many numbers each lying between 10 and 100 can
be formed with the digits 3, 4, 0, 5, 6 1

8. How many numbers each lymg between 10 and 1000
can be formed with the digits 2, 3, 4,0, 8, 9!

9. How many numbers each ;.,w.tter than 1000 can be
formed with the digits 5, 6, 7, §, 9!

10. How many changes may be rung with 6 bells out of 8;
and hgw many with the whole peal !

11. How many ditferent signals may bhe formed by means
of 12 different flags which can be hoisted 4 at a time above
each other ¢

12. There are m men and » monkeys, n being greater than
m ; find the number of ways in which each man may become the
owner of one monkey.
(Bombay University I’ E. Paper, 1801,)
13. In how many ways can the letters of the word dog-
matic be rearranged ?

14. The first year class in a certain colloge consists of 10
students of whom one is a Mahomedan, one a Christian and the
rest are Hindus; in how many ways can the students be
arranged in a row if the Mahomedan and Christian students
have always to occupy extreme positions 1

18. You are given a copy of the following books :—
Todhunter’s Algebra, Hamblin Smith’s Trigonometry, Milton’s
Paradise Lost, Bacon’s Advancement of Learning, Wrigley’s
Collections of Problems, Shakspeare’s Hamlet, Fowler's Logic,
and Raghuvansam ; in how many ways can you arrange these
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hooks on a shelf 8o that the Mathematical books may be always
put together ?

18. In the preceding exumple, in how many ways can the
books be arranged so that the books on English Literature also
may be put together ?

17. You are given a gold mohar, a rupee, an eight-unna
piece, a four-annu piece, # two-anuna piece, a pice and a half-pice ;
in how many ways can you arrange them in a line so thut the
copper coius may ulways stand in odd positions ?

18. In the preceding example find the number of ways of
afranging the cons if the Mohar alvo has to be put in an odd
position.

19. On the K. B. Railway there are 12 stations from
Burnckpur to Runmmagar; if a booking clerk is to be appointed
in ench of these statious out of 12 candidates of whow one is a
Uriya, one n Marhattn and the rest are Bengalis, find the number
of ways of appointing the men so that the Uriyn and the
Marhatta may never be appointed in two consceutive stations.

20. Find the number of arrangements that can be made
of the lotters of the word youngatsr so that the vowels may not
all be in consecutive positions in any of them.

21. There aro three works each of 2 volumes and two
works each of 3 volumes ; in how many ways ecan the 12 books
be arranged on a shelf so that volumes of the same work are
not separated !

22. A shelf containg 20 books, of which 4 are single
volumes, aud the others form sets of 8, 5 and 3 volumes respect-
ively : find in how many ways the books may be arranged on
the shelf, the volumes of each set being in their due order.

[Evidently the volumes of each set may be in due order two wayx,
either from laft. to right or from right to left.)
4. To find the number of combinations of » differ-
ent things taken » at a time.

Lot z = the required number, i.e, the number of ways in
which » things can be selected out of » things.

Now if with the n things at our disposal we are asked to
fill up » positions in all possible ways, putting one thing in each
position, our work will clearly resolve itself into the following
two operations :—
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(i) -To select a group of r things out of the » things :

(i) To arrange the » things thus selected in the r positions
In as many ways as possible.

Thus for each wuy of selecting » things the proposed work
can be done in ) ways.

Hence the total number of ways of doing the work = «xir.

But, by article 3, the xune number

= q(n-1Nu=-2) ... .. (nw-2+1)
Hence, x x v = n(n=1)(n-2) ... ... (n=r+1);
. s n(n=1)n-2) .. ... (n -r+1). .
r

Thus denoting the number of  combinations of » things
tahen # at o time by the symbol ", we have
n(n—-1)n-2)..0n-r+1
wg, = M= e =2) 1)
r
Cor. We ean also express this result in a ditferent form ;
for if we multiply both numerator and denominator of the right
hand expression by n - r it becomes
. wn=1)n-2)...(n=-r+l)x a-r

rxn-r

and the new numerator is evidently the product of all the
natural numbers from n to 1; { See note, Art 3 )

n
- ” ' .
A e (@)

The formula (1) may conveniently be used whenever nu-
merical calenlations have to be made, whereas (2) will do very
well as an algebraical expression,

Note. It in {2) we put = = n we have
1
n 1
"C. - = .
mw o

But *C, evidently < 1; hence the symhbol L-_ must be connsidered ad
equivalens go 1.

4. (a) To prove that the number of combina-
tions of n things taken »r at a time is equal to the
ma;nber of combinations of » things taken »-» at
a time.
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Since *C, = . ,
lLl" -7
putting » —» for », we have
In
o M
T i S
ire )
Ho-rir :
Hence, (), .= =C,.

Alternative wmethod :—

Fvidently for every gronp of » things that we can take out
of u things, n group of 2 —» things is left out ; thus correspond.
ing to each group of » things there is one group of the remaining
n -7 things. Hence the unmber of different groups of w -7
things is exactly cqual to the number of different groups of »
things ;

ia, "C,_, = "C,.
Such combinations are called complementary.
Cor. It "C, =", then £ = y or x4y = n; forey can
havo only either of two values, numely, © or % - .
Note. We have (', - "Cp-4 = "Ch = L.
Bxample 1. Fiud the values of *C,, '*C,, and 2°C,,
12x11x10x9
Ix2x3x4
= 11x5x9
= 495,
15x14x13x12x11x 10
156 18 - 15 A A o
Co, = *Crs Co = = xax3xexbx6
Tx13x11x5
= 5005.

B0y = WCy5 g = 80, = =

10, = VI g, = 130, =

Example 2. 1f *C,, = *Cq,, find *C'y, and 32C, .
Since *C, = *Cyq .. n = 14416 = 30.
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_ 30x29

Heuce, *C,, = 300, = 3°C, = 70 77 o 435.
Lx2 ’

. o
and MO = 0, = 020, = PPN g

Example 3. Prove that *"(',: *°(',
= {135 (dn=-1)} 1 {L.35...(2n-1))%,
Hn 2n
Since o= L a0t o .
2n T an' and #C, -
the required ratio
4n inn

Znln Un

Now, dn = 12345 40
=135 Lt -1) x 12.4.6...42!

= (L35 (e 1) x 2% 11 23,24,
'4':
=85 Lde-D)ix2e L (1)
Also, = (135 . (20 - 1)) x (206
= L35 . (I -1)) c2M1.23 .
85 L (- ) x 2,
n
]En 2 1
- == sy - -- - . 9
and I‘.’n} L35 (20 - )4 x g9 )

Hence from (1) and (2), the required ratio
L3b... (4n-1)
11L.35 ... (2n—1))%"

Example 4. Sixteen clerkships are vacant in a merchant's
oftice ; how many different batches of men can be chosen out of
twenty éindidates 7 How often may any particular candidate be

selected ?

We have ouly to find out the number of different groups of
16 men that can be formed out of 20, without any reference to

the appointment to be given to each.
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Hence, the required number of ways

= 200, = 20,

20x 19 x I8 x 17
Ix2x3x4
= dx1Yx3xIT
= 184).
Let us now tind out how many times a particular candidate
nuy be chosen.
Every time that a particular candidate is selected the other
15 cundidates will have to be chosen from the remuaining 19
candudates,
Hence n purticular man may he sclected us many times as
wo can select n group of 15 men out of the remaining 19,
Hence the required mumber of times
=", = 10
19x INx17x 16
Ix2x3xd
e 1Ox3x 1T x ¢
= 3876,
Example 5. A father with Olghé children tukes three at a
time to the Zoological gardens, as often as he can without taking
the samo three children together more than once.  How often
will he go, and how often will cach child go ?
{Caleuttn University F. A, Paper, 1877.)
Since the father is to accompany eackh new group of chuldren
he will evidontly have to go as many times as there are different
groups of 3 children formed out of 8.
Hence, the number of times that the father will have to go
8xTx6
3 = g
Ix2x3
Again, each child will go only as muny times as the other

2wo can be taken out of the remaining 7 ; hence, the uumber of
times that each child will go = C; = i_;‘x.g = 3].

Example 6. Out of 10 consonants and 4 vowels, how many
words can be formed, each vontaining 3 consonants and 2 vowels

= 3¢

= 6.
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The number of ‘different groups of 3 consonants that can be
formed out of 10 = 1°C, ;

also the number of different groups of 2 vowels that can be
formed out of 4 = ¢C,.

Now combining each of the first set of groups with each
of the second set, we huve altogether °C, x *C, groups each
consisting of 3 consonants and 2 vowels.

Then, as each of these groups contains 5 different letters,
which can be arranged among themselves in |5 ways, we get
from each such group {5 words

He‘ncc, the required number of words

= 19C; x4Cy; x |5
10x9x8 . 4x3
Ix2x3  1x2
= 120x6x {5
720 x 120 -
§6400.

Example 7. If words be formed taking at a time only 5 of
the letters of the word metaphysic, in how many of them will
the letfer ¢ occur 1

There are altogether tters at our disposal.

We have to find the nimber of ways in which five positions
can be filled up, one or other of them being occupied by ¢.

For every position of 7 the remaining four positions can
cvidently be filled up in "P, ways.
Hence the required number = 5x P,
= 5x9.8.17.6
= 15120.

Bxample 8. In how many ways can 21 white bglls and 19
black balls be arranged in a row so that no two black balls
‘may be together !

Let us first arrange the white balls as shewn below :—
x W x W x W . ... W x W x

Then evidently in order that no two black balls may occupy
-contiguous positions, yshe black balls can ounly be put in the posi-
tions marked x.

<

x |f

L

2—18
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Now the white balls being 21 in number, the number of such
positions (t.e., those marked x ) is evidently 22. [For instance,
when there are 4 white balls there are 5 such positions, thus :—

x W x W x W x W x]
Hence in order to placethe black balls we must choose any
19 out of these 22 places.
Hence, the required number of ways
-390, - 33,
22 x 21 x 20
1x2
= 11x7x20
= 1540,

Example 9. A boat’s crew consists of 8 men, 3 of whom can
only row on one side aud 2 only on the other. Find the number
of ways in which the crew can be arranged.

Call the men A, B, G, D, K, F, G, H, and suppose A, B, C
remain only on one side and D, i on the other as represented
bore,—

ﬁ D
l“
C 4

Then, since 4 men must row on each side, of the remaining
3, one must be placed on the side of A, B, C and the other tico
on the side of D, I5; and this can evidently be done in 3 ways,
for wo can place any one of the Lhree on the side of A, B, C.

Of these 3 ways of distributing the crew let us first consider
one, say that in which F is on the side of A, B, C.

A[D
B| E
Clu
F|H
Now A, B, C, F can be arranged among themselves in
|4 ways, and evidently for each of these arrangements there are
again |4 ways of arranging D, E, G, H among themselves ;
hence in this case the total number of ways of arranging the
men = |4 x |4.
Similarly, in each of the other twd cases also we have
{4 x (4 ways of arranging the men.
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Hence, on the whole, the number of ways of arranging the
crew = Ix[4x|d
= 3x24x24
- 1728,

Example 10. In how many of the permutations of » things
taken r together will three given things occur ?

(Calcutta University F. A. Paper, 1880.)

Let us first find out the number of combinations of n things
taken » together in each of which three given things ocenr.

Evidently each of the comiinations containing tho given
things also contains a group of”r -3 things taken out of the
remaining » — 3 things. lence, therc are as many combinations
of r things each containing three given things as there are
combinatious of n -3 things taken r-3 together; i.e, the
required number of combinations
"-3(/’ I"a—: 3
= oy =g

m-r'

But each of these combinations, consisting of » things, gives
us {r permutations.

Hence the number of permulutions in each of which three
given things occur
n-3

st
- .‘Z:: x r(r =1)(r—2).

Exercise (68).

1. Find the values of *°C,,, 27C,, and *°C,.
2. If "C,s = *C,, find the values of *C;, and 37C,.
3

. If *C,_; = *C,,, and if ; = 5; find nand 7.

4. If there be twenty pears at three a penny, how many
different selections can be made in buying six penny worth ?
and in how many of thgse will a particular pear occur 1

(Calcutta University F. A. Paper, 1861.)
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6. How many triangles can be formed by joining the
angular points of a decagon ; how many diagonals has it
[Any three angular points give a triangle : the straight line joining any
two angular points that ure not wdjucent is a dingonal.]

6. How many diagonals can be drawn in a figure of »
straight lines as sides 1

(Calcutta University F. A. Paper, 1867.)

7. Your persons are chosen by lot out of ten; in how
many ways can this be done and how often would any one
person be chosen ?

(&;mlmy University . E. Paper, 1882.)
8. Suppose 20 clerks have to he appointed out of 23 can-
didates of whom 2 are Muhomeduns aud the rest Hindus. How
many different selections can be made so that nonoe of the Maho-
medan candidates may be excluded ¢

9. Find the number of combinations which can be formed
by taking the letters of the nlphabet 6 ut a time, each combina-
tion coutaining two vowels and no more.

10. Out of 17 consonants and 5 vowels how many words
can be formed, each consisting of 2 vowels and 3 consonants !

11. A committee of 7 members is to be chosen ant of 20
Municipal Commnssioners of whom 15 are Hindus und 5 Maho-
medans, in such a way that 5 Hindus and 2 Mahomedans shall
be on the committee. In how many different ways can sucha
committee be constituted, and from how many of these will a
particular Hindu Commissioner be excluded

(Calcutta University F. A, Paper, 1883.)

(If a particular Hindu Cowmmissi be excluded, the 5 ittee mem-
bers will have to be chosen from the remaining 14 Commissioners.]

12. Suppose 8 Professors are wanted for a College newly
started ; if 3 Premchaud Roychand Students and 12 M. Al's
apply fog the Professorships, how many selections can be made

toking in (i) all the Premchand Roychand Studeuts, (ii) a¢ least
one of them.

13. A cricket team consisting of eleven players is to be
selested from two sets consisting of six and eight players respeot-
ively. In how many ways can the selection be made, on the
supposition that the set of six shall contribute not fewer than
four players $ »

(Madras Unpiversity F. A. Paper, 1890.)
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14. Prove that the number of words which can be fromed
of the letters a, J, ¢, d, ¢, f taken thrde together, each word con-
taining one vowel at least, is 96. .

(Calcutta University F. A. Paper, 1866.)

16. If words be formed with 6 only of the letters of the
word centrifugal, in how many of them will all the three lotters
¢ ¢, f, occur ?

16. If words be formed with 7 only of the letters of the
word polygamist, in how many of*them will both the letters
p and ¢ occur ?

17. In how many ways can 24 rupees and 23 pice be
arrauged in a row so that no two pice may be together ?

18. In how many ways can 37 literary and 35 Mathema.
tical books be arranged in a coluinn one above the other so that
no two Mathematical books may be together, the books of each
class being considered alike ?

19. A boat’s crew consists of 10 men, 3 of whom can only
row on one side and 2 only on the other. Find the number of
ways in which the crew can be arranged.

20. ¢ An English School and a Vernacular School are both
under one superintendent. Suppose that the superintendentship,
the first four teacherships in the English School and also the first
four teacherships in the Vernacular School are vacant ; if there
be altogether 11 candidates for the appointments, 3 of whom
apply exclusively for the superintendentship, and 2 ezclusively
for appointments in the English School, in how many ways can
the different appointments be disposed of

21. There are 12 points in a plane, 5 only of which are in
the same straight line ; find the number of triangles which can
be formed by joining the points.

22. Find the number of straight lines which repult from
joining the points in the preceding example.

23. There are » points in a plane of which no three are in
a straight line except m, which are all in a straight line. Find
the number of triangles formed by joining the points.

(Bombay Univeruity P. E. Paper, 1880.)

24. In how many ways can 9 thmgs be divided equally
among 3 persons ?
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26. There are 3 asses capable of carrying weights of 3, 4
and 5 maunds respectively ; in how many ways can 12 packets
each weighing a maund be distributed among the asses ?

5. To find the number of combinations of n things
taken » at a time without assuming the formula for
the number of permutations.

Let "C, denote the number of combinations of n things
taken » at a time ; and let the » things be denoted by the » letters
a, b, ¢ d, &c. 5 :

Then it is evident that among the combinations of these
letters, = at a time, each of those that contain any particular
letter, say a, contains also a group of » -1 letters out of the
remaining n -1 letters. Hence there are as many combinations
of r letters each containing a as there are combinations of 2 -1
letters taken r — 1 at a time.

Thus we see that of the combinations of n things taken r
at a time, the number of those which contain @ is *-2C,_, ;

similarly, the number of those which contain b is *~'C,_, ;
and so for each of the » letters.

Hence if all the *C, combinations be written down, every
rticular letter will have been written down *-'C,_,*times ;
B:onnne it will be found in *~'C,_, combinations and only once
in each of them. Honcg the total number of letters written
down will evidently be nx*-1C,_,.

But the total number of letters written down is also
evidently equal to rx*C,, because each combination contains
r lotters.

Hence, »x*C, & nx*"1C,_,,

n "1
or, “C, 7% C..\

In this formula change n and r first into n~1 and r-1
respectively, then into -2 and r -2 respectively, and so on ;
thus we have

-1
.-‘Cr-l. - ‘,:,__—i X"’C,_’ ;

-0, - ':%_: x*=3C,_4



XV.] PERMUTATIONS AND COMBINATIONS. 79

-r+’C -’_"__;;"'2 ""ﬂ'lcl;
n-r+l C ;' +1 (a8 is evident).

Now multiply together the vertical columns and cancel like
factors from each side ; thus we have
oC. - n(n 1)(n-2). (n r+l)
r o(r - 1)(r - 2)
o rn=1)n-2) 5. Q»-.r,“),
Ir
6. To find for what value of » *C, is greatest.

: - n(n =1)(n - ) (u-r+2)(n—r+l)
Since *C, = R 23 e Y

e, = DD (nrD)

. ,, n-r+1
C, = "C,. LR

- C,_, x (n +1_ 1) ]
r

Fvidently then *C, > = or < "C,_,, according as the

multiplying factor (n:;l—l) is > mor<l;

i.e, according as 7'-"-'—1 > = or < 2,

i.(_nrll_)> -or<l,

t.e, accordingas r < = por > }(n+1). ...(A)

Now, since n may be odd or even, let us consider these two
cases separately. .

(i) Let » be odd, say, equal to 2m +1, where m is some
positive integer.

Then, by (A), *C, > = or < *C,.,, according as
r< =or>m+l.

Hence, of the terms *C,, *C,, *C,, ... *Cpy, *C.,
each is greater than the preceding ; . . . (1)

*Casz = *Ca; I ¢

i.e, according as
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and of the terms *C,.,;, "Crigy "Crsss « = « « + "Cam,
*C3m+1, €ach is less than the preceding. ... (3)

Hence, from (1), (2) and (3), it is clear that *C,, and *C,,,,
are the greatest terms of the series *C,, *C,, *Cy, .. tmy
“Cymer s

i, *C, is greatest when r = m = (mael)-1 _n-1

2 2’
orwhenr = m+1 = (_2m+l)-§_l_ - ﬁil
. 2 2

(i) Let = be even, say, equal to 2m, where m is some
positive integer.

then, by (A), "C, > = or < *C,., according as
T< mor>m+d

Hence, of the torms *C',, *C,, *Cs, . . . "Cu_yy "Chn,
each is greater than the preceding ; . . . (=)
and of the terms *C,,, "Cpyy, "Crigy + .-+ *Cam-11 "C3m»

each is Jess than the preceding.

Heuce, from («) and (f3), it is clear that "C,, is the greatest
term of the series "C,, *C,, "Cy, .... "Cgn_1s "Usm;

[ ]
i.e, "C,is greatest when r = m = —’2‘»

Thus it is proved that if » be odd, *C, is greatest when
» = }(nF 1) and that if » be even, *C, is greatest when r =

Exercise (69).

1. How mauy' letters of the word pantheism should be
taken to form a groq? 8o that the number of different groups
?y be the greatest? In how many of these groups will the
letters p and m occur ?

2. A person wishes to make up as many different parties
a8 he oan out of 20 friends, each party consisting of the same
number : how many should he invite at a time ? In how many
of these would the same man be found %

3. Find the greatest number of different groups that can
be formed from the letters of the word Barouche, each group
consisting of the same number of letters. ' In how many of
them will the letter ¢ occur ?
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4, Find the ratio of 3°C', to *3C, wheun each of them has
the greatest value possible.

5. Find the difference between the greatest values of **C,
and '*C,.

7. To find the number of permutations of 2
things taken all together when the things are not
all different.

Let the » things be represented by u letters and suppose p
of them to be a’s, ¢ of them to be 4's, » of them to be ¢’s, and the
rest to be unlike.

To find the number of ways in which we can put these »
letters side by side in » consecutive positions.

Evidently we can do this in the following way : Choose any
p of the n positions and put « in each, then choose any g of the
remuining (1 - p) positions and put b in each, then choose any »
of the remaining (1 - p - ¢) positions and put ¢ in each, and then
put the (n-p-q-7) different letters in the remaining
(n - p - q - r) positions.

Let 22, Q, R, D respectively represent the number of ways
in which the four operations pointed out above can be performed.
Clearly then,

e
pn-p

Q = —=2P

g4 n-p-4q’
R MiP-9

P =

D= nzp-g-r
Now, since for each way of performing the first <operation
there are ¢ ways of performing the 2nd, the total number of

ways of performing the first two operations = Px () ;

. again, since for each way of performing the first two opera-
tions there are R ways of performing the third, the total number
of ways of performing the tirst three operations= P x Q@ x R ;

lastly, for each way of performing the first three operations
there being D ways of performing the 4th, the total number of
ways of performing the four operations=P x Qx Rx D.
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Hence, the required number of ways
= PxQxRxD

l_
- - .
Pl

And similarly any other case may be treated.

Nore. It should be clearly noticed that if the p a’s were p unlike
letters different from any of the rest, then, for each way of selecting p
poeitions for them there would be |p ways of arranging them ; hence, by
the mode of reasoning followed in the present article it is eany to see that
if the a's, b's, ¢'s, were respectively p, g and » unlike letters, the total
number of wafk of arranging the n letters would be (P{p) x (Qq) x (R|r)
x D or [n & result already obtained, in Art. 3, from a different point of
view.

Otherwise :—
The result of this article can also be obtained as follows :—

Let N represent the required number of permutations.
Then if in any one of these permutations the p a’s were changed
into p unlike letters different from any of the rest, then
without altering the position of the remawing letters, from this
single permutation alone we could from [p different permuta-
tions. Hence if this change were made in each of the N
permutations, the whole number of permutations wculd be
N x |p.

[For instance, if there be 3 «'s then from the single permutation
bcafgaak, when the a's are changed into three different letters a,, a,,
a,, we can form the following |3 permutations without altering the position

of any of the remaining letters:—(1) bea,fyagask, (2) bea,fgasask,
(3) beagfya,azk, (4) beagfyagn,k, (5) beayfya,azk, (6) becayfgagn,k.]
Similarly, if in each of these new permutations the ¢ letters
b were changed into ¢ unlike letters different from any of the
ragt, the whole number of permutations would be N x |[px |g ;

and if in each of these permutations again the r letters
¢ were changed into r unlike letters different from any of the
rest, the whole number of permutations would be ¥ x |p x |g x |r.

Thus when all the letters are different from one another the
total number of permutations = N x [p x |g x |r.

But the same number also = |n,

S Nxlpxlgxig=in;
S Ne —-l!—.
Pl
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Example 1. How many different words can be formed out
of the letters of the word constantinople? In how many of
these will the 3 n’s be consecutive letters ?
(Calcutta University F. A. Paper, 1878.)
We have altogether 14 letters of which 2 are o, 3 are n,
and 2 are ¢

Hence, the required number of words
s
BFTETE)
= 14.13.12.11.10.9.8.7.6.5
= 3632428800.
If the 3 w's are to be consecutive letters in every word,

then they may be regarded as one letter and thus we have only
12 letters of which 2 are o and 2 are &

Hence, the number of such words
_ s
2E
= 12.11.10.9.8.7.6.5.3.2
= 1197560400,

°
Example 2. There are fifteen boat clubs ; two of the clubs
have each three boats on the river, five others have two, and
the remaining eight have one : find an expression for the
number of ways in which a list can be formed of the order of
the 24 boats, observing that the second boat of a club cannot be
above the first.

Since the 1st boat of any club must always occupy a higher
position in the list than the 2nd, and the 2nd, a higher position
than the 3rd, it is evident that after we have chosen any one
set of positions in the list for the boats of any club there is
only one way of putting them in these positions, and ,therefore
the boats of any club must be virtually regarded as all aliks.

Thus the number of ways of forming the list is quite the
same as the number of permutations of 24 letters taken all
together of which 3 area, 3ared, 2arec, 2ared, 2 aree,
2 are f, 2 are g, and the rest unlike.

Hence the required expression
24

T Brer
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BExample 3. In how many ways can the letters of the word
multiple be re-arranged —

(1) without changing the order of the vowels ;
(2) without changing the place of any vowel ;
(3) without changing the relative order of vowels and
consonants !
We have altogether got 8 letters of which two are /, and
the rest unlike.

(1) 1If the order of the 3 vowels in any arrangement is to
remain the same the vowels must be regarded as like letters, for
in that case choosing any three positions for them there is only
one way of putting them in those 3 positions ( namely a in the
first of those positions, ¢ in the 2nd and ¢ in the 3rd, ie, in
the order u i 6 in which they initially stand).

Hence, the total number of ways of arranging the letters

- '@‘ = 51 -
3¢ 8.7.6.5.2 = 3360.
Therefore, the number of ways of re-arranging the lelters
= 3359.
(2) If the vowels have to remain fized in their positions

the total number of arrangements of the letters is evidently
the same as the number of arrangements of the other 5 letters

in the remaining 5 positions and is .", lé;-: = 60.

Hence, the number of ways of re-arranging the letters = 59.

(3) If the relative order of the vowels and consonants
main the same in every arrangement, then the lst position

always be occupied by a consonant, the 2nd by a vowel,
the 3rd and 4th by cousonants, the 5th by a vowel, the 6th
and Tth by consonants and the 8th by a vowel ; i.e., the vowels
will continue to occupy the 2nd, 5th and 8th positions as they
do initially, irrespective of the order in which they may occupy
thess positions.

Now, the vowels can be placed in the specified places
in {3 ways, and the 5 consonants in the remaining 5 places

]

in i3 ways.



Xv.] PBRMUTATIONS AND COMDINATIONS. 285

Hence, the total number of arrangements of the letters
- 3x2 - 360;
L:ix lz 360 H

and ", the number of ways of re-arranging the letters = 359.
Example 4. How many numbers greater than a million can
be formed with the digits 2, 3, 0, 3, 4, 2, 31

Since each number is to consist of not less than 7 digits
we shall have to use all the 7 digits in forming the numbers.

Now among these 7 digits there are 2 two’s and 3 three's ;
hence, the total number of ways of arranging the digits

= Ul = 420.
23

But out of these arrangements we have to reject those that
begin with zero, for they are no numbers.

Now evidently there are as many such arrangements as there
ure ways of arranging the remaining 6 digits among themselves,
and ", their number = 16 = 60,

(23

Hence, the required number

[
= 420-60
= 360.

EBxample 5. In how many ways can the letters of the word
‘“arrange” be arranged? How muany arrangements can be
made, (a) if the two »’s are not allowed to come together, (5)
if neither the two s nor the two a’s are allowed to come to-
wether ! )
(Madras University F. A. Paper, 1888.)

We have altogether 7 letters of which 2 are », 2 are a,

and the rest unlike.

Hence, the total number of ways in which the letters can
be arranged

-
(212
= 7.6.5.2.3
= 1260.
(a) Let z = the required number of arrangements, i.c.,
those in which the two ’s are not consecutive letters ;
and y = the number of those in which they are so.
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Then we must have x+y = 1260.

To find y we must regard r» as one letter, and find the
number of arrangements of the six letters a, (r7), a, n, g, ¢,
taken all together.

6.

Hence, y = 2

- 6.5.4.3

= 360.
Hence, z = 1260 - 360

= 900.

(6) Let N be the required number of arrangements, i.e.,
those in which neither the two s nor the two a’s are consecu-
tive letters.

Let = the number of arrangements in which the two »’s
as well as the two a’s ar¢ consecutive letters,

m = the number of those in which the two 7’s are con-
secutive letters, but the two a’s are not so,

n = the number of those in which the two a’s are
consecutive letters, but the two #'s are not so.

Then we must have

N = 1260 - (Il +m+n).

To find ¢ we have to find the number of arrangements of
the five letters (aa), (rr), », g, e taken all together.

Hence ! = |5 = 120 o (a)

Also from the solution of the prevtous part of the problem,
we see that

{+m = the number of arrangements in which the two
2’8 are consecutive letters
= 360 (B)
and 7+n = the number of arrangements in which the
two a’s are consecutive letters
= 360 (v)
Now subtracting («) from the sum of (,B) and (y) we have
l+m+n = 720-120
= 600.

Hence, N = 1260 - 600
= 660, -
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Exercise (70).

1. How many different words can be made out of the
letters which form the word Allehabad? In how many will the
vowels occupy the even places

(Allahabad University 1. E. Paper, 1891,)

2. In how many different ways may the lctters of the

continued product ¢® d e* f ¢* be written }

3. Find how many words could be made from the letters
of the word Orion, supposing (i) the letters may stand in any
order and (ii) supposing that the two consonants may not stand
together.

(Caleutta University F. A. Paper, 1875.)

4. In how many ways can the letters of the word ration-
alisation be re-arranged ! In how many of the new arrange-
ments will the 2 ¢'s bo together, and in how many will the 3 a’s
occupy the first three consecutive positions 1

5. If as many more words as possible be formed out of
the letters of the word franscendentalism, in how mapy of them
will the first three positions be occupied by the 3 #’s and the
last two by the 2 ¢'s 1

6. » In how many ways can the letters of the word taehin-
nation be re-arranged without changing the order of the letters
hand ¢}

7. In how many ways can the letters of the word Utilita-
rianism bo re-arranged without changing the position of any
of the vowels.

8. In how many ways can the letters of the word Civils-
sation be re-arranged without changing the relative order of
vowels and consonants ?

9. You are given 12 balls of which 4 are red, 3 black
and 5 white ; in how many ways can you arrange the balls so
that no two white balls may occupy contignous positions’?

10. Suppose from a certain College at the B. A. Examina-
tion of the year 1888, 3 eandidates obtain first class Honours
in each of the following subjects : English, Mathematics and
Physical Science, no candidate obtaining Honours in more than
one subject ; in how many ways may 9 scholarships of different
values be awarded to the 9 candidates provided only that due
regard be paid to the plauces obtained by candidates in any
one subject.
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11. How many different numbers each of six digits can be
expressed by means of the digits of the number 121, 202 ¢

-.( (Madras University F. A. Paper, 1886.)

12. How many numbers can be formed with the digits
9, 8,5 2 3,4, 3, 2,05, 8,5, 2, 3, taken all together, so that the
even digits may always occupy the even places ?

13. A train consists of 12 carriages, of which 5 are first
class, 4 second and the rest third class. In how many different
ways may the carriages be arranged? In how many different
ways mny they be arranged so that all the firat class may be
together ?

14. Of 15 balls of which some are, white and the rest black,
how muany should be white so that the number of ways in
which the balls can be arranged in & row may be the greatest
possible ?

8. To find the number of permutations of n
things taken » at a time when each may occur once,
twice, thrice, &c., up to » times in any permutation.

Let the = letters a, b, ¢, d, &c, represent the = things.
Then it is implied that we have at least » of each of these letters,
(2.0, ¥ a's, » b's, v s, &c.) at our disposal so that in $illing up
= positions we can put any letter in one or more (as we like), up
to all, of these = positions.

Suppose we put a in the 1st position ; thenin the 2nd
position we can put a, or &, or ¢, or d, i., any one of the n
letters ; thus for each way of filling up the lst position there
are # ways of filling up the first two ; hence the total number
of ways of filling up the first two positions =n x n =n2.

Again, when the firat two positions have been filled up
in any one way, there are evidently a ways of filling up the
third (for instance a a occupying the first two positions, the 3rd
position may be occupied by any of the n letters) ; thus for each
way of filling up the first two positions there are n ways of
filling up the first three ; hence the total number of ways of
filling up the first three positions = n% x n=n3,

Continuing this chain of reasoning it is evident that the
number of ways in which » positions can be filled up = n".

Nore. In working out examples of this nature it is instructive to
work out the result in every particular case by the mode of reasoning pointed
out above ; to apply the formula is more or less mechanical.
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Bxample 1. If there be x things to be given to n persons
shew that n* will represent the whole number of different ways
in which they may be given.

. . R 4

Any ouc of the things can be given away in W ways, for it
can be given to any of the » persons ; and for each of these ways
any of the remaining things can also be given away in » ways, for
the person who has already got the first thing may also get this.
Hence there are altogether n* ways of giving away two things.

Agnin, for each way of giving away two things there being
n ways of giving away a third, the total number of ways of
giving away three things = a* xn = a?,

Proceeding thus we find that the total number of ways of
giving away « things = n
Example 2. If there be two kinds of balls, black and white,
and at least 4 of cach kind, in how many different ways can a
ball be put in each of 4 different boxes !

Tu the Ist box we can put ecither a white ball or a black
ball, but whichever is put we can also then put in the 2nd box
cither a white or a black ball : thus there are 2x 2 or 2% ways
of putting balls in the first two boxes.

Agaan, for ench way of putting balls in the first two boxes,
there being 2 ways of putting a ball in the third, the total num-
ber of ways of putting balls in the first three boxes = 2% x 2

3

1lence, since for each of these ways again there are two
ways of putting a ball in the 4th, the required number of ways
= 2¢ = 16.

Exercise (71).

1. In how many ways can 3 prizes be given away to 7 boys
when each boy is eligible for any of the prizes? *

2. There are 3 candidates for a Professorship, and one is
to be elected by the votes of 5 men; in how many ways can
the votes be given }

(Bombay University P. E. Paper, 1888.)

3. 1f there be 4 differcnt steamers plying between Calcutta
and Chandbali, all of them leaving Calcutta together, in how
many ways can a gentleman make 7 journeys from Calcutta to
Chandbali ?

2—-19
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4. In the preceding example what would be the answer if
one of the steamers were in dock for repairs when the gentleman
made his 8rd journey and if two of them were in dock whben he
made his 5th journey, on every other occasion all the 4 steamers
plying together ?

6. Sixteen men compete with one another in running,
swimming and riding. How many prize-lists could be made if
there were altogether 6 prizes of different values, one for run-
ning, 2 for swimming and 3 for riding ?

8. A guardian with 6 wards wishes every one of them to
study either Law or Medicine or Engineering ; in how many
ways can ho make up his mind with regard to the education of
his wards, if every one of them be fit for any of those branches
of study ?

7. There are m men and n monkeys, n being greater than
m. If a man may have any number of monkeys, in how many
ways may every monkey have a master ?

(Bombay University I', K. Paper, 1891.)
9. To find the number of combinations of n things
taken » at a time when each may occur once, twice,
thrice, &c., up to » times in any combination.

Let "7/, denote the number of such combination® and let
the n letters a, b, ¢, d, &c., represent the n things,

If we write down all the *//, combinations, among them
the number of those that contain any particular letter, say a
at least oncs, will be = "H__,; for, each such combination
consisting of an a and a group of » — 1 letters besides, there are
altogether as many such combinations as there are ways of form-
ing a group of 7 — 1 letters out of the n letters. . . . . (a)

Now, when all the ®7, combinations are written down, it is
evident that the total number of letters written down is » x "/, ;
also since no special favour has been shown to any of the n
letters, it is clear that each must have been written down the same
number of times, and therefore that number = (r x *I7)) <+ n,

Hence the total number of a’s in these combinations clearly
=x*M)+n, .. .0 L0 0oL (B)
But tho total number of 2’s may also be counted in a different
way :—

Of the ~#I, combinations take those that contain & at least
onoce, and remove from each the single letter 4 which is common
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to them all. We thus get, as is clear from (a), "#,_, a's ; and
there are left all possible combinations of the n letters, taken
r—-1 at a time, the aggregate number of a’s in which, by (8),

- {(r=1)x*H,_,}+n
Hence the total number of a’s may also be put down

-l +"_‘.n1 xodl,_,

(v

r—-1

- nt+r-1 < oI
n

From () and (y) therefore we must have

ool = PR ey
n n
or, ", = ’i“_::_‘ xoIl, .
Similarly, *ff,_, = "7 2ol
“,_, = ”:;’.;_"’x-a,_.,
[ ]
oy =22,

s, o= "Hleenm,

Now =/, 1s obviously = n.
Hence, multiplying and cancelling factors common to both
sides, we have
H = n(n+1)(n+2)...(n+r-1)
: Ir

n+r-1

Exp-L

Obs., Thus *Il, = **-1(,, that is the number of combina-
tions of n things taken r at a time when repetitlons are
allowed is the same as the number of combinations of n+r—1
things taken r at a time when repetitions are not allowed.
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Exercise (72).

1. In how many ways can a group of 5 letters be formed
out of Ha’s, D Vs, Hesand H d's !

2. Tn how many ways can you sclect six coins out of 20
rupees, 10 eight-anna preces anl 7 four-auna pieces

3. If there be three different kinds of mangoes for sale in
a market, in how many ways can yon purchase 25 mangoes ?

4. In how many ways can a party of six men be selected
out of 6 Hindus, 6 Brahmos, 6 Christians and 6 Maxhommedans ?

10. To find the number of permutations or combi-
nations of » things taken » at a time when the
things are not all different.

The method can be best jllustrated by solving a few parti-
cular cases.

Example 1. To find the number of combinations of the letters
of the word proportion taken 6 at a time.

We havo altogether got 10 letters of which 2 are p, 2 are r,
3 are o, and the rest ditferent ; thus the letters are :—-

(1) (2) C) N ) G )
[m2]; [rvrls oo 0] [t]; [ +]; [ ]
Now in forming combinations of these letters taking 6 at a

time, it s evident, that, in some combinations all the letters will
be different  whereas in others not so : hence the combinations
enn be davided into the following classes : —

(i) Combinations in which all the 6 letters are different.
(ii) Combinations in which 4 letters are different and the
other two alike.

(iii) Combinations in which 3 letters are diftercut and the
other ¥ alike.

(iv) Combinations in which 2 letters are differcut and of
the other 4 two are alike of one kind and two alike of another.
(v) Combinations in which there is one letter different

from any of the rest which consist of 3 letters alike of one
kind and 2 alike of auother.

(vi) Combinations consisting of 3 different pairs of like
Jetters,
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It is casy to sce that the above classification is exhanstive,
Now to find out the number of combinations in each of these.
classes,

(i) Since we have altogether got 6 different letters, namely,
2, 1,0, 0 %, n, there is only one combination in which all the
letters are diflerent, .., the number of combinations in this
class = 1.

(ii) Combinations of this class are formed by taking (p, p):
with any 4 of the b letters r, o, ¢, 3, n; taking (r, ») with any 4
of the 5 letters p, o, ¢, 4, n; and taking (o, 0) with any 4 of the
5 letters p, 7, ¢, 1, n. Hence the number of combinations in
this class = 3x °C, = 3x3C, = 3x5 = 15.

(iii) Combinations of this class are formed by taking the
single group (o, o, 0) with any three of the 5 letters p, r, ¢, 3, n.
Hence the number of combinations in this class = Cy = *Cy =10.

(iv) Combinations of this class aro formed by taking
(pp;7, r) with any two of the 4 letters o, ¢, 1, u ; taking
(p, p;o, 0) with any two of the 4 letters 7, ¢, ¢, n; and taking
(r, r;0,0) with any two of the 4 letters p, ¢, 4, n. Hence the
number of combinations in this class = 3x ¢C; = 3x6 = 18.

(v) Combinations of this class are formed by taking
(0, 0, 0 ; B, p) with any one of the 4 letters r, ¢, 3, n; and taking
(0, 0, 0 ; v, ¥) with any one of the 4 letters p, ¢, 3, n. Hence the
number of combinations in this class = 2x4C, = 2x4 = 8.

(vi)  There is only one combination in this class (namely,
DD;7T; 0 0)
Hence the total number of combinations
= 1+15+10+18+8+1
- 53. '
Example 2. Find the number of permutations of the letters
of the word examination taken 4 at a time.

We have altogether got 11 letters of which 2 are ,°2 are 1,
2 are n, and the rest different ; thus the letters are :—

M, @ G @ G e (D (8
fa,al; [ 3); [mnl; [e)s [2); [m]; [¢]5 (o]
Now, if we form combinations of these letters taking 4 at a
time, evidently in some combinations all the 4 letters will be
different and in others not so; hence the combinations can be:
divided into the following classes :—

(i) Combimations in which all the 4 letters are different.
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(ii) Combinations in which 2 letters are different and the
other two alike.

(iii) Combinations in which 2 letters are alike of one kind
and 2 letters alike of another.

It is easy to see that the above classification is exhaustive.
Now to find the number of combinations in each class and thence
the number of permutations,

(i) Combinations of this class are formed by taking any
4 of the 8 letters a, ¢, n, ¢, 7, m, ¢, 0. Hence the number of
combinations in this class = ¢C.

But from each of these combinations we get |4 permutations ;
*. the number of permutations obtained from this class of com-
binations = #C, x |4 = 8.7.6.5 = 1680.

(ii) Combinations of this class are formed by taking (a, a)
with any two of the 7 letters s, n, ¢, 2, m, ¢, o ; taking (4, ¢) with
any two of the 7 letters a, », ¢, z, m, ¢, o ; and taking (n, ) with
any two of the 7 letters a, 4, ¢, z, m, ¢, 0. Hence the number of
combinations in this class = 3x 7C,.

4

But each of these combinations gives us z permfitations ;

hence the number of permutations obtained from combinations

of this class = 3x 7C, x 'l% = 3x21x12 = 756.
(iii) Combinations of this class are evidently, (a, g, 1, 4) ;
(a, a, 7, m,) ; and (4, %, n, n) ; i.e,, they are altogether 3 in number.
But each of these combinations gives us —Lg—il?_ permutations ;
hence the number of permutations obtained from combinations

i - -—L4-—- - -
of this class = 3 x 2E 3x6 = 18.
Hence the total number of permutations = 1680 + 756 + 18
= 2454,

Example 3, How many words, each consisting of two vowels
and two consonants can be made out of the letters of the word
‘devastation’ ! In how many of them will the two #'s be together

(Calcutta University F. A. Paper, 1879).
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We have got altogether 6 consonants, namely, d, v, 3, ¢, ¢, n
of which 2 are alike ; and 5 vowels, namely, ¢, a, a, i, 0 of which
also 2 are alike.

The combinations of the consonants taken two at a time can
evidently be divided only into the two following classes :—

(i) The single combination (¢, #) which consists of two like
letters.

(ii) Combinations formed by taking any two of the b5 letters
d, v, 3, t, n, (ie, those in which the letters are different) ; the
number of such combinations being evidently = :C, = 10.

And the combinations of the vowels taken 2 at a time are
also divisible into the two following classes :—

(1) The single combinations (a, a) which consists of two
like letters.

(2) Combinations formed by taking any two of the 4 letters
e, a, 4,0, (t.a, those in which the letters are different); the
number of such combinations being evidently = ¢C; = 6.

Now, in finding the number of words that can be formed
with 2 consonants and 2 vowels we must proceed as follows :—

1st,e taking (¢, ) with (a, @) we get one combination of 2
consonants and 2 vowels; and the number of words that we

get from this combination ig clearly = B L 6.

2
2ndly, taking (¢, ¢) with any of the 6 vowel-collections in
(2) we get 6 combinations of 2 consonants and 2 vowels ; each
of these combinations, containing only 2 like letters, evidently

(3

gives us 0 words. Hence, the total number of words obtained
from these combinations
-6x & o .
6 x 2 72.

3rdly, taking each of the 10 consonant-collections in (ii) with
(s, @) we get 10 combinations of 2 consonants and 2 vowels ;
each of these combinations having only two letters alike evidently

gives usg_ words. Hence the total number of words formed

from these combinations = 10 x Lf, - 120.

2
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4thly, taking each of the 10 consonant-collections in (ii)
with each of the 6 vowel-collections in (2), we get altogether 60
combinations of 2 consonants and 2 vowels; each of these com-
binations consisting of 4 different letters evidently gives us |4
words. Hence the total number of words obtained from these
combinations = 60 x |4 = 1440,

Hence, the total number of words '

= 6+72+120+1440
= 1638.

To find the number of words in which the two ¢s are
together.

From the 18t and 2nd of the abova four cases we see that
the group of letters (¢, #) occurs altogether in 7 combinations ;
in one of these combinations, namely, (¢, ¢, a, a) the vowels are
like and in each of the other 6 the vowels are unlike. Hence
considering the two ¢s as one letter, the number of words

obtained from the 1st combination = Lé = 3; and the number
of words obtained from the other six = 6 x |3 = 36.

Hence the total number of words in which the two ¢’s are
togother = 3+ 36 = 39. ¢

Exercise (73).

1. Find the number of permutations which can be formed
from the letters of the word thatch taken 3 at a time.

3. Find the number of different groups of 4 letters thah
can be formed from the letters of the word succeeding.

3. Find the number of ways in which the letters of the
word toleration may be arranged taking 4 at a time.

4. Find the number of permutations that can be formed

out of the letters of the word legitimate, taken 5 at a time.
.. 6. Find the number of combinations of the letters of the
!rotd alliteration taken four at a time.
(Cnlcuttu University F. A. Paper, 1889)

. 6. Find the number of different collections of 7 letters that
oan be formed from the letters of the word accommodation.

7. How many words each consisting of 7 letters can be
formed from the letters of the word in the preceding example ?
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8. Find the number of words each consisting of 3 con-
sonants and 3 vowels that can be formed from the letters of the
word circumference.

9. In how'many of the words found in the preceding
example will the 3 ¢’s be together ?.

10. Find how many numbers greater than 1000 can be
formed from the digits 112340, taken four at a time.
(Madras University I, A. Paper, 1889,)

11. Miscellaneous Examples.
Example 1. In how many ways can n persons form a ring ?
In how many ways can 7 Englishmen and 7 Americans sit down
at a round table, no two Americans being together 1

(i) In placing a number of things round a circle we regard
two arrangements as ditforent only if they are difterent as
regards the relative positions of the things. Thusif A, B, C,
D, E, F denote a number of things, the following two arrauge-
ments are not different : —

(1) (2)
A E
D F
C A
B
but the following two are—
3) (4)
A A
1y B F B
E C E D
D €

. In (1) and (2) if we start from A and travel round the
circle in the same direction as that in which the hands of a
watch revolve, we mect with the same letters precisely in the
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same order, and hence, these two arrangements are regarded
as the same (although the letters do mnot ocoupy the same
absolute positions in each) ; but in (3) and (4) this is not the
vase, and so they are regarded as different.

Hence if we want to place a number of things round a
circle we obtain the different arrangements by putting one
of the things in a fixed position and changing the positions of
the rest in all possible ways.

Hence, it is clear that the number of ways in which »
persons can form a ring = |n—1, for if one of them be placed

in a fixed position the remaining n — 1 persons can be seated in
the remaining n ~ 1 positions in |n — 1 ways.

(ii) Put one of the Fnglishmen in a fixed position and
then arrange the other six in all possible ways. Thus the
number of ways in which the Englishmen may be seated = (6
= 720.

Let one arrangement of the Englishmen be as shewn in
the figure,

Then evidently there are only 7 positions (marked (1), (2),
(3), &c. in the figure) for the Americans, consistently with the
given condition,

Hence for each way of seating the Englishmen there are
{7 ways of seating the Americans.

Hence, the total number of ways of seating the Englishmen
and the Americans = |6 x |7

- 3628800.
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Example 2. In how many ways can 8 persons be seated at
a round table, so that all shall not have the same neighbours
in any two arrangements }

The total number of ways in which the 8 persons can be
seated, one of them occupying a fixed position = [T = 5040.

E
F D
Let one of these arrangements be G C
H
3 B

then A remaining fixed, evidently of the 5040 arrangements
E
D F

another will be C G and

BAH

it is evident that in both of these arrangements all the 8
personss have got the same neighbours (for instance, the neigh-
bours of D, in the lst as well as in the 2nd of these arrange-
ments, are C and E, although the left-hand neighbour in the 1lst
arrangement becomes the right-hand neighbour in the 2nd,
and vics versa ; similarly, every ons of tbe 8 persons have got
the same neighbours in these two arrangements).

It is evident then that in whatever order B, C, D, E, F,
G, H may be arranged from the right to the left of A, exactly in
the same order they may be arranged from his left to his right ;
and it is clear, as shewn above, that only in two such arrange-
ments all the 8 persons have got the same neighbours.

Hence, on the given condition, two such arrangements must
be counted as one, and .. the required number of arrangements
= } x 5040
= 2520.

Example 3. A gentleman invites a party of m +n friends
to dinner, and places m at one table and n at another, the
tables being round. Find the number of ways in which he can
arrange the guests. ]

Every time that he chooses a group of m friends for one of
the tables, there is left a party of n friends for the other. Hence
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the total number of ways in which the fricuds can be divided

. . [m+n
into parties of m and n = ™(C, = ====

UCUY
Now, after having chosen the parties in any one way he
can evidently pluce the m friends at one table in Im— 1 ways,

and the = persons at the other table in jn -1 ways ; hence for
each way  of choosing the parties there :i—r_t;_ﬂ—_l xin-1 ways
of arranging the guests, )

Hence the total nuwmber of ways of arranging the guests

lﬂ'l_'l-"u e — n - ]

Exapmle 4. Thero are 2n guests at a dinner party, Suppos-
ing that the master and mistress of the house have fixed seats
opposite one another, and that there are two specified guests
who must not be placed next to one another, find the number of
ways in which the company can be placed.

WMo,

5 \J
M

In the accompanying dingram let M, M’ represent seats
of the master and mistress respectively, and let a, &, ¢, &c.,
rapresent the 2n scats.

Let the guests who must not be placed next to one another
be called G, and (i,.

Now put i, at @, and G, at uny other position, say,c ; then
the remaining 22 -2 guests can be arranged in the remaining
2n ~ 2 positions in |2n - 2 ways,

"But when (i, is at a, G, can have any other position, ex-’
oepting the. position 4. Hence there will be altogether (2n - 2)
% [2n - 2 arrangements of the guests when G, is at a. . .
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The same number of arrangements may be made when G,
is at g, orh, or p. HWence for these positions (a, 9,4 p)of G,
there are altogether 4(2n - 2){'.1n —2 ways of arranging the
guests 1)

Again, put G, at b and (i, at any other position, say g ; then
the remaining 21 - 2 guests can be arranged in the remaining
21— 2 pasitions in 2n - 2 ways,

But when G, is at & there are altogether 2, - 3 positions
for (i,, namely,” every other * position excepting a and e.
there will be altogether (2u-3)'2n -2
guests when () is at b.

The same nnmber of arrangements ean he made when
At @y other position exeepting the four positions a, a, by p.

Hence
arrangements of the

G, is
Henee, for these 2u -4 positions of G, there will be alto-
vether (2n = 4)(2n - 3)|20 - 2 arrangements of the guests. ...(2)

Hence, from (1) and (2), the total number of ways of
arranging the guests

]

(20 =220~ 24 (2n - 4)(2n - 3l -2
(20 - 2) + (Zn — 4)(2n - Mi2e-2" -~
(4n% ~ Gn + 4)]20 - 2, o
Nofe. The answer may aléo be found by subtracting the Lumber of

arrangements in which G and ¢, are tagether, from the total numher of

arrangements that can be jade, aud ths i left as an exercise for the
<tudent.

Example 5. Trove that *C, + 40/, +1C, +¢C, = 24 -],
Lt the 4 things be denoted by a,, a,, a,, a,.
Evidently then the combinations of the things taken singly
are a;, @3, ay, @, ; combinations of them taken 2 at a time are
A1y, Bylly, A Ry, Ay, udy, aya, ; combinations of them taken

3 at a time are a,a,n,, a,u4a,, 21930, @38,3a, ; and lastly the
combination of them taken all together is a,a

I

3%3%,.
Hence, it is clear that the terms, with the exception of the
Ist term which is 1, of the product (I +a; )(1+a,)(1+a,)
(L +a,) give us all possible combinations of the 4 lctlers a,,
a,, a,, a,. L
Hence the total number of combinations
= number of terms in the above product minns one
= (2x2x2x2)-1
ie, 4L +4C, +4C, +4C, = 241,
Nore. The student can easily verify the result by actual calculation.
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p Cor. élrguing as above it may be shewn that *C, +*C, +
1
Oyt &e.+°C, = 21

Example 8. How many different sums can be formed with
the following coins : a furthing, a penny, a six-peuce, a shilling,
a half-crown, a crown, a half-sovereign and a sovereign ?
We have altogether got 8 coins.
Hence, the number of different suwms that can be formed
= S0, +"0+%C,+ . . L . . +8C,+8C,
- 28]
= 256.
Bxample 7. Out of 3 Mathematical books, 4 Scientific books
and 5 Litorary books how many different collections can be
made, each collection consisting of (i) one book on each subject
(ii) at least ono book on each subject 1

(i) With any one of tho Mathematical books we can take
any one of the Scientific books ; thus there are altogether 3 x4
ways of making a set containing one Mathematical book and
one Sciontific book.

Now with any of theso 3 x4 sets we can take any one of
the Literary books ; hence the total number of ways of choosing
s set containing one Mathematical book, one Scientifi® book
and one Literary book = (3x4)x5 = 60,

(ii) Since at least one book on each subject must be taken
to form a set wo can choose one, two, or more books from the
book on each subjeot.

Now the total number of ways in which wo can select one
or wmore of tho Mathematical books = 23 -1 = 7 ; the total
number of ways in which we can select one or more of the
Scientific books = 2! -1 = 15 ; and the total number of ways
in which we can select one or more of the Literary books e
28 -1 = 31.

Now to form a set containing at least one book on each
subject wo must gather together any one of the 7 different
selections of the Mathematical books, any one of the 15 different
seleotions of the Scientific books, and any one of the 31 different
selections of the Literary books; hence the total number of
ways of forming such a set = 7 x 16 x 31 = 3255,

Bxample 8. Find the sum of all the numbers which can be
formed with all the digita 1, 3, 3, 4, 5, in the acale of 10.



XV.] ) MISCELLANEOUS EXAMPLES, 303

Evidently one of the numbers formed with the 5 digits

a, b ¢ d e, is
104.a +103.5+10%c+ 10.d +6
and similarly every other number can be written.

From this it is clear that a will have 10* as its co-efficient
in as many numbers as there are ways of putting the other
digits with the other powers of 10.

Hence 104.a will occur altogether in (4 numbers.

Similarly, each of 1045, 10%.¢, 10*d, 10%e will occur
in {4 numbers.

Hence, if all the numbers formed with the digits be written
one below the other, thus :—

104.a+10%.56+10%c+10.d +¢
10%.a+103.¢+10%.6+10.d +¢
&e. &e. &e.
the sum of the first column will be
= 4x10*.(a+d+ec+d+e) (1)

Again, since 10%.a, 10%.5, 103.c, 103.d, 103.¢ will each

occur in |4 numbers, the sum of the 2nd column will be
* = 4x10%(a+b+c+d+a) (2)
Similarly, the sum of the 3rd column

= {x10%(a+b+c+d+e) (3)
the sum of the 4th column

= 4x10(a+b+c+d+e) (4)
and the sum of the 5th column

= {dx(a+dbtc+d+e) ... . (5)

Hence, from (1), (2), (3), (4), (5), the sum of all the numbers
that can be formed with the five digits

- Ux(a+b+c+d+e)x(10¢+10°+107 +10+1).
Hence, the required sum

= [4x(1+2+3+4+05)x(10,000 + 1000 + 100 + 10 +1)

= 24x15x 11111

= 3999960.

Example 9. Thero are n lines In a plane, no two of which are
parallel, and no three pass through the same point. Thelr
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points of intersection are joined. Show that the number of
fresh lines thus introduced is

aln = 1)(n - 2)(n - 3)
. )

Let AB be any one of the n straight lines and suppose it
is intersected by some other straight line €D at P.

4 P

Then it is clear that A28 containg n -1 of the points of
intersection, because it is intersected by the remaining o - 1
straight lines in » - 1 different points  For a similar reason
each of the other straight lines contains » -1 points.  Hence
the aggregate nnmber of points contained in the « straight
linoy = n(n-1). Butin making up this aggregate each point
has evidently been counted twice; for instance, the pont /2
has been counted once among the points situated on 48 and
again among those on ¢'D.

n(n-1)
9
find the number of new lines formed by joining these points :—

Hence the actual nnmber of points = Now to

The number of waw lines passing throagh P is e:'idently
equal to the numbor of points lying outside the lines A B and
D, for we get a nere line by joining 7> with cach of those points
only.

Now since ench of the lines A8 and CD contains n -2
points hesides the point P, the number of points situated on
AB and CD = 2(n-2)+1 = 2n-3. Therefore the number
of points outside 458 and €D

w(n-1)
3 -(2n - 3).

Hence the number of mew lines passing through P, and
similarly through each of the other points,

- ﬂ!?b:.l) -(2n-3) ;

and .,

the aggregate number of new lines passing through the
points

- ’“L;.L’{"(L{B-(zn-s)}.
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But in making up this aggregate, every new line is counted
trics ; for iustance, if () be one of the points outside 4 4 and
CD, the line ¢ is counted one: amony the lines passing
through 7 uud again among those passing through (.

Hence, the actual number of fresh lines introduced

= 5[??!"2‘ 1){"("2' h_ (2n - 3)}]

nmn 1) u?2-56u+6
4 o
wln=1)n—=2)(n-13)
= .-- .- - - .
8
N. B, The example has been worked out by the help of most ele-
wentary prineiples and the student i~ «trongly recommended to see that he
comprehends cach step fully before proceeding to the next,  The maode of
reasoning followed i the solution is expected to give the learner clenrer view
of the matter than any mechanteal application of formula,
Example 10. .\ train in going from (ambridge to london
stops at nine intermediate stations.  Six persons enter the train
during the journcy with six ditlereut tickets.  How many
different sets of tickets may they have had ?
o¢ 81 8s Sa 8y S 8. S; 8. 8,
The figure explains itself: 8,, S,, S;, &c,, S, representing
the nine intermediate stations.
Let us first find the number of different tickets altogether
available during the journey.
kvideutly at S,, 9 difterent tickets are available oue for
cach of the remaining 9 stations ; similarly at S,, 8 different
tickets are available ; and so on.
Hence it is clear that the total number of different tickets
available during the journey = 9+84+7+6+5+4+3+2+1
= 45.

Hence the six different tickets must be any six of these 45 ;
and there are evidently ns many different sets of 6 tickets as
there are combinations of 4/ things taken 6 at a time.

Hence, the required numcber
- 45
45.44.43.42.41.40
1.2.3.4 5.6
= 3Ix1lx43x7Tx41x20
= 8145060.

2—-20
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Note. The tickets are all suppored to be of the sam class. If differ-
ent clanses of tickets were considered, the total nuwber of different tickets
would be 45 x the number of classes of tickets.

Exercise (74).

»
1. Ten candidutes pass an examination in the first divi-

sion. Three scholarships of different values are to be given
among these men irrespective of their places in the examination.
How many different scholurships’ lists could be made 7 How
many could be made if the scholarshipy were of equal value ?

(Caleuttn University F. A. Paper, 1873.)
2. In how many ways can 10 Mahomedans and & Hindus
sit down at & round table, no two Hindus being together.

3. Tn how many diflerent ways can 10 beads of 10 differ-
ont colours be strung on n thread to form a ring ?

4. In how many ways can 6 persons bo seated at a round
table so that all shall not have the sume neighbours in any two
arrangements ?

5. A gentleman invites a party of 12 friends to dinner, and
places 6 at ono table and 6 at another, the tables being round.
Find the number of ways in which he can arrange the guests.

6. There are 12 guests at o dinner party.  Supposing that
the master and imistress of the house have fixed seats opposite
one another, and that there are two specified guests who st
always be placed next to one another ; find the number of ways
in which the compuuy can be placed,

7. Find the number of combinations of 16 things, 8 of
which are alike, taken 8 at a time.

8. A gentleman has got 5 sorts of note paper, & diflerent
pens, and 4 different inkstands ; in how many ways can he
begin to write a lotter?

9. Suppose in a certain Algebraical Exercise book there
are 15 exnmples on Arithmetical Progression, 20 examples on
Permutations and Combinations, and 18 examples on the Bino-
miul Theorem ; m how many ways can a teacher select for his
pupils not more than 2 examples from each of these sets ?

10. Suppose in a certain town there are 3 H. K. Schools, in
the 1st of which there are 12 tcachers, in the 2nd 10, and in
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the 3rd 8; if not less than 2 and not more than 3 teachers from
each school must assist the DPrincipal of the loeal College in
superintending the University Examinations, fud the number
of ways in which supervisors can be selected from the schools.

11. How many different collections of letters ean be made
by taking at least + letters from each of the words length, stroke,
and number !

12 How many ditterent selections of letters can be made
by taking at least one letter from each of the words random,
noble and wntegral °

13. In how many ways is it possible to draw a sum of
money from w bag containing n sovereign, a half-sovereign, a
crown, a florin, a shilling, & peuny, and - farthing ?

14. Find in how many ways groups of 8 persons, 4 Iadies
and ¢ geutlemen, ean be formed ont of 8 Jadies and 9 gentlemen,
subject to the condition that two  particular  gentlemen are not
stmultanconsly to be in the sune group with a particular lady.

(Maddras University F. A, Paper, 1885,)

15. A telegraph has m arms, and each arm is capable of »
distinet positions ; tind the total nwmber of signals which can
bhe madeswith the telegraph, supposing that all the arms are to
be used to form a sigual,

16. A telegraph has five arms, and each arm is eapable of
4 distinet positions, ineluding the position of rest ; what is the
tutal number of signals that can be made ?

[When all the arms are in positions of rest no signal ean be made. |

17. There are » - 1 scts conlaining 2a, 3a, &c., n»e things
respectively : shew that the number of combinations which can
be formed by taking @ ont of the tirst, 2« out of the second, and

‘na
8o on, for each combination, is =~
()

18. Yon are given three classes of letters :—(n), a,, a.,
@) (by, by by,) ;5 (04, ¢4).  Prove that the total number of com-
binations which can be made with these letters when no two of
the same class enter into any combination = Tx4x3-1.

[The a's can be disposed of‘in § ways, for we way take any of the
four or none. Similarly, the s and c'x can be disposed of in 1 and 3 ways
respectively. Hence the number of diflerent ways of disposing of all the

letters = 5<4 .3 But this includes the case in which no letter is taken
from any class, Hence &c/) :
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19. A drawer is fitted with » compartments, and cach com-
partment contains 2 counters, no two of which are marked alike.
Prove that the total number of combinations which can be made
with these counters, when no two out of the same compartment
enter into any combination, is (n +1)* - 1.

20. If 2, denote the number of permutations of = differ-
ent things taken » at u time, show that
1) ])' l)
O T B R
Thtet |
(Madras University F. .\, Paper, 1850.)
[See example b worked out on page 301.]
21, Shew that 154 numbers less than 1000 and divisible
by 5 can be formed with the ten digits each digit not oceurring
more than once in each number.

(Madras University I°. A, Paper, 12883,)

22. Find the sam of all numbers greater than 10,000
formed by using the digits 1, 3, 5, 7, 0.

23. 1f # points in a plane be joined in all possible ways by
indefinite straight lines, and if no two of the straight lines be
coincident or parallel, and no three pass through the same point
(with the exception of tho n original points), then the number
of points of intersection, exclusive of the » points will be

w(n - 1)(n - 2)n - 3)
8 g

24, A mail train from Calcutta to Goalundo stops at 12
intermedinte stations. Seventy-five persons enter an interme-
dinte earringe during the journey with 75 different tickets. low
mauny different sets of tickets may they have had ?

25. Twenty-five passengers arrive at a Railway station
and proceed to the neighbouring village. At the station,
there ure 2 coaches accommodating 4 each, and 3 carts accom-
modating 3 each. Find the number of ways in which they can
proceed to the village, assuming (1) that the conveyances are
always fully ocoupied, and (2) that the conveyances are all distin-
guishable from each other. (Madras University F. A. Paper, 1881.)

e n| i in rties of 17 and 8 in 2*(C,, wa;
and E;h mﬁﬁﬂﬁﬁ&?&ﬂﬂ?ﬁ tixeul)im party there will be *0.I :vuyay:f
sccommodating the second.]

26. Prove by the theory of combinations that the product
of any n consecutive integers is divisible by [n.
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27. Show that
e, = "C.+"C,_,.
28. Shew that 2.6.10.14 . . . . ton factors is equal to
(4 1)(n+2)(n+3;. .. ton factors,
(Madras University I, A. Paper, 1888.)

2n
[We bave (n+1)(n t 2)(n+3) . . . . to n factors = ‘.l-l,. - &e. See ex-
(U4
ample 3 worked out on page 271.]
29. Prove, without assuming the formula for the number
of permutations, that

.1’,. = --l,!r+rxn l’)"“r

30. In how many ways can eight different things be
divided between two persons 1

31. In how many ways can the following books be divided
between two  students :—3  copies of Todhunter's Algebra,
5 copies of Hamblin Smith’s  Trigonometry and 7 copics of
Milton’s Paradise Lost !

32 If .Y, denote the number of permutations of x ditter-
ent things taken r together, shew that

. .oor(r-1 .
), % et N 4" » Vi, N+
+r. M\ N, + N,
(Madras University ¥. A. Paper, 1879.)

{Any (w4 n) things can be divided into two groups, one containing m
things and the other, n things. Heuce it s easy to see that any selection of
7 thiugs out of the (w+ ) things can be placed under one or uther of the
following heads of clasritication :—1) r thimgs all from the Ist group, (2)
(r = 1, things from the first group snd 1 thing frow the 2ud, (3) (r —2) things
from the first group and 2 things from the “nd, (1) (r- 3) things from the 14t
group and 3 things fiom the 2nd, and so on.]

33. There are four sets of bulls of four different colours,
red, white, indigo, black ; each set consisting of four balls
marked 1, 2, 3, 4. Find the number of ways in which the bally
can be put into four ditfferent hoxes, each box coutaining four
balls murked 1, 2, 3, 4, all of different colours.

iLet (R, R, R, R), (W, W, W, W, ,1,, I, I,),
and (B8,. B, B,, B,,) denote the respective balls of the different colours,
Let one of the groups of balla that ean be put into the tirst box be R, W,

I, R,. Then R,, Ry, R,, can be put into the other three hoxes in |3 ways ;
and it can be eaxily scen that for each of these ways thers are only four ways
of distributing the remaining ¢ balls among those boxes.]
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24. 1n how many ways can a pack of 52 cards be distri-
buted equally among four persons so that, —(a) cach may have
ace, king, queen und knave of the same surt,—(b) each may have
ace, king, quecn und knave all of diffurent suits,

(Madras University F. A. Paper, 1878.)
[In solving (5) take the help of the last example. )

CHAPTER XVI.

MATHEMATICAL INDUCTION.

This is a method of proof by which the truth of a general
theorem is deduced from that of a particular case of it. First
of all we find by actual verification that the theorem is true in
certain simple cases. We then proceed to shew that if the
theorem be true in any one case 2whaterer, it must be true in the
next case  This fact being established, the truth &f the case
next to the one last verified becomes obvious, and thence that
of the case next following, and so on. Thus, proceeding from
case to case the theorem is found to be true universally,

The method will be best illustrated by the following
examples.
Example 1. Shew by the method of Induction that the sum
of n terms of the series

14+3+46+10+15+ &e.
is Jn(n 4+ 1)(n+2).
(Bombay University P. E. Paper, 1891.)
The sum of two terms of the series is obviously 4 : also

when » = 2 we have Jn(n+1)n+2) = }.2.34. = 4. Thus
the theorem is true when n = 2.

Let t, denote the a'h term of the series and S the sum of
n terms. Then we have

S=14+3+6+10+15+ . . . +¢,
also N = 04+1+434+ 64104+ . . . 4¢,_,+¢,.
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Hence, by subtraction,
0=(1+2+3+4+5+ ...tonterms)-¢,;
1+24+3+4+&e. to n terms

e +1)

-~
]

. (r+1
Kvidently therefore the rth term of the series = & 2 )’
(r+1)r+2)

and the (» + 1) term ”

where » is eny number.

Now assume the thecorem to be true when n = »; that is,
suppose

143464104154+, + ¥

~ A+ 1)+ 2).
Then we must have

. = r(r+1)  (r+1)r+2)
1+3+6+10+15 ... + 2 2
(r+1)(»+2)

0
-

L+ )(r+2)+
_ (r+ D0+
N 6
s+ )(r+2)(r +3),

which shews that the theorem is true when n = r+1.

Dir+3)

Thus it i3 proved that i/ the theorem be true when we
take a certain number of terms, whatever that number may be,
it is true when we increase that number by one.

But we know that the theorem is true when 2 terms are
taken ; therefore it is trne when 3 terms are taken, and therefore
it is true when 4 terms are taken ; and so on. Thus the theorem
is true universally.

Example 2. Prove by the method of Induction that every
even power of every odd number when divided by X leaves 1
for a remainder. (Bombay University . E. Paper, 1890.)

First to prove that the square of every odd number when
divided by 8 leaves 1 for u remainder.
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Let n» be any positive integer; then 2a+1 is an odd
number, and the next odd number is 2n + 3.

Now assume that (2n+1)* when divided by 8 leaves 1 for
# remainder ; that is, suppose
(2n+1)? = 8Q+1,
where @ is an integer.
Then, since (22 +3)2 = (22 +1)3
= (4n+4)2
= 8(n+1),
we have (22 +3)® = (2u+1)2+8(n+1)
= 8(Q+n+1)+1,

which shews that (2n + 3)* when divided by 8 leaves 1 for
a remainder.

Thus it is proved that if the square of any odd number
when divided by 8 leaves 1 for n remainder, the square of the
next odd number does the same.

But we know that this is true of 32 ; therefore it is true of
52; and therefore it is truc of 72 ; and so on. Thus @t is true
universally.

Hence it is proved that (2n+1)2 = 8Q+1. ... (a)

Let us now assume that (2n+1)%™, where m is any positive
intoger, when divided by 8 leaves 1 for a remainder ; that iy,

suppore
@+1)™ = 8¢ +1,
where ¢’ is an integer.
Then we have
(2n+1)2"'® = (2a+1)*"(2n+1)?
= (8@ +1)&Q+1)
= 88U +@+Q)+1,

which shows that (2n+1)2"*? when divided by 8 leaves 1
for a remninder.

Thus it is shown that if any even power of 2n+1 when
divided by 8 leaves 1 for a remainder, the next even power of
2n + 1 does the same.
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But we know from («) that this is true of (2n+1)3; there-
fore it is true of (2n+ 1)* ; and therefore it in true of (2n+1)*;
and so on. Thus it is true universally, which proves the propo-

sition.
Exercise (75).

Prove by Induction :—
1. 1+3+5+&e ton terms = nl,
2. 124322433 4&c. ton terms = In(n+1)(2n+1).
(Bombay University 1. E. I’aper, 1884.)
2
1% +23 +3% 4 &e. to n terms = {n(";:f_ll} .

-

13 4+ 3% 5% + &e. to n terms = n*(2n% - 1),
nin+1)

14+5+12+224350+&e. to n terms =
! + ! + ! + &c. to n terms
. «C. d q4 = oy
35 57779 32n+3)
z" - a™ is divisible by « ~ a when n is any whole number.
oz — a iy divisible by z + a if » be an eren whole number.

P o o a W

CHAPTER XVIL

BINOMIAL THEOREM. POSITIVE INTEGRAIL
EXPONENT.

1. Toprovethat (l+x) = 1+"C, »+"Cu.2* +"C .23
+"Ceat+ ... +°C, 287 +°C 2", where n is any positive
integer.

We know that ’

(14+2)2 = 1 +2r+22
and ;. = 142C,.2+%(,.2?,
M+2z)? = 143+ 322 +2°
and [, = 143C, 24+7C,.2% +*(4.2%,
(1+2)* = 14+42r+62®+42> +2*
and [, = 14+4C,.z2+4C, 22 +4C.2% +4C,.z*.
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These particular cases lead us to be inclined in favour of
the truth of the general theorem, which we shall now prove by
the method of Induction

Assume the theorem to be true when » = m; that is,
supposs
(Q+z)" = 14+"C,e4+"Cz?+"Cyz*+"C 2* + ...
+"C oy 40,3,
Then we must have
(1+z)*' = (l+x){l+"C,.x+"C,z® +"C, 2*
+"Cat+ ... +"C, o™ ™0, 2™
= 1+("Ci+1)e+("Cy +mC,)22 +("Cy +
"“Cg)e® +("Cy+mCy)x* + ... +("C. +
" ey ) 2™ 4 O 2™ Y

But "¢, +7C,_, = ™ i
rtm =y =T - el
|me f ! \
v m—-r+l)| (m =2 +l)+rf
_ ‘m+1 Ca g
g+l -r
and “C\n = "t1C .

Hence, (1+a)*'!' = 14""1C e+ C .23+ .23 +
SR CI L R Y S L Y SRR L
which shews that the theorem is true when . = m + 1.

Thus it is proved that if the theorem be true when 2 has
any integral value, it is ulso true when that value is increased by
one.

But. we know that the theorem is true when n = 4 ; there-
fore it is true when » = b, and therefore 1t is truc when n = 6,
and therefore it is true when n = 7 ; and so on. Thus the theo-
rem is true universally ; i.e., for all integrat values of n we have

(1+2)" = 1+°C,.24+"C.2® +*C 2% +... +"C,_,.a%"!

+C, .z"

Note. This theorem is known as the Binomial Theorem, and
the series ou the right-hand side is called the cxpunaion of (1 +z)".

Obs. The number of terms in the expansion is n + 1.
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Cor. 1. Putting -z for x we have
le(=a)" = 14°C,(—0)+ ' Cp( =22 +7C (-2)3+ . ...
+°C, (-z),
i, (1=2)" = 1 =" .e4+"C,22 -"Cyhz® + . . +(-2)"
Thus, in the expansion of (1 —x)*, the terms nre alternately
positive and negative, and the last term = *z" according as
n is even or odd.

Cor, 2. Since (r+a)* = {x<1+ :,)}'- z"(]+ :)“'

3 3
(z+a) = x'{l-}-"(,'l.: +"Cz.a c,®

= "+ (" 2" ta+ Oy ta? +2C " % + ...
+C,.a".
Similarly, (£ -a)" = x* ="', " Ta+C, "2 -2 2" Nad +
A AN )
BExample 1. Expand (1 -2x)'°.
(P=20)'0 = 14100, (= 20) + 100 ,( = 2x)% 4100, - 22)?

+ 100 (= 20) 100, (- 22)5 +19C (- 22)*
+ 100 (=22)7T #7100 (- 25)Y +'0C (- 22)"
+100, (= 22)°
109, , 1098. . 10987
~1-10.2 fe Bt 7 1624
SR IR Y R
10.9.8.76 ., 5 10987 109.8 . .
. 32,5 4 109BT oy w 1098 1,0
12345 26 Juyg 045 o 50138

110'29 956" - 10.512:° + 102421°

= 1-20x+ 18022 - 960z> + 3360.* — 8064z° + 13440z*
- 153607 +115202% - 51202 + 102421 °,
Example 2. Fxpaud (3 -2y)7.

e - (30-*))
SHI)

+
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B0 e [ A9\ s [ Aw\®
syt (“(' z")J' (”('ZE)

49\ 3 , 4y\* , 4y\ 5
a5 vl -2)

o) +ro(-4))

x

1 76/4y 7.6.5(43/)-’

= us ( ) z‘ “1u3\x
7.6.5/4y\* T1.6/4y y\* (431’
+|.2.:('a?) -i'.’.(_:z) "'7'('x) - z)

x7 {l 7. .y+2l 42.9% 35.43.9%
4

128 xr xz* x?
3544yt 2145y° T4°p" 47 g7

+ - xd - P + L er
w? T s 21 L 3D 08,4
i28” 3" Y Yy Y TSy

- 168x2y% + 2242y" - 12897,

Exercise (76).

Expaud the following :—

1 (a-30)" 2. (5-7)" 3 (-aw).

o ()t e ) e (52
Find the value of :—

7. {a+ Va1 4 {a- Va0,

8 2-Ji-zPP+{2+ Ji-a}"

9. {r+ V& -1} 4z~ S 1),

10. Expand (1+l_%)u‘



XVIL) BINOMIAL THEOREM, 317

2. To find an expression for the general term in the
expansion of (.« + )"

The second term = "0/ .a*"l.a,
" Srd  ,, = U, v,
" 4th  ,, = "Cya"3.a?,
" Sth,, = “C 't

and so on.

It is thus observed that the suffix of €' in any term is one
less than the number of the term, that the index of « is the same
as the sutlix of ¢, and that the sum of the indices of x and
wis n,

Hence, the (# + 1)th term
= ™' r" "',

This is called the grueral term, as by giving suitable numeri-
cal values to », auy term of the expansion can be found,
Examp]e 1. Find the Tth term of the expansion of (a® + 3ah)®

The required term = "C'y.(a®)>.(3ub)"

) (1, (a)B . (3ab)
9.8, 7 1?35 a4
1.2.3
61236a1549,
Example 2. Write down the 49th term of (a - £)3".
The required term = *°C,,.a*(-z)*"
= 30(,.a%(-2z)4"
x
- "0;9.(;2.( - )"
= 1225a3z4"%,
Example 3. Write down the co-efficient of y in the expansion

3\8
of (y’ +?y) .
Suppose y occurs in the (r + 1)th term of the expansion.

-7 fad
Now, since the (r+1)* torm = 5C ( '\ (c')

- SC’.CGV. 10-3r
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if it containg y we must have

10 - J) =1
and = 3.
Hence, the requred co eflicient
= f-(’, cﬂl
= '('
.
= 10(‘

ca
Exa.mple 4. Find the co-efticient of %% and 2 '7in (:‘ - l, )
\ £t

(i) Suppose that 2** oceurs m the (r 4 L)th term,
Then since the (» + 1)th term

) ‘__'(,w(“)' ( _ x‘“:).

= 1At ("1)

’ir
= VA (= 1y £t0-T

wo must have 60 =-Tr = 32,
or, Tr =28 - r=4

Hence, the required co-eflivient
- 1 5(/’,1 ( — l)l
= U (=)t
15.14 13.12
= pasg !
= 1365.
(ii) Suppose that 2='7 oceurs in the (r+ 1)th term.
Then, as before, we must have
60-T7r =-17
o, Tr= 17117, [ r=1L
Hence, the required co-cfticient
= 1'-'(,-',..( - l)r
= lSC'l‘.( -
= Y5(C,.(=1)
13x14x13x12
1.2.3.4

= -~ 1365.
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Example 5. Find the term independent of x in(x - ,.lu)“

Suppose that the (4 1)th term does not contam .,

Then, since the (r + I)th term
1

= .‘h'(',":lu—r_( -8
= I (= 1)ty
we must have 3 =3r = Oaud ', »r = »
Hencee, the required term
= w -1y
= " (=1)
. 3n

= —l . .
{ ! ol

Example 6. [Prove that if the term 4 ocenrs in the expan
n

140n = )[40+ )

Suppose that +' occurs in the (p+ 1)th term.

Theft, since the (p+ 1)th term

1.7
= "("I"""-I"< )

x
= n(,"...,n '.'I"

we must have n=2p = rand [, p = §(»n -2).
Hence, the required co-eflicient

=", =

sion of (.c+ 1 ) the co-efticient of the term =
\ x

m
.’_7 "=
jn

= i("‘ _'1.) é(" +»l')'

Exercise (77).

1. Find the 5th term of (a? - n2)'2,
2. Find the 9th term of (Ja - 45)'%.
. (Caleutta University F. A, Paper, 1368.)
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. :‘l i * :E 10
3. Find the 8th term of (£2y2 —a%y¥) .
. é * 20
4. Fiud the 19th term of (222 - »%) .
(Caleutta University I, A, Paper, 1870.)
5. Find the middle terin of the expansion of (a™ 4+ &™),
8. Find the two middle terms of (4.2 %.
10
7

. Write down the 4th term of (z - a)
a

(Caleutta Univer<ity F. A. Paper, 1838,)
8. I'md the co-efticient of 2% in (as? - be)®.

R
-

.11
9. Find the middle term of (l - ) ,
\

10. Write down the co-ctticients of 217 and 2'* in the
expansion of (a' - br)'9,
(Caleutta University F. . Paper, 1876.)
11. Write down the co-eflicient of 2 in (£~ 2y)'%,
(Caleutta University F. A. Paper, 1883.)
12. Write down the co-ctlicient of z*''! in the expansion

] \gntl
of(a:- .

13. Find the term independent of x in

3 . 1)”
(7.’;2 T 3z/

14. Shew that the middle term in the expansion of

(1 +2)" = 1.3.5.&c(20 - 1) an g
|n
[Since there are altogether 2nd4 1 terms in the expansion, evidently
the (n { })th term ia the widdle term, for it has n terms before it and » terms
after it. For the subscquent part of the solution refer te the latter part of
Exawple 3 worked out on page 271 in the chapter on Permutations and
Combinationx.}

156. If there be a term independent of = in(x’ - —i—-)“, find it.

16. If z*r occurs in the expansion of (.t - :—Y., prove that

4
. Foient i [4n
its co-efficient is B =i+’
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3. In the expansion of (1 +x)" the co-efficients of
®erms equidistant from the beginning and end are
equal.

The co-efticient of the (r+1)* term from the beginning
= *C,. And since there are altogether n+1 terms in the
expansion, the (<+1)" term from the end has (r+1)-(r+ 1),
or n —r terms, before it ; hence it is the (n ~ 7+ 1) term from
the beginning, and .°. its co-efficient is = *C,_,.

But "C, = "C,_,; hence the co-efficient of the (r+ 1)™ term
from the begiuning is the same as the co-cfficient of the (»+1)*
term from the end.

4. To find the greatest co-eficient in the expansion
of (1 +.x)".

) The co-efticients are "Cy, "C,, *C,, "Cy, ... "C,; to find
which of them is the greatest.

We know from the chapter on Permutations and Com-

binations that if » be even "', is greatest when » = -’; y and if »

be odd *C, is greatest when » = '—"{; Vor ” "; LN
* - -

Hence when n is even the  greatest co-efficient is "C',, and

when » is odd it is "C,_, or "C,,, , both of them heing equal.
= 3

6. To find the greatest term in the expansion of
(x+a).

Let the 7th and (r+ 1)th terms of the expansion be denoted
by 7. and 7,,, respectively.

Then 7, = "C,_,.a*"la""!,

and 7,,, = *C,z*"a";

hence, Tf,’-’- - ""T-':"]-f'_,
7, r z
o.‘ Tﬁl -Trx(n.'-l-l)a'
r z
Hence, T, >=mo<T,,

according as ("f"'-l - l); >mor<l,

2-21
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. 1 z
i.e., according as "': -1> =o0or< =
. 1 x
i.e., according as Z'.'.:_'_- > =or< a.-+l'
. . 1
t.e., according as 2t s aor <,
x
-+ 1
a
. n+1
1.2, according as r < = or> —-
-t 1

i i+l be an integer, denote it by p ;

741

a
then for all the values of r from 1 top-1,7,,, > T,, 1., of
the terms 7'y, 7'y, 1'y, &c., 7'._,, T,, each is greater than the
preceding ;
ifr =p 7, = by T Tml =17,
itr>p, 7.,y < T,ie,of the terms 7', Typpg, T,py, e,
Tas 1, ench is less than the preceding ; .

honce, in this case the p* torm of the expansion is equal to
the (p +1)™ term and these are greater than any other term.

’1!

@i 1f ..:.t.! be not an mteger, denote its integral part

 #1
a

by ¢ ; then for all values of » from 1 to ¢, 7,,, > T, v.e., of the
terms 7,, T, 7, &c, T, 7,:1, each is greater than the
preceding ;

and for all values of » from y+1ton, 7,,, < T, t.., of the
terms 20y, Tyyqs Lyps0 &y 7T, Ty, each is less than the
preceding ;

hence, in this case the (¢ +1)* term is the greutest.

N. B. By asimilar mode of reasoning we can find out the numerically

areateat term in the expansion of (x —«)* ; in this case we have to reject the
#ign of the multiplying factor and proceed as above.

It is always best however to work out every numerical
example independently of the general formula. The following
examples will show how to deal with any particular case.
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Example 1. Find the greatest term in the expansion of
(2+32)!? when z = §.

Let the 7" and (r+1)” terms be denoted by 7', and 7',,,
respectively.

Then, 7,,, = (

= (5 )<

12-7r+1 3_:;:))(7,r

r 3

Hence, T >=0r <,
accordingas.]ar—rx ": > =or <1,
1.2, according as 6H—-br> = or < 4,
ie., according as 65 > = or < Y,
1., according as r < =or > Ti

Hence for all values of » up to 7, 7', is greater than 7',
and for greater values, less ; hence the greatest terw is the 8th

and its value
= 12(/,.25(3x)"

= 13(,.95(3)
1211.10.9.8 .. 5
L2345 2

= 15468750.

e

Exam?le 2. Find the greatest term in the expansion of
(3-52)!* whenz = !},
We have numerically
‘11 -r+1bx ,
o= (M7

12-» 1
-( - —-3>xT,.

= or <7,

Hence, T,

r+1 >

according as l—g';-l'x —; > = or <1,

1.6, according as 12 -1 > = or <3,
>
<

t.e,, according as 12 = or <4r,
ie, according as r = or >3.
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Thus when » = lor 2, T,,, isgreater than 7', ; when » = 3,
7,41 = T, and for greater values of r, 7', , is less than 7', .

Henco the 3rd and 4th terms are numerically equal to
euch other and greater thau any other term; and , the
required term

- 110,.39(52)

= 110, 30 - 1082565,

Exercise (78).

Find which is the greatest term in the cxpansion of cach
of the following : —

z g\ .
1. (-5-—3) whenz = 8,y 9,

2. (224056 whena = 3,b = 2.

3. (4+3x)t8 when z = 4,

4, (im-32)'" whenm = 8 n = 3,

Find the value of the greatest term in the expansion of each
of the following :— .

6. (2434 when ¢ = 3.

8. (a+a)" whena = §, 2 = §,n = 9,

7. (3+5x)° when z = 3.

8. To find the sum of the co-efficients of the terms
in the expansion of (1 + )~

Since (1+z)* = 14++Ciz+sUy0+ . . . . +"Ca",
putting & = 1 we have
2w 14+, +Ce+"Cy+ . . . . C,,

i.e,, the sum of the co-cfticients = 2%,

Cor.' ~C,+"Cy+"Cy+ . . . . +°C, = 2"_1; i, the
total number of combinutions of n things is 2° - 1.

7. To prove that in the expansion of (I +ux), the
sum of the co-efficients of the odd terms is equal to
the sum of the co-efficients of the even terms.
Since (14 )" = 14°C,2+Cg2®+°Cya%+ . ... +*Ca",
putting # = -1 we have
0 =1-2C,+"Cy=-°Cy+"C~"Cx+&e.;
1+4"Cq+*Cy+&o. = "Cy +"C5+°C; + &o.
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Cor. Fach of these sums = half the sum of all the co-efticients
= x 2% = 201,

8. Miscellaneous Examples.

@xample 1. If A be the sum of the odd terms and B the sum
of the even terms in the expansion of (r+a)%, prove that
A% - B% = (2% -a?)"

Let the terms in the expansion of (z+a)" be denoted by
toy 11y tay 1y, &cC.

Then (z+a)" = t,+ +t+ts+ . . . . +1¢,
= (ly+lg+t i+ &)+ (1, +t, +t;+ &)
= A+ 8,

and (- a)" = t, -t +ly -ty 4t -t + &e
(to+ta+t +&e) = (1, +15+ 5+ &c.)
= A4 -5
Hence, (c+a)'x(z-a)" = (A+B)x(4-B)
1.6, (x3-a?)" = A% - B3,

]

Example 2. If ¢, ¢y, 5, 1,, &c. represent the terms of the
expangior of (z+«)", shew that

(to —tg+1, —&c.)2+(t; = t3+1; - &c.)? = (2% +a?)"
We have (z+a)* = a*+*C 2" '.a+"C,a% %.a?
+*Cy2*3a8+ .... +°C,a°
PN IIR 17T I 7% T
Hence, since (x +az)"
e 2" +"C z* Va4 "Cyx"~2.a%i?
+°Caz" 2.a%% +°C 2" .atdt + &e.
= gz 470,z tat - "Cg17 2.a? - *Cyz"~%.a%¢
+°Cz"tat +"Cs2" "% a%i -"C g2 ".a"
-*Crz*"".a"i + &e,,
(z+ai)" = to+t1 -ty - tyt
Tl -t i+ g+ 1,0~ &
= (Lg—tegtly—tg+1y—&e.)
(b — gty -ty + b, - &e.)t 1y
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Also, since (z - ai)*
= 2% -"C,z" V.ai+*Cya~2.ati?
~*Cyz"~3.a%3 4+°C z*t.ati - &o.
= g*-"C, 2" lai-*Ca""%.a% +°Cyz""%.a’
+"Cz*4at -C 2" *abi + &ec,,
S (mman) m byttt Tl - U
—tlg+t;i+t, —&e.
- (t, =ty 4l =1, +&e)
—(ty=tg+ty—t; + &) (2)

Hence from (1) and (2),
(% + az)® x (® - az)"
= {(t, —tg +t +&e)+ (1, -ty +t; — &e )i}
X{(ty—tg+t,—&e)—(t; —t3+t5 - &e.)i},
te, (2t +al) e (ty —ty+t —to+&e)P (1 — 3+t —t; +&e.)®
Example 3. 1If a, b ¢, d bo any consecutive co-efficients of
an expanded binomial, show that (bc + ad)(b - c) = 2(ac? - b2d).

Let a, b, ¢, d be the co-efficients of the (r - 1)th, #th (4 1)th
and (r + 2)'h terms respectively of the expansion of (1 4s)*.

Thensince _,°" = 7 ' "2, we must have
Uy r
@ & alm no(-DHl _ m-re2
@ .Cr-l r—1 r-1
€ ~C, n-r+1l
@ =gy = T
o & "Copy  n-(r+1)+1 T
@) 5 =g =TT ril
From (i) %(r-l) -n-rtd .- (a)
) -g-r -n-rtl B

) (z(r+l)-u-r @)
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Now, from («) and (f3), by subtraction,
b c
a (r-1)- o = 1,

b ¢ b
or, r( S - ) = +1,
a b a
- b(a-!-b) )
b3-ac '
similarly from () aud (y),

(c d d
o, - -)- -+1,
c c

b
= "_(11"_“.’ ,
-bd
c+d a+b

Hence, .=
’ S —bd = bi—ac’

or, b¥%c—ac?+b2d-acd = ac® —abd +bc? - b2d,
or, b%c+abd-tc?-acd = 2(ac? - b3d),
or, (b + ad)(b —c) = 2(ac® - b*d).
Example 4. If (1+s)*=a, +a,2+a,z" +a,2° + &e. +a.z",

a a
2400 pde -

. hd a’l a.
find the value of a, + 5 + 3 4 ol

The given expression

“C, ", ”0, ~C.
=1+..-_+T+--—+ Coe +n+l

1 (n+1)."Cy  (n+1)°C, (n+1)"C,y
"n+'1{("+”+ A S S

(” .l.)_"_ .".
+ - y l[
1 at M - ! n+ at
- —I-{ 16|+ "1(12"’ 108+ ‘Gl+
+ " l(/wfl}

- ..1_.(2"“-1). [Cor. Art. 6].
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Example 5. If (1+2)" = p+p,2+ps2®+ .. .. +p.4",
find the value of p, + 2p, + 3p; + &c. + np, .
(Calcutta University F. A. Paper, 1882.)

The given expression

=0, +2"Ca+3"C3+4C,+ . . . +n-C,.
L = l!‘ In-.:l - u=1 .
But »=C, L. |" Ir—- i |" P C,.1;

the given expreuslon
= n+n 10, +0."" 0 +n"" 04+ ... +n"1C,_,

- {l 410, +* W0+ e+ . . . . +™C,_,}
= 02",
Examp le8. 1 (l+z)"-a.,+a,z+a,z’+a,z’+ .. +az",
find the vulue of ay? +a,? +a,%+ .... +a,2
Since (1+2)" = a, +a,s+a,z’+ ceee +a,x,

putting E— for x, we have,

1\ a,  ag a,

(l+-m) a°+—z+z'+ +;'.
L]

Therofore, {a, +a,x +agz? + &e. + a.z“}
a

x{a0 —-+ +&¢, +z:}

l n
- (1 +x) x(l+ z)
n
- (dat v (1)
z
Hence, equating the terms independent of z on both sides,
we have,

ao®+a, a4+, .. .+a_'
= term independent of 2 in %(l + )%

= co-efficient of z* in (1 +2)*"
- ’.c.

_E:
- o
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N. B. 1t is assumed in the above solution that the equation (1) being
identical, (i.e., true for every value of x) the co-eflicient of any power of x on
one side is equal to the co-efficient of the same power of x on the other.
A formal proof of this theorem will be given later on.

BExample 7. If generally », be the co-efticient of the (»+ 1)th
term of (1 + z)" show that—

(M4p), = N 40, 1Dy ¥ 0 P+ ... P+ P, .

Since =, is the co-eflicient of the (r + 1)t term of (1 + 2)",
therefore also p, is the co efticient of the (r + 1)th term of (1 +z)*
and (n + p), is the co-efficient of the (7 + 1)th term of (1 +x)"**;
hence we have

(l+z) = 1+ +n,2" +n,23+ ... +n.2" +&e,
(14+z) = l4+p2+p,22 +p,27 + ... +p2%t &e,
and (1+2)** = 1+(n+p),2+(n+p)z%+ ..,. +(n+p)a”
+ &e.
Therefore identically
1+ (n+p),z4+(n+p)gz? + &e. + (n +p),2" + &e.
« (1+n,2+ny2% + &e. +n,a" + &e.)
x (1l +p,x+pgr? + &e. +pa” + &e.).

Hen‘ce, equating the co-efficient of 2" on the left-hand side
with that on the right-hand side we have

(n+p), - ”r+"v-lpl +”r—!p’ + ... +nlpr-l +pr .

Example 8. Find the value of a - (a+b)n+(a+ 25)7-‘(’;-2 D
nn-1)n-2) .
=(a+36)"" -5 + &e.

The given expression

- a{l -n+ﬁ%;-!)—%:—2)+ ... to (n+f) terms}

- b{n - n(n - l)+'1(1:—:-—)-¥:—3-) -...ton terms}

= a(l - 1j* - bn(l - 1)*-1
- 0.
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Exercise (79).

1. Find the value of
BOC, +300;+2°C, + ... +7°C,,.
2. Find the value of
WO +IC,+2°C+2°Cr + ... +39C,;.
3. If €, denote the number of combinations of # things
taken 7 at a time, shew that
Co+Cy+C+ ... =0, +04+C +
(Calcutta University F. A. Paper, 1878.)
4, If the co-eflicient of the (p+ 1)th term of the expansion
of (1 +z)*" be equal to that of the (p+3)th term, shew that
p=an-1
6. Given that the co-efficient of the pth term of the expan-
sion of (1 +x)" = P, and that of the (p+ 1)t = P ; find n.
6. Prove that four times the product of the sums of
the odd and even terms of the expansion of (¢ +b6)" = (a+6)%"
- (a-b)*,
[Bxpand («+4-5)* and (a-b)* and take the sum and difference of the
results, ]
7. Find the »th term from the begiuning, the rth term

from the end, and the middle term of (z - i )2.

ntl
8. Find the (» + 2)'h term from the end in (z——}; .

9. If a, 4, ¢ be three consecutive co-efficients in the
expansion of a power of 1+z, prove that the index of the

power is 2“; bla+c) and that the number of the term of
a(b + c)
~ac
(Bomhoy University P. E. Paper, 1890.)
» o b _n-r ¢ _n-r-1
[\\e have W = il nnd-—; =333

10. Prove that the co-efficient of the (r+ 1)th term of the
expansion of (1+2)**! is equal to the sum of the co-efficients of
the rth and (r + 1)th terms of (1 +x)".
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[Let (142 = e, +a,r+agx? +dc.+ax® ; multiply both sides by
1+ and then equate co- efficients of z”. ]

‘ If (1+42)" = ayp+a,;z+a,x?+&c. +a,2% find the values
of :—
11. eya, +a,a;+aa5+ . ... +a, a,.
12. agag+a,a;+aga + .. .. +a, 36,
13. ey +2,+3ag+4a3+ .. +(n+l)a,
[The given expression = (a,+a, +a, +&e. +a,)+ (1, +2a, +3a, -+ &,
+na,) ; now refer to example 5 worked out on page 328.]
14, %1320 8%, e
a, a, ay a,
15. Trove that
14z n(n-1) 1+2r n(n-])(n-") 143z

) R W kg S Sl St

= &
Tenzt i3 (1 +ne)s .23 (1 +nx )“+ ¢

= 0.

CHAPTER XVIIL

L d
BINOMIAL THEOREM ; ANY EXPONENT.
1. To prove the Binomial Theorem for any
Exponent.
We know that when m is a positive integar
mm 1)y im0 =3) 5 | e
i 1493 z% + &e.

To 'prove that this equality also holds when m is either a
positive fraction or any negative quantity.

(I+2)" = l+mz+

Let the symbol f{m) stand for the series 1 +mz+m-£?; Dys
m(m 1£)§;m 2 z3 + &c. for all values of m whether positive

or negative, integral or fractional ;
then f{n) will stand for the series
11(';‘-21):, 4 n(n -1)n - 2)_._,3 +&e,,

14+n%4 133
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and fim + n) will stand for the series

L (m+mj 4 2L 1)

(m+n)(m+n l)(m+n 2)3

123
Evidently then when m and n are positive integers we can
put (1 +2)" = fim), (1+2)* = f(n) and (1+2)"** = flm+n),
and it is to be now proved that we can also do this when m
and = are fractional or negative.

+ &c.

Now, since by actual multiplication
{l +mz+ m(n; 1) o +m(m-112)(;u— ").c°+&c }
{l +nz+ "‘('I ) D, nln ."33!!_‘..‘ D5 4 e }

= l+(m+n)x+ {m(inz D + mn+.._(.'_;_;_l)}xa

{m(m—l) -2) mn(m-l) ma(n - l)+1¢(n l)(n - 2) -
12.

1.2.3 . L2 1.2
+ &c.
- (m+n) -(m+n) 3
1+ (m+n)z+ 1.3
+ m(m?® - 3m +2) + 3mn(m +n - 2) + n(n® - 3In+ 2).s e
1.2.3 )
- (m+n)(m+n-1) 8
l+(m+n)z+ g
+ (m® +n3) - 3(m? + 2% + 2ma) + 3mu(m + n) + 2(m + ”)z’ + &e.
1.2.3
= L+(memes FRmAn=D),
(m+n) (m® —mn +nt) - 3(m+n)+3mn+2} s
+M.
1.2.3
m +n)(m+n - l)
- l+(m+u)s+( (ll .
(m+n){(m+n)‘ 8(m+n)+?}g,+&e.

1.2.3
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(mn)(mtn-1) ,
1.2
(m+n)_(m_+ n_ 1)(m+n- )
e
it is clear that for all values of m and n we have fim) x s{1)
= fm + n).

Hence, f(m) x f{n) x f(p) = f(m+n)xf(p)
= fin+n+p).

=l+@m+n)c+

3 4 &c.,

Proceeding thus we have

S(m) x f(n) x f(p) x &e. to r factors
= f(m+n+p+&c tor terms).

Let each of the quantities m, n, p, &e, be equal to : y
where s and 7 are positive mtegers ;
8\ ,
LAD) =ros
»

but since » i3 u positive integer, fis) = (1 +x)";

(1 + 2y -.{ /(,’)}
(1+2)7 af(:).

But _r( ) ) stands for the series
>

s/8 )
\r r? 4 &e ;

(2
L (l+2)r = |+€z+ TAT xt gy ke,

1.2

which proves the Binomial Theorem for any positive fractional
index.

Agsin, since fim)xf(n) = f(m+n) for all values of m
and n, putting — n for m (where n is positive ) we have

S=m)xfln) = A -n+n)
= A10)

-1,

1+
s

.
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gince every term of the series denoted by f(0) except the first
vanishes ;

1
fi;i) = f(-n)
but f(n) = (l + )" for uny po~itive value of n,
S e = AT

or, (l+x)™" = fl-n).
But f( - n) stands for the series,

-n) ~ 1)

Lo (- 12

x? + &c.

(-n)(-n-1)

(I4x)"=14+(-n)z+ is

z% + &e.,

which proves the Binomial Theorem for any negative index.
Thus the Theorem is completely established.

Cor. When u is fractional or negative the number of terms in

the expansion is unlimited

Example 1. Give the first four terms of the expRusion of

1 (Caleuttn University F. A. Paper, 1876.)

.-
— 3u¥)8

i _‘1 = ) 1

@- 3,51)3 2%( 1- J;')fs

.= l[1+(_o),(_3") (-‘)(— -l-)(_:l_,ff

28 2
RN )

o 1f), 43 49 924 4.9.14 2750 g
2’,‘, 577 You3 4 trigs s

"
Hoareptet s Blat e }-

g/us{l *+50°" +350
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Example 2. Find the (r+1)mterm in the expansion of
(1+ x)}.
33 - l)_(;_—?) e (B d l)z’

The (r + 1)th term =

I
2 H=-1(-3). -(’2""‘3),
t)rl,’:
1 "1 1.3.5 &L(’r—-.’i)
= - e— - )"‘L‘r ‘

taking out — 1 from each of the » -1 negative factors in the
numerator.

Example 3. Find the (» + 1)!" term in the expansion of (1 - 2) **,

Tho (r+ 1)th term = (- (= 3= 1(- 3{2 Dk =-ral)
- (=34 -él-.&_a‘ B )
- (1345 LL: C+D
e,
= CHDEED,0 by cancelling like factors

in the numerator and denominator.

N. B. 1t should be borne in mind that when u is fractional or negative
we cannot put ~C» for the co-efficient of the (r41,th term.

Example 4, Write down the »th term of the expansion of

3
(l —:r)’f (Caleutta University F. A. P'aper, 1873,

The rth térm = -G '2)‘“(3—’.*’2) (-z)y-!
r—-1
31(-10=3)de. (=2raT) _

2"-! e i z)r—l
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31 88, &c. (2r-17) rel -
- = A 21
( 1) zv—l'r l ; 1)
for values of » greater than 3 ( " of the »=1 factors in the
numerator 2 only are positive and the rest t.ive)
31.1.35. . (2r£- 7)
- ‘ ar- 4 N
( ) ‘r-I‘r
1.3.5. . (2r - 7) o1
).'-' r-1 ’
Example 5. Show that the co-efficient of 4" in the expansion of
A
(O +a)s is 10147 ... Br-8)
¥ lr
(Calcutta University F. A. Paper, 1884,)
Since #7 occurs in the (» + 1)th term,
the required co-efticient
_AE-DE-2) . (G -ra])

= Jx

(-1,

a
52(~1(=4)(=T)... (~3r+8)
R D
. (s BRLAT . (3r-8)

3

( ' of the » factors in the numerator 2 only are positive
and the rest negntive)

10147.....(3r-8) .,
= 4 o =-1)y-%
Exercise (80).
Expand (1 - z)-! to 10 terms.
Fxpand (1 -z)~? to 8 terms.
sxpand (1 - x)=3 to 7 terms.
Expand (1 - .'c)-‘ to 5 terms.
Kxpand (1 - 2x)~%  to 5 terms.

€ 3
Expaud (l +l;’f)’ to 4 terms.

"

N o opr R

Espand (9-62)"F  to 4 terms.
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8. Expand (1 - .z")gI to 5 terms.
-3
9. Expand (1-2) 3 to 4 terms,

10. Expand ‘(l - ;)-‘ to 5 terms.
11, Expand (3a=' -2x)~* tc 5 terms.

. 3a
12. Expand % i to 4 terms.
(az - z?)

13. Write down the co-cflicients of z* and z'° in the

expansion of (a* 4 3hx?)~5,
(Caleutta University I, A\, Paper, 1878.)
11
14. Write down the 11th term of (1 -2x%) 2",
15. Write down the (r+1)th term in the expansion of
1

(1 -pz)».

16. Write down the (r+1)th term in the expansion of

1 e
H
7
17. Find the (» + 1) term in the expansion of (1 - 2z)" =,
18. Find the »th term of (a? 4 3)~32,
A
19. Find the co-efticient of x'2 in (a® - b3z2)=.
. 13
20. Find the 14th term of (2'% -272)%,
3a
21. Expand —-— gt 5 terms and write down the
(a* - #)

{r+1)th term of the expansion.

1
22. Write down the rth term of the expansion of (a —x)™ ».
(Calcutta University F. A. Paper, 1885.)

_3
23. Find the (r 4 1)th term of (1 - 2x)™ 7.
(Calcutta University F. A. Paper, 1889.)

222
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2. The expansion of’(1+x)" by the Binomial
Theorem is not always arithmetically intelligible.

For instance, since

(1-2)" = l+zta®+ad+24+ ... (1)

putting z = 2, we have ~

(=1)"" = 1424294234244 ...

This curious result certainly justifies us in holding that
14nx +"_(_"§...—2 !).xﬂ +7.‘(_7.‘ ._l}:g(:;":_?_);a + ...
is not in all cases the true arithmotical cquivalent of (1 + )"

Now from the formula for the sum of a (eometrical
Progression, we know that the sum of the first » terms of the
series (1)

1-a" 1 z"
"1z T 1-a2T1-=

and when z is numerically less than 1, by taking » sufficiently

r

larce we can make lz as small as we please ; that is by

-

taking a sufticient number of terms the sum can bec made to

difter as little as we please from But when x is nu-

5.

1-z°

morically greater than 1, the value of 13: -- increases with »
-z

and therefore no such approximation to the value of is

1
1-2
obtained by taking any number of terms of tho series

l4z+e¥+23 424+ ...,
. Thus the oxpansion of (1 -x)~!in ascending powers of =
is arithmetically intelligible only when x is less than 1.

N. B l': is_easy to see however that we can always expand (z+y)*
by the Binomial Theorem, for we can write the expression in either of the
two following forms te—

(i) i)'

and use the first or the second of them according as x is greater or less
than y.
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3. To find the numerically greatest term in the ex-
pansion of (1 +x)", for any rational value of n,

A general discussion of this is not quite necessary as any
particular case can be dealt with exactly in the method illus-

trated in Art. 5 of the last chapter.
A few particular cases are solved below :—
Example 1. Which is the greatest term in the expansion of

(1 +z)!il‘, when z = 31

31 ~r+1
Tr+l = —2-';_'-’ ) X Tr

23_, 9
= (2.2 '
(r 3)x1,.
7

Hence, "1 > =or< 7
. Epor 2
according as  *-- .. > =or <1,
r 3
i.e, according as 23-2r > = or < 3r,
i.e, according as 23 > = or < Dr,
.6, according as r < = or > 4%.

Thug for all values of » up to 4, 7., is greater than 7,
and for greater valuesof r, T,,, isless than 7. Henco, the

5th term is the greatest.

Example 2. Which is the greatest term in the expansion of
(l+z)*whenz = fand n = 31

T, = (’-n;r+l.z)x a

o (n+:7-l—z) x T, numerically

247 5 .

- (2 5)en
Hence Ty >m=mor<T,
according as g::-’-'? > mor<l,
1.¢,, according as 1045r > = or < Tr,
1., according as 10 > = or < 2r,

t.e.,, according as r< =mor:>3J
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Thus for all values of r up to 4, 7,,, is greater than 7, ;
when r = 5, 7',,, = 7,; and for greater valuesofr, 7., is
less than 7,.

Hence the bth and 6th terms are the greatest.

Exercise (81).

Which is the greatest term in each of the following expan.
sions 1—

1. (1+z)™ whenz = !anda = 12.
(1 —7::)_.'. when z = !.

2
3 @ +z)‘:-" when z =
4

e T

(5-+42)"" whenzx =
11

6. Which is the greatest co-efticient in (1 + ) v ?

4., A few important applications of the Binomial
Theorem. .

Example 1. Evaluate /34 by moans of the Binomial Theo-
rem to b places of decimals.

(Calcutta University F. A. Paper, 1872.)

Ji = @b - grot

- 5(1_51_,/\5

-5 l+i'(-£"'>+:(;1.—2’l!'(";;)’

A 2"( - 5.1,.)a +éo. |

- 5[1 "‘16?‘2*1.5? ’2‘153 "’“‘ﬁ]
.

= B[1 ~("02 +-0002 + -000004) — &c.]
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= 5(1--020204) [neglecting the other terms)
= 5x°979796
= 4'89898.
Example 2. Find the value of /3125 to 5 places of decimals
5/3128 = (3125 +3)5

= (5% +3)-“

3 1
= 5) ‘
o(l+55)

3.2°  Ixa213
1+ o~ pore T

192
=51+ iooo,ooo)

(the next®term is neglected as more than five figures after the
deciminl point will be zeros)
= 5x 1000192
= 500096,
Example 3. If z be small compared with unity, shew that
J137+ Y -ne Hx
Y YL L) = 1=
T+o4+ Jl+z 6
Since x iy small compared with unity we can neglect z?, z°,
&e., and 80 for an approximute value it will be suflicient to

retain only the first two terms in the ecxpansion *of each
binomial.

nearly.

Hence the given expression

et e -t

- T L
l+z+(1+ x)*

- (+d)+{1-52)
14+z+(1+42)
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2- ,,x
2+ 3
1 -4
143
= (1= ,5e)(1+12)7"
= (1= fyz)1 - }2)
-] 1";1 - %z (the term involving z? being neglected)
-1l
Example 4. 1f ¢ be a quantity so small that c® may be neg-

lected in comparison with 13, shew that ,\/ l—é—- +,\/ L
c

- L_ls very
3c?

1=
nearly equal to 2+ ° TR (Calcutta University F, A. Paper, 1888.)

We have

J—_l‘ - ——-1-——-
l+c 1+

(lalegleoting the subsequent terms since each of them contains
;3 as a factor and is therefore very emall)

1 c 3c'
=l-gTtyn

and in like manner

-(1- _)

3 c?
- l+2 l+~§-.l—..

Hence, the given expression

- 24+

—

LN

w| e
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Example 5. Find the first two terms in negative powers
of z of the expansion of

z-h r+h :
- 3 Where z is large compared
{(z—h)’+k'}“ {(z+h)"+k‘}’

with either & or &.

(Caleutta University F. A, Paper, 1880.)

z-h z-h
__zoh L Ezh
[@-mr e i (z—h)”.{l+(;€—h-—33

== -- - l ~ - =
Y PO S
i G (r-h)’}

3
(xf hys which are all very small,

because x - A& is large compared with k)

1 3 k3 3
- )

1 3 I
e

1 3k 1
S x=hp T 2 (k)

- )y

{neglecting higher powers of

] 3
- x(1 s2.h 4 ah e ha)
z* a a? z3
3kt h 45A% )
- :ZF(1+4; +-i:;.z'+&c. ' (1)
In like manner
x +.’l“~__ x4 ,‘

feomros ™ e
1

(z+h)* {1 + %'(FFW}
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1 3 &’
= (z‘i-h)*’{l' 2 '(nhii}
S R (C
R +&c.)

3k* h JLom
- zzA(l AT )

Hence, subtracting (2) from (l), the given expression

N .15(8k3 - 12 )+ e.
7z

= 4hz=% 4 (8h" - 12k2h)2~% + &e.

Exercise (82).

1. Evaluate the soventh root of 127 to five places of
decimals.

2. FExtract the cube root of 1:03 to four places of decimals.

3. Find the fifth root of 244 correct to thredplaces of
decimals. (Caleutts University F. A. Paper, 1887.)

4. Fiud to four places of decimals the value of 7/108.

Find to five places of decimals the value of :—

5. /3l 6. /126, 7. 3998

If 2 be so small that its square and higher powers may be
neglected, find the value of : —

g ViT#+Va-o o (- ¥4 (1-500
) /e ) Y16-2

(8 +35)3 Y il - Y32

10. _("4:31:)-'\/4 5z’ 11. "15)% 4 S

V=42 + JO+5
5. Miscellaneous Examples.

Example 1. Write down the sum of

131385 .
“’ +ogtigntte
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The given ex pression

= 1@+ @) e
Lep@) + 33 dit s s
A W) 12-5
st RO RER RO EE RS

Example 2. Find the value of
3 35 357

L+ ) +iatisintte

The given c'(prcssion

A}—p-
=l+¥( )+.)4()2 24,(',() + e,
.7
=147 ()+-;() ]-53()’+.h

= (1=1)7F = ()7 = 12 (1) = 2% = UK

Example 3. [Prove that
1 3 3.5
V2 = :(l *ro:* }.2'1:)* + :.2.:;'1(])" *‘kc)
(Madras University I, A, Paper, 1588,)
We have
1 3
)

l 1 1351
10: 1210

+- — 4 ¢

1+ 1.23107

*10:*

-

L
10**12(10* +1.23 10e) ¢

-1 ( 1)' 49)'% 50)'5
('10' =\"7"50/ T \s0/ T\

Hence, the right-hand side

-G - v

=1+
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Example 4. Prove that

l+z> %z _n(n+l) 2%
(1- et iy (TFe)
(Calcutta University F. A, Paper, 1880.)

200207 (o)

3
-l4n 21 n(n+1)(l ) +de.

-+ &e.

I+z
Example 5. What is the co-efficient of z" in the expansion of
1adat 42t
(1 - )‘ »

(Caleutta University F. A. Paper, 1881.)
The given expression
- (1+42?+24)(1-x)*
= (1442 + 241 +py 2+ pgx? + &e. + p,2" + &c.)
suppose.
Hence, the co-efficient of x

= p+dp,_g+p_ .
4.5.6. &e. (3+r) (r+3)(7 +2)(r+l)
1.2.3456. &c.r = 123
Hence, the required co-efficient

_Q;':@SL*L?’.‘TJ“).,. (r+l)r(r 1) (r - 1)(r = 2)(r - 8)

But p, =

123 1.2.3
(2 +67% +11r+6) + 4(»2 —1) +(r° -6r*+11r-6)
- 6
L A
s
Example 6. Find the co-efficient of z"in the expansion of
2+z+2?
(T+a)® -’

The given expression
- (3+z+2?)(l+2)"
= (S+x+a?)(1+p,2+p2® + &e. +paz” + &e.)
suppose.
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Hence, the co-efficient of 2"
= 2pu +Pay + P02
But ., (-3)-3- 1).':&;&( -3-n+l)

-(=1) 3.4.5.&c. .(n +2)
1.2.3.4.5.&c.n

_ .(n+l)(u+")
A

Hence, the required co-efficient
- (- 1)-.2(?!_"'_1);.“"?) +(- 1)-~1,’L(1‘§‘!'_].)+( - 1):--9,(”_;}2!‘

- (= ) 2(n+1)(n+2)—n(n+1)+(n- l)n}

['.'(—l)""l (- ll g—(—l)",ll.lld('l)"_‘-(( l)a-( l)..]

- (_"-2]1'.(2,;* +4n+4)

= (-1)3(n% +2n+2).
3z-8 .
Example 7. In the expansion of gy P in ascending
1 and find

powers of z, prove that the co-efficient of z¢ is -},

the co-efficient of a".
(Bombay University P, E. Paper,’1890.)

We have the given expression
3z-8 3r-8

R R T

- i(3z-8)(l—;)-’ .
:(3;-8)(l+2. " +3 +4 2,+

+(r+l) 4 &e. )

T 4,_

Hence, the co-efficient of z”

1 r r+l
- s -]
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3 S(r+1)
21'-1— '-.)‘r}-:
6r-8(r+1)

= art s

2r+8 r+4
Tgriz T T 4yt

Hence, the co-efficient, of 24
o i+ .8
28 32 4
Example 8. If (1 -z)* = p,+p,z+p,2® + &e. +pa + &e,,
find the value of p, +p, +p, + &c. +p,.
Wo have
(1-z) = py+p,z4pya? +&e.+pa’+&e. .. ... (1)
also (1-2)"' = 1+ 2+ 23+&kec.+ 2"+&e ... ... (2)
Now, if we multiply together the series on the right-hand
sides of (1) and (2), we havo the co-ceflicient of 27 in the product
= Po+Py +p3+ & +p, ; hence this expression
= co-eflicient of 2" in (1 - &) x (1 = »)~?
= co-cflicient of 2’ in (1 —2)-=+ 1 .
- (n+ )(n+2).&c (v +7)

b
1.3.5.&e.(2r-1)
Example 9. If 2 = =56, o. 2r

Panit TP1Pau+ PuPro-y + &C.+ P\ Pory + Doy
1 35 -1

.

, prove that

Co g e —
DI T B
We have p, > : 23, ko r
. - DG DL rr-D)

.
1
and . = co-eflicient of a" in (1 -2) 3.
Hence, p, pq, P4, &e., denote the co-cficients of z, z2, 2%,
=1
&o., in (1-z)"=,
1
Thus we have (1-=x) 2
= 14p,z+pa® +&c.  +pg, 2% +pg, 0121 + &e.
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Now, if we square both sides, evidently the co-efticient of
%+ on the right-hund side will be

2@anvy F PPt PePinoy FNC APy Porg + DD, 1)
and . this expression = the co-eflicient of

1) 2
%2 lin {(l —-x) -} te,in(l-x)"! = 1.
Hence, py, 1 + 21220 +&C. +p, 1P s +0P5 0 = L.
Example 10. If n be any positive integer, shew that the
integral part of (3 + (/5)" is un odd number.
Let I denote the mtegral and f the fractional part of
(3+ /o).
Then I4f = 3" +"C.3" ' /o4, 3% 25
+70L 3B ke o L (D)
Now, 3 - /5 is positive and less than 1, therefore (3 - (/5)"
18 a proper fraction ; denote 1t by /7 ;
Then ' = 3" =", 3", [o4+(",.3" 2.5
="Cy. 372 J2)* + &e. e e (2)
Now add (1) and (2); the orrationa! terms on the right
disappear, and we have
14747 = 213" +°C53.3"" %25 + &e.)
= an even integer.
Clearly then 7'+ /" is an integer, and since cach of them is a
proper fraction, their s must be less than 2 hence f+/ = 1.
I = an even integer minns one = an odd integer.

Exercise (83).

1. Write down the »th terms in the expansious of (4z - 3y)®

and (1 - 3:’)!”, and the co-efficients of z'* and z'? in thé expan-

sion of
(1 4z +2? +2° + &e. to infinity)=!).

2. Find the co-eflicient of x7 in the expansion of
(1 +2x + 322 + 423 + &e. to infinity)~3.

3. Find the co-eflicient of z?*in the e¢xpansion of
(14 32 4 623 +102° + &c. to infinity)®.
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4. Find the co-efticient of 2" in the expansion of
(1 + 2z 4+ 32% + &c. to infinity)®.
6. Find the value of
1+ 21 +g._5_ 1 +2.5._§_ }—+&c.
372 3622736923
6. Find the value of
35
L bl
7. Show that
y 1 13 135 1357
A R YA P YR T X B
(Bombay University I. E. Paper, 1889.)

+ &e.

8. Prove that

114, 147 . 14710 -
T+ +6ateizisToizasae v 9 = ¥

9. Find the value of
3.7 3.7.11
- * s e
H'3'1 +3% 1633 + 3 16,3248
10. Show that M

e ol )2 ) )
[(a-b)- = (';_‘_--6)"' = a(a‘}b) = a"-( 1+u___b)"'].

11. Show that

142« z 'u(n+_l)( g
l+.z) l+n(l+2z)+ 1+.z) +&e

12. Prove that

) n _y -z nan+l)l-2
(42 = {1 et (l+z &c.}.

+ &c.

13. Prove that
{l +2 2n 2n(2n+2) 2n(2n + 2)(2n + 4)+&c }

510 YT TUB1005

- 31; 3n(3n +3)  3a(3n+3)(3n+ 6)
= 21
{ s+t 530t hI0an "”"'}
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14. Prove that the expansion of (1 -27)" may be put into

the form (1 - z)?* + 3nx(l - z)**~? 4 3’}(:-;"2_ 3)3’(1 —z) 4 ke,

3
16. Find the co-eflicient of x* in the expansion of (‘:"‘ i:)" .
. o . (1= 22)
16. Find the co-ctlicient of 2™ in the expansion of Loz -

17. Show that the co-eflicient of z** in the expansion of
(1=220)? o gemr (R 1)(n+2)(5n +3)
(1= 3z%)! 2 ’
18. Find the co-eflicients of 2" and £ 1 in the expnnsion of
(L)%
(L-s*)*"
19, Show that the co-cfficient of 2" in the expmusion of
(1 _ 4%)—% is 1.3.5.&0.(2"' -;1_) or
r 2,
20. Show that the co-efficient of 2% in the expansion of
[ ]
(L - 224+ 32% — 4% + &)~ is .1'3""1‘»".‘;'(2" =D g

21. 1f generally m, be the co-efliciont of the (» + 1)th term
of (1-x)™™, shew that m,+ (m+1),_, = (m+1),.

[(1-z)=™ = (1-z)-MmtVi(1-r); hence equating the co-efficient
of x, &c.]

22. If = be a positive integer, show that the integral part
of (5+2,/6)"is an odd number.

23. If (T+4/3)" = p+f, where n and p are itive
integers, and f3 a proper fraction, show that (1-f8)p+P3) = 1.

24, Find the co-efficients of z*  and z*"*! in the expansion
1
a+x\?
of (—- .
a-z

[('i’f i= _atzx (a+.r)(a'-z')—;, hc.]
“"_3 (a% - :.)i
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25. Show that the »’* co-cfficient in the expansion of
(1 -z) ™ is ulways the double of the (n - 1)™.

26. DProve that if » be an even positive integer,

1 1
- 3 &e. . ——
M=t ¥ 3p-3¥pu-57" Y1l
2u—l

W
[Wo have the given expression
1 n(n l)(u» A) ]
oA «j]
27. If = be any positive integer, prove that
2n - 14 1 .n(n- 1) 1 'u(n— l)'(_n - "}(7&—3)
n+1 3 2 5 a
28. Prove thut if M differ from N? by a small quantity,
the square root of M is approximately equal to
\ 3 2
3 N - (!!\h\J ’\I) '
(Madras Uni\'ersity I. A. Paper, 1891.)
[lf M = N?4ur, wehave M - N+

+ &e.

z\, 8\""’ approximaly 5 now

put M - N? for .r.]

CHAPTER XIX.

LOGARITHMS,.

1.» Deflnition—The logarithm of any number to a given
bLase is the index of the power to which the base must be raised
to be equal to that number.

Thus if a* = %, z is called the logarithm of » to the
base a.

Since 5% = 125, 3 is the logarithm of 125 to the base 5.

Nors. The logarithm of » to the base a is written log, n ; thus the
sequations a* = n and @ = logs n have the same meaning.
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2. QGeneral propositions :—
(i) The Logarithm of 1 to any base is 0.
For a® = 1 whatever the value of a may be.

(ii) The logarithm of a product is equal to the sum of
the logarithms of its factors.

If m, n, p be any three numbers and a the given base,
to prove that log, (mnp) = log.m +log,n + log,p.

Let =z = logm, y = log,n, z = log,p.
Then m = a’, n=a' p =d,
and . we have mnp = a* xa’x @*
. ultvh.
Therefore, by definition,
log (mup) = r4+y+:
S = log,n +log.n + log,p.

(iii) The logarithm of a quotient is equal to the
logarithm of the dividend diminished by the logarithm
of the divisor.

If m and » be any two numbers and a the given base,
to prove that

log (™ log log
Ea = O, m - log n.

Let r o= log,m and y = log,u.

Then m = o’ and n = o’
m a’

and .  we have = =a""
n w

The. fore, by definition,

m
log, (-;';) =r-y = log,m-log,u.

\

(iv) Thelogarithm of any power (integral or fractional)
of a number is equal to the product of the index of the
power and the logarithm of the number.

If m be any number and « the given base, to pr;we that
log,(m") = r x log,m,

where » is any number integral or fractional.

Let z = log,m ; then m = a7,

and [, w : S«t )

2-23
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Therefore, by definition,
log,(n) = rx
= r x logm.
3. Illustrations of the foregoing principles :—
Example 1. Find the logarithm of 5832 to the base 3 /2.
Let z be the required logarithin,
Then by definition, .
(3 J2) = 5832
=8 xT729
=8 x9Ix8l
= 2% x 3¢
= (J2)x 3"
= (3y2)";
x = 6.
Example 2. Simplify log 4-3: “j:i

The given expression

log ( 3 x 3‘.’,':') - log( 40 x l\l)

1 1
« log 3+ log (32)% - | log 40 + log (18)3 !
log 3+ 1 log 32 ~log 10— Llog 18
log 3+ ) log (2°) - log (5 x 2%) = 1 log (2 x 32)

log 34 > log 2 (log 543 log 2)-1(log 242 log 3)

[}

"
i

A]

n
¥

[}

(= log 345 -3-1)log 2=-log b
=} log 3= 3 log 2 -log b,
Examplo 3. Solve the equation
. W3 =B xS,
Tuking logarithins of both sides, we have
log a®* = log 3~ +log ¢*** ;
. 2xloga = (3—x)log b+ (x+5) log ¢,
Soax(2logatlogd-loge) = 3log b+5loge,
_ SlogouSloge
2loga+logb-loge’

S =
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Exercise (84).

Find the logarithms of : —

1. 81 to the base 3/Y. 2. 1728 to the base 2 /3,
3. 61000 to the base 28’5, 4, ‘00017 to the base b NES

Simplify the following :—

ar . 5 ad x bt
5. log(Vm*x Vn') 6. log e h

9x /210
7. loe U

Solve the following cquations :—
8. arxhTh oo oo, 9. 2% = 2TxhHt ",

10. Ifa, b ¢be in (70 P, prove that log,n, logu, logn
arc in /1. P.

4. Characteristic ; Mantissa.

Thegintegral part of any logarvithm is ealled  the characteris
Gie, and the fractional or decimal part is enlled the mant s

For instanee, since 257 hies between 100 and 1000, 7e,
betweon 192 and 103 the Togarithin of it to the base 10 must

lie between 2 and 3, and ) be = 24+ a fraction ; here 2 i3 the

2
characteristie and the unknown fraction, the mantissa,

Aiiuny sinee 0257 lies between 06 and -1, 7, between
10 % and 107!, ats logarithm to the base 10 must lie hetween
-2 and -1, and ., he = =2 4a fraction ; here =2 is the
characteristic and the unknown fiaction, the mantissa,

Note 1. From the above exposition, it i+ clear that in the caseof
negative kg withis the integral part is ealled the characteristic only whon
the fractumad purt i@ positive,  Thu< it the logarithm of a mumber be given
ax = 2315 (which is equivalent to —2-313), ~2is not the characteristic ;
but a~ the given logarithm can bLe written as =3 +1-"3150r 3635,
=3 is its characteristic and *635, the mantisse,

Note 2. Negative logarithms like — 3655 aro written as 3655 ;
ic, the negative sign in placed mer the characteristic, shewing therchy
that the churacteristic alone is negative. There is thus a clear distinction
between - 3'655 and 3-655

Note 3. Logarithias to the hase 10 are called Common Logurithnas,
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6. Advantages of the Common System of Loga-
rithms.

(i) The characteristic of the logarithm of any number can
be determined by inspection.

Firat, let the number be greater than unity.

Then, if the integral part of the number consists of two
digits, the number evidently lies between 10 and 102 ;

if tho integral part consists of three digits, the number lies
between 10% and 10% ;

if the integral part consists of four digits, the number lies
botween 10® and 104 ;

and so on,

Henco, if the integral part of the number consists of n
digits, the number evidontly lics boetween 10"~!*and 10" ; and
its logarithm must be greater than »—1 and less than » ;
the characteristic = n - 1.
That is, the characteristic of the logarithm of any number
areater than wwity 4 one less than the number of digits v 1ts
integral part.

['Thus the charactaristics of the logarithms of the numbers J83, 670156
and 6600205 are 2, 4 and 6 respectively.

2ndly, let the number be lexs than unity and not less than
P10,
If there be no zero immediately after the decimal point

(ns in -2803), the number evidently lies between ‘1 and 1, z.e,
between 10-! and 10 ;

if there be only one zero immediately ufter the decimal
point (as in "02803) it is cnsy to see that the number lies be-
tween '01 and -1, i.e,, between 10-%and 10-1;

if there be ouly two zeros immediately after the decimal
point (as‘in ‘002803) it is easy to see that the number lies be-
tween 001 and ‘01, 7.4, between 10-3and 10-7 ;
and so on.

Heunce, if there be only n zerog immediately after the
decimal point the number evideutly lies between 10-*+!'and
10-"aud ., its logarithm must be greater than —(n + 1) and
less than -,

.. the characteristic = - (n+1).
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That is, the characteristic of the logurithm of a decimal frac-
tion 18 negative and numerically greater by one than the number
of zeros immediately after the decimal point

[Thus the characteristic of the logarithms of the numbers *48, "000208,
and 00001005 are ~ I, — 4 and - § respectively.]

(i) If two numbers ¥ and M be so related that .V = Jf x
107 where p is any integer, positive or negative, the logarithws
of N and .}i{ will have the same mantissa.

Let ¢ denote the characteristic and f the mantissa in the
logarithin of )/, so that log M = ¢ +/.

Then, log & = log (.M x 10?)
= log M+ log 107
=(i+f)+p
= (+p)+f

Hence, since (i+p) is an integer, positive or negative, f is
the mantissa in log V.

Thus log M and log iV have the same mantissa,

Note. It is evident therefore that the logarithma of the numbers
*0002504 agd 25°04 have the wame mauntissa, for ‘0002504 = 2501 x 10-°,
Similarly the msntissa is the same in the logarithmw of the numbers
000567008, 567008, H670°08, 00567008, 56 7008, 567008 and *567008.

Example 1. Write down the characteristics of the logarithms
of the numbers 4300:567 and ‘000050008,

The first number has four digits in its integral part ;

*. the characteristic in its logarithin = 3.

The second number has four zeros immediately after the
decimal point ;

.. the characteristic in its logarithm = - 5.

Example 2. Given log 67005 = 4:8261072, find log -00067005.

The characteristic of the required logarithm is evidently =
-4, for there are three zeros after the decimal point ; and
the mantissa is clearly the same as that of the given logarithm,
(because the two numbers differ only in the position of the
decimal point).

.. log "00067005 = -4+ 8261072
= 4-8261072.
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Example 3. Find the number of digits in 2°%, huving given
log 2 = -30103.
We have log (2°4) = 6tlog 2
= 61x-30103
= 19 26592,
Henee, the required number of digits = 20,
Example 4. tiven log 79003 = 48976436,
find loyg 000079003, correct to seven places of decimals.
The required logarithm

= . log 000079003

(-5 +8976436)

1

-l - =] w] -

(= 7+ 28976 136)

L]

= 1411391908 | ..
14130401,

[]

Note. 'The artifices heve illu trated ought to be cavetully whtic e,
Example 6. In the precehing example find the value of
000079003, if log 2593875 = 64139191,
Let & == the required value.
Then log = = log /000079003
= 1'4139491 (as before).
Hence 2 is n decimal fraction having no zero immediately

after the decitnal point, and its logarithin has the same mantissa
as that of log 2H93875.
L]

Sz = 2503875,
Example 8. Civenlog2 = ‘30103 und log 3 = 4771213, find
the logarithm of -00015.
We have log 15 = log(3 x b)
= log 3 +log (')
= log 3+log 10 -log 2
= 4771213 +1 30103
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= 4771213
+ 09897
1:1760913.
-4 41760013
11760913,

Hence log (-00015)

Exercise (85).

1. Write down the chaacteristies of the logarithms of
the numbers 375609, 2036, 000020009, 5678 and 98706,

2. Given log 53408 = § 7283375, find the logarithms
of 5:3108, -05349%, 23198 and A31HS0000,

3. thven log 2 =-30103 and log 3 -- 1771213, find the
number of digits in (61%)°

Given log 35874 = 43017798 1 —

4, Fmd the lozarithm of Y 00000035871 correct to T
places of decimals,

5. J'md the logarithm of Y oonnsasit,

6. Find the value of (35871)% correct to six plices of
decimals, given log H9HIHE = 5 T73599.

7. Find the mumber of zeros after the decnmal point in
the value of (003HRT )™,

8. Given log 2 and log 3, find the logarithms of 5,
125000, "1875 and 16875,

9. CGiven log 440923838 = 76443636, find the seventh
root of ‘00324,

Solve the following equations :-—

10, 5°-% =21, 11, 2%#=5 1 .

41" = W= l]

6. Given the logarithms of all numbers to a
certain base ¢, to find the logarithm of any number
to a new base 0.

Lot ¥ be any number whose logarithm to the base 4 is
required. .

Let y = the required logarithm.
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Then, N =,
and ., log, NV = log,(’")
= y log.,

1

I3

, 1
i.e., log, N = log,N x ogd (1)
Thus it is proved that the logarithms of all numbers toa
new base () aro obtained by multiplying their logarithms to the

old base (a) by a constant quantity, viz, the reciprocal of the
logarithm of & to the basc a.

Cor. DPutting ¥ = a in cquation (1), we have log,a x
log,b = 1.

BExample. Given log,,2 = '30103, find log; 64.
We must have

log,64 = log, 64 x L1

logy 65"
Now, log,,64 = log,,(2") = 6 log,,2
= 6x-30103°
= 180618 ;
and log, o5 = logu,(‘go) - 1-°30103
= -69897.

Henco the required logarithm

1-80618 180618

= 59897 ~ 69897 ~ o OO

Exercise (86).
1. Given log ;02 = 301030 and log, 7 = ‘845098, find

the logarithm of (-:;:;3-)* to the base 1000.
2. Given log, 2 = 3010300 and log, o3 = 4771213, find

the logagithm of 81 to the base /8, correct to three places of
decimals.



CHAPTER XX.

EXPONENTIAL THEOREM AND
LOGARITHMIC SERIES,

1. To expand «* in ascending powers of a,
By the Binomial Theorem, if n > 1,

(l+ 1_)-:_ 14+ nz +m‘(m'-__1) 1
n ‘n

k-l u“
na(nz ~1)(nx - 2) 1
+ R T +&e
(o= 1) (e 1)(a-2)
-l+zs- L,’+ : L/* M ke (1)

Hence, putting z = 1, we have

. -1 (1-3.)(1-2)
(1+_n.> =l4ele— "4 " " ke ...

But o 1+ ')" - {(1+ ll)}

hence, the serics (1) is the zth power of the series (2);

that is,
e ) o= )= )
l+z+ Z e - ~B-_-—--»----+&c.
| 1 2 4
| (1-3) (-3)0-3) .
- +l+~lg +- - 3 +&e. ¢ ;

and this is true however great n may be. If therefore n be

indefinitely increased, 71‘- vanishes and we have

1 "+&
+++ c.
Rt
/\ TR

l++++&c)
R CAARATT)
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" . 1 .
Tho series 1+ 1 + " + l'l‘ + :—+.\'c. is  usually denoted by e;
h mee
2 3 xt
ot = 1 £ o 4 e
¢ +$+52+‘.3+i4+\°' R &)

Now supposea = ¢, so that ¢ = low i

Then we have

a' = e

2.2 W3 a8
and . I»y (3) = 1+¢-z:+c-l-f- +° -{-+A'c,

3
° « 2 Hl 3
= 1+ lug,:z+'r. (hi_’:'") +7 (l();v,a) +de.
= [

This in the Kxponential Theoren,
2. To prove that ¢ is incommensurable.

. m . .
Forif not, lot e = " where m and « are positive integers ;

n
then " = I1+1+ 1 + l e+ 1 + 1 tde
" 28 lw n+l
Multiply both sides by v ; then
m'n -1 = aninteger + + !
- - n+l (4 l)n+2)
1
.- + de.
+ (4 1)+ 2)(n+3) ¢
1 1 1

But &e.

n+1 + (n+1)(n +.'.!)+ (n +'l)(n+ 2)(n+3) +

. L 1
is a proper fraction, for it is greater than wrl and less than the
geomciricnl Neries
1 1 1 . 1
—~— o 4 - - - +&e., that is, Jess than --.
n+l+(u+l)'+(n+l)" ! ’ n
Thus an integer is equal to an integer plus a fraction, which
is absurd ; therefore & is incommensurable.
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3. Miscellaneous Examples.
Example 1. Find the value of L(e4e7").

LI C TV B
Since e = l+x+: +'r, + = +&e.
28
Putting  » = 1, we have
1 1
e=1+14+- +, ~|-,l + &e.;
28

and putting z = -1,
1 1
-1 - ] - _ Y
e 1l -1+ ,3+' \e
Hence, ¢ + 71 =2(l+ , +
\
Sobete!) = 1+

Example 2. I'ind the value of 1

N

to four places of decimals.

JCaleutta University Fo AL Paper, 165%))
. 1 ! .
Sitce sy = Ty Soputting e - -
e

N

we have the required value
1 1 1 1
)

1. . s
. in the series for o)
)

= 1=~

S Pl -d&e
5 0 2 ol bt :
2 a2 93 a4
=1

“10% 100z T 100 3t 0 g T

0 008 0004
-2+ -+ g -

= 1-"2402- 0013+ 00006 - &c.
= 102--2013 ( neglecting the ath terin which la- 1 )

serus after the decimal point

I

de.

= -8187.
Example 3. Show that

I 142 14243 14243+4 ]
¥t Ty ey

(Calcutta University F. A. Paper, 1488.)
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The nth term of the given series
1+243+...+n

|n + l
- n(n+1)
2|n+ 1
-l
2i’li?_l :
Hence, the 1st terin = 1r.. lh-l-'f - l; = 1, whenn = l.]
. i
” 2nd ” = ia)_l__l
1
» 3rd " - 212
1
” 4th n = ‘2'@
N
and 8o on.

Hence the sum of the sories

-I(H'Cl Ll’ LJH")

2
Example 4. Prove that

2 4 6 8 s .
4 -+ 7 + &ec. to infinity = e,
l_ l3 bt y
and that -+ + 6 + 8 +&o. to infinity = L
15 9 ]
(Calcutta University F. A. Paper, 1887.)
(1) The nth term = ﬁ?_':
(20— -1)+1
T el

1 1
gl
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Hence, the 1st term = 1 + 1 s

|

1 1
2 y = -
» 2nd 2 +L3,
1 1
”» 3!’d yy = E+[5 ’
and so on.
Hence the required sum
1 1 1 1
= l+Ll +l’ +l3.+i! + &
= e,
9
(ii) The nth term = ,""
‘Lu +1
_ (Zn+ 1) -1
- Sn 4l
1 [
= x2n+l'
1 1
Hence, the 1st term = -
e 2 3
1 1
W d o, = 3 —E’ ,
1 1
w3rd o, = b -I.? '

and so on.

Therefore the required sum

Example 5. Sum the series

4 11 22 37 56 .
it §-+E+@+&c. to infinity.
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1f ¢, denote the »™ term of the series, it is easy to sce, by
the method explained in Fxawple ¢, Art. 7, Chapter XII., that

n? a4l

t" = L![
Su(n-1)+3n+1
n
2 3 1
S -2t
1 I ! “ w1 =0, whenn - 1
Hence, ¢, = 0+ 3+ ."l - "
i l and =" 1, whenn =1
L
d |
t, = 2 ;
N + (e’
p 2 + 3 + 1
SR M
L - 2 + Jo1
et

and xo on.

Now, adding
the required sum

,

| S R B

= 20434 (e=1)
= Qe -1.

Exercise (87).

1. Prove that when n is indefinitely increased the limit of

(l+i)“ =,
n
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2. Fiud the value of e_‘-.,— 1 .

-

3. Show that the error committed by taking the first ¢

s only of the e si is less tl .
terms only of the expansion of e is less than 600

d

1
4. Find Js correct to two places of decimals,
(Caleutta University F. A, Paper, 1884.)

. 1 S 1 2 3
5. Show that e' = 2 5+ 5+ < + &e. )
b 7

W \ .

Find the co-eflicient of «* in the expansion of (2 ~1)%.

No

Find the value of
l+4a l4+a+a® l4ata®+a?
2ty 7 i )

8. Ixpand ‘

1+ + ¢, to infinity.

T, . .
phe W B series of ascending powers of x.
. o . . 1 -ar-x*
9. Find the co-etlicient of <7 in the expansion of . .
4

a+hetect
10. Find the co-ethicient of w™ i the expansion of T

s
A

11. Expres. L +e ) moascending powers of ¢, whero

i= -1

| ]
12. Express "i(“- - ¢77) in ascending powers of o, whae

= Vo1

1 1 1
o1 ptetet
13. Shew that = v - -
R 1 1 1
:_l+‘3+'.5—+."'

(Calcutta University ¥, A. Paper, 1389.)
[—l (€=1) _e?+1-2 -H""—.-g-&c.]
¢

+1 e’-1 -1 ¢!

2z 33 53
+., +

12
14. Shew that 29’&. 2 @_+|i. g

‘ v
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.

3 5 7 9
5 - +&e.
15. Shew thut 3e l+ll +ot g +|i c
2 4 2"
l+|23 +2 +L4 + ..
16. Shewthate? -1 = [ 2- i
1+l’-+{-'.‘_ 4 +
"4l l+:l4+i: 415
17. Shew that :2"'] = - - Ll" ‘l-_ ll
it 1 .
tatptat
*) 2” 23
l+"’+‘{+i[ +'_)+
18. Provethat "I'- h -‘l..' .. - :
et

9 1935 5T 83 o
19. Sum the series i + !l__,' + l:".:+ ;‘ + (5, +&c. to infinity.
20. Sum the series

1.4 256 36 4.7 58 . .
I + 1 +-l§~+ s + l-‘_ + &e. to infinity.

4. To expand log, ({ +.r) in ascending powers of .r.

By the exponentinl Theorem, for «l/ positive values of a we
have
"(log a)’I x*(log, 'l)

@ = 142logn+"- + 3 &e. ... (1)
"2 3

.

Also, sincea® = {l+(a-1)}", it is clear that for all posi-
tive values of a less than 2 we must have, by the Binomial
Theorem,

@ = liaa-1)+ ”(“‘ ])(a ey HEoDE-2, )
123
x(x - 12(:: -2 (x -
1.2.3.4

= l4zf(a-1)~fa-1)*+}(a-1)®-J(a-1)* + &c} +
terms containing x? and higher powersof z . . . . . )]

¢ +

N@-1)ske ... ...
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Hence, from (1) and (2), for all positive values of « lass than
2 we have the identity

z3(loga)?  x23(loga)?
!l.;,' e _L:_} - -
= l4+rf(n-1)-Ya-1)2+3(a=1)% = ((2=1)* + &e.! + &e.
Hence, assuming that the cn-eflicients of like powers of z
are the same on both sides, we have
loga = (@a-1)=Ya-1)3 4+ }(a-1)% - }(a-1)* + &c.
Putting therefore x for a~1, we have for all values of z
numerically less than unity

14+xloga+ +&e.

2 3 4
"_j.+‘3 -’4 +&e o e (B)

This is the Logarithmiz series,

log (1 +2) - r--

Cor. 1. Putting — 1 for » in (3), we get
K

b 3 4
log. (1 -u) = -z -f;l--"-; —z -&e L (4)

Cor. 2. From (3) and (4), we have
1+,
loé"('l —-;:) = log.(l +x) - log(l —x)

= ofed® 4 hie) 5
.’l.z+ P +«\c.j (9)
1 1+x

i roias n+ Y -
Cor. 3. W riting N for —s’ i.e., Sn 4

we bave log,(n + 1) - log.n
1 1 1

= 20—
2r+1 + 3(2n +1)* +5(2n+ 1)*

1
+W +&0.} ees .es (6)

Note 1. When we know the logarithm of any number, the series (6)
{the terms of which diminixh rapidly) enahle« us to calculate the logarithm
of the next consecutive number. Thus, since loge 1 = 0, putting » = 1,
we get the value of log, 2 ; then putting n = 2, we get the value of log. 3 ;
and so on.

Note 2. We know fran: Art. 6, Chap. XIX,, that the logarithm of
any number to the base 10 will be obtained by multiplying the logarithm

2—24
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of that number to the base e by the constant factor 10-;-13— « This factor is

thus known as the 2m0dulus of the common system and if we denote its
value by m we have, from the series (8), multiplying both sides by m,

log,o (n+1)~1log,,n = 2m{~—l—- ! ----+&c.} . Thus if we know

Zn 1T S{un+ 1
the value of m,"* this formula enables us to calculate and tabulate logarithms
of all numbers to the base 10,

Note 3. Logarithms to the base ¢ are known as the Napicrian System
named after Napier, their inventor. They are also called Nutural logarithms,

Example 1. Show that log,2 -}

1 1 1
= 123% 345 T per
Putting = 1 in the Logarithmic Serics, we have
log2 = 1-2+}-}+}-1+d&e

= (1-D+E-D+G-D+&e.

1 1 1
= ﬁ+3]+5:6+&0. (1)
and also = 1- (-4 - (-1 -G -} -&e
1 1 1 .
=l-gg~4p=gr~d - @

Hence, from (1) and (2),

iz 2 4 45
1 1
+(5'3—6:-7)+&0.
2 2 2
on Zlog2-1 =15 a+357ptse7+ e

1 1 1

-l = e
R A wr A VY T
Example 2, If « and B:be the roots of az® +bz+c = 0,
show that

G’ +B’

log(a = b2 + cx?) = loga+ (a+ )z - ("“"2“-)" + &e.

+ &e.

* The numerical valuo of m is very nearly equal to '43429,
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3n

Since a and B are the roots of the equation az? + bz 4¢ = 0,

we must have

b
a+B-—E,and aff = :;;

and ", a-br+cz® = a(l— ..b_._z.,. f___,a)
a a
= a{l +(a+ B)z +«fz3}

= a(l +az)(1 + Bz).
Hence, log(a - bz + cx?)

= log.a +log.(1 + az) + log (1 + Bx)

2,2 3,3
- ]og,a+{az-a;-»+a-; -&c.}

+ {/31: - /i‘_:z’ E—?s - d&e. }

= log,a+(u.+ﬁ)z—‘-" THA -z? + &e.
Example 3. Show that log,(z + 2h) = 2log(z+h)-

1 h* h* h® &
Sl {(;;h)'s g it °'}
The right-hand expression

= log.(z+A)? ~log,z + log,.{l M }

(c+h)2f
el
{(a:+h)’ 7z +2h)
BV e Cwrhp }

= log,(z + 2A).
Exercise (88).
1. Show that log,(n+ 1) - logg
= W Tt g Tt

2. Prove that log,(n+ 1) - log,(n —1)

1 1 1
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3. Shew how you would calculate the logarithms to the
base ¢ of the first 12 natural numbers.

4. Find the modulus of the common system correct to
3 places of decimals.

6. Find the value of

LI S S
3 3RTR3TG
6. TProve that _~_ac+=(q_:5:)’+§(a7f)3 + &e.
a a . @

= log.a - log.x.
7. Trove that 3 log.(1 +x) -log,=z

1 . 1 1
(o dat e b e |
= log.{1+ (1 +x)+(1 +z)’}.

F U _ 2 2
q. Prove that log,4 = 1+ L3 t3IstE 6 7 2+ &e.
9. Iflo i —1 o p gt be expanded in a series of powers

of z, show that the co-ofticient of z* is 3 or 1 according as n
n n

is evpn or odd.
1+x 1-r
10. Prove that log"l(l +2) ¥ x(l-x) @ "}

r? ozt 0
= [3t3atse oo

11. If a, B be the roots of the equation az?® +bx+c = 0,
prove that

log,(az® + bz +¢) = log,a+ 2 log.z ~ :—( a+ /3)

+ é%j(as +l3’)—3.7:.;(““ +pa) &

12. Sum the series *

11,1
T2 33%34 *4‘5”’“

13. Sum the series
Td+33+80r + 59+ &e -



XXI1.] INDETERMINATE MULTIPLIERS. 373

14, Sum the series
i+ ii v s+ ke
15. Prove that

log, o(z + 5) = log, o(z +3) +log, o(z - 3) +log, o(z + 4)
+log, o(x — 4) — log, (% - 5) - 2 log, 4z

, 72 72 3
- 86859'"{3‘ Sy Y D §(::‘ —- 3529 4 7§) +&e. }
(Calcutta University . A. Paper, 1890.)

[From the formulie :—
. 1+ x3 xb
(i) loge -1—_:) = 2{$+-3 +»-§+&c.}

and (ii) log,,a =

1
fog, 10 xlog. & = *43429. . loge a,
we have, putting - for 12

2t - 250072’

. 72 ) f )
86859 . .9 . - 12 . Lo 43490 %20 - A L
59 {.u‘—‘z;'n:' ; 72+kcJ 134 ~<zl 4 322 +- &e, §
1 1+:= 1+z ¢ - 2627 4144
= igaero 1w (152) = vome (53) = vom STEREH
(x* = 9)(x? - 16) x4 — 2527 + 144

Hence the rigfft-hand side = log, , 2(x=5) - log, R ST

= &ec.

16. Expand log(l +z+ 2% +®) in powers of z, and find
the co-efficients of z2" and x2*t?,

(Culeutta University F. A. Paper, 1891.)

CHAPTER XXIL

IpeEnTITIES, ELIMINATION AND MISCELLANEOUS ARTIFICE§.

1. The method of Indeterminate multipliers for
solving simultaneous simple equations involving
three unknown quantities.

To solve the equations : —
a,z4+b,y+eizmdy ool (1)
ayr+bytegz=dy.........(2
azZ+byytegz mdg.o...v...(3)
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Multiply (2) by Zand (3) by m, (the values of [ and m
being ut present undetermined), and add the equations ; thus
we have

x(ay +lay +may) +y(by + by + mbg) + 3(c; + leg +me;)
=d, +ldg +md,.

Now suppose the value of I and m are such that the co-
efficients of y and z are each equal to zero.
dy+ldg+md, )
a, +lag+mag "’
where I and m have the values given by the equations

by+lg4+mby =0
¢y +lcg+me; =0
But, from these equations, by cross multiplication, we have
1 4 m
bgcy —~bacy - byey —bycy = byeg —bge,’

Thus we have z =

and . l = bsey —bycy , and m = hyeg —bye,
byey = byey bu"‘a —byes”

Hence, by substitution in (4), we have
dy(bgeg = byeg) '!'dz("'lcl - 61"1) +d,y(hycy - bs"l)

“l(b;za-:"a—c—a-)—‘*‘ ay(bge, - - hye, a) +ag(brey v byey)
Thus x is determined, and in a similar manner the values of
y and z may be separat«ly found, if necessary.

Example. Solve the equations—
2z - 3y+5z- 3 (1)}

bz+2% -T2 =~ 12 ... e (2)
~4x+3y+ z = b .. e (3)

Multiply (2) by /, and (3) by m, and add ; thus we have
2(24+50-4m)+y(-3+2l+3m)+2(5-Tl+m) = 11-12+5m.
Then z = LL=12+5m 4

a45i—4m W
where’? and m have the values given by the equations
~-3+42l1+3m =0 }

5-Tl4+ m = 0

But from these equations we have
1 l m .
2+21 T 16+8 T 2110’
. 18 11

S l=ggandm = gg.
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Hence, substituting these values of ! and m in (1), we have
_ 11.23-12.18 +5.11
2.23+5.18-4.11
- 253216 +55
46 + 90 - 44
-2 _,
932 )
Now substituting the value of x in (2) & (3), we have
29-72+17 = 0
y+ z- 9 = 0} '
2N I
63-17  51+18  24+21°
LY = f,g =2
69
and z = 23 = 3
Thus we have 2z =1,y = 2,z = 3.

Hence,

Exercise (89).

Solve the following equations : —

342y +5z = 32 2. 4z-3y+ 2z =
22+ 5y +3z = 31} 3z-4y+ 5z =
bz +3y+2; = 27 -6z+by+ Tz =

3. t+3y+5z2=10 4. br—dy+ 92 = 19
3245y +7z = 14}- Tr+6y-12: = 16

52+ Ty +82 = 15 -92+8y+15z2 = ~-13
5. a’z+ay+z =-ad 8. T+y+ z  =a+f+c
Vrrby+z = -b3%. z Yy .z
crtcy+z =~ ¢ 2 Yete - 1
* Y

r 2
@ttt o

7. 4y-z) = b2-22 8 2z-y) = 3:2-2
32+4x = 6y+ 2 I -3z = 3y-1
2-3y = 14-10a 2243z = 4(l-y)
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9. 5x-1ly¥ 4137 = 22
tz+ 6yt 4 5d = 3
z— y*+ z* = 2

2. If any Algebraical Expression * p,a"+p,2*?
+PAX" VPP &e. ... +P,_,+P, Where nisa
positive integer, be divided by a-«, the remainder
will bep,a™+p,a** + P + P +&e. + P, +P,.

Divide the given expression by z-a till a remainder is

obtained which docs not involve z. Let @ be the quotient and
R the remainder ; then

PoZ" + 010"  +pga"~ +pgar P ke .. +p,_2+D,
= (2(1 - dr) + R-

Now since B does not contain =z, it will "Yemain unaltered
whatever value be given to 2. Hence, putting z = a, we have
Dot +p,a"  +pyant H e 4P atp, =Qe-a)+ B
where ' 18 what ¢ becomes when a is put for z.

Thus B = poa™+p,a*~ ' +p,a* 2 +&e.  +p.18$0,.

Cor. If pja*+p,a* ' +pa* 2+ &e. +p,_a+p, = 0,
then pyz" + p, 2"~ + pya~2 + &e. +p,_,%+p, is divisible
by #—a. That is, if a rational and integral expression in z
vanishes when a is put for , then that expression is divisible by
z-a.

Example 1. Resolve into factors 2% — 4z% — 11z + 30.

By trial we find that this expression vanishes when z = 2 ;
hence z - 2 must be one of its factors. This gives us a clue as
ﬁl how the factorisation is to be performed and we proceed as
ollows :—

z23 - 422 -1124 30
= z%(z - 2) - 2x(x - 2) - 15(= - 2)
= (z - 2)(z? - 22 - 15)
. = (2 - 2)(x - b)(z + 3).

*Any Algebraical expression of the form p,a™+p1zs='+4pa®=24,..
+Po—1Z+py, Where n is a positive integer, is called a rational and integral
expression in .
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Example 2. Find the remainder when 23 - 42% -~ 11z + 30 is
divided by z + 5.

The remainder is what the given expression becomes when
-5 is put for x ; hence the required remainder

(-5)® - 4( - 5)* = 11( - 5) + 30
= —125-100+55+30

- 295+ 83

= -140.

Exercise (90).

Resolve into factors : —

1. z%4+42242-6.

2. 20 +522 2% 34,

3. 2349x% —x - 105.

4, =zt +623 -5r% - 422+ 40.
5. 23 -18x428.

8. z?-29x+60.

Find the remainder when

7. 3x® - 4x* + 5z~ 2 is divided by z - 2.

8. 5z - 20x% - 5x 427 is divided by z+ 1.

9. 5z +4x' 4 323 + 222 + 2 is divided by z+ 2.
10. 5x% - 20z% + 4z -9 is divided by z + 3.

3. If any algebraical expression p.x"+p,2"!
+PX P L +P,.,2+P,, where 71 is a
positive integer, vanish when 2 is equal to each of
the »n quantities «,, @., @, «,, ....«a, then will
DX+ P X E P L AP T+ Pa = Po(T-@y)
(x-a))(x-ay)....... (x-n,).

For the sake of brevity let us denote the given expression

by f(2).
Then since f(x) vanishes when # = a,, # —a, must be one
of its factors. Hence we have

A@) = (2-a)port™t +&0. ... ).
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Again since f{x) vanishes when r = a4, z -—a, also must
be u factor of f(x) and therefore of (£—a,)(@ox" 4+ &e. ... ).

Hence, since z —a, cannot be a factor of z —a,, it must be
a factor of p,z"~! + &e., and therefore we must have

fz) = (x-a,)(c—a;)(poa*3+&e. ..).
Thus it is proved that f(x) is divisible by (z - a,)(x - a,).

By similar reasoning, repeated as, often as necessary, we
come to the conclusion that f(z) is divisible by (z-a,)(z-ag)

(x-az) ... (x-a,). But in this case ¢he quotient must
evn(lent,ly be equul t0 2g.

Hence, f(2) = py(z —a,)(z—-az )z -ag) ... (x-a,).

4, If an algebraical expression of the form p,x*
TP P A Pt L R X+, Where n
is a positive integer, vanish for more®mwm 1 different
values of «, then each of the co-efficients py, 215 3y
Disgeerevnn Py P, Mmust be zero.

Suppose the given expression vanishes when z is equal to

cach of the » quantitiesa, b, ¢, d, . . . . &, k.
Theu, by the last article, we must have '
Lo+ e V4 p Tl b pytt L L L 4P XD,
= polz-a)z=-b)x-¢c) . . . . . (z-h)2a-k)

Hence, if 8 be another value of # for which the given ex-
pression vanishes, we must have

po(B-a)B-8)B=c) . . . . . (B-F)=0
Hence, we have p, = 0, because [ being different from
each of the » quantities a, b,¢,d, .. . . b, k none of the

factors B —a, B -8, B —-c¢, &o. is zero.

Thts it is proved that if a rational and integral expression
of the ath degree in # vanish for more than n values of x, the
co-efficient of the nth power of x must bezero . . . (1)

Now p, being zero, the given expression reduces to p,z*-1

+pga® T+ pgan3 4 . +Pe-12%+pe, which is of the
(n - 1)th degree ; and by hypothems it vanishes (for more than
n and therefore) for more than n - 1 values of .

Hence, by (1), we must have p; = 0.
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Similarly we prove that each of the other co-efficients p.,
P & . . . . p,is equal to zero.
Cor. Hence if a rational and integral expression of the nth
degree in z vanish for all values of z, each of its co-eflicients

" must be zero. For if the expression vanish for all values of z
it certainly vanishes for more than n values.

5. If two rational and integral expressions of
the nth degree in 2 be equal to one another for all
values 6t o, then will the co-efficient of any power of
o in one expre!s!i;n be equal to the co-eficient of the
same power of « in the other expression.

Let poa™+p,2" 1 4ppat 2+ . . . 4paaz+p,

- =quat+ @2V A gt L L L L g%+, for
all values of z. Then we must have p, = ¢4, 21 = ¢1,
Ps = ¢g, and o on,

For, by tramgposition, we have
Bo-90)2" + (21 = q1)2" T +(Py - 4,)2" 7 4 s 4 (Paes —Gun)s
+(p. -.q,,) = 0 for all values of ».
Hence, by the corollary to the last article, we have
Po=-90 =0, or py =9q,;
Pi—qy =9 Or py=q;;
Pa—¢a =0, or py = q,;
&e. &e. &e. &e.
Pror =92 = 0, 0P Py = guy;
Pa=qu =0, orp, =g,

Note. 'l‘helg;rorem abave eatablished is usually referred to as the
Principle of eterminate Co-efficients. 1Its application wil
be illustrated by the following examples.

Example 1. Find the sum of the series 13 + 22 + 3% + &c. +n2.
Assume that
19422 4 3% + &e. +n?
= A+ Bun+Cn®+Dn®+ En*

where, 4, B, C, D, E, are quantities, independent of n, whose
values have to be determined.
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Then we must have the sum of the series to (n+1) terms,
namely

12422 +3%+ &e. ... +n2+(n+1)?
=4+ Bn+1)+Cn+1)? +D(n+1)* + E(n+1)4.
By subtraction,

n?4+2n+1 = B+C2nu+1)+D(3n? +3n+1)
+ E(4n® +6n2 +4n+1).

Now, since this equation is true for all integral values of »,
the co-efficionts of tho respective powers of n¥n each side must
be the samc : thus £ must he equal to zcro (for there is no
torm containing n®* on the left-hand side), and we shall have

3D =1;3D+2C = 2; D+C+B =1
whence D = };C = }; B =]
nd 3

Hence the required sun = 4+ - + gty

6

Since this equation is true for all positige "intogral values
of », we may put » = 1 ; then we have
1 =A+}+1+]
=4+1, 4=0
Hence the required sum
- (203 +3n+1)
= in(n+1)(2n+1).

Example 2. Find the couditions that a2z +bz® +cx? +dx
+f2 may be n perfect square.
Assamo a*et +62° +cx® +dr+f* = (uz? +lz+f)%
Now, .since this relation is true for all values of z, the
co-efficients of like powers of z on both sides must be equal.
Hence we must have
b = 2al e e (D)
c= 3 42af ... ... (2)}
d = 2f e e (3)
d

From (1) and (3),% —u= g, wmy @)
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Algo from (1) and (2),
he
c= 4a—§+2af, S datc-0% = 8a¥f... (B)

Thus (A) and (B) are the relations that must hold good in
order that the given expression may be a perfect square.

Exercise (91).

Find, by the method of indeterminate co-sfficients, the sum of :—

1. 124424724102+ &e. to » terms.
2. 1.2423+34+45+&c. ton terms,
3. 124+3245%4+7%+&e. to n terms,
4, 1.24+34+56+&c to n terms,
5. 1343%+5H3 +d&e. to n terms.
6. Shew that if 2' +ax” +62% + cx+d be a perfect square,

the co-ctlicients s#bisfy the relations
8¢ = a(1b-a?) and (46 -a?)? = G4Ad.
7.9 1f ax® + bx* + cx +d is divisible by z? + A%, prove that
ad = bc.

8. Find the relations subsisting between a, &, ¢, J, when
ax3 + bx? 4 cx +d is a complete cube.

6. A short method of finding the quotient and
remainder when any rational and integral expression
in « is divided by « - «.

Let the expression pya® + 2,21 +p2"~2 4+ | . .
+ Pa_12 +p, be divided by z —a ; and let the quotient be gqa*~1
+¢,2"" % 4 g™ 3 + .« v+« 4Qe2%+q.;, and the
remainder R.

To find ¢4, q1, ¢2s &c., and B.

Now, since Dividend = Divisor x Quotient + Remainder,
we must have

Poz" + P12t 4Pt +pua™ i L L L 4pasZip,
= (z-a)(goz* ' +¢12" T+ 22" P+ . . L ge g2+ q0)+ R,
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Hence, equating the co-efficients of like powers of x on both
sides, we have
90 = Po 5
N1 =490 = Pnn OF gy = aqo+pPy;
Gz = @fy = Pz O  Gg = a; +P; ;
93 —aGg = P3, OF (3 = agy3+py;
&e. &e. &e. &e.
-1 —0p-g = Po1s OF oy = -2 +pn
R_a'ln--'l = Puy OF E = AQn_y + Pp-
From the equations on the right we see that g, is obtained
at once, because it is equal to p,. We then get ¢,, by adding
aq, top, ;and then ¢, by adding ay, to p,; and soon.

Hence the process of calculating successively the co-efficients of
the quotient and the remainder, may be arranged as follows :—

Doy Py Pas Psy -« -« . + .+ Pa-ns D,
aqo,y L ST P T T T (R B
Tos T T2y Iay  « « « « 0 Gaa E.

Note. It is easy to sec that if the divisor be .+« the multiplier will
be nut a but —a.
Example 1. Find the quotient and remainder whensz"® — 4z*
+72% - 112 - 13 is divided by = - b.

The successive co-efficients of the dividend are 1, -4, 7, 0,
=11 and -13; and the multiplier is 5. Hence the calculation
will be performed as follows : —

1 -4 7 0 -11 -13
b 5 60 300 1445

1 1 12 60 289 1432
;ﬁ!l‘hus the quotient is 2! +x%+12x% + 602+ 289, and the
ref inder 1432.
Example 2. Find the quotient and remainder when 3x°
+ 23z¢ - 292% + 6422 — 79 is divided by x + 9.

The successive co-efficients of the dividend are 3, 23, - 29,
64, 0 and - 79 ; and the multiplier is —9. Hence we have

3 23 -29 64 0 =79
- 27 36 -63 -9 81

3 -4 7 1 -9 2
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Thus the quotient is 3z* -4x3+ 722 +2-9, and the
remainder is 2.

Example 3. Find the value of

28 - 1877 4 572% ~ 112" — 43z* + 1223 4+ 3122 - 392+ 58, when
z = 14.

By Articlo 2, we know that the required value is the
remainder when the given expression is divided by z - 14. Let
us then find out this remainder by the method exemplified
above :--

1 -18 &M =11 -43 12 31 -39 58
14 -56 14 42 -14 -28 42 42

1 -4 1 3 -1 -2 3 3 100
Thus the remainder and therefore the required value = 100.

Exercise (92).

Find the quotient and remainder when

z' 4+ 52 + 30% - B + T is divided by x - 2.

Pt + Ta® - 572% + 65 is divided by z - 4.

526 4+ 1324 + 923 + 4122 - 172+ 28 isdivided by z+3.

4¢% + 2624 + 3123 + 3722 + 432+ 75 is divided by =+ 5.

x5 +102* + 212% —~ 1322 + 924 705 is divided by 2+ 7.

Tx® = 5915 + 2524 — 63x* + 22 ~ 100 is divided by z - 8.

27 +152° 4 34x° - 26x* — 2923 4 700x + 89 is divided

by = +12.

. 2% + 527 —~442% + Tz + 11 is divided by z - 2.
9. z7-13z% - 3522 - 8x+ 23 is divided by z - 4.

10. 7 +6x° + 2bx% + 765 is divided by z + 5.

Find the value of :—

11. 325 ~172% +22% - 19623 4+ 52479, whenz = 7.

12. 525 — 28x4 4 423 — 78922 + 38, when z = 8.

13. 2% +7x%—16z* +292% + 382+ 275, whenz = -9,

14, 25 -31z* 45923 + 8123 - 372+ 49, when z = 13.

16, % - 2525 +49x% — 7323 4+ 8723 + 113z + 54, whenz = 23,

® N0, WON~
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7. Symmetrical and alternating functions.

Any expression involving a letter is called a function of
that letter. Thus 2? +Hx+8 is a function of x ; a? +ab+ b3
is u function of @ and b ; a® + 6% +¢? + 2abe is a function of a,
b and ¢ ; and 8o on.

The letters of which a function consists are called its vari-
ables. Thus z* +bxy +y? is a function of which the variables
arc z and y.

An expression which is not altered by the interchange of
any pair of its letters is said to be a symmetrical function.
Thus (a+5)* —at - b6* and z® +y® +:% - 3zy: are symmetrical
functions.

An expression whose sign only is altered by the interchange
of any pair of its letters is called un alternating function. Thus
a-band a?(h-c)+b2%(c - a)+c*(a - 1) are alternating functions,

The product of two symmetrical functions is also a symmaet-
rical function. TFor instance, let us take the product of a +5 +¢
and bc+ca+ab; evidently the product, namely, (a+ 4+ c)(be
+ca+ab), caunot be altered by the interchange of any pair of
its letters, say b and ¢, becanse ncither a+b+c nor be + ca + ab
is altered by such interchange. Similarly, the quotjent of two
symmetrical functions is also symmetrical.

The product of two alternating functions is a symmetrical
function. For instance, let Z and Jf denote two alternating
functions, each consisting of the three letters «, 3, ¢ ; if any two
of these three letters be interchangoed, L and .if will respectively
become — L and — A, and hence their product will still be LAf
a8 before, Similarly, the quotient of two alternating functions
is also & symmetrical function.

Note. The properties of symmetrical and alternating functions proved

above should be well remembered as they are of great use in proving a certain
class of .identities.

8. IDENTITIES.
Example 1. Show that (z+y+2)® - (y+2-2)-(z4+2-y)3
—(z+y-2)° = 24zyz.
Let P denote the given expression.

Then P may be regarded as a rational and integral function
of z, and it evidently vanishes when 2z = 0. Hence, by Cor.
Art. 2, -0, ¢. ¢., x is one of its factors.
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Similarly, y and z also are severally factors of P.
Hence zys is a factor of P ; and therefore, as P is a function

of the third degree, it cannot have any other factor involving
the variables.

Hence we hgve P = kxyz («)
where k is a mere number which remains the same for all
values of r, g, z.

Evidently thereforc we shall find &, if in (<) we give to =, g,
z any particular numerical values we like. For instance, put-
ting z, y, z each cqual to 1, («) becomes 24 = k, and thus kis
found.

Hence P = 24zyz.

Example 2. Prove that a?(% —c?)+5%(c? —a®)+c3(a® - 22)
= (u-b)(a-c)b-c)ub+bc+ca).

Let P denote the left-hand expression. Then P may be
regarded as a rational and integral function of a, and if we sub-
stitute & for a 1t becomes 62{(6% - c*) + (c* — 62)} or zero. Hence
by Cor.,, Art. 2,a-bisa factor of £ ; and similarly a - c also
is a factor.

Again, since £ may also be regarded as a rational and inte-
gral function of 6 and as it vunishes when 6 = ¢, we must have
b — ¢ for one of its factors.

We thus see that P is divisible by (a - b)(a —c)(b - ¢).

Now this expression as well as P arc both alternating fune-
tions of a, 4, ¢, and they are respectively of the third and fifth
degrees ; the quotient thereforc must be a symmetrical function
of those letters, and of the second degree.

Thus it is clear that besides the factors already found, F
has another factor which is of the second degree and symmet-
rical in a, b, c. This factor must therefore be of the form
Ua? + 6% +¢3) + m(ab + bc +ca), where ! and m are mere num-
bers and remain the same for all values of a, b, c.

Hence we bave a3(b% - ¢3) + 83(c? —a®) + c¥(a? - 6?)
= (a=8)a—c)(b-c)fl{a® +5% +¢*) +m(ab+be+ea} w. ()
Now, puttinga = 0,6 = 1, ¢ = 2, in (8),
we have -4 = —2(bl+2m)
or, 6l+2m = 2; ... ()

2-—-25
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also puttinga = 0, 6 = 1, ¢ = 3, we have
-18 = -6(10 + 3m)

or, 1004+3m» =3 . . . o (2
Hence, from (1) and (2), | = Oand m = l
Thus we have d

P = (a-b)(a-c)b-c)(abd+ bc+ ca).
Example 3. Shew that 8(a + 4 +¢)® = (b +¢)® - (c+a)?
~(a+d)* = 3(2a+b+c)(a+2b+c)a+d+2e).

Putting 2 for b+c¢, y for c+a and z for a + b, the two sides
of the above identity respectively become (z+y+2)* —x® —y®
—z% and 3(y +2)(z+x)(x + y), aud thercfore all that we have to

do is to prove tho identity of these two expressions.

Lot P stand for (x+y+42)® —2% —y* —23. Then P may be
regarded as a rational and integral function of y, and it evidently
vanishes when y = —2. Hence y +z is one of its factors.

Similarly z 4 and =+ y also are its factors.

Hence (y +:)(z+2)(z+y) is a factor of /”; and therefore,
a8 P is a function of the third degree, it cannot have any other
factor involving x, g, .

Hence we have
(@+y+2)* -z®-y> -2% = Ky+2)(z+2)(x+y) ... (B)
where k& is a mere number which is the same for all
values of z, g, .
Now putting x = 0,y = 1, z = 1, in (B), we have
6 = 2k,and ., &k = 3.
Hence, P = 3(y+2)(z+z)(z +y).
Example 4, Shew that (ca~52)(ab—c2?)+ (ab-c?)(bc—a?)
+ (be —a®)(ca — b2) = (bc+ ca + ab)(be + ca +ab —a? — b2 ~ c3),
Wé have
(ca—b3)(ab-c?) = albc—a(b®+c3)+b%c?,
(ab —c?)(bc~a?) = b3ca— b(c® +a®)+c2al,
" (be~a®)(ca~b%) = clab-c(a®+b%)+atbs.
Hence, the left-hand expression
- (b'c’ +c%a® +a%b%) + (a®bc + b%ca + c®ad)
- {bc(b’ e8) + ca(e? + +a?)+ ab(a’ %)}
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= (b%c? +c?a® +a%bh?) + 2(a*be + b3ca + c?ad)

—{be(8? +c? +a®) + ca(c® +a? + %) +ab(a® + b7 +¢?)}
= (bc+ca+ab)? — (be +ca +ab)(a? + b¥ +¢?)
= (6c+cq_+ ab)(be +ca + ab - a® - % — ¢%).

Example 5. Prove that, if 3s = 2(a+b+c¢), (3-a)® +(s-5)?
+(8—-c)®—3(s—a)(s-b)(s-c) = a®+b3 +c3 - 3abe.
Since 23 +y3 + 2% - 32y

= (z+y+2)(x® +y* +2% -axy~yz-2x)
= Yoty +lE-9)"+(y -9 +G-2)%)
we must have
(3-a)>+(8-0)>+(8—-¢c)* - 3(8-a)(s-0)(s—¢)
= He-a)+(@-0)+(s-o){(s-a) - (s -0)}*
+{(@-0)-(s-c)i* +{(s~c) - (s - )}?]
= 338~ (a+5+0)}[(6 - )" +(c - )" +(a - ¢)*]
= Ha+b+o{(a-8)* +(b-c)* +(c—-a)*}
= a® + b +¢® - 3abe.
Examplg 6. Prove that
(22 + 292)> + (y? + 222)> + (2° + 2xy)® -
3(x? + 2y2)(y? + 222)(2% + 22y) = (a® +y? +:7 - Bayz)?.
If 1, o, »? be the three cube roots of unity we have
a® +63 4¢3 = 3abc = (a+b+c)(a? + 6% +c2 - ab - bc - ca)
= (a+b+c)(a+ wb+wic)(u+wb+ o).
[See example 2, page 221)

Hence, the given expression must be the product of three
factors of which the first

= (22 + 2y2) + (y? + 222) + (2* + 2zy)
= (z+y+2)?

the second = (2% + 2y2) + w(y? + 222) + w2(2? + 22y)
= 2 + wly? + 0?22 + 20%zy + 203yz + 2w
= (@ oty +ar)?,

the third = (23 + 2yz) + w?(y? + 222) + w(z? + 22)y
= 2%+ wiy? + 0's® + 2uzy + 200yz + 2wl
= (z+wy+0l3)?,
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Hence the given expression
= {(@+y+2)(z+ 0’y +wz)(z + oy + o)}
- (22 +y3 +23 - 3ayz)*.
Example 7. If (z® +xy +y®)(a® +ab+5%) 4
= X%4 XY + Y3, find the values of X and Y.
If 1, w, @3 be the three cube roots of unity we know that
l+ot+o® = 0.
Hence we have
(2= wy)(z - 0ly) = 22 - (0 +0d)2y + w3y?
= z3+ay+y?;
and similarly, >
(a - wb)(a - w?b) = a? +ab+b2. o (1)
Hence, (x? + 2y + y*)(a® + ab + b*)
= (2 - up)(z - wPy)(n - wb)(a - w?d)
= {(z - wy)(a - wb)}i(= - w?p)(a - w?t)}
= {az + wiby — w(ay + bz)}
% {ax + wby — w3(ay + bx)}
= {az + (0? + w)by — w(ay + bz + by)}
X {az + (0 + w?)by - w?(ay + bz + by)}
= {(ax - by) — w(ay + bz + by)}
x {(az - by) - w3(ay + bz + by)}
and ", by (1), = (az-by)? + (az - by)(ay + bz + by)
+ (ay + bz + by)*.
Thus we see that X = az-dy
Y = ay+bc+by
Example 8. Ifa+b+c = 0, shew that

b_-_ccaab b
(a+b+c>(6cca+;—3)-9'

We have boe - g,2-° —b _ be(b5c) +ca(c - a) +ad(a - &)

—_— —

b c abe
_ (b - ¢)(c - a)(a - b)
abe !
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because the numerator
= a?(h-c)—a(l? —c*)+be(b-c)
= (b-c){a? —a(b+c)+ be}
- (b=cla-e)(a—b).
a b [
veteatase
- a(c 4a)(a b) +b(n = b)(h=c) +¢(b~c)(c~a)
(h-e)c-apu=1t)

Also,

of which the numerator
= —af(a-c)(a - b)—b(b—a)b-c)-clc=b)c-a)
= —ala? —a(b+c)+be} - b{h? - b(c+a) + ca}
—cfe? ~ c(a+ b) b}
= —a(2a? + bc) - H(202 + ca) - ¢(2c? +ab)
L~ by hypothesis b+¢ =~a, c+a = -b, a+b = -¢]
= =2(a% + 43 +¢%) - Jabe
= - 2(a® + b +¢% - 3abc) - Yube
= - abe,
{because @ t h+¢, which is zero, is a factor of the first term] ;
ea h c 9Yabe
b=cte=atalt T T Ioie-aja-h)
Hence, the given expression

Example 9. If a+b+c+d = 0, shew that
(a® + 03 +¢® +d*)? = 9(bed + cda + dab +abc)’
= 9(he - ad)(ca — bd)(ab - cd).
Since a+b+c+d = 0, we have a+b = —(c+d) ,
and S (a4 b)) = —(c+d)?,
or, a%+63+3ah(a+b) = —{cd+d>+3cd(c+d)}.
Hence, by transposition,
a3 +583 +c3 +d® = - 3ed(c+d) - 3ab(a + b)
= 3ed(b+a)+ 3ab(d +c)
= 3(bed + cda + dab + abe),
@2 +5%+c3 4+d*)? = 9(bed + cda + dab + abe)3.
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Again, since (a+&+c+d)?
= (a+b)?+(c+d)® +2(a+b)(ct+d)
= a? +8% +¢c? +d? + 2{ab + cd + (a + b)(c + d)},
we must have this expression equal to zero,
and . a®+0%+c?+d? = -2{ab+cd + (a+b)(c+d)}.
Hence, (bc - ad)(ca - bd)(ab - cd)
= {ab(c? +d?) - cd(a? +53)}(ab ~ cd)
= a?b¥(c? +d?) +cd%(a? +b%) - abed(a? + b2 + c? +d?)
= a%b?%(c? + d?%) +c?d?*(a”® + b%) + 2abed{ab + cd + (a + b)(c + d)}
a®bi(c+d)? +c*d?(a+b)* + 2ubed(a + b)(c + d)
{ab(c +d) + cd(a + b)}?
= (bed + cda + dab + abc)3.
Thus the required relations are established.
Bxample 10. 1f a+bd+c+d = 0, prove that
s R T P P
b 3 ’ T2
For all values of q, b, ¢, d, we have
(1 —az)(l - bz)(1 - cx)(1 - dx)
= 1-(a+b+c+d)x+(ab+ac+ad + be+bd + cd)z?
- (abe + abd + acd + bed)a® + abedzt.

Hence, when their values are restricted by the given condi-
tion, we must have
(1 = az)(1 = bx)(1 = cx)(1 ~ dz)
identical with 1 — pz? — qu® — ret,

where -p, ¢, —r respectively stand for ab+ac+ad+be
+bd + cd, abe + abd + acd + bed and abed,
Hence we must have

log(1 - ax) +log(1 — bx) + log(1 — cz) + log(1 - dz)
= log{l — (pz® + g« + rzt)}
or, (az+ia*z®+}Jadx® +&e.)
+(bx+ 30223 + 30322 + &e.)
+ (ox + 3e?x® + 3323 + &o.)
+ (dx + jd%2? + 3d%2> + &o.)
= (pz? +q23 +rzt) + J(pe? + q23 +rat)? + &o.

<
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Therefore, equating the co-efficients of z%, #% and z* on both
sides, we have

whence

a® +b2 +c?+d?

—_———————— e = p’

a® +53 4¢3 +d?

———— = (I'

ab 455 4¢84+ d°

=Pq¢;
ab + b5 4cf +d8 ad 48 +¢ +d3 a_’.i'bz"'c“t‘.i.“

5 3 2
Exercise (93).

Prove the following identities :—

1.

2.

o o & W

© ®©

10.

alb+c—-a)?+bc+a-b)*+c(e+b-c)?
+(b+c—a)ct+a-b)(a+b-c) = 4abe.
(a+dbtctd)t+(a+b-c-d)* +(a+ec—-d-0)*
+(@+d-b-c)t-(a+b+c-d)' -(b+c+td-a)*
—(c+d+a-b)'-(d+a+b-c)' = 192abed.
b-c)?+(c-a)®+(a-0)*
= 3(b-c)(c-a)(a-"5).
a3(b-c)+b%(c-a)+c?(a-b)
= (a-b)(a-c)d-c)
a(b+c)? +b(c+a)? +c(a +b)? - 4ake
= (5+c)(c+a)(e+d).
(yz 422 + 2y)? - y323 — 2323 — z3y°
= Jzyz(y +2)(z + x)(z + ).
oy - )y +2-2) +y(z - D)+ - y)*
+z(z-y)(z+y-2)* = 16zyz(z—y)(z -z)(y - ).
(z+y+a)t=(y+2)' —(+2) —(2+y)t +2t +yt 42t
= 12zys(z +y +2).
a3(b-c)+b%(c—a)+c*(a-1b)
= (a-b)(a-c)(b-c)a+b+c).
a(b ~c)® +b(c —a)® +¢(a - 5)?
= (b-c)(c-u)a—b)(a+b+0).
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11.

12.
13.

14.

15.

16.

17.

18.

10.

20.

21.

22.

23.

24.

ALGEBRA MADE EASY. | Cuae.

(b—e)b+c)? +(c —a)(c+a)® +(a-b)(a+b)
= 2(a - b)(a - c)(b—c)a+b+c)
(2 +5)8 —ab -5 = bab(a + b)(a? +ab +52).
at(b-c)+b4(c-a)+ct(a-b)
= (a-b)a~-c)(b-ec)a®+b%+c?+ab+bec+ca).
(y-2)"+(@-a)" +(c-9)°
= 5(y - 2)(z - x)(x - Y} + 4P +2* ~ gz -2z —1y).
(x+y+2)° = (y+z-7)" - (z4+2-y)"°
—(x+y-2)% = 80ryz(z® +y® +27%).
(Z+y+2)0 ~2b —yb 50
= b(y+2)(z+x)(e+y)(e® +y%+2% +yz 20+ 2y).
a®(b-c)+b7(c-a)+ct(a-b)
= (a=-bd)(a—c)(h—c)a®+b3 +c® +atb+abl
+a3c+ac? +b%c+ be? + abe).
a(b - ¢)*+ b(c - a)® +¢(a ~ b)"
= (b—c)(e—-a)(a-b)a® +b® +¢3+b2¢c+ b
+c2a+ca® +ab+ah? - Yabc).
2b%¢? + 2c%a? + 2a%6% —at - 3% —c* .
= (a+b+e)bt+c-a)c+a-b)at+b-c)
If s = a+bd+¢, prove that
a(s — 2a)(s — 26) + s(s - 2h)(s — 2¢) + s(8 — 2c)(8 — 2a)
~ (8= 2a)(s - 2b)(8 - 2¢) = 8abe.
Show that 27(a+6 +¢)* - (a+2b)3 - (b+ 2¢)®
~(c+2a)® = 3(a+3b+2)(b+ 3¢ + 2a)(c + 3a + 2b).

Show that
A
Prove that (2 +y~ 22)3 +(y +2 - 22)® + (2 + 2 - 29)°
= 3(z+y-2u)y+z-2x)(z+2 - 2).
Show that a(b - c)(l +ad)(1 +ac)
+b(c - a)(1 + be)(1 + bu) + c(a - B)(1 + ca)(1 +ch)
= abe(a - b)(a - c)(b~c).
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26. Show that (b -c)(1+a*b)(1 +a’c)
+(c—a)(1+52c)(1 +562%a) +(a—b)(1+c?a)(l +c?b)
= abe(a — b)(a—c)(b-c)(a+b+c).
26. Show that

_x¥(y+2) yP(z+z) zs(z+y)
(E-yNx=-2) G-y -*) (E-x)z-
= a2y +yz+zx.

27. Prove that
:_(a +b)(a +c) +bs_(b +¢)(b +a) + Gn(f_""“’)(f_ib)
(e =b)a-c) (b—c)b-a) (¢ —ua)(c—0b)
= (a+b+ c)’.
28. Show that (b+¢)® + (c+a)® +(a +b)?
=3(b+c)c+a)a+t) = 2(a® +b3 +c? - Jabe).
29. If 2s = a+b+c¢, prove that
(8-a)’+(s—0)>+(s-c)* -3(x-a)(s-b)(s-c)
=}(a® + 6% +c* - 3abe).
30. Show that (23 —y2)3 + (y? - z2)3 + (2* — 2y)?
3(n% - ga)(y? ~ 22)s® —ay) = (a7 +y° +2° - Bays)".
31. If a+b+c+d = 0, prove that
ad+b63 +c3+d3+3(a+b)(b+c)c+a) = 0
and (a+b6)a+c)a+d) = (b+c)b+d)(b+a)
= (c+d)(c+a)(c+b) = (d+a)(d+d)(d+c).
32. Prove that a®(b+c)* +6%(c+a)? +c2(a +b)*
+ 2abe(a+b+¢) = 2(be+ ca+ah)?.
33. Show that (bed + cda + dab + abe)?
—abedla+b+c+d)? = (be - ad)(ca - bd)(ab - cd).
34. Ifa+l+c = 0, show that
(a3 453 +6%)3 = 2(a* +54 +c4).
36. Show that {(a —b6)2 + (b —c)® + (c — a)?}?
= 2{(a—-8)t+(b-c)* +(c—a)i}.
36. Prove that {(a+b—2c)? +(b+c—2a)? + (c+a - 25)%}®
= 2{(a+5-2¢c)* + (b+c - 2)s + (c+a~20)4}
37. Ifa+b+c = 0, show that
4(b3¢® + c%a? +a%?) = (a2 + 0% +¢2)?;




894 ALGEBRA MADE EASY. [CraP.

and hence prove that
(¥ =2)*(-2)% + (2 - 2)*(z - 9)* + (2 - 9)2(y - 2)*
= (2% +y? +2% — 2y — yz — 2x)2.

38. Show that (a2 +b2 +¢2)3 + 2(bc + ca + ab)3

= 3(a® + 5% +c*)(be + ca +ab)? = (a® + 63 + ¢ - 3abc)?.
39. Show that 3(x+y +2)® - (z+y)® - (y +2)3

—(+2)’ -a" ~y® —2% = 6(ay +yz+ax)(z+y+2)
40. If 28 = a®+042+c¢% and 29 = a+b+c¢, prove that

(S=02)S=-c?)+(S-c2)(S-a?)+ (S -a3)(3-52)

= 4 - _b - .
41. Show that (a+b+c) s(s - a)(s - b)(s - ¢)

= a® +b% + ¢ +3a(d? +¢?) + U(c? +a?)

+c(a2 +b%)} + 6abe.
42. Prove that (a+&+c)® - 27abe

= MH@a+b+Te)a-0)*+(b+c+Ta)b-c)®
+(c+a+Tb)(c~a)?}
43. Prove that 9(a®+6% +¢%)~(a+b+c)®
= (4a+4b+c)(a—-05)% +(4b + 4c +‘z)(b -c)*
+ (4c+ 4a+b)(c-a)?.
44, Show that (1 -y»?)(1 —22)+y(1 —22)(1 - 2%)
+z(1 = x3)(1 - y?) - 4ayz

= (x+y+z-2y)(1 —xy —yz —22).
45. Prove that

8a%b%c3 + (b2 4+ ¢c% —a?)(c? +a® - b%)(a? 4% —c?)

= (@ +b*+c?)(a+b+e)(b+ec-a)c+a-b)a+d-c).
48. If zy+yz+:x = 1, prove that

x y 3 dxy:

et gt T =~ o1 -y)i-)
47. If zy+y:+zz = 1, prove that

2ty  y+z z+z - x+y y+2 z+2

l-zy 1-yz l-2x¢ l-ayl-ygzl-zz’
48. 1f zy+yz+:zx = -1, prove that

z+y  y+s  zdx  zty Yz zkz

l+zy l+ys l+zs l+ayl+ysl+z
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49, If a®+83+¢® = (a+b+c)?, prove that
a2 "t +b’l+l +c’l+l = (a+b +c)20+l’
where » is any positive integer.
1 1 1

1
50. If Tttt T S aiire show that

1 1 1\ 1
';""b"" c-) = gL fpietl el

where # is any positive integer.
51. Show that (z+y)7 —z7 —y7 is divisible by 2? + zy + 2.
52. Prove that (3a-b-¢c)®+(3b -c-a)*® +(3c—a-b)" -
3(3a - —c)(3b —c—a)(3c -a-b)=16(a3 + b3 + > — 3abe).
63. Prove that («% 4+y* +:% = 3xyz)(n® + 53 +¢® - 3alc)
= (ax +by 4 c2)? + (bx + cy + az)® + (cx + ay + b2)®
- 3(ax + by + cz)(bx + cy +az)(cx + ay + b7) ;

and hence shew that the product of any number of factors
of the form £%+y%+:%-3xyz can be put into the form
X34 Y3425 -3XY7Z.

654. ¢1f a+b+c = 0, prove that
al+bf+c® a®+6% +ca’+0% +c?

5 = 5T Te
66. If a+b+c = 0, prove that
a"+b7+c7 P +bP et at 4 b2 4

7 = 7% TR
a® + 53 4¢P at + b4 4 ¢t

3 4

»

56. Show that
25{(6—c)" +(c -a)? +(a - 8)7}{(b - c)3 + (c - a)® +'(a - b)
= 21{(b-c) +(c-a)’ + (a-b)5}3.

9 ELIMINATION.

Example 1. Eliminate z from the equations
2% +b,z+¢, = 0, and agx® +bgz +¢c5 = O,
Let a be the value of z which satisfies both the equations.
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Then we must have
aaf+bate, =0
a,n?+bgetecy, =0
Hence, by cross multiplication,
al a 1
—— == = H
byeg = byey Cydg = C30y aybg —agh,

. a? 1 e )’

Y i (e sad)
whence (b,¢, - byc, ) (a1 by —azh,) = (c,a, —cza,)3, which is the
required Eliminant.

Example 2. Eliminate m between the equations

and mm’ = -1
and prove that z+a = 0.

a ’ a
Yy = mr+ = mL+-,
m m

(Calcutta University F. A. Paper, 1888.)
Since y

A
me + -~
m

’ a
and also y = m'zx+-,,
m

S 0= (m-m)r +a( 1_ —l-,)
m m
’
= (m-m')x - T ha
mm
, a

Mm-—m) X—=—

= ( )( mm )

= (m—-m')(x+a) {By the 3rd equation.]
Hence, since m — m/’ is not zero, we have z+a = 0,
which is the required Eliminant.
Example 3. Eliminate /, m, &', 8’ from the equations
lz+my = Nar ¥ reim?®
mx - ly = Na' S ¥ 53
and at-a'? = 1 -p% = k?
(Calcutta University F. A. Paper, 1891.)
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From the 1st equation we have
122 +m2y? 4+ 2may = al®+b*m® . . ... (A)
Also, since a'? = a® —k* and §'% = b3 - k2,
from the 2nd equation we have
m¥z? + 1%y - 2mazy = (a® - K*)m3+ (6% - k3)® . . . (B)
Now, from (A) and (B) by addition, we have
(*3 +92)(1% +m?) = (a® + b2 = k3)(I? + m?®).
Hence, dividing both sides by 1% +m? which is not zero, we
must have
z? +y? = a® +b* - k2,
which is the required Eliminant.
Example 4. Eliminate r, g, z from the eyuations

ar _ _ by 2z 1
by+cz  cz+az = L+y T2
. 1
S a1
M g ¥e T 2
. 2ar = by+cz or 2uc—-by—-cz = 0 (1)
by 1
A] - = 3
% cz+ax 2

2y = cz+ax, or ar—2by+cz = 0 . (2
From (1) and (2), by corss multiplication, we have

z -y A
- bc - Zbe —ca - Zca - 4ab+ab

[ =Y -
T THe T “3ca —3ab’
z ¥ - 2.
on be ca ab’
and supposing each of the above ratios = k, we have & = k.bc,

y = kca, z = kab.
1 kab 1

F4
T2 T Mewa) T 2
whence 2ad = bc+ca

Now since

. 2
and .. - =3t
which is the required Eliminant.
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Example 5. Kliminate « and y between the equations
az® + bz?y + cxy? + dy? =0
azd + V'xdy +cay? +dy®> =0

Dividing the equations by *, and putting z for —: -, we have

az® + b2t +ez+d =0 . o on e e ()
a?+b¢+cz+d =0 . L o L L (2)
Multiplying (1) by a' and (2) by a, we have by subtraction
(@b-ab)t 4 (ac-ac)z+(a'd-ad) =0 .. .. (3)
Again, multiplying (1) by & and (2) by d, we have by
subtraction
(ad’ — a'd):? + (bd' = b'd)2® + (ed' —c'd)z = 0
and therefore, since z is not zero,
(ad' - a'd)z? + (bd' - b'd)z+ (cd' -cd) = 0 ... (4)
Now ull that we bave to dois to ecliminate z from (3)
and (4).
Hence putting p, ¢, » for the respective co-efficients in
(3), and p', ¢, »* for those in (4), wo have, ay in Example 1,
(g7 - 4'7)(pg’ ~P'q) = (rp' -r'p)?
for the required Eliminant.
Example 6. Eliminate x, g, = for tho equations
1 1. 1 1

.; +; + —z = -:‘— s wee (1)]

x+y+z = b (2)

94+ y> 42 = ¢? (3)

xyz = d3 4))
From (1), ¥2t=tay _ 1
. xY2 a
43
and ., by (4), y:+z+ay = - (5)

From (2), b = (2% + % +2%) + 2yz + 22 + 2y)
.. by (5) - z’+y’+s'+2—:—a-.

2d3

Hence, a®+y?42% = 3 R (6)
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Now from (3) and (4), we have
¢ -3d® = 23 +y3 +2% - Juy:
= (@ +y+ T 4y 420 - (gt s bag))

243\ d?
6{(63 - —--—) - a} < [By (2), (6)and (5).)

and

Thus we have

¢®-3d% =4 - 2%,

whence, a(b® —c?) = 3d*(b - a),
which is the required Eliminant.
Example 7. Eliminate r, g, = from the cquations
ar+yz = be
by+zz = ca
cz+zy = ab
xyz = abc
and show that 4%¢® + c?a® + a6 = Ha?h*c2,
Multiplying together the first three equations, we have
abexyz + bey?2® + caz®z® + abx?y? + azty: + bry?:
+cxyz? + 22y%2? = a®bhic®.
Hence, since xyz = abe, we have
a2b%c? + bey®2? + caz®x? + abx®y? + abe(uc® + by? + c2%) =0,
or, a?b¥c? + be(a?x? + y22%) + ca(b?y® + 2%27)
+ab(c?2® +2%y%) = 0. ... Y
But we have a?z?+y2%:* = (ax+y2)? - 2axy:
= b3c? - 2a%lc;
and similarly, 5%y® +2%2% = c¢%a? - 2abZe,
and c2x2% +z%y® = a%b® - 2abc®.
Hence, from (1),
ad?c? + be(b2c? — 2a2éc) + ca(c?a? - 2ablc)
+ab(a?d? - 2abc?) = 0,
whence, 53¢3 +¢2a® +a?l® = 5a%b3c?,
which is the required Eliwminant.
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Example 8. Eliminate z, y, z from the equations
2 +yz =a
- "l and show that

y"+z4.

2 uc.

22 +xy J.l_-_'_l 2 o
z4+y+2z=0) b+c c+a a+b

We have b+c = y*+22 +2(y+2)
=92+ = (y+2)? [vz=-(y+9)

- 2yz;

o (b+c)x = - 2xyz.
Similarly, (c+a)y = —2cyz ;}

and (a +b)z = —2xyz.

Hence, putting P for — %xyz, we have
(b+c):c = (c+a.)y = (a.+b)z = P;

oze B, ge B2,
- b¥c’ YT ewa’ T axs”
Hence, from the last of the given equations, we have
1 1
(Fre*eratars) =%
whence, since #’ is not zero, we have
1 1 =0,

b+c ctu a+b
which is the required Eliminant.

BExample 9. FEliminate z, y, z from the equations

2i-yz ma (1)
yl-zz = b (2)
gy =¢ (3)
az+by+cz = 0 (4)
Multiplying (1) by g, ("’) by 2, a.nd (3) by z, we have
ay = 2%y -y
bz = y¥z —z’zz
cz = iz -zt

Hence, by addition,
cx+ay+bs = 0. (5)
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Again, multiplying (1) by z (2) by 2, and (3) by g,
we have
az = x9z —yz?
br = xy? - a2
cy = yz? —xy? )
Hence, by addition,
bx+cy+az = 0 (6)
Now, from (6) and (6), by cross multiplication, we have
L
a*—bc b —ca c*-ab’
Therefore, putting cach of these ratios = k, we have
x = k(a®-bc), y = k(b2 -ca), z = I(c* - abd).
Hence, from (4), we have
kla(a® ~ bc) +b(b? — ca) + c(c? - ab)} = 0,
whence, since & is %0t zero, we must have
a® + 6% +¢% - 3abc = 0,
which is the required Eliminant.
Examplpe 10. Eliminate x, g, 2 from the equations
as__l. = b3 - l__ = ci_.!_ ,
z y z
a3z? +53y% +c%2? = 0, a?2® +63%y3 +¢%2% = 0 ;
and show that
2 2 2 2 3 2
a3(b? — ¢?)T + b3(c? —a?)3 +c5(a® - ba)ﬂ - 0.

Let a’-—l b’—l r’—l k.

Then we have a? = k+-:—, b2 = k+—;—,

and ¢? = &+ 1

Hence, since a®x® +5%y® +¢%2* = 0
and a®z® +6%y% +¢%2% = 0} !
we must have
atz® + 54y® + 428 = atz.a% +5%y>.0% + Pzt
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= atz9(k+ %) +ory3(k+ ;)

+ c’z’(k+ %)
= k(a%z® +b3y® +¢223)
+(a®2? + b3y? +¢%:2)

= 0.
Thus we have

ad (a%z®) 4+ 02.(b%y®) +c2.(c?2%) = 0

and also (a?z?)+ (b%y3)+ (c?23) = 0

Hence, by cross multiplication
a'lzti b2y3

c323
R

at =53’
and supposing each of these ratios = m, we have

1 1
a3z = ma(b?-c?),and ', axr = lnﬁ’.a.*(b2 ~c2)¥;
11 1
b3y® = m.b(c? —a?), and ' by = m3.b¥(c? -a?)?;
1
e32% = moe(a?-52),and ;°, ¢z = m%’.ci(a’ - b%)¥,
Hence, sinco a?x? 4+ 4%y2 +¢%z2 = 0, we must bhave
2 2 2 2 2 3 2
mn{as(bu —¢?)3 4 b3(c? —a?)3 +c3(a? - b")”'} =0,
whence, since m is not zero, we have
2 3 2 3 2 3
a%(8% - c?)3 +33(c? —a?)7 + ¢3(a? - 42)3 = O,
which is the required Eliminant.

Exercise (94).
1.

Eliminate z, ¥ from the equations
axr4+dy = m
bz —ay = n]
z2*+y? = 1
2. Eliminate #, g, 2 from tho equations
a2+ b,y +c, = 0, agx+b,y+¢; = 0,}
asz+bsy+cg = O,
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4. Kliminate a, b, ¢ from the equations
bz+cy = a, cxtaz = b ay+bx = c.
6. Eliminate z, g, z from the equations
r =a, -‘1/—-=,-——z———=c
y+:3 z4+x z+y
6. Eliminate z, ¥ from the equations
a,zt +6,2° 4+¢, =0, agz* +b32° +¢4 = 0.
7. Eliminate z, y from the equations
Jat 452 2y - ____L_ 2 PR
az+by = ' P"+'1" @y +y 1.
8. Eliminate z from the equations
3 —r 1
x3 + - = 4((!-’ + ’l'!), 3z + ;_’ = 4(“3 - b")
9. EKliminate z, ¥ from the equations
® sty =a, zi+y? =032t +yt = cl.
10. Eliminate =, y, z from the equations
23+ +2% - 32yz = o?)
ye+amtzy = 0!
z+y+z=c¢
11. Eliminate , y, z from the equations
z4+y+z2=a
2yz +2x +ay) = b2
23 +y3 423 = ¢?
32yz = d*|
12. Eliminate #, g, z from the equations

ELIMINATION,

Eliminate z, y from the equations
ac+b = cy,ayy+b, = cy7, ¥ +y? = 1.

2 +y + z2=a
234y +2% = b?|
23 +y3+2% = 3|
zt+yt +2t = dt)

403
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13. Eliminate z, y from the equations
az4+by = z+y+2y = z2+y3 -1 = 0,
and show that 1’ + bl” - @ l_b—)—; .
14. Eliminate z, y from the equations
p’-y® = (z-a)? ¢"-y? = (z-8)% v’ -y* = (z-¢)%,
and show that A
Y6 =) +4%e—a)+r¥(a=b)+ (b c)(c —a)(a-B) = O

16. Eliminate #, %, z from the equations

16. Eliminate z, y, s from the equations

:+3-’-+’ - q ——+ +-~-ﬁ.

(e ea)ieg) -

17. Eliminate #, g, z from the equations
b
bz+-:; - 2f, cy+-; = 29, az+ T 2h,

xyz = 1.
18. Eliminate , y from the equations
1 1
z—~z = 2a, y-?-2b, §+% 2e.
19. Eliminate z, g, z from the equations
' (y+3) = a2, g s+2) = 8%, 23 (z+y) = 3,
xyz = abe.
20. Eliminate I, m, n from the equations
atl? +5'md +¢'n® = a'!l4+ V% m 4t ;
al = bm =cn; 124+m? 40 = 1,
21. Eliminate #, g, z from the equations
z* gyt s 1 1 1,
FTETET Tty
5%t 1 1

1
gttty
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22. Eliminate r, y from the equations
(az+bdy)® = a+d,

2ab
3 2_1 o 2,49
axz? +by* - 1 a+o(" +.'/).
b

i A
x

23. Eliminate #, g, z from the equations
23 -a® = g2 -63 = 23 -¢3 =™ gyz;
a® b3 ¢d d3
FA AR TS T
24. Eliminate 7, g, z from the equations
z  z 2y
a ¢ v’
acxs = b%y9,
Yz  xy 222
ad et T
26. [Eliminate 7, y from the equations
y3-2% = ay-Lr, day = ax+PBy, 22 +y? = 1;
and show that .
(@+ B+ (=B = 2
26. Eliminate z, g, 2, « from the equations
z = by+cz+du, y = ax+cz+dy,
2 = ar+by+du,u = ar+dy+cz;
and show that
P LI
L+a 146 14c¢ l+d
27. Eliminate 7, y, 3 from the equations
az® +ly? + 2 = ax+dy+cz
- yi+z2e+zy = 0.
28. Eliminate z, y, s from the equations
2 —zy-as y'-yz-yzr V-3x-2p
a = 3 = c i
az+by+cz = 0.

1.
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10. Miscellaneous Artifices.

BExample 1. Shew that if a, 4, ¢, d are all real and (a+b5)2
+(b+c)?+(c+d)? = 4(ab+bc+cd), then willa = b = ¢ = d.
We have (a+8)? +(b+¢)®+(c+d)? = 4(ab+bc+cd);

.. by transposition,
{(a +8)® — 4ab} + {(b +¢c)® - 4bc} + {(c + d)? — 4cd} = O,
or, (@a=-b)2+(b-c)?+(c-d)? = 0.
Now since a, &, ¢, d are all real, no term on the left-hand

side is negative ; hence the above relation will hold only when
each term is equal to zero ;

Sa-b=0 b-—c =0 ¢c-d=20; whencea = b = ¢ = d.

BExample 2. Show that if the sum of any two positive quan-
tities be constant, their product is a maximum when the quan-
tities are equal.

Let x, y be any two quantities whose sum = k, a constant.
Now since 4zy = (z+y)* - (x—y)?

= K- (z-g),
it is evident that 4zy is always less than k? except when 2 —y=0.

Thus 4zy is a maximum when z=y ; ., zy is a maximum

k . k3
when z=ye=_, and thc maximum value = e
-~

Note. The above can be easily verified by a numerical example. For
instance, 12 = 114+1 = 1042 = 9+3 = 8+4 = 7+5 = 6+6; but of the
products 11x1, 10x 2, 9x 3, 8x4, 7x 5, 6 x 6, the lnat is the greatest.

Example 3. Shew that if the product of any two positive
quantities be constant, their sum is a minimum when the quan-
titics are equal.

Let «, y be any two positive quantities whose product = k2,

Now since (2 +y)? = 42y +(z-y)*

= 4k + (= -y)*,

it is evident that (x+y)? is alwiys greater than 4k®, except
twhen £~y =0.

Hence, x+y is a minimum when 2 = y = %, and the
minimum value = 2.

Note. Let ur verify the above by a numerical example. For instance,
36=96x1=18x2=12x3=9x4=6x6 ; but of the sums 36+1, 1842,
1248, 9+4, 6486, the last is the least.
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Example 4. Show that 2"-a" is divisible by - a, for all
positive integral values of n.

a(z"‘ _q'u-‘l)-

z-a

Hence, if z-a divides 2™ ' -a""? it will also divide
x"-a".

But we know that z — a divides z3 —a® ; it will therefore

also divide z*-at. And, since x-a divides z* —a* it will
also divide z® —a® ; and so on,

Thus the proposition is established.
Example 5. If the two expressions z*+pe®+qr+r and
% +p'z + ¢’z + ' have the same quadratic factor, then

- _a
By division AL AN B
z—-a

’)—7' pr PT ll‘)—ll)
p-pr  q- r—1

Let 2% +azx+6 dcnote the common quadratic factor ; and
suppose that

22 +px2+qr+r = (2% +ar+b)(z+¢)
and 2> +p'a® + ¢’z 47" = (2° +ax +b)(z+¢).
By eq.uating co-eflicients of like powers of #, we havc

P =a+tc p =a+c
q = ac+b ¢ =ac+b
r = be r = b
Hence, ! —1, b(c:-f,—) b,
c-c
pr—pr ablc—c) _ b
g9-q a(c-¢) '
qr—qr b3(c-c) -b-
r—o bc-c) ’
S S et A et
vop-P T ¢-¢ r—v

Example 8. If the equation az+by = 1 and cz? +dy? = 1

2 3
have only one solution, prove that ‘-'; +% = 1and that z = %

andy-%.
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From the given equations, we have
d.( L};—a?)’ = 1-cz8,
or, d(l-2az+a’z*) = b3(1 - cx3),
or, (a®d 4+ b%c)x® - 2adr+ (d-b%) = O;
ad+ Na¥d® - (d- b%)(a?d +b%)

x = C———— e o N

Hence, 4f thers be only one value of x the expression under
the radical sign must vanish ; that is, we must have

a%d? = (d-5%)(ad+b%)
= a?d? + b*dc - b%(a®d + b%c) ;
ald +b3%¢ = de,

Tta=!
&
Hence, also z = — 3% __ o %% _ @
i ald+bic de ¢’ .

. 1 1 al 16% b
and oY= -l;'(l-“)- —l—’(l--c-)- va=d

Example 7. Find the condition that the roots of
az? +2b2+¢ = 0 may be formed from those of a'z®+2b'z+¢
= 0 by adding the same quantity to each root.
Let @ and 3 be the roots of a’x? + 20’z +¢’ = 0, then a +d,
and 8 +d must be the roots of ax? + 2bx +¢ = 0,
2y

Hence, a + 8 = - e (1)
off = :i e "(2)
atB+2d = -2;1’ . (3)

(¢+d)(’8+d) - -aq .o oee S (4)
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From (1) and (3), we have

9 =242,
a

da-242
a

Hence, from (4),

7:— = o +(e+L)M+d?

=¢ 2_’3'_(1' ”-)4.(3’2'. Zb )’
d ad\d a a a
¢ _b
@ a*7ad’
’ I’ ’
or, : e ; = 2;;_7:; , which is the required condition.

Biample 8. Ifa+? plak Ay Y @ -2t , then will each

b-¢ c~-a
. z% —y?
member of the equation be equal to et——p

Let each member of the given eqnation = .
Then a(b-c)+y?-2? = k(b-c¢),
and blc—a)+22—z? = kc-a); ¢
.. by addition,

c(b-a)+y®—2? = k(b-a).
28 —y?

a-b
z? -yz ?_ o .

Example 9. If = _:‘) - y’{l ) and z", ¥, zbe un-
equal, then each member of this eq.lza.t.ion will be equal o' 2.2

Hence, k = c+

{1 Zay)’
toz+y+z and to _l_.,._l_.,. { .
z y 3

Let each member of the given equation = k.

Then z®-ys w k(z ~zy:)

and g% -22 = Ky -azy:).
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Hence, by subtraction,
z? -yt +oz~y) = Kz-y),
or, (x-y)x+y+2) = k(z-y),
k= zdy+e
since z -y is not zero.
Again, 23 - yz = k(z - xyz)
= (z+y +2)(z - xy2)
= 23+ x(y+z2)-2y(x+y+2),
or, zyAz+y+:z) = xYy+r:4yz;
1 1
vy o
Also, since ryz(z+y +2) = zy+ 22+ y:
= ry+xz+y)
- ry-2¥ 2z +y+2),
therefore V—zy = (2+y+2)(z—ay2),
cm DIV
r+y+: (1 -zg)"
Hence, from (1), (2) & (3), we have
- L1, 1 ey
k= 24+y+:z t+y+ (g}

2

1
+ =
T+y+z a:+

Example 10. Proye that

[CaaP.

1

3)

j(b~c)+(c—-a)? +(a-b8)*a*(b-c)? +b%(c~a)? +c?(a-0)?)}
= 3(b-c)(c-a)?(a—-b)%+{ab-c)? +b(c—a)?+c(a-b)?}2.

Lot b-¢c = x,c-a = y,a~-b = z
Then, {(6-¢)® +(c—u)? +(a-56)%}
x {a%(b - c)? +b%(c - a)® +c(a - b)?}
- (x" +y? +zn)(an_,n +b3y? 4 c1:%)
= atz! +ate?(y? +22) + b3yt + b2yi(a* +22)

4zt +c223(x? +9?)
aﬂ‘l + b’yl +c’z‘ +zﬂy|(a’ +b’) +y’;’(6’ +c’)
+2%2%(c? +a?).

But 2%y%(a® + %) + y2:3(b? + ¢%) +2%2%(c? + a?)

= zy3{(a - b)? + 2ab} + y*s?{(b - c)? + 2bc}

+3%x%{(c - a)® + 2ca}
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= z3y%(2% + 2ab) + y322(x® 4 2bc) + 2222 (y® + 2a)
= 3z%y3:? + 2adx?y? + 2bcy?2® + Jcaz?z? ;
s =0 +(e—a)* +(a- b))

x {a?(b-c)? +6%(c-a)? +c*(a-b)%}

= alzx! + 6%yt +c%2t + 3229223 + 2ubady?
+ 2bcy?2? + 2caz?z? ;

= 3zlyt:? 4 (az® +by? +c2%)3
= 3(b-c)(c-a)?(a—-0)? +{a(b-c)? +i(c —a)? +c(a - b)*}".
Example 11. Shew that if a+b+¢ = 0, the following ox-
pression is also zero :—

a') + [)'J cﬂ
2a% +be T 2 v ca VT ¥ ab
We have

2a? +be = a? +a.a+be
a?—ab+c)+be [ 0 a=-(b+c)]
(e - b)a—-c).

Similarly,
263 +ca = 4% —b(n+c)+ca
(b-c)b-a);
and 2¢*+ab = ¢ ~c(a+b)+ab
= (c—a)(c-2b).
Hence, the giveun expression
at b3 c?
(a ~b)a -c¢) (b —e)b —u) (c-a)(e -b)
o 2(b-c)-bYa- ) +cP(a-b)
T T @=b)t-c)a-c)
- a%b-c) -a(d? - c?)+be(b-c) -1
(@a=-6)(b-c)a=-c)
(3-c)a® —a(d+c)+bc} _
(@-b)6-c)a-c¢)
(6 )(a - e)(a - b)
(a o) 6-c)a-¢c)
= 0.
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Example 12. If « be a positive integer, prove that

2n(2n - 1) - 20(@n-1). .. (n+2)
R A ‘n_l (n+2
ar |2n
= D g
We have
(1-2)"" = 1-2nz+2-1‘(—2l—'—'-:-1—)z’-—&c.

+(=1p ..n(2n.-l) (n+2) -
=]
(1-2)"! = 1+x+a® I A Sy s >
Hence, multiplying, we see that
1-2n +2n(21|z£ 1 _ (=1, 2n(2n - ll l('n+2)
= co-cfticient of 2*=! in the expansion of (1 —z)%".(1 - 2)~!
= co-eflicient of z*~! in the expansion of (1 —z)*"~!
= 10 x (= 1)

L g&e;

y 12n=1 )
= (-1 ‘[n-an
. 2n|2n _l
= (- 2n|___l
- . |2n
(=1t ST

Example 13. Prove that
1.35.(2= 1) 135..(2r-3) 3
e (=L ¥

1.35...(3r-5) 3.5 .
I" Pa L+.Sw.--2(l-l-r)

We have

- 1 1.32*  1352°
(l-z)i-l+~'z+-ﬁ—’—'g+_§3—'[§+
JRELING S

2 L
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s 3 . 852 357a°
(1-2)% = l+—2‘.3+2,'-l:£+ 28" l_:£+&

Hence, multiplying, we see that
1.35...(2r-1) 135..(2r-3) 3

T g '——,zx‘r—_l--g

135....(2r-5) 3.5

eIy 2,l’+.i',c.
io, 135....(r-1) 135.....(2r-3)3
€.y ‘)'L— :)rxr__ l Ll_

+ 135 ... (2r-5)35
-2 2

+d&e.

= co-efficient of " in the expansion of (1 —z)-*(l - z)-%
1., of (1 —x)~2

=r+l.
1.35. ... (2r- l) (2r-3) 3
, {r [r_l ) §
0 -
1.3.5. r_g 2 ))-3.:5+ o,
= 2(1+7).

Example 14. Ifc,, ¢y, ¢y, . . . ¢, denote the co-efficionts in

the expansion of (1 +z)", prove that
1 1 1

C, q-lu - ) i —_—
¢ z-|- -&e. +(-1) " 1+2+3+&°'+n'

Let S, denote the given expression.
Then S, = *C, -4-"C3 +§°C; -}-"C + &e.
1
I Lot Ty
+(-1) - C..

Heu“ s.+1 = o+l Cl _’.--Q-IC’ + s""‘ca -

(T3 1 » - 1)" 1 .
(=D (= 1) g O
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Thercfore, by subtraction,
Ser =8 = (410, -2¢1) -4 (102 -7C4)
+* -+103 - -08) -
+(_1)“-1_1.,u+10 -nC +(_1)n.__l_._n}-10
n ( " b n+l i+l

= °Cy-4Cy +37°Cy - &e. +(~- 1)»-'-.;1

'.Cn— 1
T
[ 10 80 = C, L

%.L(n+ 1)"Co - 4:(n+1)."C, + }-(n+1)"C, -

1
(=1 DO, (-1,

.
= gq] OG0 e

+(- 1812410 4 (- 1)"m+1C,,,
. -

- 1-{1 —H10, R0, - w10, + o,

+ ( - l)-.u'l-IC: +( - l)’l+l.l+10-+l

1

- hfr-a- 1)

1
n+l’

1
n+l’
Hence, since §, = 1, ., Sg=1+};andsince §y=8,+1,

Sy = 1+,+,, and so on.

Thus, S) = 14 +;+l+&c +1.
n

Therefore Spyy = Sp+——
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Example 15. Prove thatif » and r are positive integers,

W= nn =1+ "7 - 2y MO D gy e

is equal to o if » be less than n, and to {n if »r = a.
:l
We have (e*-1) =(x +3+L+&c )
= a"+ terms containing higher

powers of z. e e (D)
Again, by the Binomial Theorem,

n(n - 1) eln-2)

E]

(ex_l) - eq:_mln-l):_l_ &L‘.... e (2)

By expanding each of the terms e, e, &c, we find
that the co-efficient of 2" in (2) is

w1 n= 1) (- 2y

A P T
n(n—l)(n—")(n—:})'
, B i + &e.

and the co-efticient of #” in (1) is 0 or 1 according a8 » is less
than » or equal to n.
n(n—1) (n =2y
2o

- ﬁ(-n—-'—l—)-(n—-—2).(:1, =3) + &e. is

Hence, n" —n(n-1)+

B8
= |n, if »r = n, and is = 0, if r be less than «.
Example 16. Ifa + . ,[f:;,_‘_ a be not altered in value by

interchanging a pair of the letters a, , ¢ not equal to cach
other, it will not be altered by interchanging any other pair ;
and it will vanish if a+b+¢ = 1.

Suppose the given expression is not altered in value when
a and b are interchanged ; .c., suppose

be—-a? b4 ac - 0%

a =
+a’+b’+c’ b*+al? 4 ¢
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Then we must have
be-a? ac—b2
{a+a" +6* +c"} - {b+b’ +a’:—c_i} =0

o, (aotys Bz FG=a%)

ad + b3 +cd
o (b=a)e+(bra) _
or, (ll b) + - *—ar.':—-bz—:n’ - - 0
a+b+c
or, (a- b){ 1- h”—-&-br-}:'éf} = 0.

Therefore, since a — & is not zero, we have

a+b+c =0
aﬂ+b$+cl

H a+ be-a® 1\ _ ot ba-c?
ence, \**as 4 4i i bl

b(c - a)+(c? - a»’i)
Tat 4+ b +c? ‘

1- (1)

(a-c)+

(c= )b +(c+a)}
a* +6% +¢?
a+b+ec
@1~ )
(a-c)x0
= 0;

and v, a2 a4 ba-ot
*t af + b +¢? 3+ +ad’

= (a-c)+

»

Thus it is proved that if the given expression is not altered
when a and & are interchanged, it is also not altered when a and
¢ are interchanged.

Now to prove that the given expression vanishes if we have
the additional condition "

¥ at+dte =1 ... ... .. )
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From (1) and (23? we have
a®+b%4e? = 1.

be -
Hence, a+ —— —a’

. = a+bc—~al?
a® ¥ b3 fod

= ,,(2a+2bc—2a*)
- .1,{2a+2bc—a’ —(1 -6* -ca)}
= %{(b’ +c? + 2bc) - (1 +a? - 2a))

- 36+ - (-

= H{(+e)? - (b+c)*}, by (2)]

= 0.
Example 17. If zy+l(z+y)a+b)+ab = 0}
2y +3(e+y)c+d)+ed =
prove that
w-y _ Ja-c)la-d)b-e)h- )
2 a+b-c-d

From the given equations, by cross multiplication, we have
oy ) ! ;
cd(a +b) — ab(c +d) ab-cd (c+d) —(e+b)’

cd —ab

at+b-c-d’

ab(c+d) —cd(a +b)
at+b—c-d

Hence, (z v\ ( _c+1/) -zy

o (cd- ab)’ —(a+b-c-d)lal(c+d) - cd(a+ b)}
(@a+b=c-a)*
Now, if ¢ is put for a, the numerator on the right-hand
gide becomes
c¥(d - 0)® — (b - d){c3(b - d)}, or zero;
hence, a — ¢ is one of its factors.
2--27

Soay = yand $(z+y) =
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Similarly we find that a-d, b-cand 5-dalso are its
factors,

. Hence, the numerator which is a rational and integral func-
tion of the fourth degree, must be equal to

Ka - ¢)(a - d)(b - )b - d),

where k is some numerical constant.

Puttinga = 0, b = 0,¢ = 1, d = 1 in the above relation,
wehavel = kx1, and . k= 1.

Hence, we have
(a_v - y)’ o (@=c)a-d)b-c)b-a)

2 (a+b-c-d)*
. a-y _ Na-ea=-d)b-c)b-d)
and 5 a+b-c-d :
Example 18, Show that the co-efficient of z* in the expan-
sion of (;-'}i;{;:b) in asconding powers of z is 2 :i' ii}l}"‘
Assume - - A B

z
@F aya-8) " z-atzTd
where A and B are guautities independent of ¢ and whose
values have to be determined.
Then we must have
z = A(x-5)+B(z—a)
= (A +B)z - (Ab + Ba).
Heuce, equating co-efficients of like powers of z, we have
A+B =1, and Ab+Ba = 0;
whence, A = a—:l-—b and Bam a:-bl} .
Thus we have the given expression

o Vfa b
a—b\z-a z-0
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3 .8
-;}E{—(l+—2+§;+z,+ ...... )
2 3
+(1+%+'Z,,—+;-,-+ ..... )}
Hence, the required co-efficient
1 /1 1
a’:'b(l? "47-)
@b
a—-b a%"’

Miscellaneous Exercises.
I

1. Solve 9r -4z + Jiz¥ “9z+11 = 5.

2. The difference between the hypotenuse and baso of a
fight-angled triangle is = 6, and the difference between the
hypotenuse and the perpendicular is = 3. What are the sides ?

3 5z -4y - 52 - 42 - 5z - 4z
© Qe+ Gb+Tc  6e+Ta
(93a+45b+58c)(x +y+:) = 13(a+b+c)(8y+ 9z - bz).
#?-22-3
223 + 22+ 1

; prove that

4. Determine the limits between which lies

for all real values of r.
5. Resolve 2x* - 21xy — 11y® — z+ 34y — 3 into its factors.
6. What number must be taken from cach of the numbers
13, 15, 19 that the remainders may form a harmonic series ?
7. In how many ways can an eleven be selected from 25
boys, 6 of them heing always included and 5 always excluded ?
8. Find the value of— ’
1 13 1.3.5.
HEterteinis
1L
1. Ifz(b-c)+ylc—a)+z(a—b) = O, then will
bz~cy o cz-az ay - bz
b-c c-n a-b6

+ &c. to infinity.
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2. Solve z+y+z= 7T
Yy +az = yz-2
22 +y? 427 = 21

3. Prove that x' 4+ 2% + ¢x% +2x s is a perfect square,
ifp% = r*and g = ’f+2n* .

4, Ifs = a+b+e, prove that—

(as + be)(hs + ca)(es + ab) = (b+c)?.(c+a)*(a+b)2.

6. Divide 25 into 5 parts, which are in A. P., such
that the sum of the squares of the least and greatest of them is
less by 1 than the sum of the squares of the other three.

6. Sum the series :—

2% + 43 4+ 6% 4+ &e. +(20)%.
7. How many different sides can be formed in a croquet

party consisting of 5 ladies and 3 gentlemen, the gentlemen
nevor being all on the smne side 1

8. Find the co-cllicient of z* in the expansion of
(1+3x+6x? +102% + &e.)?.
IIL.
1. Solve x* +2xy-y? = ax+dby
22 - 22y —-y? = bx -ay

2. BExpress 4(z*+2"+2%+2x+1) as the diflerence be-
tween two squares.

3. la,bebein 4.7;bc,din G Pjand ¢,d,ein Il. P,
prove that @, ¢, 6 are in ¢. P,

4. Apply the principle of Variation to solve the following
question :—1f 7 men can dig a trench 27 yards long in 36 days

working 5 hours a day, how many men can dig a trench 81 yards
long in'15 days working 9 hours a day ?

8. 1If be, ca, ab are in H. P, then will

1.1\ /1 1 (1 1_) .

a<-,; + -;). a(.; + L) sod of -4 ;o) boin 4. P.

6. FEight boats start in a race one after another. Find the
nunber of ways in which they can be arranged so that (i) a par-
ticular boat may always have a given boat just behind it, (ii) that
it may always be between two given boats.
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7. Find the co-eflicicut of »* in the expansion of
1+z- 222
(1-x)*

8. If A, is the co-efticient of 2™ in the expansion of

)
1-2'
then A - A - !
1l Ay —Aqy L": .
IV.

1. Prove that the samo values of z and y will satisfy the
equations a,x+b,y = c¢,, aze+b,y =c, azr+by = cy
if (@yby —ayb,)e, +(azhy —ayhy)ey +(ayhy —ayhy)ey = 0.

2. [f a and B be the roots of the equation z2 + 4r+3 = 0,
a B and ";—/f is

shew that the equation whose roots are
3z* - 16x+16 = 0.

3. Show that the least value of z + ; is 2 and the least

value of %+ Z is 6, z being real and positive.

4. Shew that (‘!f';ﬁ)"q-(".-‘;ﬁ/“)" = -1,if =

be any integer which is not a multiple of 3.

5. If the carriages in a railway train be all of the same
class and always just full ; if the expense of running a train be
proportional to the square of the number of carringes ; and if &
train of 36 carriages just pay the expenso of working it ; prove
that it will be as profitable to the railway company to run trains
of 16 carriages as trains of 20 carriages.

6. How many different rectangular parallelepipeds are there
satisfying the condition that each edye of each parallelepiped shall
be equal to some one of » given lines all of different ]eugths 1

7. Find a, b so that the co-efficient of 2™ in ———_ may

be 4n + 3.

8. If c,, ¢,, ¢4, &c., be the co-efticients in the expansion of
(1 +2)", prove that ¢, — Z¢, + 3¢5 — &e. +(~1)*"Lne, = O,



422 ALGRBRA MADE EASY. [Caar

V.

1. Two roots of a” —23z% + 22z* + 5523 — 32x2 - 33z + 10
=0 are 2 and - b ; find all the other roots.

2 Ita+3%+c¢? = landa,3+5,%+c¢c,% = 1, prove that
ady +bb; +cc, is never greater than 1.

3 I : + ; varies inversely as z +y, show that z? + y*

varies as ry.

4. If 1,0, 0? are the three cube roots of unity, prove that
(1-0+0)]-0?+o0t)(l -o*+o0®) &, to 2n factors = 23,

5. Sum the series

() 1.3+24+36+&c, +nu(n+2)

(i) 1.3% +2.4% + 3.5% + &c. to n terms.

6. There are 8 white billiard balls exactly alike, and 4 red
onos also alike ; in how many ways can an arrangement be made
containing 3 of each colour 1

7. Find the term independent of z in the expansion of

(32’ - _a_y o. ‘
33

8. If z is 80 small that its square und higher powers may

be neglected, prove that

VYi+22 15~
VI

1.. Solveazr+cy+bs = cx +dy+az = bz +ay +cz
= a3 + 6% +¢3 - 3abe.
2. Simplify (a+b+c)(z+y+2)+(a+d-clz+y-2)
+(B+c-a)y+z-z)+(ct+a=b)z+z-y)

3. Find the value of (2+3 v -5} +(2 - 3/ TH)E.
4. Sum to n terms
13432453+ 7% + &o.
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5. Shew that the sum of all the harmonic means which
can be inserted between all the pairs of positive integers the sum
of which is n, is }(n® - 1).

6. Shew that in 2"C, the number of combinations in which
a particular thing occurs is equal to the number in which it does
not occur.

7. If ¢, ¢y, tq, &c., be the co-efficients in the expansion
of (1+=x)" prove that

co—32¢, +3c, ~&e. +(-1)"(n+1), = 0.

8. Investigate the relations between the co-efficients that
the equation az® + 622 +ce+d = 0 may be put under one of
the forms

(1) &' = (P +pr+q)®;
(2) ¢ = (x*+px+q¢)*.
Solve in this way the equation 273 —r? - 22 +1 = 0.

VIL
1. Solve the equations :—
fi) , Ja* -Br 415+ Joi+2x-16 = fdz? — I8z +18.

az+b brt+a _ (a+b)(z+2)

0 cx+b co+a ccta+bd
2. If az+dy+cz =0, a’r+b%y +¢%z = 0, and
z y z

bte—ataFeooTaitTe = % prove that
be(h —c)® + ac(c — a)® +abla - 6)3 = 0.

3. The hands of a clock are of equal length, and one of
them is between the figures 2 and 3 on the dial, and the other
between 6 and 7 ; find their position whon there is ampiguity
as to the time and shew that this position of ambiguity will

recur at intervals of %-zg ninutes.

4. If @, b c be in arithmetic and a, 8, d in harmonic
progression, prove that
¢ o1 _2(a—b)‘

—

d ab
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6. If Jz+yi = X4 Vi, show that
2 _Y2) m 4 Y
HX2-T%) = 5+ )

6. There are 3 capitals, 6 consonants and 4 vowels ; in
how many ways can a word be made beginning with one of the
cupitals, and containing 3 consonants and 2 vowels ?

7. U b:c"aib = c%—, prove that a® 4+ ¢* = 2532,
or,a+b+c = 0.

8. Find the co-efficient of z* in the expansion of
(1= 22+ 327 - 42° + &o) %,
VIIL
1. Solve W/zi+2z-14 Jet+z+1 = /24 /3.
2. 1f z be a real quantity, determine the limits of value
22 402+3 st Tie.
2z + 1
3. Shew that 2143815 169 te. = 2.
4. Find the square root of - 79 -8 / =5,

5. Shew that in 3"C, the number of the combinations in
which a particular thing occurs is one-third of the whole number
of the combinations.

between which the expression

6
6. In the expansion of (z’ - ;) write down the co-efhi-

cients of 2% and z~3 ; also find the term independent of x.

7. Find the 5th root of 3120 to four places of decimals.

8 If 4= (b-c)a-d), B = (c-a)b-d), C = (a-b)
(¢ - d), find the simplest value of 4%+ B3+ C? -34BC.

IX.

1. Solve 2z+3y-8+35 =20
T2-4y+ 2—- 8 =0
122-6y-3:410 = 0



XXIL.] MISCELLANEOUS EXERCISES, 425

2. Ifzand y are two real quantities connected by the
equation 9x% 422y +y® - 922 -20y+ 244 = 0, then will z lie
between 3 and 6, and y between 1 and 10.

3. Sum to » terms

124 (12 +2%) + (17 + 22 + 3%) + &e.

4. The sum of » terms of two arithmetic series are as
3n+31 : 5n— 3 ; shew that their ainth terms are the same.

5. 1f ax®+bz* +cx+d is a perfect cube, prove that be =
9ad and ac® = b3d

6. Find the number of words beginning and ending with a
consonant which can be formed out of the word equation.

7. Show that the co-etlicient of z* in the expansion of

(1-2x)%2. 1 _ a_
(1-a)* is o (n=6)(n?-1).
8. Sum the series
ll,, + l-l—)-z s -l-"—l334;§5'6 + &e. to infinity.
’ X,

1. If a(ly+2) = b(z+2x) = ¢(x+y), prove that
y-z o _ ETE__ FoN

alb-c)  blc-a) cla-b)’

2. Find the value of z for which 322+52+3 has its
least possible value, and show that the least value is 1).

3. Sum the series

1.2+ 22.3 +3%.4 + &c. to n terms.
4. 1f a, b, c are in /I, P., show that

(1+1 1_)(14_1 1V _ 43
a b /N6 T ¢ a ) ac ¢’
5. If the number of permutations of n things taken » to-

gether be denoted by the symbol 2, ; shew that the number of
such permutations in which p particular things occur, will be

'Pp'”—"Pr—pﬁ
6. Find the sevenih root of 126 to 4 places of decimals,
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7. Find the co-efficients of z'* and z~1° in the expansion of

l L]
(= +25)
8. Shew that,if 2% + 2 +2% = gz+2c+2y, thenz = y = 2.

XI.

1. Solve lx+my+nz = mn+nl+im,
x+y+z = l+m+n,
(m-n)e+(n-Ly+(l-m)z = 0.
2. A train travelling at the rate of 37} miles an hour
passes o person walking on a road parallel to the railway in 6
seconds ; it also meets another person walking at the same rate

as the other but in the opposite direction, and passes him in 4
seconds. Find the length of the train.

3. Shew that if z, y, z be in /. P,, then will

e, =Y % _ bvouloin L P.
y+2-x2 2+x-y x+y-:z

4. The series of natural numbers are divided into groups
1;2,3,4,;5 6,78 9; and so on : prove that the sfim of the
aumbers in the nth group is n® 4 (n - 1)3.

B+ S-T 15
B/ -1-3  Bz+3yJ-1

6. Out of 22 men who have to sit down, half on each side

of a long table, p particular men desire to sit on one side and ¢

on the other ; find the number of ways in which this may be
done.

7. Shew that if ¢, denote the middle term of (1 + )2",
then will ¥, +¢, +¢, + &e. = (1 - 4.::)—‘15.

5. Given , find z and g.

2.4 . .
8. Shew that 46 = l‘3+r2+1.2.'3:+l—.‘31?+&c'

XII.

1. Shew that a®+5%+c® + 24abe
= (a+b+c)d +3{a(d - ¢)* +b(c - a)? +c(a - b)%}.



XXIL] MISCELLANEOUS EXEROISES, 427

g qf _td-be ac - bd

aTht Teva aTh—d+e’ then each of them

at+b4c+d

3. 1f a,b ¢ x areall real quantities, and (a? +5%)z? —
2b(¢+c)z+(6'+c’) = 0, then a, §,¢c are in G. P, and z is
their common ratio.

--b—. < are in 4. P.;
a

H that e
4. Having given tha i3 ;

-¢' ¢=
prove that
ad +¢3 - 2b3 a+b+c

a¥¥c3 o268 T T 2

6. Sum to n terms

18 - 33 453 - 7% 4+ &e.

6. The number of combinations of 2n things taken n to-
gether when n of the things and no more are alike, is 2" ; and
the number of combinations of 3» things, » together, when » of

120

Apw)*
7. of ¢, ¢y, 3, €3, &c. be the co-cfficients in tho expansion
of (1+ )", prove that

the things and no more are alike is 22*~! +

249 0+3 L] lgn-—-;l_: .
Gt S [n—lln-l
8. Shew that the sum to infinity of the serics whose
{(r+1)th term is ~ r jl.:) is 15,

XIII.
1. If a(by+cz-az) = blcz+ax—-by) = c(ax+hy—-cz)
and if a+b+c¢ = 0, then wil z+y+z = 0.

2. Ifx®+ax+b and z® +a'z+ 4 have a common measure
of the first degree, prove that their L. C. M. is

ab-a't’ a'b? -ab'? _ bb(a-a)
=5t wisar Y e
3. Solve (z-2)%+(y—3)*+(s-1)* -24}

23 4

2y+yz+2z = 63
22+ 3y+z = 30
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4. If a,b,c be in 4. P, o, 3, yin Il. P, au, bf3, ¢y in
G.P thonwilla:b:e= 1 o 1o h,
7 B
6. If one geometrical mean ¢ and two arithmetical means
» and ¢ be inserted between two g glveu quantities, shew that

= (210 1)(2¢ - p)-

2
6. Shew that <a+x)), = 1+ 2 + ?(_"'_)
a-x a+z 2\a+x

5 3
+i _z ) + &e.
2\a+x

7. 1If ¢, ¢y, ¢y, &e. be the co-efticients in the expansion of
(1 + )", prove that

(n+ 2)]21: - l
]n - l Iu
8. Shew that if 3(a® +62 +¢%)=(a+b+¢)?, then a=b=c.

XIV.

1. If (22 +9% +2%)(a® +6% +¢%) = (a.x+by+c.)‘
shewthat z a = y : 6 =2 ; ¢c.
2. Solve 2z+4y-3: = 22}

0¥ +2,%2 43,2 +&c. +(n+1)e,? =

dr-2y+06z = 18

br+ y-2r = 14
3 I b.+cg/_ ¢z +az W + bx
b-c¢c c—-a a=-b
(a+d+e)(x+y+z) mar+by+ca.

4. Show that 143 (“"“) +5(?i'..t1.)’+&c.

, sShew that

2n -1 2n-1
+(2n-1) (2n+ }) - n(2n-1).

5. 1f from a series of = terms in 4. P., another series be
formed such that each term is an arithmetic mean between the
consecutive terms of the first series, and if § and § be the sums
of these series respectively, prove that § : &’ = n : n-1.

6. Shew that, if z, 9, s bein H. P, (y+2-2)*, 3 +2 ~¥)3,
(x+y-2)? will be in 4. P.
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7. In the expansion of ( 2z3 + 1)8 find the co-eflicients

of z and of z~3,
8. There are three candidates for a Professorship, and

one is to be elccted by the votes of 5 men ; in how many ways
can the votes be given !

XV.
1. Shew that
(b-c¢c)" +(c—a)’ +(a—10)°
= T(b-e)(c-a)(w—0b)(a®+b* +e* - be - ca - ab)?.

2. Having given _r g = y+z ’ v , = ke
l-z m+ny:' 1-y*  wm4nr:’

. +y
rove that if x, ¥ be unequal, . ° = .. Z%¥ |
P 4 Ll PP m + nxy
3. Shew that g™ -1 is divisible by ecither of the quan
tities y* - 1 or y* — 1 without remainder, » and » being positive
integers.

z = y = ._-_.z.— = I
4- Solvc y;;—;l 4 x+_1/-l x+y+..

5. Prove that ayny —a,a, is positive, zero or negative
according as ay, 4y, @y, @, are in anthmeticnl, geometrical or
harmonical progression

6. In a plane there are m straight lines which all pass
through a given point. 2 others which all pass through another
given point, and p others which ull pass through a third given
point ; supposing no other three to intersect nt any point, find
the number of triangles formed by the intersection of tho
straight lines.

7. Shew that .
10\1 1 14 1.4.7
(7‘)’ = 1+ 5% 1590 *i0.5030 T+

8. In the expansion of (a+ 6)®*, prove that the sum of the
squares of the first, third, &c., co-efficients differs from the sum of

the squares of the second, fourth, &c. by ?1(21"' 2_312—(:1—1-) .
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XVI

1. Solve \/E(bx-—a’)-\/%(az—b’) = a-b.

2. I Ymy+nz-lz) = m(nz+ lx-my)
= n(lz +my - nz), show that
b - ™ - n_
y+zi-x str-y L+y-z2
3. From the equations
2242z = a, y*+2:x = b, 27+ 22y = ¢, obtain the result
ys+zw+ay) = a+btc— Ja¥ +43 +c* —~bc—ca-ab.

4. DProve that
(ab — cd)(a? - b2 +¢2 - d?) + (ac — bd)(a? + h? — c? - d?)
(a? = b% + ¢ - d¥)(a? + 6% — c? — d?) + 4(ab - cd)(ac - &d)
- (b+c)(ai-_ﬂ__
(b+c) +(a+d)*’

6. 1f 2, g, z arc such that their sum is constant, and if
(z+x - 2y)(x +y — 2z) varies a8 yz, prove thut 2(y+:z) -ex varies
a8 yz.

6. Prove that

.o (u+l£¢ (n+l)n(n—l)(n—__2_)
2 1+ Z + n + &e.

7. Show that

1 131 1356 1.3.5.7 1
+___.

1
sYoiatge 2468
- g(z- Js) J3.

+ &ec.

3 3 3
8 I y:+f;—‘ - zz+-;3f—’_; - zy+zi+-}, %, y and z

being supposed unequal, prove that each of these quantities is
equal to zy + y2+2x ; and that
Z+y+3s =0,
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1 [ Pages 25, 26. ]

Tax? - 353, 2. a=b+ec. 3 2a-b6-3c
a?+22-33. B z+%-2. 6 z-2-1.
3 2 x
a:"+l+1~ 8 - l,,+ Y. 9. a-b+e-d
z* y J2 «x

a? +03. 11, a*-b+c%-d% 12, 2(ab+ac+bc).

2 [ Pages 29, 30. ]

z% - 2z + 3. 2 a23-z+l. 3. 2x% + 2z + 452,
z 1 g

2 a
5*+3. 5. 2—21‘4--3—. 6. y"z-x.

23;—5+33’- 8. 13-2::*-::&'. 9, az '+1+4al2
3t _payt aady

3 -
zT—ziy l+y&' 11. ) ——-—3--'+ 5

z? 4y + 2z +y® +2°,
3 [Page 36.]

193. 2. 908. 3. 1679. 4. 4698. 5. 9876.
23456. 7. 537. 8 027. 9. 15367. 10. ‘0374,

40303, 12. 1-4142. 13. -0252. 14. 2:2360.
4:4721.

4 [Page 42.]
z4+9. 2 32-8. 3. 4a-35. 4. 23-3z+2,
223 4+2-3. 6. 1-3z% 4224, 7. 2z%~3cz4cd,
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5 [Page 46.]
25. 2. 48, 3. 98. 4. 203 6. 307.
457. 7. 57Y. 8. 607. 9. 945. 10. 8765.
319. 12. 3002 13. 3:546.14. 1-442.
8:320.
6 [Page 52.]
1 - 3
3 ) 38/54 DI
Jat. 2. et 3. Yzt 4. W Ja
8 4\/!(-‘" l I3 e
:V'”"s . 6. 3 :/.’l;‘ .. 2',,\/5 . 8. \/.E te,
Warr 10, e, 110 o 120 L0138
2 3 ) @
«b. 15. =z=. 16. ai. 17. . 18. 4.
27. 20, 32 21. ). 22 3. 23 ).
81, 25. 36. 26. .
7 [ Pages 55, 56. ] .
a-*® 2. a bt 3. ab". 4. a5,
abht, 8. a:_'l"y‘. 7. «9%, 8. .
v. - 10. %%t 11 rtat 12, okl
-133.3 2.-4 3
a~1b3¢%. 14, a%b 3c2. 15, atht.

8 [ Pages 59—61.]

x=—2x*+l. 2. a-275.
z? -H:'o:zzi -4y + 9:”’.

a+tad-1+a¥ia,
a™™ - 9B3% 4 128%? — e,

a+a%x"* - aix'% -z-1,

3. 1+a% % 4atd-s,
5. zt+alylyys,

7. sayre-shdd
9. a3 -643s,

11. s-zi
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12. 2z-2+4x7+2. 13, y+z%y§+x. 14, u+a§b§-b.
16. z?*—-1+z2~. 16. 4z- 2::‘!';:—* + 2.1:‘521Jf +y 1+
n-1 a-1

y'iz§+z?’. 18. % -a®. 19. z3 -y?
20, am-', 21, z:"+3x&-l. 22, z:-!+xy—&—2x""y'}.

1 i 3 1 " : 2 5
2r%yd 4 iyt + . 23. z"+za+a". 24, zd-4x°
+4z+ 9 — 4z’ +25. 25, ais 3 + 8 B . s

1 1 2z + 36.1:'*_1/-3‘ r+a
2. Gt 2T Tilay 0 B sismra
18
20. 1. 30. «dpi-sh% 31, 1. 32 3 33 =

1.
34. 2 35 4. 38. z=1y=2 37 z=2y=3.
38. xr=1,y=339. z=1,y=2:=3 40. z =2,

y=42=0.
9O [ Page 62. ]

1. J35 2. 331, 3. Y. 4, 4/T3R0.
5. Ve 6. Yoy, 7. Ra¥opr

10 [ Page 63. ]
1. 342 2. 45 3. 5%2 4. 274 B. 345
6. T3/4. 7. 543 8. a*b 9. z'Ifa. 10, -85,
11. -4ab¥/30. 12. 5a3x ¥iax.

11 [ Page 64.]
1. 743 2. 7J2 3. 8,5 4 2J2 B. 2/
8. 545. 7. 43. 8 373 9. 6,5 10, 0. 11.0.
12. 17%2.13. (Tz+y)+/52. 14. (z® - 2y® + 3t%)%/a.

15. 4a¥/2z.
12 [ Page 66. ]

1. %27and %/4. 2. 1%/256 and *3/125. 3. '5/8and

18/343. 4. '%2Tand *3/25. 5. #4/256 and *%/2T6.
6. The latter. 7. The former. 8, The former. 9. 3/4,

4/6, J2. 10, §/10, 4/3, 14/35.
228
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13 [ Page 67.]
5J2. 2. 43 3. 9. 4. 3/10. 6. 30. 6. 5.
3az’V/6.c. 8. /86t 9. /34 10, 49/

949/3. 12, Wi 120 8270 14, 1932
/1050, 16. 403, 17. 288 2. 18, 480%/3.
210abzijz. 20. 2% 21, & 22. Y%
AR 24. 571, 25. 1341. 26. 3-536.
26-832.

14 [ Page 68. ]
aJb+b Jo. 2. a-b. 3, 6a-10,/a 4. 16x-9y.
Gz — 54. 8. 6+ JI10. 7. T+4,/6. 8. 6-6,/5.
2+46,/2 10, 5+3Y/184+3 %12 11, 22 -2 V¥ —at,
182 +80,/3. 13. 83+12 /35, 14, 2a* -2 Ja' - 43,
2952 - 21y? + 20 /2 — g7,
15 [ Pages 71, 72.]
23321

o 2. 5+2,/6. 3. 2+17 2
9+2,/15, 5. ‘2_:/.‘!“”_ 6. a?- Jrill.
x
1@+ J2- J0). 8. 1+ 5+ J10- /2,

NIt .éita/'?. 10. Y21+ J10- Jit= J15).
H828. 12. 6:464. 13. 5414. 14. 3:650.
¢854, 16. 504 17. 2. 18 J5(1+ J2).

2+ 3. 20. 198. 21. 4z/:P-1. 22 2.

16 [ Page 74.]
5 1 a2 1 4 n
3243245+ 3247 4+ 3.4+ 3745 447,

6% - 6.38 + 67,30 _ 34, 3. 3¢-3545 43245
85 15 3 35 3 9 18 3 5 13
¢ o g8 gt gl _gs gt 4o 3T _gf3 v 4
) 20 10 8 5 8 5 4 10 3
X S 34843045 384743545 4,
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4% 4+ 45 5 +44. ”'+4" "’+4"’ +45 +o!.

1-2434 43)
4 1 8

‘il+d(3 +'3-‘ 9“‘+3" 2 +3.23 4 32.25)
23 T o

3-9al429 90l 10 13- 3.3% -9T3= 35+33
3
17 [Page 77.]
1. U5+J3 2 3-5 3 3422 4 5-
2J3. 6. 2J7T+ Y3 6 3/5-2y71. 7. 2J01+ 3.
8.

© ® 30

Vi- Vi 9. 2(.J/2-1). 10. 4/3(J3-1).
11, ¥3(1+ J2). 12, 45(J3+ J2). 13. =+ Jas 32,
14 Ja+o+ Ja-u. 15. Ja+:{£+ J.gx.
18. Jr+24 Ju-3. 17, Ji+y+ J=

18 [Page 79.]
1. 1+ 6. 2 2-J3 3. 5+ J2 4 3J2- 5
5. +/3+ /6.
19 [Pages 84, 85.]

1 1+ 2+ /5. 20 2+ 3+ /5. 3 J3+

J2+ /6. 4. 2J3+2- /5. 5. J2+ J6-3.3.
g4 1 N+ /8 1

6. H72l. T. 4- J10+ J2 8 1 9. 3

10 4 11. a+b 12 3/3+1. 13 }.J/5 14 125
15. 1692.
20 [Pages 89, 90.]

1. Thelatter. 2. The latter. 3. The former.

4. The former. 5. Thelatter. 6. a:d. 7. 1:4.

8 1:1. 9. 175:8 10. 28 :27. 11. 5: 7.
12. 3:4. 13. 63and 72. 14. 85and51. 156. 28and 35.
16. 42and 54. 17. -15. 18. 13, 19. 17

".‘:.Z_Zﬂ 23. 76:75. 24. 1772 :1771. 25. B.
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21 [Page 91.]

1. 2. 18 3. 37} 4. 36. 5 20. 6. 60.
7. 200 8 6 9 14, 10. 18

22 [Pages 98, 97.]

l. 2=9,y=6. 2. 2 = 25,y = 9. 3. z = 56,
y =30 4 ja 5 L 6 2T 4 8 1L

S

- 165+ 29
9. 2. 10 Wi Ih 11. u{l-(-i—Ib-)—‘-}. 14 2.
16. 2.

24 [Pages 102—104.]
21. o.

25 [Pages 113—116.]
1. 3y == 2 14 3. 2 4. 1. 6 2z = 4y
. 2 2/ .
8. y= 2x+; N A ;5<z-+y’). 8 y-= 2x+:,.

9 y = 3+%-2a 10. y = :3,\/:

12.%’“45 inches. 13. £26. bs. 15. 45 8q. ft. 16. 346} sq. ft.
17. "#960 cubic ins. 18. 15 ft. 19. 10. 20. 12426 ins.
nearly. 21. ‘01875 in. 22. 1610 feet ; 3059 feet.
23. 3 days, 6 hours. 24. 224} days nearly. 25. 9 : 4.
. men?
28. Value of diamond = (my ja®’ value of ruby
3

end 22 2

e B A S

when the rate is 12 miles an hour; and the cost per mile

31. The cost is least

is S‘%. and for the journey is £9. 7s. 6d.
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26 [Pages 118, 119.]

+21 2, +5 3. +2 4 +£9. 5. t2. 6. ::,/ﬁ.
ala® -4 3 — 2
N 8. + n 9 +— -
2(a.'—-l) 6(4(1—6’)}
2 13
s 1L e yr £/%.
27 [Pages 119—122.]
5 7L 4. 33, 2% 5.2} 21. 6. 2+}/8.
9, & 9. 3,4 10. % 4 11,29, —10. 12, 10, - 29.
$ 0. 16.10, -3 17.3.18. 6, 3. 19. 1, =iy
-11+ /13
T T Y—a.
28 [Page 124.]
3, 22 2. -4, -5 3. 4 -3 4 § -L
2}, -3 6. 5. 7. -1,4%
29 [Page 124.]
3, -6 12, -14. 3. 4 -8 4. 5 -34

a o a
oo 7. ab,—g-.

30 [Page 127.]
2, 4. 2 5 -4 3.1, -4 4. 4,-13

3, -4 6 LL-f& 7. T7,-% 8 2%
26
% - 10. a5 11 1, = 12 aq -b.
3a 2ab - ac - be
7 14 48 15 0 2.
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12.

- 0 O & =

-

El

[
w

® w

14.

17.
19.

a1.

26.
a7.

31.

ALGEBRA MADE EASY,

31 [Page 128.]
2, 3. 2, +2,+,J/10. 3. } 1 4 +} =+l

L, -1 e L, .1 7. -8-1 8. 3 b~

a?’ ¥’ ;
1
2%, 2¢~, 10. 4, %/40. 11, (54)% (~5t3)%
3
4, 1. 13. 2* (- ")‘“
32 [Pages 130, 131.]

ot '].'l !l) 2 - lo 2’ -2 3 - g, I—E:-jlllg .

2, -1+ =10. 6. 1, }(-1+JX0).
-
-3,13+ ¥ I3). 7. %1, + (:_ll;ﬁ_if‘_’)
-m, mE Jm* + 2. 9. 1,234 10 4,1+4-1
& - _ Y 4 hH
3, -1, -1+ 6. 12 1 p,.‘_.( 1+ p-n)‘

1 1
L 1)*{ 1+ Jiz 4(p—l)} .
33 [Pages 131—136.]

I-p' 2(p-

0,2 4 +}. b5 -4 B £3. 7. 0-1.
0,2 11. 2 -8 -3+3,/5. 12. 1. 13. 4,-9.
0,-3,12,-15. 15. 1,1 16 7, -1 Zi_s\ﬁ‘_‘.
2, -1 18 1,-2

2, L 39+ V=30). 20. 1,2 33+ V<1

4, -6, 14,2 22. 0,3 3+ -23

3 -3 -2+ /-6 28. 9, -7, 1+ 24

3 -4, -1% JTL 28. 9, -7,1% /6.

3, -;- S+ Ni;tz' 30. —-g-. ii_“[_l—ﬁ.

4, -3, 1+ J-43). 32 5 -1,2%+ /5
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12.

18.
21.
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34 [Pages 136, 137.]
22 2.9,-18.3 4 244 5 12 5 TENT
35 [Page 140.]
2+ /3, -1 /-3 .2 33+ J/-T), Y-1% JTI5).
+1, 31+ JZ3), £+ V-1 4. 1, 5t */-5.

5.6, 2,1, 10+ J65). 7. 3,-1,°F J‘
9

+ /1 -84+ /BB
2,‘;» -;/“ ~2""=§»3-":‘5- 10. 3:3"‘“"3J
z+ ¢ - 1-{ -a®+ Jat = 4a"b+8ac} .
ax 2a

1+ Jﬁ):\/is';i'jis, (1- J5)+ \/Elws.

. 36 [Pages 140—143.]

2a a 18
3 -1 2 "r;' -5 3 %l 4. 1,9 -1
a a 9 4 63a w41
a, 2, - 3. 6. -l-—s-, 1—3-. 7. O, 65 . 8- b 1 m.
5, -i,".i.*;.‘?’*. 10. 1, }(=3+ J5)
+1, X3+ JB). 12. +5, +4 /2.
: 20c .,
1,4 14. -2, -2+ ./3. 16. 2eFbE by~ 4
2, --:"57:/13_ 17. 9,4, _721_2;/;’{,

3
4, -2 -1 J7. 19. 3, -1. 20. :ff—*/—'l 3+2’/'
5e¢ 29¢

5' -ll 21 ch 22- T’—' - 2-1 .
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a n ‘n n-1
23. 2(-1% y5) 2¢. +,/-2, *\/Eﬁ'
26. S(1: J5). 28 +./5). 27 52+4J-2
28. a, b{a+b+ N5a? +2ab+b‘} 29. 6, + J/-1I.
' %a
30. 5, )1+ 4523 3l \/~-—1 -1+~/ 3
32. i(-3% .5, 3(-5% J—ll). 33. 1, :}_TZJ 3.
1+J-1 -1+J21
8¢ S5, TN 35. ”1‘4

36. 3(ox./are3 7).

37 [Pages 146—147.]
4. (i) Real but not rational ; (ii) Imaginary ; (iii) Rational ;
(iv) Renl and equal ; (v) Real but not rational ; (vi) Imaginary.
7. +12. 8. 8 9. 0,3 ¢

38 [Pages 147—1563.]
4. (i) -1%; (n) 111 Gii) 2. 6. 8, 5 3% 7. (i) 8;(i)7;
(iii) 6. 8 3,41 14 +3 and -3. 23. z between -3
and + 3, y between 0 and 4.

39 [Page 155.]

l. 22-5246=0. 2 2°4+32-28=0. 3. 22 +52-104=0,
4. 3z°-53z+34=0. 5. 5x*-122-9=0. 6. z%-10z+
23 =0. T x*-82+49=0. 8 2%-1424+20=0,
9. 2'+14z+4=0. 10, (m?-n®)z® +4mnz - (m3? -n3)=0.
11, 2'-(1+ J/3)z+1=0.

40 [ Page 156. ]
1. 3,4 2. 5 -3 3. -3 -4 4 3+ ,/7,3- N
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41 [Page 156.]
1. 1,-1. 2. qya-b-¢c. 3. a,7-a. 4.1, 4_7 24;\/6
42 [ Pages 1569, 160. ]
1. 422 —(p?-2¢)z+q = 0. 2. ¢x?-2px+4 = 0.
3 z?-plz+p?¢=0. 6. 36 T. (i) M‘;‘:ﬂ;
@ e, iy U7 40%ac+ 2%

alc adc?

9. b 10.7 12. 11. 8. 12. 3.

43 [ Pages 162, 163.]
Yx-3)x+}). 2. (z+5)x+17). 3. (x+20)(x- 32).
4- JT'!i 4+ ,J 9
NIRENLTBEN
5 (, £ ii’f')(ﬂ “j'_ii‘:) . 8 Yo 7. No.
Yes.” 9. No. 10. No. 13. Between }and 2.

I R N

44 [ Pages 1698, 170. ]
1. £10. 2. +7. 10, (cc’'—aa’)? = (bc —ab’)(b'c - a'd).
12, . (ad -ad)? - (ab' -ab)(ed ~cd)
" @ =aB)bE —ba) - (ac — a'e)(ad - a'd)
or. (ac’ - a'c)(ed' - c'd) - (ad' - a'd)(bd’ - b'd)
! (ad’ - d'd)? — (ab’ - a’b)(cd - c'd) ’

45 [ Pages 175, 176.] :
1. za1, —gg; 2. 3-5,3—,,:?,'3,1-12,18;
y=1 -2 y=950 y=1812

4 z=29, -47; b z=3,2; 6 z=11, -8;
y = 47, - 29, ¥y =23 y= 8 -1l
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10.

13.

16.

19,

22,

25.

28.

31.

ALGEBRA MADE EASY.

x =T, -4; 8,154,3;9.3,4'139;
y =4 -1 y =34 y=3,g,

z= 131l 2 =75-7-3;12 & = 85, -8, -5;

y-z. y =37 -3, -1. y=b8 -5 -8
z=51-5-T; 14 =z=5 -5; 16,2=85;
y =105 -1, -b. y =4, -lj’. y=5, 8.
z =17 -5;17 2z=17,2,-7,-2; 18, 2=9,5, =9, -5;
y =5 1. y=21,-2-1.  y=509, -5, =9.
z=17,1;20, 2=3,2,-3,-2; 21. z=5, 3, =5, -3 ;
y =117 y=23,-2-3. y=3,5 -3, -5,
z=4,2; 238. z=17, -3; 24, z=9, };
y=24 y=3, -T. y=3, %
z=01; 26 z=XK 2; 27. =9, 4;
y=105, y=2 8. y=4,9.
z=051; 29 z2=28; 30. =729, 343;

y =15 y=8, 2. y =343, 729.
z=104;32 2=2,1; 33. z=},-1;34. z=3,-};
y = 64, 1. y=12 y=%h - y=5H-3%

46 [Pages 178, 179. ]

] 2
t-si ’37') —3,"%;2- 3=2, /5’ ‘21— B3

0 1 9 1 1 _a [2 -19 2
y-.., _J-é' - —-:/-.-2. y"ﬁ"" L) T 5.
2= -2;d 2= b -3 -:B.2=2 5J5-2-33;

y=3, -3 y=hi-h -3 y=62005-6-2.2

[ ]
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=053-5-3;Tz= /3 \/fL. -

3
y =0 6\/19' 0, ‘6\/19

y=34-3 -4

443

-
b= \/1'.5 i

z =1, 408, -1, =13 1

v =3 2%, -3, -y V2L

2= 3,46 -3, -4 .6; 10. =4, 3 /3, -4, -3 ./3;

y=11}6 -1,-1,/6. ¥=5, J3, -5, - J3.

=T /3 -7, - /3; 12 z=4,3; 13. z=17, -6;

y=2-3J/3,-223)3. y=3, 4. y=0, - 17.
38 38 5

= o - =9 -2 ly 2 .

z =4, 8T 4, - Jg_,ISx A "t)‘\/(ﬂ’
__3 -1, - "_ =34 5

Yy '., Jsf l, ;737. y=3, —3,’+ 5\/‘;7.

RY
x =3, -3, 8\/1»7' "\/mi

37
y =4, -4, 6Jl,7, -6\/137.

47 [ Page 182.]

z=312+5J"1; 2 z=
y=13235J"1. y =
=4, -2 +J15+41;4. z =
y=2 -4 +tJ-16-1. y=

z =11, ,’,{1: Jﬁ}; 8.

z =

y-
y= 83f-16:y7o0I}.

-

[ 1 i T~

L35+ ’*/:_—1-557’
1, 4, }5F V- 159).
4, -2, £ J-11+1;

2, -4, +%Y/-11-1.
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7. z=21, ,}{31 J:'lé}.
1,2 ;{3: J‘—”is’a}.

y-
a a 1 .
8. x = é{lth}’ ‘E{li‘:/'ﬁ}:
a a 1
9 z=asb; 10 3-3,2,1}(51\/—!%3—';

y = b a. y-2,3,;-(5$\/-lg.§>.

48 [ Pages 185, 186.]

1. z2=292 -2; 2. z=3y=43=1
y =4 -4; 3 z=0 +a(®-c?
z = 6, —6. y =0, + b(c? —a?);.
2 =0, £ c(a?-82)
4, 2= b,y=-1:2=17 b5 =43,y = il. 2 =+92
6. z =23, y=15:2=214
7. 2= n?l f'm —%5.'/ =4, -1, "{‘]’n ~3; z=l, “%‘n‘[ﬂb'r %
8 _a{(b? -c?)
: 2(ab + bc + ca)’
be*-a?) p , a c
9(ab ¥ b2 ¥ ca) where P b-ctiatas
c(a? - b%)

= 3(ab+be+ca)
49 [ Pages 201—206.]

1. 2=10,2 % ./2;2 z=4,2; 3 z=42 -1+ /1;
y~=022%./2 y=2 4. y=24, -17 JIL

4 z=0513; 5. z=4,9; 6. 2=3, -135;
oy =412 y=9, 4. y=-4,8}.
7- ‘-7n -l,i\/--—§+3; 8- 3-3'21511'

y=1 -7 £-3-3 y=2315;
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156.

17.

19.

21.

22.

23.

25.

217.

29.

31.
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z=5,18-}, 10. 2=7.2; 11. z-‘;}l _f-ﬂﬂl;
y = 4,175 y=21. y = 3, 1347
z=91"; 13 z2=5; 14. 4-62,4,3’
y=7,0 y = +4 y = 3%'2
z2=0113; 16. z =4, -2, 1.3 ;
y =02} y=2 -4 -1 /7.
z=31; ox yfari2) 5
y=13 18. =« ‘{a"' [ —b}:
)
= 11} \/’__\. .
v _{n: b a}
2=233 -5 -3; 20 z=10+4/6 1055 /15;
y=3 -53 -3 y = 1054 /6, 10+ JIn.
x =12 1(-11+ J209);
y =21 }(-11% J209).
= +}.3(2-a), tav-1;
y = £3./3(2-0), 3¢V -1
z =¢6,6, -6, -6 ; 24 z = %3,
.'/=3: "3v31"3- Yy = +2
z=y= Yatn 26 z = 'EV2;
y=1
xﬂa‘:—fz, 28- z-a)b;
be
= = = ba
y a+bd v
z=5-1; 30. z=28,-8;
y=1-5; y =5-5;
7= 2 z = 3,-3
z =1 z =-1 z=3
y=23 -1 y=31 y=1-1
t= -1,3 =13 zw-1,1
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355 60
32. z =4, 22: 33 =4, -7-;
190 66
y=5 , y=06 .,
H
2-6,-.’- z=2,—6
12
34. z = : 35. z=91; 36 =z=3;
- 12 y=3; y=7;
y= 3 2= 1,9 2= 11;
2 = =12 w = 20
37- z“'_"';; 38- I=6 =7
y =15, y =152 3+ /-1
3= +7 z= 2,5 2 =3F% -1
39. z=4; 40. z = 2,-2; 41, 2z =2+2;
y=6.3, y=0, 0) y=13;
z2=36 t==11 7 =+4
b4+c-a r+a-0
o =+ - - =t'—"=-.=-_—-:-—-z;~.
42 = 2\/a’+b”+c"’y 2‘\/a"+b"'+c"’,
a.+b
z2 =+ —

T2 Jat +/: et

43, z=1, -1, +.7 ;|4 2 =33z = 4,4]z =55
¥ y=4ly=s3ly-s
y=3 -3 _;;3; :=054|z2=3,5]:=4,3
g =05 - J3
45, r = *1) z = 2
y-ﬂ}y-tl}‘

50 [Pages 213—2186.]
1. 16;£5. 2. 18. 3. 3 inches. 4. A’s capital = £5, Bs
capital = £120. 5. 5 miles per hour. 6. 12,5. 7. 5, 3.
8. 4,]120; B, 80. 9, 7,2. 10. Rs. 90. 11, Small wheel
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4 feet ; large wheel 13 feet. 12, 4 pence. 13, 56. 14. 20,
30 miles an hour. 15. £60, or £10. 16. 12, 16, 18.
17. 26 and 38 feet. 18. 25, 13, 6. 19. 40 and 45 miles
an hour. 20. 256 square yards. 21. 14,10, 2. 22, 6400.
AT
23. 4, 10 miles an hour ; B, 12 miles an hour. 24, (a';‘b_) .
e
25. The sides were 30 and 19, and the height 1t yards.
26. 100 shares at £15 each. 27. 15,12, 10, 7. 20, 625.
30. 324 square feet.

651 [ Page 217.]

1. / 2. -1. 3. i 4 1. 5 -1. 8.-i 7. i
8 - 9, - 10. -1.

52 [ Pages 221--223. ]
1 99+23J-3 2. -6J15. 3. 63+11 /21

17 6. ac+bd  be -ad, .

138 13" 5 et +dt T e g " 6. #f-z+l.
8 2+J-3 9. 5-34-2 10. 2+ J-5.
11, -1+2. 12, 1+ 13.100. 14. 6.
15. + 52< Vet vz v 140 Je? --'x‘+‘1'>.
16 -1,':V30 19 o

63 [Page 224.]

1. 16, 40, 2n-6. 2. 29th, 46th, (3n - 10)th, - 3. 6.
4. 98

54 [Pages 235, 226.]
1. 325 2. 900. 3. 52k 4. 0. b. 25452.
1
6. ln-1. T ;}5{m—"—*—b}.
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66 [ Page 228. ]

1. 3 2. 9. 3 4. 13or1. 5. Last
term- 3, or —1 ; number of terms 10 or 12.

6. 18or19. 7. =% 8 1,44 2 & ; 1470.

9. 1,357, &e.; o3 10. 2 11. 4orl0.

66 [ Page 230.]1*

1. 61;8;m;a%+2%. 2. 9%, 10%; 3 7L 3. 207,
207,387. 4. -2 -6, -10, -14. 5. 1, -1}, &,
- 39. 8. 14.

57 [ Page 234.]
1 2
1. g—(ﬁn"+3n-l). 2. 71'(”"' )(-"1;2 )(3’“'_5)

3 MAni+6n-1). 4 wi(2a-1)

g. ™Mrtl(n+32)

6

68 [ Pages 238, 239.]
1. ”Z‘_f.;‘b(znn). 2.9, 13, 17, 31, 25
3 13;6. 4 70. 5 ™Mrtln+2)

s .
8. fant+3n+1)" 7. G2 +9n+1).
n

8 Fanrs) Q & 13 16 2.
10. 8,5, 7. 11. 1, 3, 5 7.
12. 3,5 7,9, 11, 13. + v

14 Zehele-neia-0 -0
16, Hrom+dm-n) g g

m-n
19 n{n+1)(n+2)
s

20. ¥n-1).5.(2n - 1) yards.
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69 [ Page 240.]

8748. 2. 4 3. 65536. 4. -3
28_ ; + g_:;:- » + or — according as n is even or odd.w
- 5 7 s 135
' 80 [ Page 242.]
265720. 2. 6039 3. -682.
I B. 3(1-27).
1145'—;24. , — or + according as a is even or odd.
61 [ Page 244.]
1. 2. 3. ¥ 4. 3. 5. 10L
13 33 33
2" 7. ‘rs'. 8. gt 9. ;(4+3J2)
»l_
I
* 62 [Page 246.]
6, 12. 2. 3 1,4% 3 -, -%
188,12, 18, 27.
63 [Pages 249—-2§].]
1,8 38 1 g .1l*=
36° 55° 1665° 7 ° To(l-=)r”
2z v 4 (1+62)3z
(T -2z O L
ol -a%) _nattt - 6. .1-z_
(T-a)* " T-a" Tt
v n+2
lo s 8. 4 - —2—.—:1‘ .
21 (2n-1); SN -3)+3.
5°*1 _5 _4n 40 in
65T - 11. ﬁ.(l(y'—l)—?.

2—-29



450

12.

14.
18.
20.

22.

30.

10.

11.
14.

10.

ALGEBRA MADE EABY,

--0]__ -
3(1 10) .18, 2 n.

(2" -1 - 4n). 15. (4" -1+1bn).
2. 5 8. 19. 4, 8, 16
4 4, 20. 21, wre = 1,
1
(l’:' ) 24. wtro2miga
) 1
(l=-r)(l=-ar)’

64 [Pages 253, 254.]
5|\ 2 l‘ll f' 3 ll '.!v ::' ||* 4 (') ,: (“).;

o 8 GL DALY 7oL L
ah N

by (n=1I)u-b)"

(n+Dey  (n+ Dy (04 1)1y &e (n+ 1)y
nyte D (n=-Vy+2e’ (n=-2y+3c" " yrun
60

16 -0’

65 [Pages 257, 258.]

LD Ment
s 73, i .
m+

66 [Pages 262, 263.]
42, 3. 30. 5. 120. 7. 992,
87 [Pages 267, 268.]

120; 24; 6. 2. 151200 19958400. 3. 6. 4. 4. 5. &
210. 7. 16. 8 125. 9. 240. 10. 20160; 40320.
11880. 12, n(u-1)(n-20...(w-m+1). 13. 40319,
80640 15. 4320. 16. 86 17. 1440, 18. 576.
399168000. 20. 332640. 21. 34560. 22. 40320.
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20.

23.
25.
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68 [Pages 275—-278.]
19600 ; 17550; 341140446, 2. 300; 351. 3. 20; N,

190 ; 171, 5. 120; 35, 6. "(n-%
210; 84, 8. 1330. 9. H98H0.
816000, 11. 30030; 20020.12. 792 ; hyiv.
344, 15. 40320. 16. 252240.
300, 18. X136, 19. 144000.
25920, 21. 210 22. .

' L= 1) = 2) =t = (o = 2) | . 24 1650
27720,

69 [Pages 280, 281.]
f, orH; 31, or 35, 2. 10; 92378, 3. 70; 35,

11 x13 -
1025 5. aalL.

° 70 [Pages 287, 288.]
7960 ; 60. 2. 138600 3. 6U; 36.
15105335999 5 605401X00 ; 9979200 5. HO8T5H200,
10595099, 7. 2519, 8. 21599,
1960. 10. 1630. 11. 50. 12, R400.
27720 ; 280, 14. 7, or 8.

71 [Pages 289, 290.]

343. 2. 243 3. 16334, 4. 6144,
12902400. 6. 729. 7. w

72 [Page 292.]
36. 2. 28. 3. 35l 4. 84,
73 [Pages 296, 297.]

42, 2. 113 3. 2190. 4. 6570. 5. 160,
315. 7. 464730. 8. 22100. 9. 52. 10. 159
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74 [Pages 306—310.]
720; 120. 2. 658409472000. 3. 181440.

60. 5. 13305600. 6. 72576000.
256. 8. 160. 9. 4309200. 10. 3963960.
10648, 12. 498015. 13. 127.

8085. 156. =™ 16. 1023. 22. 6666600.
76076.

125 or =
(H‘»’)‘(l.'f )3 . 30. -u)4. 31. 190. 33- 076-
. |36 136
2 x (19)* ; H76 x(l"l)‘

76 [ Page 316. ]
a® - 18a%x +13hatz? — 5403z + 1215a3x*
- 1458ax® + 729x°.
3195 , 626 , 126, 5
125 7 5a " Fasa® T iz06”

l (]
+i5686” -
z"’—"lv”‘y"‘+]01"'y‘ —lOz“y" +5zl$yﬁ _Ill)"/l().

15625 — 3126z +

z? - .r;".y‘} + l-").t:""yg - 20xy + lf)x:'.;y"-’ - ng‘yg +y%.

322° — 240x%y 4- 72027 y* — 1080x3y™ + 810sy* - 243y°".
64z _ 324 205: 20+ 135? _ 243 729 )

729 27 3 4x* 8zt 612
G4a® — 96a* +36a® -2. 8. 2(365-363xz+63s2 -x3).
2x(64x° - 112x* + 5623 - 7).

;°+3x’—5+%—;‘;.
77 [ Pages 319, 320. ]
65
496a100%, 2, oooatl®. 3. - 120110 4. 760zy°.

- 120z¢

at

924a°"x°™, 8, 1716a"z°; 1716a%z7. 7,
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8. 8ta%tt. O, -“-'1-26‘.’3“. 10. 0; 210138, 11, 312",

'2n_t__l_ yer 1
192. Ia\l‘j__":"::!( 1), 13. T 15. \

s

fee 3

n

78 [ Page 324. ]
1. 7th. 2., 22d. 3. 20¢h. 4, bth and 6¢h.

33
~

L

el

5. 56229888, 6. . T LT18Ts,
79 [ Pages 330, 331.]
1. 2%0-1 20 20, 5. p(l+ ff)—l.
T Y
x gir-3%-3 (_—h})l:ﬁﬁ_n . 8 (- l)'.f;%’i;nl-fyr..z"""“.
s S
13. 2+-1(n+2). 14. "("z..*_‘_’

80 [ Pages 336, 337. ]
l+z+2*+23 +24 +25 +2° + 27 + 2% +2° + &e.
142z 4 322 + 423 + 52* + 625 + Tx® + 827 + &e.
14+32+46x% 41022 4+ 15x% + 2125 + 282" + &ec.
1432+ 328 + 522 + Pzt + ke,

14 6z + 24z* + 8023 + 240z* + &c.
z? z3

l+z+—6--5—4+&o.

ar(l+2+ §a? + 332 + &e)

1- Jo* Whtat - Ja® - glya2® - ko

1432+ 2% +472% + &o.

OO & OPWN



12.
13.
14.

16.

18.
20.
21.

22.

23.

ALGEBRA MADE EASY.

Lo+ a4 52+ 5" +xc.
at Safs 404" r% 1607 r* +560u"z‘
817 243 729 7 aing 6561
2 ‘.'l 9 v 2 47 2 \?
(" 3¢ 74 207V 4 “{ ") 4,
x ‘ 27\ a

~ 945021 = 506180 "4",

1 a0 15, P2 DEp-DEp-D&e (r-1p-1)

2H6 s

1.5.9. '\:3' (hr=-3), 17, TOULde (2r45)
ll' 7

5 EYd

(- I)»-I.'.'"-'lull)“t‘.:r—'l 19. - l()"l'a AL

- 18487

3 l+l x'~'+'2.r‘+l-l.r“ 135 .r"+(
. . . . vC N
3 9 a" 8Sla” +:H3 ats TEE g

L4 7. &e. (3r-2) (m’ r
. - .

3t a?t

(n+1D)(2n+ D(En 4 1) &eo (r -2+ 1) -mnt

an?
n'’ l11"".

3.6.7....(r+1) -

d
81 [Page 340.]
3:;(!. 2. 13th. 3. 2nd. 4. 4thand 5th. 5. 5th.
82 [ Page 344.]
1-99776. 2. 10099, 3. 3002 4. 19520.

314138, 6. 501320, 7. 999332 8. l—;iz.
989 5r 1 648
V-jyat 100 1= 11 g+
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83 [ Pages 349—352. ]

aln = 1)(n=2).&c.(n -r+92)
r-1

1. (b=t (= By

_ 3411 182 \o(n -17)

~ -

e -1
and that of £’*=0. 2. 0. 3. 25 4. lr+1)r+2)(r+3).
5 Y4 6 ~‘-:43 . 9. 22 16 .:{(n + 1)(n + 2)act

|

+u(n-1)xbe" "%,
( ) f

(342)y =1 ; co-eflicient of x'? = -1’

16. (- l) (902 + 30 +2). 18. Co-eflicient of 23" =n?+2n+1;

that of z‘"" =(n+1)(n+2)
1.3.5 &e (27 -1)

9gr, l‘r|1

24. Co-ctheient of z*' =

1.3.5 &e ("1—1)

1el Arel
co-cfticient of z = ettt
hRS

84 [Page 355.]

1. 6. 2 6. 3. 9 4 -t 5 ilogm+? logn
41 log 3 +log 2

6. [(1Tloge-191logh). 7. e
4logec-3logh 3log 3+4 lozH-3log 2
8. . 9. 344 logh-3log 3
log a+2 log b+log ¢ log 2 +log 5

85 [Page 359.]
5;3;-6;0; 1. 2. 7283375 ; 27283375 ; | TU83375 ;
87983375. 3. 15. 4. 3'5515933. 5. 2:888G9195. 6. 005942,
7. 19. 8. 7043652; 509691 ; 1-2730013 ; 2272439,
9. -44092388. 10. 1206. 11. =z = -76025))
y = 02060.f
86 [Page 360.]

1. T-6777943. 2. 4226.

P
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87 [Pages 366—368.]

1 . 7 e—¢"
2. 1+L+L+L+&c 4 6. 6. 35 T 1,
8. 2x {l+(2”)a £-23-)‘+6.c +(2z)’ +&c}
i4 r

0. (_.:E})_.{l+ar—r(r—-l)} 10. I(" 1 {n(na 1) nbl, ,}

E L A 2 x" 27
11. l—-L2+[£ l§+&c 12. z-@+g—i-l

19. 12-5. 20. 1le.

+ &c.

88 [Pages 371—373.]
4. 434, 5. 2log,2-log3. 12 2log2-1.
13. }+log3-log?2 14. 2-log2. 16. - lf n be odd,

3. 1
and - dn if n be evon; Il

89 [Pages 375, 376,]

1. z-2,y—3,z=4. 2, 3-3,y=2,3=l. 3. z,l'

y=-2,:=3. 4, z=3,y=}i=} b a=-(a+b+c)
s

Yymbctcatab, z= —abc. B, x=m .- —- a_ JEE bs

ca
Pm hETey T Tmby=4:=6 8 2=y
y=-3z=4 O z2=1lym=4:z= 27

90 [ Page 377.]

(- 1)(= + 2)(z+ 3). 2. (x-2)z+3)(z+4)
(z-3)x+5)(z+T7). 4. (z-1)z-2)(z+4)(z+5).
(z=-2)2* +22-14). 8. (z-3)(z®+3z-20).

16. 8. 17 9. -114. 10. -336.

N W
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91 [ Page 381.]
1. la(6n?-3n-1). 2. in(n+l)n+2). 3. In(dni-1).
4. In(n+1)4n-1). 5. n3(2u? -1). 8. ac®=db?, c? = 3db.
92 [ Page 383. ]
1. 23+72%+17x+29;65. 2. 2z3+10z*+3zx+12;113.
3. 524 -2x%+ 1522 - 4x -5 ;43. 4. 42 +523 +6x? +Tx+8;
35. 5. z*+3z3-13x+100; 5. 6. Tz% -3z% +x 4+ 822

+z+10; -20. 7. 2°+3x% -22% — 2% - 529 +60x-20 ;
329. 8 2% +227 +92% +182% + 36x* + 7223 + 10022
+ 200z + 407 ; 825. 9. x% +4x° + 3zt +122° + 1322 + 522

+ 200 ; 823. 10. z° -5z + 31zt - 15523 + 77522 + 3800z
+19250 ; -95485. 11. 800. 12. 742. 13. -1525,
14. 75. 156. 8.

94 [ Pages 402—406.]

1. a?+8%'=m2+a?. 2. az(byeg—bye,) +by(cray —cga,)
+cg(ay by —azh,) = 0. 3 (bie+a,b)? +(be, +ab,)% =
(cc, —aa,)?. 4 22+y?+e34+2zryz=l. 6. abtbctca+
2abc=1.» 6. (bicg—bgey)?(arbg —ayby)=(c,ay - c a,)t.

7. 4 = 1.8 a7-57 = 1.9, 2t~ 297~ 44 4 24 =0,

1
10. c3-a®=3b%. 11. 2a3-3abd%-2:3+2d3=0. 12. 64*
~at +6a2b? - 3b* — 8ac® =0. 15. a? +b%+c? —abc = 4.
16. a8 = 1+4%. 17. abc+2fgh—-af* -bg® - ch® = 0.
18. a%+5%+1 = c(c+ 2ab). 19. a®+0%+c® +abc = 0.

1 1 1 a'? 3 3\ /1 1 1
20. ;-{- ?7"”5 = (T'l'-b“'f'—c‘)(a"f'b,'i'c,)-

1/1 1 1/1 1 11 1
RN (P DR X GL IS 1 DL R PR I
2l Spre)rlera)ralats)
22, (c-8)* = a+b. 23, a*+i%+ct = do.
3@ - bc)(ab—c?) = - AL
24. 4a;c (a% = bc)(ab—c?) = b*(a®-c3)?. 26, ivetist
¢
1+¢¥1i3a ™ 1. 27. (b+c-a)c+a-b)a+b-c) = abe.
28. a?+534c®+2abc = (b+c)(c+a)a+d)



(i)

1.
3.

L)

ALGEBRA MADKE EASY.

Miscellaneous Exercises.

[ Pages 419 —-430]
I

x =2 "f__“: Sl 9 45,12, 9. 4 1 and-4.

(Qr+y-3)(z- 1ly+1). 8. T 7. 2002 8. .6
II.

w=1, g4, =2 5 1,35 17,09. 6. 2n%(n+1)2.

(0, 8. 3003
IIL

o= Ya+h),y = Ya=0b). B, (2F+r+2)%-( /i)

28, 8. (i) S0 (d) 1410. 7. Bn+l.
Iv.

nin - Ly(n-2) o 7 _

123 7oa= k=l
V. .
. . Lol E )2 +7)

L -1,=1,2+ /3. 5. (i) p ;

n(n+ l)(-'hl:.'*- 190 + 32) . 6. 20. 7. 18904,
VI

2=y o= a4 0% 4 ~ab = be —ca,

Hee+by+e:). 3. 3J2 4. n*(22-1).

(i) tebed = Sad?® ¢ ; (i) 6° + S8a*d = dabe ; (i) 1, }, - 1.
VIIL

Noaoar . e al(c-a)+b3(c-b)

@ 3, s 5 (i) 0, av(a—.c)+bc(b—6)

The time is either % x 30 minutes past 6 o'clock,

or 'Yy x 71 minutes 2 o'clock.

6.

43200. 8. 0.



ANSWERY, 159

VIIL

1. 1, - 5::12??\7/06 . 2 Tt caunot lie between 1 and 3, but
can have any other value. 4. 1 - 44/ -5 6. -20;6; 15
7. 4998t 8. 0.
IX,
1. =3,y =5,:="7 3 Lam+1)(n+2). 6. 4320

8. We-1.

X.
2 -: 3 n(u+l)(nl-:'3\(3u+l). 8. 19955, 7. 56 ;8.
XI.

x e Ymtn)y = o+, = }(I+m) 2. 88 yards.
n-p-y

5. z=1,y9y=3. 6.

!u -pon --:/

XII.

5. (=11 (4n® - 3a).
XIII.

3. x=06y=53=3:0r,r="19="171=215
XIV.

2. x=3y="7:=4 7. 448, 112. 8 243
XV.

4. IaO,!/’O,Z‘O}Urv":"‘bn’/’l‘-""—-’—'l".
& =Dt ™0 Vi gyt Doy 4,

2 2
XVI

_ a’+b® a” +43
1. z = ~ab—-—-+4(a+b), or .
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. 1888.
1. Solve the equation ="
(i) «*-48z+4027 =0;

(ii) 2274 3ry+y* = 15} .
b+ 2y =124

(it)) =®-+427+122-48 = 0,

2, Eliminate m and m’ between the equations ;=

« B «
Yyt — = 'zt ;‘7} (See page 306).
and mm' =-1
nd prove that x+ a == 0,
é, Sum the series ;=
(a) B*+77%4 9% +&e¢, 4259 ; . % .
(B) 8+A4+1+ ¢ +&e. to infinity. (See page 244.)

4, Write down the 4th term of ( ': - %)” . (See page 320.)

1f ¢ be & quantity xo smnll that ¢® may be neglected in com}mriaon with
{3, shew that

] U, 3e
'\/l+c+\/l e very wearly equal to 24 e (See page 342.)

5. Find the value of -%‘ to four places of decimals. (See page 363.)

1 1+2 1+2+3 l+2+3+4 ¢
Shew that + \:’. <+ W —+- 9 +de, = 3"

(8
(See page 363.)
1889.
1. .Solve the following equatione—
. 2)®
@ ((::- 4)3)"'(3 o = (See page 143.)

(i) 2 +2a'y+etyd+2ayt+y =4l
z. 3.5 (See page 205.)

vte =1

2. (s) If aand 8 bethe roots of the equation ax? +bz +c = 0, prove
=-2 =<
thet a48 = - andaf = .
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(b) df the equations ax®+ 3bx? +3re+d = 0 and ax® + 20 +c¢ =0
have a common rgpt, prove that

(be —ad)? = 4(ac - b3)(hd - ¢?). (See page 168.)

8. Sum the series :—

al4+(m-1)24(n-2).34(n- 3)d..... 4Ly (See page 239.)
and 1+ i +3‘ +E45 +&c. to n terms. (See page 249.)

4. («) Assuming the number of permutations of n things taken r at a
time find the number of combinations of » things taken r at a time.

(6) Find the number ot combinations in the letters of the word

alliteration taken four at n time. (See page 2986.)
5. Find the (r+1)th term of (1-2r)3, (See page 837.)
6. («) Expand «Zin a scries of ascending powers of «,
, T
(h) Shew that =g = 5 - -y~ (See page 367).

*

1. Sdve the equations =
(i) »?-132-888 =0;
(ii) 4ey-«? = 15
39yl —xy = 150
Eliminate r between the equations :—
Az2+Bx+C =10
Ax*+B,e+C, =0
v19¢Q, Find the condition that the roots of the equation Ar?- Bz+ (=0,
should be (i) equal, (ii) real and unequal : a, b, ¢, m are real quantities and not
zero : given that the quadratic in =, viz,
29(m®? -+ 5%) + Lmrudx - a?(c? - 12) =
has equal roots ; show that ¢ = Nm3a® +5%, .
3. Insert four srithmetic and three geometric means between 4 and 324,
Sum the series (a) 1% +2%+33%+&c. to n terms.
() 1.2.3+23.4+43.4.5+&c. n terms.

4. Shew that every term in the expansion of (1 -z)"!q" is positive,
Sum the infinite series ;==

1421 1 +2.5 1.2581

Ftizs tigsge T
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5. (a) Show that—
Y]

w e w1 ogpn
log, (1 o) — o - M g (=1 '-:—-i- .....

(b) Prove that --
Tog, (e 45) oyt ) 4 log, e - 3
Polog e b 1) log, e —4)
Sdogy e 0) 2log e

StiSDY

_.li('. ._,_;.,.,li.‘). } (See page 373.)

1. Sohe the wollowing equation :—
() 1267 Gle Ul 0

1 1 179 1
)l FEE ,,(,,-. ' ;,u)‘

1 1 1
a oy b

2. Ha. pwe the 1oot ob the equation et U 0 hind the
adue of .
vilue ¢ PR °
Clunate 4, 1 e’ tom the equations :—
[N N AL TE .
wre ly o Naoad o, (See page 596.)

amnd ¥ o (AR L, J

3. I the lest tevm of a Geonetue Progresston be o, and the common
ratio r, find the sum of the brst o terms,

Sum the following ~crwes:
W) (2rEYH Lig2-(m . Lot
() @b @ 2ah) b 8ath)+. . . ... 100 terius.
4, I S0 denote the series
1t mxt ’"("l_’ ”t"’ i o l‘:'.:" - 2’).(' e e wenefor all values ot m, prove

.- l.u-'i
that fl) AR fomtoa).
Henee, deduee the Binowinal Theorem for any indes.
} 2
5. Show that = 1iwe” o T
1.2 |
Expand g (1w p e« 0 )i powers of a, aml tind the co-efficients

of x¥wand vl (See page 373.)



CALCUTTA UNIVERSITY F. A. PAPERS. 163

1892,
1. Solve the equations :—
(i) 3he?4r- 201
(i) Zer4 eyt u* 20}
oxrt 4 1y? - 41y
2. Under what vircumstances i< the expressioz ae? § 2he ¢ e essentially
positive whatever resl value may be atteihuted to o (See page 163.)

Prove that if the equations «2 - hu e - 0 t?24 eofab - 0 have a
cowrmon ruot, their other roots will ~atisfy the equation xf i ae { bhe - 0,

(See page 166.).

3. What is an immginary expresaion

n
ivequal to 2,00 0 he w multa

A T
Show  that fo1es ";’" f1-~ 3

\ £ [ 2 /
ple of 3, and equal to 1, if » be any other integm,
4. Find the sum of » terms of an anthmetiodl progression of which
the first term i~ «, and common ilference A,
Sum the sepies 140005452, to n termn
The first term of & geomettioal progression exeeed the econd term by 2
and the sum to wdinity is 30, ind the ~eries,

5. White down the middle ter of the expres fon of (1§ r)te,
Prove that the vo-ethaents of the e 17 tetm ot {1 ¢ ey 1S equal to
the vian of the co-etlicients of the 2™ and 2 1% s or (1 1 m,

.

G. Expwdlog 1y pyma v, of asending powers of

1893.

1. Solve the equation ae? § 2hre § ¢ 2 0,

I aand 3 be s roots, determine ' 3" and a* 3 in terma o

ay band e,

2, It{ach-cidya-hid-vry— (0 Yre-diuh-.- d,, pure thal
a, by ey d are proportionals,

3. Find the middle term in the expansion of (1 1 .)2n,

4. Find the sum of » terms of the reriex

a+(a b h)r e {at 20,72 1 (wt 3b)r® ¢ &e.

8. Fxpuand ¢' in a series of ascending powers of .

Hence calculate the square root of ¢ to three places of decimal~
correctly. - .
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1894.

1. Solve the equations :—
(i) 10z®* -21c == 187 ;

(ii) "\/i+7\/‘: = 221,

2, a, # are the roots of the equation as? 4 4r+¢ = 0, Find the limits
of y that the expression ay? 4 by +c¢ muy have the opposite sign from «,
6x? ~ 22z +21
6r? —18e 417
of x are § and 1, corresponding to the values 1 aud 2 respectively of x.

Show that. the greatest and least values of for real values

3. Fiud the sum of the squares of the first 2 natural numbers.

Show how the value of a recurring decimnl can be found by (ieometrical
Progression, and deduce the rule for expressing a recurring decimal as a
proper fraction.

Sum to infinity 432 + 324 + 243 4- &e,

How many successive odd numhers beginning with 3 must be taken, in
order that their sum may amount to 6751

4, Write down tho (r4 1) term of (1+2)", where » is a positive
intoger. .

Within what limits will the scries be true when = is negative or
fractional ?

Show that

3,35 357
4 Tastasaz

8. Write down the series for the expansion of logg (1+2), and deduce
a serios for log, (l ;:") .

1+ +&e, to infinity = (/8.

a 1 1 1
Shg\m that log, 3 = 14 +5.2; +.‘.'—2'..

Sy +&c.

1895,

1. If a, 8 be the rootx of the quadratic equation ax® +dx+¢ = 0, find
the quadratic equation whose roots are a®, 82,
2. Solve:— (i) (r+a)(z+d)(z4c) = abe;
(ii) 9z+2y = 2ry
8z +4y = bzy



CALCUTTA UNIVERSITY F. A. PAPERS. 465

3. Prove that

(D) (@+d+c)a? +b*+c? —be—ca—-ab) = a® +b® 403 — Sube ;

(ii) (a+b+c+d+e+f)?

= a'+2bt+c+dtet f)+b%+2c+d+etf)
tet+2ed+etf)+d+2d(e+f) + P +2cf + f2.

4. Prove that n*+2n{1+2+3+...(n - 1)} = n9,
Hence prove that

13429433+ 40 = (14+2+3+...+n)L,

5. Expand by the Binomial Theorem (1 - .:)*.
Hence find the sum of the series
1 13 135 1357

3 Tagtagetigeiy - winfinity. (See page 350, Ex. 7).

6. Find the limit of ( 1+ :‘ )‘ when n becomes infinite.

Caleulate the result to six places of deecimals.,

1896.
1. Solve :—
(i) (r- 2o x+3)(r+6)r+1)+56 = 0;
(ii) (2+1)*+(x—-3)% = 256,
2. Proge that a quadratic equation cannot have more than two roots.
Find the relation hetween the co-efficients and the roots.
Form the equation whose roots are 5 and - 6.
8. Explain the meaning of Arithmetical Mean, Geometrical Mean, and
Harmonical Mean.

Ifa, b, ¢ bein G, P.and if p be the A. M. between « and b, and 4 he
the A. M. between 4 uud ¢, then b will be the H. M. between p and g.

4, Write dowr the expansion of (1 +x)".
Expand (1+ y/'x)* +(1 = J/£)*.
5. Show that the sum of the cubes of the first n natural numbers is
equal to the square of their sum.
6. Find the number of permutations of n things » at a time.

1897.
1. 1f a and 8 be the roots of the equation ax? 4 2bx +¢ = 0, prove that
2b ¢
etf == and af ==

Trace the changes of sign of the expression ax®-+2bz +c, a« £ is made
to take, in succession, all values between a very large negative and a very

large positive quantity.
2—30
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2. Solve the equations—
3 z
P . -1
O 1) amey T
(ii) x%+z = by,
£3+1 = 9y,
3. Find the product of the two imaginary expressions
a e—ﬂa/-—ﬂfaud v+ sVTLL
Prove that the cube of - _l } ‘_/‘:‘ A - 1is unity ; and write down an-
other imaginary quantity whose cube iy unity.

4. Find the »um of n terms of ar arithmetical progression of which
the first term is ¢ and the common difference 4.

Show how to insert 2n 4 1 arithmetical means between two given quan’
titios « and 4, and give the value of the middle mean.

5. It being given that «, b, ¢ are in arithmetical progression, anda,f. 5
in harmonical progression ;

ooa Yy _a ¢ . . .

if v Fa T e 4, 0 prove that va, i3, ey are in geometrical progression.

8., Prove the binomial theorem for any positive integral exponent.

h)
sxpand (2 - 3x)? to b termas, and give the co-eflicient of «~ in the ex-
pankion.

7. Prove the formuls

2R 1 -
log, o(n 4 1) =logon - 3"‘(.:,';; o1t 32 .~-—)—,) +&c., explaining what

1808.
1. Solve the equations :—
() Wrtiae-14Verdhe T1 7 Vady Vo
(2) xy-2r" = 4
ut ey -6t 21 } '

2. Explain the difference between a quadratic expressivn and a quadratic
equation,

Prove that wx® 4 he+ ¢ may be written in the form
b\ B2
a{(.u—g- " ) bt -dan) ,
da FYL )
and from the latter expression lind under what cir t
0% 4 br 4 ¢ has necemarily the same sign as a.

the e xpr

3. 1f s the sum of an arithmetical progression, « the first term, and &
the courmon difference be given, find the n!:unbor of terms. '

If oue of the results in the ahove cass be —n,, where n, is a whole

uumber, prove that if the series be counted backwards n, terma beginning
with a - b, the sum 0 obtsined will be - s.



CALCUTTA UNIVERSITY F. A. PAPERS. 467

4, Sum the following series :—
(1) 2+5+10+17 + &c. to n terms ;
(2) a+(a+b)r+(a+2b)r? +&c. to n terms.
5. Find the number of permutations of n things taken » at  time.

6. Write down all the terms of (5 _ ;)u‘

Also show that the middle term in the expansion of (1 +x)3n ix

L35.. (28~ 1)2"”.

L'e

7. Having given that

log,(x+1) = 2 log.x ~log.(r - 1)

el b1 1
ler’-- I N LAY I

== 43129, find log, , 11 correct to the

. =1 1
also that log,, 3 = 47712, and log, 10

fifth decimal place.

1899.

1. Solve the equations :—
(1) x? +2ab = (2 +-b)r ;
1 1 .
(2) o +ll" - 10;3xy = 1.
2. Show when the roots of ux?  he + ¢ = 0 are imaginary, and write
out the equation whoze roots are 1+ A 1 in its simplest, form,
3. (1) Prove that the reciprocals of quantitics in Arithmetical Pro-
gression are in Harmonice Progression.

(2) If "5 and - 25 are the first and second terms of an Arithmeti-
cal, Geometrical and Harmounte Progression, find in each of the three cases,
hy means of decimal fractions, the third term.

4, (1) Find the number of Combinations of n things taken 7 at a time.

(2) In how many different ways may four Spanish ships fight with
three American ships, so that all are engaged, and not more than two Spanwh
vessels attack any one American vessel at the same time ?

5. (1) State the general term in the expankion of

(1-2) =
(2) Fiod the cube reot of 1402 to six places of decimals,
6. What is the exponential theorem, and how is it proved to be true.

1900.

1. If a and # are the roots of x%+px+q = 0, form the equation
whose roots are (a - 8)* and {a + 3)°.
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2. Solve the equations :—
1) 2+ W2t -1 2 Vo]
P puy P |
(2) 3x?-by* = 7)
Say-4y* = 2f
8. Ifa, b, e dbeinG. P, then
(a+b+c+d)? = (a+b)?+(c+d)?+2(b+r)*)
(—~d)t = (h=e)? 4+ (c-a)+ (d-0)*f "
4, Find ghe sum of the cubes of the first n natural numbers,

5. Find for what value of r the number of combinations of n things
r at a time in greatest.

=98;

]

8. Expand (1- 3::)"ﬁ to four terms.
7. Expand log.(1+r) in ascending powers of r.

1901.

1. Find the square roots of a? =1 t 2u V-1,
Find also the cube roots of - 1,
2. Solve the equations : —

(1) Aar § 2ae - 827 = Na¥ barZ6e8 = V2a3 3 Baz- 927 ;

@ \/’: +\/-f =7

xty =10

3. Distinguish between the Arithmetical mean, the Geometrical mean
and the Harmonic mean of any two quantities.

Prove that the Arithmetic mean of any two positive quantities is greater
than their Geomotric mean.

4. Distinguish between Permutation and Combination.

Find the number of combinations of # dissimilar things taken r at a
time.

5. Trove that in the expansion of (1 +x)* the sum of the co-efficients
of the odd termas is equal to the sum of the co-efticients of the even terms.
Find tho first three terms in the expausion of
(+ap 144

1902.

1. Show that a quadratic equation cannot have more than two roots.
1f a, 8 are the roots of wxe? + br+c¢ = 0, form the equation whose roots
are a®+ 4" and a=? 4870,
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3. Solve the equati ons :—
m z+ 12 - _ ~'£-!—l R
z- N1Z2a-z sl“"l'
(2) (x*vwy*)x-y) = 162y, }
(¢~ y*)(x® —y?) = 640=7y".
3. Find the sum of the series
x4+ a, 2+ 2a, 2% 4 8a...to n terms.

4. Find for what value of r the number of combinations of n things
r at a time is greatest. 3

8. Assunming the binomial theorem for a powitive integrl'f index, prove
it for a positive fractional index.

Show that the nth co-efficient in the expansion of (1 ~x)™ is double of
the (n —1)th.

1803.

1. Find the condition that the roots of the equation
ux® +bx+ec = 0
should be (1) equal in magnitude and opposite in sign, (2) reciprocals.
(«) Find the equation whose roots are
Ja
Nat Va-b’
2. Solvp the equativns :
(1) A22214+\82-2 = Ndz-3+ N/

' +y?
(2) “-="—4o'+y? =18,
) =L b

St =

3. Applying the rules of Geowetrical Progression, how would you find
the value of a recurring decimal ?

Find the saum of n terms of the series whose n‘® term is n{n + 2).

4. Find the number of ways in which » things may bhe arranged
smoung themselves, taking them all at a time, when p of the things are
exactly alike of one kind, ¢ of them exactly alike of another kind, » of them
exactly alike of a third kind, and the reat different.

5). Find in ita simpleat forun the general term in the expansion of
(1-x)™.

Show that
1 1 1 1 1
2 aE iy i tEm T w32

1904.

1. Find the condition that the roots of the equation az®+bz+c = 0
should be equal in magnitude but opposite in sign.
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(¢) Show thay if the roots of the equation
233 + 1) 4 2x(ab+ah’) 4 a® ta’? = 0
be real, they will be equal.
2. Solve the equations :— .
(1) (- +z+2?)? = (e+D(1+2?+04)

x
2) xy- =
(2) yy "
1

¥ = )
';‘y - r  a
3. Find the sum of the cubes of the first » natural numbers,

If a, b, ¢ bo in A. P.and a?, b7, ¢? be in H. P., prove that -3, b, ~

0
are m . Poorelsca = b =«
4, Find the number of ways in which m i n+p+q things can be
divided into four groups containing m, n, p, ¢ things severally.
™= 8. For what values of n are the co-efficients of the second, third, and
fourth torms of the expannion of (1 +.x)" in arithmetical progression ?
In the statement of the Exponential theorem

r’+ x"
[2 -it

prove that ¢ is an incommensurable number.

= l4r+ o,

19065.

1. Show the relations between the roots and cc.-efticients of a
yuadratic equation.

Prove that if z be real, 2(a-z)(x+ \x%+5%) cannot exceed
a? + b9,

2. Solve the equations :—

(1) (a4 a)r+3a)(x+ba)(e+Ta) = 384at ;
@ FrY

1-xy =3
. -y
1+xy 3

8.. Find the sum of any number of terma in Geometrical Progreasion.

The series of natural numbers is divided into groups as follows ; 1 ;
2,3;4,66;7,8,9, 10 ; and so on. Prove that the sum of the numbers in
the wmfA group is jm(n® +1).

4. Find the greatest number of combinations of » things (where n has
a given valuc) taken  at a time.

Show in how many different ways 2n persons may be seated at two
round tables, n persons being seated at each.
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5. In the expansion of (1+x)* by the bLinomial theorem, find the
greatest term.

?
Show that (1+l%-+_1_+ 1-+. )

CRU

1906.

1. Ifaisaroot of the equation ae? +br+e = 0, prove that - ain
a factor of the expression ax? | he 1 v,

2. (1) Solve the equations :—
(i) xz4+1 = .r(:l-l- '-):
3
(i) Sr® 1327 13x+21

1 1 1
(iii) - y 2

0;

[}

Xty =W

(2) A man imught, a certain number of articles of equal value
for Ry. 375. By selling them at Rs. 9 each he gained as much as 10 of
them cost him.  How many did he buy.

3. It S, = 1+2+3+ ..., +n,
and 8, = 13427 3%+, . pad,
fingd 8, and §, in terms of n, and shew that
33, 38, +(n4-1) = (n+1)%,

4. Find the number of ways in which a selection of r things can be
made out of »n thiugs which are all different.

If =C, denote this number, prove that
U A+ WUy = (.

5. Prove the Binomial theorem for a positive integral exponent.
Shew that the sum of the co-efficients of the mdd powers of £ in the expan-
sion of (1+x)" iy 271

1907.

1. Prove that if «x? ¢-hr+¢ = 0 is satisfied by giving x Lhe values
a, B, v, all different, it i« an identity.

Verify that.
-2z ~-3)-8(x-3)x-1)+9(x~1)x~-2) = 2z*
is an r]enmy
2, S8olve (1) b

(: u)’ = (z+b)? ;
@) xzty+s) =at
Wztyts) =1
Hety+rz) = c?
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3. Bhow how to sum a Geometric series (a, r) of n terms.

If the saum of » terms of such a serien is 728, the common ratio being
3 and the first term 2, find n.

4, Show how to find the number of permutations of = things, »ata
time. '

Denoting this by I’: , prove that
stl L Y
P, =P 47 Py,
1
5. Write down the expansion of (1-}x)"2, z<1.
6. Etp‘n‘ﬂ «* in powers of z.
1008.

1. Prove the rule for the conversion of recurring decimals into vulgar
fractions.

2. Show how to solve a quadratic equation.

If a, B are the roots of ar?+dx+c¢ = 0, form the equation whose
rootsarea—1, 8 -1,

3. Solve :—
(1) z°=1=0;
(2) (z*+z+1) (22 +x+2) = 12
(3 = +y = 86,
z®+y* = T2 }
4, Show to insert n geometric means between two given quantities ;
Or,

If the p* termn of an arithmetical progression is ¢, and the ¢ term is
2, find the m/» term.

#

S. If 0,:-. is the number of combinatione of n things r at a time,
show that

L] nere-1
= . C .
or=""6",

Hence or otherwise find C: . Find when this is & maximum,

6. Write down the expausion of (1~ :)‘.
. Find the cube root of 999 to three places of decimals.

CALCUTTA UNIVERSITY INTER. PAPER.

1909.
1. Prove that the equation wc? +bx+c¢ = 0
cannot have three different roots.
Kind the coudition that it should have two equal roots.
If a and 8 e the roots of x*—(1+&%)z+}(1+k%+k) = 0,
show that a' + 8% = k.
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2. Solve
n o« b
(i) P + ; =2
a? bH?
;;'l-;; =2
(ii) 4= =
273 = gv+1,

3. Find the number of combinations of » different things taken r at
a time.

There are sixteen points in a plane, no three of which are in the same
straight line. Find the number of straight lines which can be formed by
joining them.

4. Fiud the co-efficient of 27 in
@ (-6
" 1-2¢
) g4 gr g
5. (i) Simplify L
(2+3VTD) H(2-3VTT)
(ii) Find the value of

\

__‘l_-_l-r__'_'_ 1-z

1+ /i3z 1-M1-2
[ ] s

when .« = —‘—?

1. Prove that the latus-rectum of a parabola is four times the focal
distance of the vertox.

Find a double ordinate of a parabola which shall be deuble the latus-
rectum.

2. The sub-tangent at any point of & parabols is bisected at the
vertex,

Given the vertex, a tangent, and its point of contact, conatruct the curve.

3. The sum of the focal distances of any point on an ellipse is equal
to the major axis. R

. The distance of either oxtremity of the minor axis from either focus,
is equal to the semi-axis-major.

4. The tangents at the ends of a focal chord of an ellipse intersect
on the directrix.

Where do the tangents at the extremities of the latus-rectum intersect ?

_5. Prove that straight lines in space which are parallel to a given
straight line, are parallel to one another. )

6. If a solid angle be contained by three plane angles, any two of
thems must be together greater than the third,
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1880.
1. Solve the equation — !
1 1 2402410
B34 1le4 10 Gt + 1924 15 150

(See page 135.)

2. Given a quadratic expression in z, prove the rule for resolving it
into its component factors and shew that its sign will be constant for all real
values of &, if the binomial factors are cither imaginary or identical.

I 1
41t 8e41 7 e )R ET)
eannot. lie batween the values of 1 and 1, for any real value of ..

(See page 151.)

3. DPoint out the artifico by which a series in 2. P. is summed, and
employ it to obtain the sum of the following series : —

(@)« (a0 +b)x, (-t 2002, .. e+ (n-1)bhen1
(b) x, 2327 39,9, ..., nten,

The oxpression

_ 4. Find the number of permutations of = different things, taken r at
a Lime,

If P, denote this number, shew that

I P
r, WP LA R L (See page 308.)
' I»
1881.

1. Solve the equation—
(01 3)Y = 2% +3) = Zr(x+1)%
2. Investigate the conditions umler which the roots of the equation
ax® } br ¢ = 0, are real and equal, real and unequal, and imaginary.
8. (a) Form the equation of which the roots are ¥(1+ \/3+ N2 J3) 3)
and §(1+ V3 - V278 (See page 155.)
(b) Shew that the expression
(x? —4)(x? +8x+-2)(x* ~r-2)+10
&+ bx+7
is positive for all real values of r. (See page 169.)

4, Find the sum to »n terms of the series in (. P., whose first term is
«, and the common ratio r.

(n) The first term of a Geometric series continued to infinity is
1, and any term is equal to the sum of all the succeeding terms. Find the
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5. Assuming the formula for permutations, find the number of com-
binations of n things taken r at a time.

(a) 25 passengers arrive at a Railway station, and proceed to the
neighbouring village. At the station, there are 2 coaches accomaodating
1 each, and 3 carts accommodating 3 each. Find the number of ways in
which they can proceed to the village, assuming

(1) that the conveyances are always fully occupied, and
(2) that the conveyances are all distinguishable from each other.
(Bee page 308.)

6. Find the sum of the co-efficients of the terms in the expansion of
(14-x)®, when n is a pusitive integer.

(a) If the co-cflicients in order are p,, p,, py, ps &c., deduce

vatl

PP e Ps g, 211

\+213+4‘0hu. wEl
1882.

1. Solve the fullowing equations *—
l L . )
M A/ - b +;’,( Ve au) )

(2) H{9-1xy) — yley-36) }

ey(Be+ 12y - xy) = 10804y - 3) (8ee page 202.)

2. Show that a quadratic equation has two, and only two, roots.

(%) dive the conditions, in order that the roots of the eyuation

ttuxtbr+e

LTS
-

et = 1 may be possilic.

8. Insert n Harmonical weans hetween « and /.

(@) Given that (z ;g)pq tiz-rpr+(y=2)yr -2 0,
shew that p, ¢ and 7 are the 2% | 4% and 2 terms respecuvely of an /. P,

4, Find for what value of 7 the number of combinations of n things
taken r at a time is greatest.

5. There are 4 packs of cards, each pack containivg 52 cards. Find
the number of ways they may be distributed among 4 persons, s that each
may have 52 cards, of which there are 4 kings assuming that the cards are
all distinguishable from each other, and that the order among the persons
remains unchanged. *

6. Assuming the Binowial Theorem for an integer, prove it for a
fractional quantity.

(@) When n is a positive integer, show that the sum of the
squares of the co-eflicients of the terms in the expansion of (z+a)* is

2
equal to (o
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1883.
1. Solve the following equation :—
4y +8zy-2? = 0 }
(y-u)z-y) = (x+2a)(x+y) .
2. Find for what relation between the co-efficients and what values
of z the expression m?«? + bz + c is negative.

m? n?

If x be real, show that the expression 14z 1"z can have any real

value. (See page 169.)

3. Find the sum of the cubes of the first » natural numbers.

Show that the sum of the cubes of any number of consecutive integers
(not beginning with unity) is divieible by the sum of the integers.

4. Find the number of permutations of » things taken all together
which are not all alike. ’

Show that 1564 numbers less than 1000 and divisible by 5 can be formed
with the ten digits, each digit not occprring more than once in esch number.
(See page 308.)

5. Find the greatest term i the expansion of (z+a)v, » being a
positive integer.

D

Show that the co-efficient of x# in the expansion o (11:%:).— is1 and
that of n+r js 3,
1884.

. x+m i r-m != ” -!- T —m? *..
1 Solva( + )+( ) ( +“)(z(see 2)“6 o1y

2, (@) U «xis real, shew that ax?+lx+c and a differ in sign only
when the equation a%® + bx+¢ = 0 has real roots and x= ia taken to lie
between them.

. (z-1)(x+3) .
() If zis real, the value of (mﬁ does not lie between
$and 1, (See page 151.)

3. 1fa, b, o, d are proportionals, shew that

'M—Wjﬂ- and that a0 i veraely as = : °
Pﬂ“"lb TW"‘f[d, ( 'b-.--ti 181 Yy b .d,c

4. (a) Find the mth term of an /. P. whose first term is a, whose
lagt term is ¢, and whose number of terws is n.
. (b) Shew that the sum of n terms of a G. P. beginning with the
pth term is ##-¢ titnes the sum of an equal number of terms of the same
* series beginning with the gth term. (See page 242.]
5. (@) Aesuming the truth of the Binomial Theorem when the ex-
ponent is a positive integer, prove it for any positive exponent. .
(b) Find the (2n+1)th term from the beginning in the expansion

. of(z- %)".
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1885.
1, (o) IfX = V:;/;,._,_q,_._k/::—:/:;;l_'_'
i che vl o (8ee page 81.)
(b) Find ¢he value of
5 ¢

@ ba-cXz—a) " B-a)b-o)z=B) T (e=aXe-blE=0)"
2. Solve the equations :

(b) =" -2xy =7,2%-zy =-3.

3. (a) If ais the first term of & Geometric series whose common ratio
is r, find the sum of n terms.

(b) When are quantities said to be in Harmonic Progression ?
(¢) IfaP =b = ¢ and «, b, ¢, are in Qeometric Progresaion
show that p. ¢, 7 are in Harmonic Progression.
4. (a) When is one quantity said to vary as another ?

(b) If 2 - y, when zis constant, and x <: z when y ia constant,
show that z will vary as y= when both y and = vary.
(c) Apply this to find how soon 20 men will earn Rs, 30, if 3 men
earn Re. 9 in 16 days.
5. (¢) Find the numher of combinations of » things taken » a5
time, without using the corresponding formula for permutations,

(#? Find in how many ways groups of 8 persons, 4 ladies and
4 gentlewen, can be formed out of 8 ladies and 9 gentlemen, subject. to the
condition that two particular gentlemen are not sinultaneously 1o he in the
same group with a particular lady. (See page 307.)
6. (@) Write down the 10th term in the expansion of (2z - AR

Show that the (»+1)th term in the expansion of (1-22)"!! in

er . -
or .([Q'..’t .
18886.
L fo G e T = 2
shew that E:—+':—: =1 (See page 83.)"

2. (a) If a, B are the values of z which make az*®+bz+¢ = 0, prove °
that ax? + bx +¢ = a(z - a)(z~ ) for all values of z.

(b) Solve the equations :—
(i) Vezix+1)+10z+1-(22+1) =0;
(ii) bay-22" =  3y'+ay = 18,
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3. (1) Shew that any wagnitudes «, b, ¢ are in 4.P., ¢.P., or IL.P,

- b a a «
b ceT @' rTE T
(2) A person is employed to count Rs. 12,000, He counts at the
rate of Rs. 150 per minute for an hour, at the end of which time he begins
to count at the rate Rs. 2 less every minute than he did the previous
minute. Iind when he will finish his task, and explain the fact that two
solutions oceur,

according as

4. (1) Define ratio. Shew that a ratio of greater inequality is di-
minished by adding the same quantity to both its terms.

(2) The value of a certain fraction iy diminished in the ra.t,m of
10 : 9 by adding 2 to its numerator und denomiuator, while its value is in-
creased in the ratio of 2 : 3 by subtracting the same quantity from its
numerator and denominator. Find the fraction.

8. (1) Find the number of permutations of n things taken all together
which are not all different.

(2) How many different numbers each of six digits can be express-
ed by means of the digits of the number 121,202 ? % See page 288.)

6. (@) Iind the numerically greatest term in the expansion of (z-+z)s,
« being a positive integor.

(h) Obtain the value of 'V/17004 correct to eight places of decimals
by meany of the Rinomial Theorem.

1887. [}

1. Find when z* + yn is divisible by £+y.

Shew that 6%(a® + 02 — ¢3)+3b4 (i — )2 4 3b3(D? — ac)(a —r) ix a perfect cube.
Resolve into simple factors the expression

(»*+1)(z?* +2+1) 2 +1) - (2 +1)(y* +y+ 1)y +1).
2. State the axioms on which operations with equations depend.
Solve the equations :—

. _ - ~/.t'+8
m e ys’
2) a +y\§%:;r) = ::y } (See page 201.)

3. If —(i:- = ; = ;—.-. prove that each of there ratios is equal to

('!1 - 3acet et )s

5 -gbifip)

L. —, prove that alb—c) _Ue-a) cla-b)
+y vt

Tt T gy T u_.yi'

(See page 99.)
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4, Show how to insert a given number of Arithmetic means between
two given quantities.

The pth term of an 4. P. ix aand the g'M term is 6. Show that the
sum of the first p+q terms is

. p+"{a+b+“ b}-
2 p-q
5. Show how to tind the number of combinations of n things taken
r together.

In how many ways could a party of 2 ladies and $ gentlemen be chosen
frowm a company consisting of 5 ladies and 8 gentlemen ?

6. Prove the Binomial Theorem for a positive integral exponent.

Find the co-efficient of »7 in the expansion of - (l ";2;,

1888.

1. («) Resolve into four factors the expression
at(b+e)+ b (e+a)+ e {w+b) +2(0% %+ c?u? | w?b?)+ dube(w b+ c).
(b) Uf a+b+c¢ = 0, prove that
(be + ca -+ ab)® 4 (w? = be)(h? - ra)(e? —ab) = 0
(¢) Extract the square root of x+inz* +.c2 +1, wheni = /-1,
(See page 222).

2. Solve the equations :—
(1)g *+2+10Wa? +32+16 = 2(20-»);  (See page 133.)

3

(2) 6x+5y = g + - +29.1—‘

Yy
5 e (See page 202.)
Sx+ly = _;_+ v +18.%

3. (e) Give Fuclid's definition of Proportion, and show that if four
quantities «, b, ¢, d be in proportion according to this definition, then the

c
quotients b v g Bre equal.
() If Nz-2)+ly-y)* = Nettyi- VET 4y then «, g,
«', v’ are in proportion, (See page 103.)

4, (a) Find the sum of a scries of terms in Arithmetical pro-
gression,

(b) The natural numbers are written as follows :e=

1
2 3
4 5 6
78 9 10

Show that the sum of the numbers in the nth row is jn(n? +1).
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6. What is the meaning of the expression |n t For what reason is (0
taken to be equal to 1t

Show that 2. 6, 10. 14... .. to n factors is equal to (n+1)(n+2)(n+3)
(n+4) .. to n factors. (See page 309.)

6. (¢) Find the number of permutations of n things taken all to-
gether, when the things are not all different.

(b) Tn how many ways can the letters of the word ‘‘ arrange’ be
arranged ? How many arrangements can be made, («) if the two +'s are
uot allowed o come together, (4) if neither the two #'s nor the two a’s are

allowed to come together ¢ (See page 285).
7. (n) Assuming the truth of the Binomial Theorem for a positive
integral index, prove it for a negative integral index. .

7 1 131 135 1
[ : =L Lo 181 1351
() FProve that 2 5( Tig 12008 Y igios T4 )

(See page 345.)
1889.

1. Show how to determine the sign of the expression ax? + bz + ¢ for
real values of .

Prove that if « is real the expression (E::i(:—-—c) is capable of assuming

all valuex, if «, b, ¢ are in ascending order of magnitude. (See page 168.)
2. (z) Solve the cquations ;=

ytNE -1 =2 } !

NEF1+Ne<1 = 2
Ny
(b) The area of a rectangular field is 7} acres, and the sum of the
lengths of adjacent sides exceeds the length of either diagonal by 110
yards. Find the lengths of the sidex.

3. Assuming that the relation am x a® = a™+= is always true whatever
1 m

m and n may be, show how to find the meaningof « ",a " , a®, a=™ what-
ever m and n may be, and prove that (e™)* = a™~ for all values of m and n

2
Extract the square root of E—!‘;’l)— -z*y_*(z—:}z*y* +y) .
4, Show how to find the sum of the squares of the first » natural
numbers. Prove that the sum of the squares of the first 2 odd numbers is

n{dn? - 1)

3

5. Show how to find the number of combinations of n different things
taken r at & time, without assuming the formula for the number of permuta-
tions of n things taken r at a time. Find how many numbers greater than
1000 can be formed from the digits 112840, taken four at a time.

See page 207.)
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6. Show how to find the greatest term in the expansion of (z+a)",

n being a positive integer. Expand (a® - 2a:c)" in ascending powers of z as
far as 23, and write down the general term.

1890.

1. Show that 2% — a" is divisible by z - a for all positive integral values
of n, and hence, or otherwise, show that if any rational and integral expres-
sion which contains z vanish when @ is put for x, the expression is divisible
by z-a.

If x-ais a factor of a,2? +2b,x+c, and x+a of a,2? +2b,x+c,,
prove that (c,a, —c,a,)? +4{a, b, +agb,)b,cq+byec;) = 0.

(See page 170.)
2. Solve the gquations :—
(1) a(z- NJ2- A/3-38)+ N2+ /342 = 0;
(2) x+-§ =2, 3/+_?E = -2
at+x a

3. If a, b, x be positive quantities and a:- b, prove that brx B "

If @, b, ¢, d Le in continued proportion, prove that
Nab - Abe + Ned = N@a=bie)b=c+d). (See page 101.)

4. Show how to insert n Geowmetric means between two quantities
a and b.

a, B, v are the Geometric means between ca, ab ; ab, be ; be, cu respect -
ively, Prove that if a,/, care in 4. P, a?, g%, v are also in 4. P, and
B+v,v+a,a+Barein H. P. (See page 268.)

5. Show how to find the number of permutations of n things taken
at o time, State how many combinations of r things each can be formned
from n different things.

A cricket team consisting of eleven players is to Le selected from two
sets consisting of six and eight players respectively. In how wany ways can
the selection be made, on the supposition that the set of six shall contibute
not fewer than four players ? (See page 276).

6. Assuming the truth of the Binomial Theorem for a positive integral
index, prove the truth of the theorem when the index is any positive

quantity.
Find the co-efficient of 2 in the expansion of (}: b in u::ending
powers of z.
1891.

1. Find the @. C. M. of 4x* ~209xz? +15 and 15x° — 209x* +4.

2. Between two given numbers @ and b insert :—(1) two arithmetic
means ; (2) two harmonic means ; (3) two geometric means.

If z,, z, be the arithmetic means, y,, y, the harmonic means and z,,
zy the geometric means, shew that z,y, = 2,9, = £,%,.

2-31
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3. Solve the equationa—

(1) Nzita+Nzi-a = NZatb+ Wb
L . R Sy

@ Stz = gty =2

4. Prove that the number of permutations of % things taken all to-
gether, of which p are alike and all the rest unlike is [n+ |p.

In how many ways can the letters forming the word plantain be arrang-
ed #0 that the two a's do not come together ?

5. Write down the five terms in the expansion of («? +x)‘.

Prove that if M differ from N? by a small quantity the square root of M

is approximately cqual to :: - (-:?—Ngﬁ_—ay—): (See page 352.)

BOMBAY UNIVERSITY PREVIQUS
EXAMINATION PAPERS.

1882,

1. Defino an expression. When is an expression said to be homo-
geneous ?

Show that the value of the expression y?z - =%y +4:7z—-2%z4 2% — xy?
is not altered if any the same quantity be added to or subtracted from each
of the quantities z, y and z.

2, Prove that the square root of a binomial, one of whose terms is a
quadratic surd and the other rational, may sometimes be exprersed by a
Linomiul, one or each of whose terms is a quadratic surd. In what case is it
useless to employ this method ?

Find the square root of @+ b+ n2ab+ b3,
3. Find the sum and product of the root of the quadratic—
pxt+qx+r =0,

If @ and 8 be the m:)ts of this equation, shew that the roots of the
o 1 1 1
] ] = —_— AT
equation qrx® +(pr+4q®%)x+pq = 0, area_‘_pand <t 7]
4, Prove that a ratio of greater inequality is diminished and of less
inequality increased by ndding any quantity to both its terms,

1f four numbers be proportionals, shew that there is no pumber

which being added to each will leave the resulting four numbers propor-
tionals. .. -
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5. Find the sum of a G. P. to n terms and when possible to infinity.

Ifs,, 8,3, be the sums ton, 2n, 3n terms respectively, prove that
3,(85-8,) = (85-12,)%

6. If (n), represent the number of combinations of n things taken r
together, prove that independently of any formula that r(u), = ng;- 1)1,

Four persons are chosen by lot out of ten ; in how many ways can this
be done and how often would any one persou be chosen ! (See page 276.)

7. If m be any quantity whatever and f (m) represent tho series—
mim-1) . m(m—1)(m-2)

P )
prove that f(m) x f(n) = f (m+n). By what consideration does Fuler prove
this relation and on what principle does he base his demonstration { By the
aid of this formula prove the Binomial Theorem for positive fractional
exponent.

1+mz+ = + &c.,

1883.

1. Prove that (n+1)(n+2)(n+3)...to n factors
= 2nx13.5... to n factors.
2. Show that a factor may be found which will rationalise any binomial.

Nta— 1=
Reduce -"7—1 Fzo0 /1_——_1 where z = ‘_/3 . (See page 85.)
Nitaet N1-2 2

8. @Pistinguish between a quadratic equation and quadratic expression
and shew that a quadratic has two and only two roots.

Solve the equation Vei Z3r+8 = 1(x? - Tx+8).

4. Define ratio, variation, proportional, rommensurable.

If A vary as B when (' is constan*, and .{ vary as (' when B is constant,
prove that 4 will vary as the product BU when both B and C aro variable,
(live fully a Geometrical illustration,

5. Sum the series :—
(1) 174, 14§, 103 , , ., to24 terms.
(2) 1,3,6,10,15 ., , , to n terms,
3 % Ju My % o . . toinfinity,
8. Investigate a formula for the number of permutationsof n things
taken all together which are not all different.

How many different numbers can be made out of all the figures of
111223 ?

7. Enunciate the Binominl Theorem and prove it for a positive integral
exponent.

Write down the (r+1)th term in the expansion of ~/a®—z?" and the

co-efficient of z1° in - T+z
z)?

-
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1884.
1. If3s = a+h+c, prove that (s-a)* +(s=b)* +(s—c)*
= 2{(s—-a)¥(s—-0)? +(s-D)?(s—c)* +(8—c)?*(s ~a)?}.

2. Shew that if two quadratic surds cannot be reduced to others which
have the same irrational part, their product is irrational,and alio that one
quadratic surd cannot be made up of two others which have not the same
irrational part.

8. Ifa:b=c: d, shew that

(a) ma+nd: patgh=me+ud : pctqd.

- 1 1,1 1 _1fa b c (l_}

B) izt gl {T* Z+fe 2} (See Page102)

4. What do you understand by the limit of an infinite series in Geo-
metrical Progression ' Ave Arithmetical series susceptible of limits ? Find
the sum of an infinite Q. P.

Determine the value of \/u‘,‘\/z, ,\/‘,ﬂb .. - continued to infinity.

5. Insert a given number of Harmonical means between two given
terms.

Ifa, b,ebein @ P,and a* = ¥ = ¢, prove that r, y, z, arcin H. P,

6. Find for what value of r thie number of combinations of n things
taken  at a time is greatest.

A Brahman, hospitably disposed, wishes to make up as many different
paaties an he can out of 40 friends, each party consisting of the same number ;
how many should he invite at a time ?

7. Tovestigate the sum of the co-efficients of the terms in the expnn-
sion of (142)* and shew that the sum of the co-efficients of the odd terms

i equal to tho sum of the co-eflicients of the even terms, n being a positive
integer.

Prove that if u be a positive intoger, (1 +.)" (1+" )>20+1 2",

18865.
1. Ma+b+c+d = 25 prove that 4(ab+cd)? - (a? +b% —c? - d?)*
= 16(s—a)(s - b)(s - c)(s - d).
2. Shew that in approximating to a cube root the number of figures
may be nearly doubled by ordinary division. .

If a be the greatest integer contained in I\'i and the difference be so
small that its cube may be neglected, prove that a nearer approximate value

of N will be

—as\}¥
i{“'* (u:a "‘) } . (See page 48.)
3. 1f a, 8 be the roots of the quadratic equation z* —pr+q = 0, shew
that x* -px+¢ = (z-a)x~B).
Shew also that ;:+§: - 1;: - 41.;_'+g,
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It a <= b when ¢ is invariable and @ o= ¢ when b is invariable, prove
that @ o bc when both b and ¢ are variable.

4, The value of a silver coin varies directly as the square of its dinmeter
while its thickness remains the same, and directly as its thickness whilo its
diameter remains the same. Two silver coins have their diameters in the
ratio of 4 : 3 ; find the ratio of their thickness if the value of the first be
four times the value of the second. (See page 115.)

8. Investigate the sum of the squares of the first n natural numbers,

Sum the following series to » terms and write down the general term
of each :—

(@) 2+7+14+23+ }
(b) 245+10+17+....

6. Derive the number of permutations of n things » at a time from
the number of their permutations » ~ 1 at a time.

Find the number of different arrangements that can be made of bars of
the seven prismatic colours 5o that tho blue and the green shall never come
together,

'7. Investigate the greatest term in the expansion of (x+a)® , where n is
a pogitive integer.

Find the greatest term in (1+z)* when x = 1.

1886.

1. Jfz+y = pand xy = q, express «?-+y?, £3+y3, x*+y* in terms
of p and ¢.

2. Simplify ... b e
- SIMPAY - @ o) T @) =e)"
1 1 1\ 1 1 1
Show that (r:»*r:.:-*a-a) = @oep o Y Etap
3. Find z and y from the equations—
NE= Ny = N 'i} .
Nzy = 3
4, What is the condition tha% ax?+bx+c shall be a perfect rquare
with respect tox ?
For what value of n will the expression
z? ~(n-1)x+n+1 be a perfect square.

5. Ifa,bd, c, d are proportionals—
at+b:a-b::c+d:c-d;

a? o* ao

Fre =20

(a+d)-(b+¢c) = @=¥a ":fa -9,

»
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6. Sum the series—
3-1+ —; - —;: +&ec., ad infinitum.

346411420+ &c., to n terms.

If a, b, ¢ be in Arithmetical Progression, b, ¢, d in Geemetrical Progres-
sion and ¢, d, e in Iarmonical Progression, prove that a, c, ¢ are in Geo-

metrical Progression, 4 (See page 258.)
'7. Show by mathcmatical induction that the sumn of the squares of the
first » natural numbers is }n(n+1)(2n +1). (See page 313.)

Hence obtain an expression for the suw of the squares of the odd
numbers in thix series,

8. Trove that the number of combinations of n things taken rata
time is equal to the number of combinations taken n - r at a time.

Find the number of different signals that can be made with six flags,
two of which are white, two black, and two red ; six flags to be used in
each signal.

9., Write down the co-efficient of a7 in the expansion of (14-x)® and
(14-a)"» and the middle termn of (.r+ i )“.

1f P denote the sum of the odd terms and @ the sumn of the even terms
in the expansion of (a+0), P2 - Q? = (a®-02)*,
and 4PQ = (a+0b)% —(nu-10)?",
10. Find the 5™ root of 35 correct to five places of decimals.t

1887,

1. Find a value of x which will make the expression «® — 8x° 4-11x?
+ 7 — 1789 oxactly divisible by 2 4 7. - 1.

2. When n+1 figures of a square root have been obtained by the
ordinary method, shew that n more may be obtained by division only, suppos-
ing the whole number of figures in the square root to be 2n +1.

By this method extract the square root of 5294745225,

3. Shew that a factor may be found which will rationalise any
binomial.
. 2,83 E B
Simplify m

4, Bhew that a quadratic equation cannto have more or less than
two roots,

If a, B be the roots of x? +px+¢q = 0, form the equation whose roots
are a? +ap aud B* +ap. ee page 159.)

a+2c+3e\? _actce
b+2d+3f) Tbd+df’

(See page 84.)

a ¢ e
5, If T=T= ?,provethat (
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Solve the simultaneous equations—
1.1 _ 12, =4y 7
«vy Tt 2 T ziy-s
6. Investigate,an expression for the nth term of an Harmonical Pro-
gression of which the first and last termns and the number of terms are given.

If @, b, c are the pth, qth, rth terms of an 4. P, shew that (g-r)a+
(r=pb+(p-qc = 0, and if «, b, c are che pth, ¢th, pth terms of an M. P,,
then (g - r)be +(r — p)ea+(p - q)eb = 0.

7. Find the sum of 2 Geometrical Progression when the number of
terms is indefinitely great and the common ratio is a proper fraction.

Prove that any term is :-, =, or -. the sum of all the succeeding terms
according as the ratiois =, =, or - §.

8. lovestigate the number of permutations of n things taken rat a
time,

Six exdmination papers are to be set in a certain order not to be
divulged ; it being discovered that this order has leaked out, in how many
ways can the order be changed ’

9. Write down the expansion of (1+x)%, und find the sum of the co-
efficients of all the terms.

If py, Py, - . . padenote the co-efficients of ., 2, . . . z* in this ex-
pansion, shew that p, +2p, +3p,+ ... +np, = 2v~ L.

10. Ojtain the general term in the expansion of (1 —x)=*

e - o . (14-x)?
Find the co-eflicient of £* in the expansion of REE
1888.
T 10
1, Simplify :—4 /137 - '~ 3VTB-244,
NG
4 2-."3
and - 2ENB 2o (See page 80.)

W2+ NZE N WE- 2T 3
2. Prove that the product of any four coneeculive even integers in-
creased by 16 is a perfect square. .

3. Shew how to obtain the sum and product of the two roots of a
quadratic equation in the terms ot the co-efficicuts and the last term.

If a and B are the roots of ux? +bx+c¢ = 0, find the values of the sum
and product of ea + b and af +b. Y

4. Define ratio and ratio of greater inequality.

If 6z* +0y? = 13xy, what is the ratio of z to y !

If a : bis a ratio of greator inequality, shew that a : b is greater than
at+b* : 2ab.
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8. Define direct, inverse and joint variation ; and give an illustration
of each.

Qiven that xz+y varies as z+ : , and x -y varies as z— : , find the

relation between x and z, if z = 2, when z=3 and y=1. (See page 116.)
L]

6. Find the nth term in an Arithmetical, a Geometrical, and an Har-
monical Progreasion,

In a Gleometrical progression, if the (p +¢)th term is m, and the (p — ¢)th
term is =, find the pth and ¢th terms.

7. Find the sum of an infinite Geometrical Progression, the common
ratio being less than unity,

I£S,, 8,, 8, ...8p are the sums of infinite Gleometrical series, whose
firnt terms are1,2,3,...p, and whose common ratios are 3,4 ..

P—_}_—i respectively, prove that §, +8,+8,+ .. +8, = ip(p+3).

8. Find the number of ways in which it is possible to make an arrange-
ment of » things out of n, when in each permutation any of the things may
be repeated once, twice, . ... » times.

There are 3 candidates for a Professorship, and one is to be clected by
the votes of 5 men ; in how many ways can the votes be given ?

(See page 289.)
9, Prove the Binomial Theorem, when the exponent is any regative
quantity.
1
Find the (r+ 1)th term of (1+x)"* and (1 -nz) ™° ¢

10. Find the greatest torm in the expansion of (14x)* when n is frac-
tional and poritive,

Find the greatest term in (1 +§)¥' .

1889.

1 1 1 _
LY et e T b
prove thas either Lmun = 1, or (1 +I)(1 +m)(1 4+n)=-1.
rdz. * Prove that a factor can be found which will rationalise any binomial
surd.

If (z+ NZ¥ = be)ly + Ny® - ca)(z+ N3¥ = ab)
= (z- Ng? - be)l(y - Ny® —ca)(z- V2 - ab),
shew that each of these expressions = + abe, (See page 82.)

3. When n + 2 figures of a cube root have beenobtained by the ordinary
method, n more can be obtained by division only, supposing 2n+2 to be the
whole number,
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If 2 +3dx® +ex* +fx? +gx? +he+ k® be a perfect cube find its cube
root and determine the co-efficients ¢, f, g, & in terms of d and k.
(See page 47.)
4, I a, Bare the roots of the equation 4x?+ Bx+ (=0, then a+f

=- 3B =¢
== and af= A

If « be a root of the equation 4x?+2x-1 =0,
prove that 4a® — 3a is the other root. (See page 158.)

5., Ifa:b=c:d, thenmatnb: patqb = met+nd: petqd.
Tt ub = ¢d = ef, shew that
ac+ce+ea «?+c% 4
Wb TaT R P EPE b (See page 100)
6. Find the sum of n terms of an Arithmetical Progreasion.

If s, 3, 3,, denvte the sum of n terms of three arithmetical series
whose first terms are unity and their common differences in harmonic pro-

gression, prove that n = 2050, — 8,8y — 20y (See page 258.)
8, — 225 +3,
'7. Find the sum of n terms of the following series : —
a, (a+b)r, (a+20)r?, (a -3b)rs,.......c.uve

If P, Q, R he the pth, gth, and rth terms of a (eometrical Progres-
sion, show that Pi—r .Qr-r.Rp~1 = 1,

8. Find for what value of » the number of combinations of n things
taken r at #time is greatest.

There are n points in a plane of which no three are in a straight line
except m, which are all on a straight line. Find the number of triangles
formed by joining the pointa. (See page 277.)

9, Write down the expansion of (1 - x)-* and hence show that

4,1 13 135 1357 .

VB=14 gty tiin Taae1nt e (See'page 350.)
10. Find the sum of the co-efficients of the odd terms in the expansion

of (1+z)» where n is u positive integer. (See page 324.)
If 0y, ¢, 4, €4y...... cq be the co-efficients in the cxpansion of (1 |-x)*

where 7 is a positive integer, prove that

o €1 Oy 0 fa_ _2mt1-1
l+2+3+4+"'+n+1_ ntl
1890.

1. Itz = j(b+c—-a)y = §(c+a-b),z = §(a+b-c),
shew that 2* +y? 429 - 3zyz = §(a® +0° +c® - 3abe).
2. Find a factor which will rationalise a given binomial.

Bring

T 7* toa form with a rational denominator. (See page 70.)
2742441
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3. Find the sum and product of the roots of the quadratic az? +bx+
¢ = 0. When are the roots real and when iwaginary ?

If x,,2, be the roots of the equation z® +mz+m? +n?® = 0,
prove that o, * 4z, %3,% 4,4 = a¥(2m?+3n?). (See page 160).

4, Define proportion, and if four quantities aredn proportion, shew
that the product of the means is equal to the product of the extremes.

If (pa+gh+rc 1 sd)(pa - qh = re +sd)

= (pu—qh+rc—ad)(pa+qb—rc—sd),
shew that be, ad, p», qr are in proportion. (See page 95.)

5. Iusert a given number of arithmetical meana between two given
quantities,

An Arithmetical Progression and an Harmonical Progression have the
same first term, the same last term, and the same number of terms ; prove
that the product of the rth term frow the beginning in oue series and the rth
term fron the end in the other is independent of ».  (See page 257.)

8. Define (evmetricul Progression, and ohtain the relation which must
hold among three quantities which are in Geometrical Progression.

From three numbers which are in @. P. three other numbers in G. P.
are subtracted, and the remainders are found to be alsoin . P, ; prove
that the three serios have the same common ratio,

7. Iuvestigate the number of permutations of n things taken r at o
time,

Find how many significant numnbers can be formed by using the digits
0, 1, 2, 3, 4, but using cach not more than once in any number.

8. Describe the method of proof called Mathcmatical Induction, and
apply this wmethod to prove that every even power of every odd number when
divided by 8 leaves 1 for n remainder. (See page 311.)

9. The Binomial Theorem being proved for any positive integral value
of the index, prove it for any negative integral value, N

3r-8

In the expansion of i—4ria in ascending powers of x, prove that the

co-eflicient of x4 is -}, and find the co-efficient of 27 . (See page 347).
10. Write down the general term in the expansion of (1+x)*.
1f @, b, c be three consecutive co-efficients in the expansion of a power of
2nc 4 b(a +0)

and that the number
b —ac

1 +x, prove that the index of the power is

of the term of which a is the co-efficient is ab(’b {T‘:% . (See page 330.)
1801,
1. Provethatif z+y™! = a,y+2"' = b, 2+x™* = ¢, then

(1-bo)z+(1 —abjx—? +2b
= (1-ca)y+(1 - bo)y™ +2
= (1-ab)z+(1-ca)=" +2a.
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2. Prove the rule for finding the L.C.M. of two Algebraical expressions.

If z* +az+b, 23 +a'x+b have an L. C. M. of the form =*+pc+g
prove that ab = a’d’' = —ud'(a+a’).

3. Show how to find the square root of a binomial of the form e+ A/b

where A/bis a surd.

2./5- /8
V1025 H7-2J10)

4. Find two independent relations between the roots and the co-efli-
cients in a quadratic equation.

If y and = be the roots of the equpbion A(x? +m?)+ Azm+Ce3m? = 0,
show that A(y? +:3)+ Ay- + Cy®:? = 0.

S, If A «B when C is ¢onstant, and A <. C when B ix constant,
prove that A <= BC when both B and C vary.

If m sovereigns in a row stretch as far » pennies, and p sovereigns
in a pile are as high as ¢ pennies, compare the values of equal bulks of gold
and copper, assuming that the area of a circle varies as the square of it~
radius,

6. Shew how to find the sum of n terms of an Arithmetical Pro-
gression,

Simplify

If Ay, (i, be respectively the zf* terms of the serien—
@, atb at2b, . . .
a, ar,ar?, . . . .
find the sum of the first » terms of the series whose pt term is A, U, .

7. Whengare three quantities suid to be in Hurmonical Progression ?
Prove that the reciprocals of such quantities are in Arithmctical Progres-
sion,

If p, ¢, r be in Arithmetical I’rogression, prove that

M q_.r}; 1 q_p?ér ) ;'pl)-l{l;l are in Harmonical Progression,
)+ -

8. Explain the method of proof known as Mathematical Induct
Shew by this method that the sum of n terms of the series,
14346410415+ ... .is La(n+1)(n+2). (See page 310).

9. Find an expression for the number of combinations of n dissimilar
things taken r at a time.

There are m men and n monkeys, n being greater than m ; find the
number of ways in which each man may become the owner of one monkey.
1f a man may have any number of monkeys, in how wany ways may every
monkey have a master ? (See pages 267 and 280).

10. Assuming the Binomiul Theorem for positive exponents, shew it to
be true for any exponent.
. . . (1+32)*
- r v — e
Shew that the co-efficient of z” in the expansion of (¥ 22y

(-2)-3,(r-8).
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1892.
1. Ifa+b+e =0, provo that a® +1% +¢® = —Bade(ab -+ ca +ab).

2. In any equation which involves rational quantities and quadratic
surds, the rational parts on each ride are cqual, and also the irrational parts.

Shew that 3/(6,/3+10)-3/(64/3-10)= 2.  °
3. Solvo the equation (x+2)(3z+1)(x - 1)(32+2) = 224.

4. Shew how to resolve az? +bz -+ ¢ into factors of the first degree inz.
What will the factors be when 4? =mdac ?

Fiud the values of @ which md¥& the expression 2? — ax+ 1 - 247 always
positive for real values of z.

o c e
5. If "’ =4 = ’x prove that each of these ratios is equal to

patqetre
b rqd+of’
z-- U =
If e , and z and y be unequal, then each of these ratios

1-"5,.3 1- =
isequal to x-Fy+zor 'yt 4271,
6. TFind the sum of the squares of the first n natural numbers.
Shew that 1+224+34+4?+5+62+ .... to n terms

¢
= dg(n+1) 202 +2+3) or },n(2n3+9n+4), according
as n i8 odd or even.

7. Shew how to insert a number of harmonic means between two given
terms.

Ifz,y,2bein A. P, az, by, czin G. P, and a, b, ¢ in H. P., then the
harmonic mean of ¢ and ¢ is to the Geometric mean of @ and ¢ as the har-
monic mean of # and z is to the (Geometric mean of x and z.

8. Find the number of permutations of n things taken all together, of
which p are of one sort, ¢ of another, and the rest all different.

How many combinations and how many permutations can be made with
the letters of the word paraboln taken three at a time ?

0. Describe carefully the method of Mathematical Induction, and apply
it to prove the Binomial Theorem for a positive integral exponent

Shew that 24 —2» (7n+ 1) is some multiple of the square of 14, where
n is a positive integer greater than unity.

10. Find in its simplest form the general term in the expansion of

4z)™.

If & = the sum of two quantities, p = their product, ¢ = their
quotient, shew that
4.5 4.6.6 )

8
9 = g¢{ 09 — +I09t T a L.,
p=¢ (’ S oy L
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1893.

1. Ifa?+a+1=0, shew that & - 1=(x—1)(z-a)(x-a?).

2. Prove that if two algebraical expressions have a common factor, the
factor will divide the diference of the expressions,

The expressions 2 +6x+« and 2?+122+3¢ have a common factor ;
what numerical values can « have !

3. From an equation whose roots are ¢, 8. How can you tell, without
solving, whether the roots, supposed real, of a quadratic equation are
positive or negative ! "

Prove that the positive root of £ -8z -8 = 0 is greater than 8.

4. If «, b, x Le positive quantities of which e is greater than b, prove
that the ratio a+x : b+z is less than the ratio « : b,

A is 21 years old, B is 15 years old ; what is the least number of yoars
after which the ratio of their ages will be less than 7 : 5 ¢

5. If A vary as B when C ix constant and vary as C when B is constant,
prove that A varies ax BC when both B and C vary.

Supposing that the velocity of a steamer varies inversely as the area of
its greatest section when the tonnage is constant, and inversely ax the tonnage
when the area is constant, and that a steamer whose section is 200 s ft,
and tonuage 1000, goes 15 miles per hour, find the velocity of a steamer
whose seetion is 250 sq. fo. and tonnage 1200.

6. TFind an expression for the sum of 2 termw of a gesmetrical pro-
gression and prove that in the continued product

(l+et+a?+ . ... +2? )1 -x+2?— . ... 422" ) the co-eflicicuts
of 0dd powers of z are zerv and of even powers unity,

7. lusert » harmonic means between « and b.
a-x _ -y
px oy
are in H. P.

8. Explain the method of Mathematical Indurtion. By this method

prove that either 2® 41 or 2 ~1 is divisible by 3, where n is a positive
integer.

9. Find the number of combinations of n things taken = at a timne.

1f = nr;*:' and p, q, r be in A. P., shew thatr, y, »

A gentleman invites a party of w+n friends to dinner and places m at
one round table and n at another ; find the number of ways in which he can
arrange them among themselves. (See page 299.)

10. Assuming the Binomial theorem to be true for a positive exponent,
prove it for a negative exponent.

Prove that the co-efficient of z» in the expansion of

(1-9+20z9)-1 js 5" _4"*?
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1887,

1. Solve the equations :—

i 347y% = 14
Wty Z ;.rj,y ; (See page 179.)
(i) z+y+3Nr+y = a¥+y? = 10, (See page 202.)

2. 'The termini of a railway 126 miles long are at A and C, and the
wtation B, at which a certain train stops 15 miuutes, is 70 miles from A. The
whole journey from A to C takes 15 minutes less than twice as long as the
journey from A to B. Determine the average rate of the train, including all
stoppages except that at B.

3. Prove that if the same quantity be added to the antecedent and
consequent terms of a ratio of lesser inequality the ratio is increased.

A man engages a servant for 18 days in the mouth of January at Rs. 16

per mensem ; in paying him his wages, the man gives him ;g(instud of ;g

of the month’s pny. How much does he pay in excess of the stipulated
amount ?
4. DProve the Binomial Theorem for positive integral .indices. Write

3
down tho co-efficient of yll in the expansion of ( y +:;—,)

1888,

1. Solve the equations :—

@) b Whe  dxdy,
DT T T v

o (552) (e =e

2. Find the sum of » terms in a Geometrical Progression.

Find the sum of the following series :—
2,4
1~§+9'—&¢. . . to 6 terms.
4+°8+°16+&c, . . to infinity.
8. Enunciate and prove the exponential Theorem. Prove that the

Xmit when n is infinite of (1 + {-)" ises.
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1889,
1. Solve the equations :—
(@) %+% -5
. 2 ;= 2
(ii) bzr+ay = a?+0?

z? y? _ b a?},
artpe =g tys

2. What must be added to a%s? +abry+e2?y? in order to make it a
perfect square ?

3. Find the sum of any number of terms of an arithmetical Progres-
sion. How many terms of the series 5+ 7+9+&c. must be taken in order
that the sum way be 480 *

4. Prove the Binomial Theorem for positive integral indices. Show
that the co-efficient of " in the expansion of (1+x)3+ is double the co-eflici-
ent of x, in the expansion of (1+x)¥n-1,

8. What ix logarithm and a mantissa ¢ How is the characteristic of a
logarithm determined by inspection ?

1890.

1. Find the sum of the roots of the equation «zx? +2be+c¢ = 0,
If a au('ﬂ be the ruots of the equation wx?42bxr+¢ = 0, form the

. a i}
equation whose roots a1e A

and 1
af af’

2. Solve the equations :—
i) vz Fo+Az-83=5;
3+2c 6+2c 4r?-2

@ Ter 772 T T4l6r4aen”

3. Find the sum of n terms of a (eometrical series, and show that,
when the number of terms is even, the product of two terms equidistant
from the beginning and end is equal to the product of the two middle yerms.

Sum the series :— 2+ 4/2+ 1 4-&c. to n terms,
4. Find the number of permutations of » things taken r at a time.

A company of 80 men are to be selected from a regiment of 900, find
the number of ways in which it can be done so that the same ten men may
be always included.

Prove that
2
a* = 1+(log n)z .,.L'P_“;“_'.). 2% + &c. Tn what base is log a taken ?
“
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.

1801.

“121. Trace the changes in the value of az? + bz +0 as z varies from a
very large positive to a very large negative quantity.
Construct a quadratic equation with rational co-efficients of whose roots
une will be p+ \/g. .
2.' {Bolve the equations :—
p *o7_z-9 _z-18 215,
O 972270 = 2716 217’
b

. I .5 .
(ii) 3,/r-1 3~/z+7+0,
iii) z- a z-_b _a _ll
(i e-b x-a b '

3. Show how to insert two harmonical means between a and b.
Sum the series :—

&c., to 18 terms ;

O | 3
ORISR
(ii) (a+2)% a*+2?, (a-2) , &c., to n terms.
4. Prove the Binomial Theorem fo* any exponent.

Expand (4 + 3.::)‘3 to four terms, and write down the general term.

1802,

1. Prove that the algebraical expression z® +2be+c is freater than,
equal to, or less than (x+0)* according as the roots of the equation
«* +2bx -+ ¢ = 0 arc imaginary, equal or real.

- . 1 1
Form the equation whose roots are 57 75" 5= 76"
9. Solve the equations :—

(i) 2Nz +6- N8x"4 = N&r+11;
" a b _ a-c b+c
W vatzys T za-etarbro

3. Show how to insert n Geometrical means between a and b.

If @, b, ¢ be in Geometric Progression, and «, y be the Arithmetic means
between a, b and b, ¢ respectively, prove that

2_1 ]
[

4. Find the number of permutations of n things taken all together,

which are not all different.

A person has 15 acquaintances of whom 5 are relatives. In how many
ways may he invite 13 guests from among them so that 8 of these may be
relatives 1

1 a ¢
+---,80d2= —4 —.
y' z'y

5. Write down the two middle terms of (a+z)8s+1,
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*6. Prove that
n+l 1 1 1
log, == = 2{2:7»?’1‘*’3(2”1)8 HTPTYSY "'&"'} :
1893.

1. (a) Prove that a quadratic equation cannot have more than two
roots.
*7 =V (5)  What do you understand by the roots being rewl, imaginary or
impossiblc, and state the conditions of each.

2. Solve the following equations :—

(¢) =7+ NeiZ5 =11 B

2x(a - x) o,
O a2 I e
(¢) «=*-3x = 2.

3. When are quantities said to be—
(2) in Arithmeticnl Progression ;
(b) in Geometrical Progression ;
(¢) in Harmonical Progression !
4. 1f there are 6 terww, prove algebraically—
(a) That in the cave of Arithmetical P’rogression the sum of 1st and
Iast is equal to the sum of 3rd and 4th.
(b) That in the case of Geuvmnetrical Progression the product of 1st
and last is equal to the product of 3rd and 4th.

5. At an Election where every voter may vote for any number of can-
didates not greater than the number to be voted, there are 8 candidates and
3 members to be chosen ; in how many ways may a man vote !

6. Fiund the relation between the logarithms of the same number to
different basea.

ALLAHABADLUNIVERSITY INTERMEDIATE
EXAMINATION PAPERS.

1889.
1. Solve the equations :—
(a) z(z+1)+s~/21-+az+"§ = 2(12-z)+1 ;
(b) z}+y! = 33,‘ £i+y‘ ==zx;
(c) =z(y+z) = 100, y(z+z)= 144, z(z+y) = 154,

9, Transform the equation x* -4:'+l$z" -182-52 = 0 into one
whose roots shall be the same except that each is increased by unity, and by

this means solve the original equation.
232
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3. The Geometrical mean between a and b is to their Arithmetical
mean as m is to n ; show that

a:b:intNnI“m? i n- Afad @I,
4. Out of 7 white and 8 black sailors, 5 are to be selected for a boat's

crew, which must always consist of three white and 2 black men ; in how
mapy ways may the crew be formed ?

5. Expand by the Binomial Theorem to 5 places—
1

6. State and prove the Exponential Theorem,

7. Find the square root of 12 -6 ,/3.

8. Water is admitted into a cistern by three cocks, two of which are
exactly equal. When they are all open, five-twelfths of the cistern is filled
in four hours ; and if one of the equal cocks is stopped, seven-ninths of the
cistern is filled in ten hours and forly minutes. In how many hours would
each cock fill the cistern ?

1890.

1. Show how to determine whether the roots of the equation
ax?+bx+c = 0 are real, equal, or impossible.

If a, 8 are the roots of the equation z?+pz+q = 0, then a+ L

8
9
and ﬂ+~1— are the roots of the equation g.c? 4 p(1 +¢)e+(1+49)* = 0.

2. Solve the equations :—
x+2, 2x-3 23,

RS S TR N

. x

u) axy+ — = 10

(i) ay v .
:\'y’—m = 6y

3. Ifa:b::c:d, prove that
a?4c? 2 b2+d? ;@ ac: bd,

4, She\y how to find a Harmonic mean between[a and 4. If 2(y-a)
is a Harmonic mean between y —x and y—z, then z-«a, y—a, 2 —a, form a

Geometrical Progression. (See page 258.)

5. Find the total nu_mber of permutations of n things taken all together
when there are p of one kind, ¢ of another kind, and the rest are unlike.

6. Show that when a Rinomial is expanded, te: ally distant f
the beginning and the end have the :m.meI::»-eﬁic’ienbrz:'.:‘1 #equally distant from

Write down the two middle terms of the expansion of (a - )?.
1891.

1. Prove that «* +uxd 4 bx? +-cx+d will be a fect square for all
values of «, if (u? - 40)? = 61d, and ¢? = a3d, per 1
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2. Solve the equations ;—
(i) 3(A+z+z%) = N2IT+z8+2%);
(ii) ry+x+y = 27
1 1
a,’+"y> =13

3. A man travels 84 wmiles, and finds that he could have made the
journey in 5 hours less if he had trave'led 5 miles an hour faster ; at what
rate did he travel !

4, Find the sum of a Ueometrical Progression in terms of the first
term, the last term, and the common ratio.

The sum of 3 quantities in (lcometrical Progression is 244, and their
product is 61 ; find them, (See page 250.)

5. How many different words can be made out of the letters which
form the word Allnhabud ! In how many will the vowels occupy the even
places ? (See page 287.)

6. In the expansion of (14.c)" where « is a positive integer, both the
sum of the co-efficients of the odd terms and the sum of the co-efficients of
the even terms are equal to 2#-1,

Find the greatest term in the expansion of (1 4-5x)?, when 2 = }.

1892,
1. [fa, B be the routs of wr? +bxr+c = 0, form the quadratic whose
4 1.1,
roots are a+ﬁand 2 + i

1% Prove that (y — 1)(y —3)(y - 4)(y — 6)+10 is positive for all real values
of y.
2. Solve, giving all the roots :—
. a-2z atx
e e =T = WU
@ Net Na—z Jut Netx v
(ii) (1+x)(1+y) 10} .
Sy +ay? = 18§’
z+y _y+: _ stz
3 =

(iii) xyz = 4 5

3. Insert four Harmonical means hetween 1 and 30.

In a Harmonical progression if the 25 term = ¢r, the ¢/h term = pr,
prove that the »fk term = pq.

4, Write down the n/® terms and sum the following series :—

(i) 1+?,§+g+87'+&°' to n terms ;
(ii) 1°+23+43%448 +&c. to n terms ; (See page 231.)

(iii) 2.19+43.2* +4.3° +542+&c. to n terms,
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5. TFind the number of permutations of = letters all together, when p
of them are of one sort, ¢ of another sort, and the rest all dif.Ierent.

6. If the * term in the expansion of (x+1)?¢ has its co-efficient equa
to that of the (» +4)™ term, find r.

7. State (without proof) the Ixponential Theorgmn and assuming its
truth, prove that

log (L4+z) = w4+ ":; +a::;f + &c. to infinity.

1893,

1. FEliminate «, b, ¢ from the following equations :—
bitey = a,cxtaz = b, ay+be = ¢
2. Solve the following equations :—
() z_vf_-r_b_'_bm+a - (4 b)(r+2)
cx i-b cx ta cxtat+bh
w
iﬁ-'y

. v - .
(ii) ey = @y

3. Find the sum of any number of terins of a series in Arithmetical
progression of which two particular terms are known.

4. Investigate the order of magnitude of the Arithmetical, (teometrical
aud Harmonical means hetween two given numbers.

5. Prove that the number of combinations of » things takep r together
is equal to the number taken = - » together.

Prove that if the number of combinations of n things taken » together
be equal to the number taken » together, cither r = s, or r+8 = n.

6. Take any number, the one next to it, and a third equal to the pro-
duct of the first two. Add together the squares of the three numbers and

prove that the result will always be a perfect square, whatever the number
you choose to start with.

7. Prove the Exponential Theorem.

1894,

1. («) Write down the roots of the equation az®+br+c = 0 and
show when the roots are (1) real and unequal, (2) real and equal, (3) ima-
ginary, and (4) rational and unequal.

(b) Solve the oquations : —
(i)  A(x® —8x+15)+ \/(x? +2x-15) = /(422 --182+18);
(ii) (x*+y®)(e+y) = 272, (2 ~y?)(z-y) = 32

2. _(u) Deduce the formuls for the sum of » terms of an Arithmetical
progression of which the first term i» @ and common difference d.

. (b) On the ground are placed a basket and 12 st in a straight
line, The first stone is one yard from the basket, the second stone is
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38 yards from the first, the third stoue 5 yards from the second, and so on,
the distancesrrtween the stomes increasing in Arithmetical progression.
How many yards will a man run, who starting from the basket, picks up
the stones one by one, returning each time he picks up a stone to deposit it
in the basket ?

3. (u) Find Yor what valueof » the number of combinations of n things
taken r at a time is the greatest.

(b) A police post, consisting of 5 mounted men and 9 foot policemen,
has to furnish a daily guard consisting of 2 from each class. How many days

will elapse before the same guard recurs after all possible selections have been
made ?

4. (a) Inthe expansion of (1+x)" prove that the sum of the co-efficients
of the odd terms = the sum of the co-eflicients of the even terms =271,
(b) Find the co-efficient of £® in the expansion of (1+2z)7,
(¢) Having given
log 2 = -30103,
log 3 = 17712,
and log 7 = -84510,

solve the equations 237 = 80,000 ; 3¥ = 500 ; the values of x and y to
be given correct to 5 decimal places.

[
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Cal. 1888.

1. (i) 3lorl17; (i) 2= 14 r = 2}‘
_1/:-29 ’ Yy =- ’

(iii) « = 2 or - 3% TG,

Cal. 1890.
1. () -24,37; (ii) :r=3} xr==-3
y=2 4 y=—2 '
— 195 195
| e
v=5 :[7—5 " y=-5 175 '

(iii) (C,4,-034,)" = (4,B,-4,B,XB (" - B,C,).
4. \/3
Cal. 1891.

1. 6 -1} ; = ... 2ab .
@ Shor 15 @) == 2
2ab

Y= e e
y + Nat 4462 -¢

Cal. 1892,
Lo Bor-¥;

(i) == +1 _ L 13 2
y=x3fr TTE gy ¥ = 2

4. 10, 8, 63, &c. l2n
$ &. &, (ll')'r'n

Cal. 1893,
1 230-a5); -2 1i4ps—ue
o @itP0m4b); - ZEl4(40" - ue)® - ac(4b? - 2ac) - 4a%b7}.

\

2n .
3‘ (l”)'z' . 5. 1 648-
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Qal. 1894.
@) Shor -33; (i) ror2r. 3. 17285 25.

Cal. 1895.
M = (it +b+e)+ Na¥ 13 F 08 = ub — 2ac — 2be

D) or 0;
(ii) = 0} x = 2)
=0 Yy = 3
Cal. 1896.
(i) -2+24/2,1, =5; (i) 3, -1, 14 /30.
23 4+2~-30 = 0. 4, (i) 2(146x-+x9).
Cal. 1897.
() =5or3; (i) =2\ =“
y=1J" =4
-+ (n+1)h 8. 6 /211, 3 r, : 4"‘" (r=2% t.ermﬂ}.
rr
Cal. 1898.

() tL+b+‘2('\ ab+ -2)
a+b-2nub+2)
(h 2a)+ N{b = 20)T + Bab

orl; (i) x= +4,y = £0.

4. (i) g(2:t'-'+3n+7). 7. 1°04139.

20
Oal. 1899,
(i) 2e¢ord; (i) ;: i;g: ﬁ\’ 9, xt-r+4+2=0.
(2) —=-75; —5; - .16. 4, 36.
@ (etDeet 1)(3n~;r1l)1 Ar-Dm+Th, . Gy 1.006578.
Cal. 1900.

2% +2(2q=p?)z+p*4¢-p?) = 0.
(i) *#5; (i) =z= *3or £2

y = £20r £1
Cal. 1901.
t(a+'J——l-); -lorl:—.—i:—s-

2

= 9orl
W =fag @ JIine) & 1-smsse
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Cal. 1902
1. a%32? +(2ac—b)(a? +c3)z+(2ac—4%)® = 0.
2. (1) 3aor ~4a¢; (2) z=0,3,0r9
y=20,903f"
Cal. 1903.
1, (1) 6=0; (2) c=a; (a) bz?~2ax+a=0.

2. (1) 1; 2 =z=3 z=1 z=-3 z=-1
y=1f" y=3f" y=-1f' y=-3J"
o+ 1)(2n+7)
A .

Cal. 1904.

1. 6 =0; (a) the expression under the radical sign = —(ab' - a'd)?,
which shews that  is real only when ab’ ~a'b = 0.

—1+a -3 atnNaild
2 () TEFSS SRS
2 z= -3
@ ;=g . x=t}‘~/a’+l}.
y:i-’\/a—':i'—i
[mtntptq
I’Z‘.'l;_'_'@;l._q—;. 5. 2o0r7.
Cal. 1906.

1. 2(a-z)x+ NzT+0%) = a?+ b7 - (a~=)" - (22 +b9)
+2(a-2)NzV+b% = a? +b2 - {(a—x) - NZT )9, which shews &c,
Otherwise, putting m for 2(a—=z)z+ NzT+b%), we get d4ri(m-—b%)
~daz(m - 25?)+m? - 44%%? = 0 ; whence, the expression under the radical
eign in the value of x = m%(a? +4® ~m?) ; hence, &c.

2 (1) « -9, (~4tN-10)u;

2 z=z=1 z=-1
y=3J =-2J

2n 2n
4. '%- or -E-’;—.-, according as every two arrangements in which all

the persons sitting st o round table have the same neighbours, be counted
a8 two or one.

Osl. 1808,
2mmal; @ -Ls
W=z =28} @
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O.al. 1907.
* 2qb e
20 (1) 0, '5‘_'7‘ ’ (2) x —tJ&_’_'l'bﬁ_c_" &c.

3. 6. b, 1-4-—}4:+E=“+—143'5z’+ .........

4.8° Taga2
1.3.5.7....(2r-1)
AR AT TR
Cal. 1908,
2. ax?+(2a+b)z+(a+b+c) = 0.
3 1 :li—z"’—"f; @ 1,-2 :_1_32?4:_13;
) Z:é , SZif 4 praom
1,12, 126, 1.2.5.8.11.......(37 - 4) )
6. 1 3 W"-E,—L‘;z’ ...... - 3"-17__——”-&‘:"
999,
Cal. 1909,
2 () z=a) . o =1 x=-}
y:b}' (“)y=2' y=-g}'
. 8.7.11.16.19.23.27 . .
8. 10 4 © Jgivtesaim b
(i) -—i--;%;. 5. (i) -238; (i) 1.
Mad. 1881.
1. =% -8, 1 8. 2
Mad. 1882,
1. 01, 1;,‘.‘:?.')“. 2. a'+b3+c% -2ab-2bc-2ca mol
less than zero.
192 , 16
(48 . |
Mad. 1883.

1. z=0, —?1—2;—', -a }.
_ o _8a
y=0, 1"7"'“.
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Mad. 1884.
ac(n—1) !3” 1
4. ;G’Tj_—l;m- 5. (h) E"’ Ezn .
Mad. 1885. °
1. o) a(uw-b)(b-c)c—nu)=Babe
‘ (a=b)(b—c)ec—a)e—a)(@=b)x—=c)
2. (0 0,-5 - ";“/.49.5_ ®) ;: ;7;: _‘_g .
4. 8 days, 6. -—220 2%,
Mad. 1886.
2. (0) (i) 0,4-2; (i) z==%3 +2n/6 346
y=x2f" *=EF ¥ =2
4. (2) 3 6. 100039857,
Mad. 1887.
1. 2(1+z)(1+y)(l=zy)(x~-y). 2, (1) *2o0r 42,
5. 560. 6. 2"”{ 9¢ 4+ 16748 }
Mad. 1888.
1. (¢) (a+d)b+c)etu)atd+e).
Mad. 1889.
2 @ ;:i; , ;:ig}; (b) = =220,y = 165.
3. ayi-pdded
3 ‘.f r
6. E{L 3.5... (27-5)}«‘ x"
Mad. 1880.
2, () 1, N2+ a/8+2; (i) 2= 3 a:=-l}
y=-3J" y= 1J°

1.3.5... to terms

2’ o

6‘

» when r is even ;

r=1
1. 3. 5...to "3 terms
r—1

g |2

, when r is odd.
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Mad. 1891.
2t -4z + 1. 3. (1) +WNatb;
2 z=-1 xr = % ==-%
=1 v=-5)"  y=1§)
7660,
Bom. 1882,
\/m b
2 2
Bom. 1883.
7, g,!_.i.‘ﬁ_ﬁ. 5. () 710; (i) 13. 6. 60,
- .l'_s.‘..:;f;.:_l;_;:'%___i)ls r 21.
Bom. 1884, R
a’bs. 6. 20.
. Bom. 1885.
3600. 7. 3rd term.
Bom. 1888.

Pp?-2q ; p3-3pq ; (p*—-29)° - 2¢°.
1 3. z=6,y=1.

b2 —-dac = 0 ; Oor 6. 8. (i) 43 8. 90.

| At DnE2) . (k=] 20
kst Y k g
2102345,

Bom. 1887.

z =1 2. 72765.
z =11 z= 1
y= 14§’ y=1J"

z= -giz./.f,lz

y=-iF2y%
719, 9, 2=, 10. 231,

507
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Bom. 1888.
1. @) 9‘\/3 3. b; ac 4, 3ori.
6. «(—) 2 ; a( :':—)";Tl 9, ( —l)'.(r+l)z';
lr . vy ora ver
Bom. 1890.
7. 96.
Bom. 1891.
3. 2(J2-1). 5. 240pm? : qn?,
Bom. 1892,

3. 2 -3 —3+~/-14‘;
e 'y

3
10. (- l),n(n+1)(n+2) c(ntr- l)
) -

4. (z+ -b-), ; @ must lie between 2 ana - % . 8. 26;136.

Bom. 1893.
2. Ooro, 4, s 5. 10 miles per hour.

Pun. 1887,
2, &1} miles per hour. 3. PR 4. 21007,

Pun, 1888.
L ® s=36’4-:ab’ y=3b'—:;l:—2a’;
@) -3 -22 3, 235
Pun. 1889
L M ’='1%7§"’=iia7is‘ @ oe=%; y=

o, 2=by=a 2. -abryt2acxy. 8.
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Pun. 1890.
¢?23 + (b - a)ex - 2ab = 0.
7 3 4-n 3-n
® 75 @) 7 3. gryol 9@ _oF |
1890
[o820°

Pun. 1891.
z? - 2pr+p?-q®* = 0.
(i) 13; (ii) 6; (iii) a+dorO.
(i) 9841(N/3+1); (ii) n(e? 4 29+ 3az — nux).

(=1yr-1 5.‘.”35’(2’ '_7)25 -3 (32) ,
Pun. 1892.
-Gzt =0, 2 @) 27 ec1l; () owr-"Fl
|2_n 1 1om . |2n+_!
10. E—l;i»_‘_-] antlgn o t‘l";"_lw'x“ 1,
Pun. 1893.
[ ]
@ 55y @ 3or % () -1orz 5 4L
All. 1889.
(a) :?_‘i- J?jl 3 —'51 2;

2

b =2=0)y, =z=4
y=0f' y=8

}i@ 2=25 y=%9 z=21

509

x4 — 823 +3127 -602-16 = 0; 1+ /Bor 142472 4, .980.

1- 623 +212% + 562 + 12621,
+ /3(A3-1). 8. 32and 24.

All. 1890.
o 2062 . 2z =0 z=4 z=-4
) "—lisl‘—‘v (ii) y=0}' y=2f' y=-2 .
- 126a45%,
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All 1891;
@ -lxv-3 TE3N -7,
) ! umo’
(ii) -’; = g , ; = g} . 8. 7 miles per hour
267
3845—1—2
All. 1892,
bex® + (b2 + ac)x+ub = 0.
ii) =346 €= 3-.06).
W28 v Zarve)s
(iii) = =0 xz = 2,/6 z =-2,/6
y = } y = JG} y == Jﬁ}
s = = 3,/6 z =-3.6
29 20 8 7
91 Y@ 200 7o
o 3,2°-2n-3 n(n+1)(n+2)(3n+l)
() _2"_" 3 (iii) ) 6. 8.

All. 1893.

2 +y? 429+ 20yz =
(a8 %) = (2 449

O S E YA
(ii) =0 bja _ _ax\b
y=0J" =Vat b YE bt
All. 1894.
(@ 0, 8orb3; (i) =5y =3 2. 1300 yds,

360. 4. () -5 () z = 40706,y = 6-65679.,



APPENDIX.
CHAPTER L.
GRAPHS,

1. Instruments required. The student should first
of all provide himself with the following instruments and
acquire skill in manipulating them with accuracy and neatness.

(1) A Hard Pencil.

Note. It must be well sharpened so that the lines drawn may be
very fine,

(2) A Pair of Compasses (also called Dividers).
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(4) A graduated Flat Ruler (of moderate length )
shewing tenths of an inch.

inch
8 6 4 2 O 23
1 L]
2 FEETL 2
o AT "
HHHH
T . *
vy ed 8 Y

BExample 1. Through the point A draw a straight line
[ ]

parallel to BC. .

c
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Place the Set-square DEF in such a way that the edge DE
may fall along BC. Then,slip the other Set-square GHK into
the position®shewn in the diagram, so that HG may pass by A.
Now trace a line along HG, which will evidently be parallel
to BC.

Example 2. .Through the point A in the straight line BC
draw a straight line perpendicular to BC.

(<]
A
g

1

First trace a line DK parallel to BC. Then place the Set
square (MK in such a way that HK may fall along DE and
GH may pass by A. Now trace a line along HG, which will
evidently be perpendicular to BC.

Example 3. Find the lengths of the straight lines AB and
C

A &
c o

(1) By means of the Pair of Compasses and the Diagonal
Scale we find that the length of AB is equal to the distance
between the two points marked on the line 4—4 in the diagram.
Hence the required length = 2-24 inches.

(3) The length of CD is found to be equal to the distance
between the two points marked ou the line 9—9 in the diagram.
Hence the required length = 1-69 inches.

2—-33
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Exercise (I).

1. Produce the straight line AB to double its length :—
A

JO N

. .2. On a given straight line AB a point D is taken suppos-
Ing it to be the middle point. By means of a Pair of Compasses

however it is found that AD is a trifle shorter than BD, How is
the mistake to be corrected ?

3. ARC is a triangle and D a point on AC, as in the follow-

ing dingram. Through D draw, towards AB, a straight line
parallel to CB.

4. In the same diagram, through D draw, away from AB,
a straight line parallel to BC.

6. In the diagram of example 3, through B draw a straight
line parallel to AC.

6. From the vertices of a given triangle draw perpendi-
culars to its opposite sides.

7. In example 3, measure the lengths of the sides of the
triangle, and also measure the lengths of AD and DC.

2. Squared paper. A specimen of a sheet of squared
paper is given on the next page.
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We have two sets of parallel straight lines on the paper.
One set being parallel to the length, and the other, parallel to
L]

A 8

-+

the breadth, of the paper, it is clear that every line of the first
set is pePpendicular to every line of the second. The distance
between every two consecutive parallels is one-tenth of an inch,
whilst every two consecutive fthick parallels arc half an inch
apart. The whole paper is thus divided into a large number of
small squares which are cqual to one another, each side of each
square being one-tenth of an inch in length. The paper is also
divided into a number of thick-bordered squares, each sido of
each such squure being half an inch in length. It is clear also
that twentyfive of the small squares are contained in each of
the thick-bordered squares.

Note 1. Lines parallel to AB may be regarded as cust-und-west
lines, and those parallel to AD, arx north-and-south lines, They may also
be considered as horizontal and vertical lines respectively.

Note 2. For the sake of convenience the length of a side of u swnal
square may be denoted by the xymbol a.

Note 3. The paper may aleo be ruled so that the length «.f u side of
a small square is only one-tenth of a centimetre (i.e. & willimetre, mstead
of one-tenth of an inch. In that case the distance between ¢ viv two
consecutive thick parallels is evidently half a centimetre or 5 millinetres,
(One centimetre is approsimately equal to *39 of an inch).



616 ALGEBRA MADE EASY. [CaAP.

Example 1. P, Q, R, S are four stations such that Qis 7
miles east of P, R is 11 miles south of P and S is 13 miles
north of Q. Find the distance between R and S. ¢

YT
LT

-_.s‘... - L 1<

I

e

-
R L
A

Taking the length of a side of a small square (i.e., a ) to
represent one mile, we have P, Q, R, S s in the above figure,
where PQ = Ta, PR = lla and QS = 13a,

With R as centre and RS as radius describe an arc of a
circle cutting the east-and-west line through R at T,

Now a8 RT = 25a, we have RS also = 254. Hence the
required distance = 25 miles.

Example 2. An upright post is 8 feet high. A string of
length 83 fect has one end attached to the top of the post
and is held tight with the other end in contact with the ground.
How far is this end from the foot of the post? ¢

Let 3a (s.. 3 times the length of a side of a small square)
represent one foot. Then” 8 feet will be represented by 24a
and 83 feet by 26a.
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Let AB represent the post, so that AB = 24a. Take a
point C on the horizontal line through B such that BC : 26a.

1 O

: i

Hll |

1 1
1 1

With B as centre and BC as radius describe an arc of a
circle cutting the horizontal line through A at D. Join BD ;
then BD represents the string.

Now, AD is equal to 10a, which is 9a+«. Hence the
required distance = J; feet.

Exercise (2). '

1. Ais 5} units of length east of O, and P is 4 units of

length north of A. How far is P from O ?
*2. B is 3 feet west of O, and Q is 7} feet south of B.

How far is Q from 0 ?

3. Cis 2 yards north of O, and R is 6% yards west of C.
How far is R from O %

4. D is 2'1 inches south of O, and S is 2'8 inches east of
D. How far is S from 0%
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5. Ais 27 feet east of . P is north of A and 45 feet
from 0. How far is P from A1

6. (is 24 feot south of B. Ois eastof B and 2'5 feet
from Q. How far is B from O? .

7. Bis 44 yards cast of A. Cis 2 yard north of A, and
D is 2 yards north of B. How far is D from C?

8. Bis 25 fect north of A. TP is 40 feet west of A, and Q
is 20 feet east of B. How far is Q from P?

9. Two vertical posts, 14 fect and 3% feet high, are 133
feet apart. Find the distance between the tops of the posts.

10. A ladder 30 feet long has its foot at a distance of'10
feet from a vertical wall. How far up the wall does it reach ?
(The Diagonal Scale may be used if necessary).

3. If in a plane, a point and .¢wo straight lines
passing through it at right angles to each other be
given, the position of any point in the plane can be
easily deflned.
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In the plane of the paper as shewn in the last diagram,
let XOX' and YOY’ be the two given straight lines at right
angles to each other. 1f P be any point in the plane, how to
know its positipn

We may regard XOX' as the east-and-west line, and YOY' as
the north-and-south line. Draw PM parallel to YOY' meeting
XOX’' at M. FEvidently then M is due east of O, and P, due
north of M. Hence if OM and MP bLe known, we know the
position of I’ at once.

Taking the length of a side of a small syuare as the unit of
length, we have OM = 9 units of length and MP = 12 units of
length. Hence the position of I’ may be briefly defined us
follows :—

O units east, 12 units north.

Note 1. If Qbhe a point whose pusition is defined to be 5 units
east 8 units north, tofi 16 all that we have to do is to take a point
5 units due east of O and ther e proceed 8 units northwards,

Note 2. If R be apc 1t whose poxition 15 defined to be 7 units
west, 4 units south, t find R all that we have to dois to take a
point 7 units due west of O anl thence proceed § units southwards,

. Exercise (3).
[SQUAREI) PAPER 18 TO BE USKD IN EVERY ()AHE.]

1. Find the points whose positions are defined as follows :—
(1) 5 units east, 7 units north,
(2) 8 units west, 5 units north.
(3) 10 units west, 12 units south.
(4) 15 units east, 6 units south.
(5) 8 units west, 13 units north.
(6) 14 units east, 15 units south. .
2. It is clear that “6 units west” is the same
ag “—-6 units east ”, and “8 units south” is the same as

‘e— 8 units north”. Hence find the points whose positions are
defined as follows :—

1 7 units east, -8 units north.
(2) - 10 units east, 6 units north.
(3) -9 unite east, - 13 units north.
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3. In defining the position of a point the yords “‘east”
and “north” may be omitted if it is accepted as a rule that the
distance measured towards the east should invariably be men-
tioned first. On this convention, find the points whose positions
ure defined as follows :— '

(1) 8 units, 9 units. (2) 6 units, —11 units,
(2) -12 units, 15 units. (4¢) -—10 units, —14 units.

4. Wo may define the position of a point still more briefly
if the word “units” be omitted. Find, then, the points whose
positions are defined as follows :— v

(1) 6, 4. (2) 13,8. 3) -1, 6
(4) 8 -6. (5 =10, -13. (9 -9, -15.

4, Deflnitions. The student is referred to the diagram
of the last article, 'The given lines XOX’ and YOY' with refer-
ence 40 which the positions of all points in the plane are defined,
are called the axes of co-ordinates ; and the point O, where
these lines intersect, is called the origin.

The straight line XOX' is called the axis of .c and the
straight line YOY’, the axis of .

14

The lengths OM and MP which define the position of the
point P are called its co-ordinates, OM being called the
abscissa (or ¢ co-ordinate) aud MP, the ordinate (or ¥
co-ordinate).

“The point (x, y)” or simply *(z, y)” means ‘“the point
whose abscissa = x units of length, and ordinate = y units of
length.”

Note 1. When we speak of the “x and y” of a point, we mean its
“abacissa and ordinate”.

Note 2. The abacissa in positive or negative according as M is on the
right or on the left of 0. The ordinate is positive or negative according as
P is above or below XOX',

Note 3. “To plot a puint” is to finud the position of a point when
its co-ordinates are given. .
Example 1. In the diagram given on the next page, write
down the co-ordinates of the points Py, Py, Pg, Py,.

The figure explains itself. Take the length of a side of a
small square as the unit of length.
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(1) OM; = 8 units and M, is on the right of O; M,P,
= 10 units and P, is above the line XOX'. Hence the co-ordi-
nates of P, are 8 and 10.

(2) OM; =-5 units and M, is on the left of O; M,P,
= 13 units and P, is above the line XOX'. Heunce the co-ordi-
nates of P, are - 5 and 13.

Y
3 (3
-+ P
1
11
F} H‘
x( M M, X
(]
L 4 at 1]
o

(3) OM, = 10 units and M, is on the left of O;*M,P,
= 11 units aud P, is below the line XOX'. Hence the co-ordi-
nates of P, are ~10and -11.

¢4) OM, = 15 units and M, is on the right of O; M,P,
= 10 units and P, is below the line XO0X'. Hence the co-ordi-
nates of P, are 156 and - 10.

Example 2. Plot the poiuts (-1, 0), (0, 1), (1, 2) and (2, 3) ;
and shew that they all lie in a straight line.
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Let 5 times the side of a smaM square reprgsent the unit
of length, and let Py, I’,, Py, P,, respectively denote the four
given points. Then the positions of the points will be as shewn
m the tigure.

44

o

<1, 0 [T

U
r
Now we tind that a Flat Ruler may be so placed that its

edge will pass through all the four points. Hence they all lie
n the'same straight line,

Exercise (4).

1. In the diagram given on the next page, what are the
co-ordinates of the points P, P,, Py, P, (i) when the unit of
length is represented by a side of n small square, (ii) when
the unit of length is represented by 5 times the side of a small
square !
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2. What will be the cd-ordinates of the same points if the
unit of length be represented by three times the side of a small
square ?

Y
\¥]
L]

>
(o]
H

3. Plot the points (-4, —4), (7, 7), (13, 13) and ,satisfy
yourself that they lie in a straight line passing through the
origin.

4. Dlot the points (-8, 4) and (10, -5), and satisfy
yourdelf that the straight line joining them passes through
the origin.

6. Plot the points (8, 5) and (-4, —11), and find the
distance between them.

6. Plot the points (- 7, 9) and (-12, 21), and find the
distance between them.
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7. Plot the points (- 11, 13)mnd (3, - 35),and find the
distance between them.

8. Join the points (0, 0) and (5, 5), and produce the
straight line both ways. Find the ordinate of the point on
this straight line whoso abscissa is 11, and the abscissa of the
point whose ordinate is - 13.

©. Join the points (0,7) and (12, 0), and produce the
straight line both ways. Find the ordinate of the point on the
straight line whose abscissa is - 18, and the abscissa of the
point whose ordinate is - 14.

10. Join the points (-4, 0) and (0, —8), and produce
the straight line both ways. IFind the ordinate of the point on
the straight line whose abscissa is — 10, and the abscissa of the
point whose ordinate is — 24.

6. Graphs of Simple Equations. The following
examples will make the subject clear.

Example 1. If a point moves in such a manner that its
abscissa is always equal to b units of length, find the path along
which the poiut will move.
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Let twice the side of a small square represent the unit of
length. (The figure is on page 14).

On OX tale the point M such that OM = b units of length ;
through M draw the straight line PMP’ parallel to YOY".

Now, if any point be taken on the straight line I'MP” its 2
will evidently be equal to 5 units of length ; but this will not
be so if the point be taken on cither side of the line PMI.

Hence the moving point will always be on the line PMP’.

We sce therefore that if a point moves in such a manner
that its z is always equal to 5 units of length, the path along
which the point will move is the straight line PMP'. This fact
is bricfly expressed by saying that the straight line PMP
is the Graph of the equation a = 5.

Note 1. From the above it is elear that the graph of the equation
y = b ix a straight line parallel to XOX',

Note 2. Cenerally speaking, the graph of the equation ® = winn
straight line parallel to the axis of y and passing through a point on the
axis of » which is at a distance of « units of length from the origin, and
the graph of the equation y — # s straight line parallel to the axis of »
and pasing through a point on the axis of y which is at a distance of b
units of leugth from the origin.

Note 3. Evidently thercfore the graph of the equation r = 0 ix the
axis of y itscif, and the graph of the equation y = 0 is the axis of £ itself,

Example D Tfa point moves in such a manner that its =z
and y are always connccted by the relation y = 3r, find the
path along which the point will move.

Since y = 3x, when x 0} and whenz = 3
9
we have y = 0 we have y = 9

Evidently therefore (0, 0) and (3, 9) are two positions of
the moving point. .

Take the length of a side of a small square as the unit of
length. (The figure is on the next page ).

Join the points (0, 0) and (3, 9), and produce the straight
line both ways. Then this straight line will be the required path.

Take any point I’ on this straight line. The co-ordinates
of P ane found to be 5 and 15, which evidently satisfy the given
relation. Similarly the co-nrdinates of any other point on this
straight line may be shewn to satisfy the given relation. But
the co-ordinates of a point which is outside the line OP will not
satisfy the given relation, as can be easily verified.
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Y

R

- I

Y

Henco the moving point will always be on the line OP and
never stray out of it.

Thus it is found that if a point moves in such a way that
its zand y are invariably connected by the relation y = 3z,
the puth along which the poiut will move is the straight line
OP. 'In other words the line OP is the Graph of the
equation ¢ = 3w

Note Uenerally speaking, the graph of the equation y = mx, where
m is any given number, ix a straight line passing through the origin,

Exawmple 3 If o point moves in such a way that its 2%and y
are invhrinbly connected by the relution y = —4x+5, find the
poth slong which the point will move.
From the given relation,
when =z = 0} and when z = 3\ .
we havey = Bf° we have y=-1
Evident] ytherefore (0, 5) und (3, —7) are two positions of
the moving point.
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Let twice the side of a small square represent the unit of
length. Join the points (0, 5) and (3, —7), and produce the
straight line sboth ways. Then this straight line will be the
required path.

-

X

—

=T

Take a point P on this straight line. The co-ordinates of
P, which are found to be -1 and 9, satisfy the given relation,
Take® another point ( on the straight line ; its co-ordinates also,
which are found to be 2 and - 3, satisfy thc given relation.
Similarly the co-ordinates of any other point on this straight
line may be shewn to satisfy the given relation. But if a point
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be taken outside the line P(), its co-ordinates will not satisfy
the given relation, as can be easily seen. Hence the moving
point will always be on the line PQ and never stray out of it.

Thus it is found that if o point moves in such a manner
that its co-ordinates always satisfy the equation y = - 4z+5,
the path along which the point will move is the line PQ. In
other words, the line PQ is' the Graph of the equa-
tiony = -4uc+b.

Note 1. (icncrally speaking, the graph of the equation y = mz+c
where m and ¢ are any given numbers, is a straight line passing through
the point (o, ).

Note 2. As cvery equation of the first degree in x and y can be
reduced to the form y = mx+ e, it is clear that graphs of all simple
equations are straight lines.

Note 3. The graph of the cquation y = mx + c is also said to be the
graph of the expression mr +c.

Note 4. The graph of any given cquation may be defined to Le
the path described by a point which moves in such a
manner that in every position of the point its co-ordi-
nates satiefy the given equation.

Example 4. Draw the graph of the equation 7z+3y=11. .

When a4= 0 when 2z = 1 }
y =33 y =1/

Evidently therefore (0, 33) and (1, 1}) are two points on
the graph.

Let 3 times the side of a small square represent the unit of
length. Join the points (0, 33)and (1, 1}), and produce the
straight line both ways. Then this straight line will be the
required graph. (Seo diagram on page 529).

Take any point P on the line; its co-ordinates, which are
found to be 3 and - 3}, satisfy the given relation. Take any
other point Q on the line ; its co-ordinates also, which are found
to bo -1 and 6, satisfy the given relation. Similarly it may be
shown that the co-ordinates of any poiut that may be takén on
the line PQ will satisfy the given relation, but the co-ordinates
of any point which is outside PQ will not. Hence the line PQ
is the required graph.
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Note 1. 'The graph of the cquation 7¢ 1 3y -- 118 alro said to bo the
n-ir *
3
Note 2. The straight line PQ being the graph of the equation
7x 43y = 11, this equation is said to Le the equation of the
straight line PQ.

Note 3. Hence the equation of a given straight line means the
equation which is satisfled.by the co-ordinates of every
point on that straight line.

Example 5. Find the equation of the straight line which
passes through the points (1, 1) and (3, - ).
Let y = mz + ¢ be the required equation,

2—34

graph of the expressio
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This equation being satisfied by (1, 1) and also by (3, -
we must have

and

l = m+c)

-1 = 3m+ec f
Thus the required equation is y = - 3z + f,
or 3z4+4y = 1.

Hence, 2m = -3, and .

whence ¢ = l+?—

Exercise (5).

1. Draw the graphs of the following equations :—

(1) == 8. (2) == 13. 3) =z+11 =

4) y=-"1 (5) y-9=0. (6) y+10 =
2. Draw the graphs of the following equations :—

(1) ¥y == (2) y=-x 3) y = 2z

4) y+2=0. (5) y = -3z (6) 3y = bu.

(7) Ty+8z = 0.

(8) 6y+13x = 0.
3. Draw the graphs of the following equations :—
(1) y=3z+4.

2

v = Tz -8.
4) v g-8z-1L (5) 3y = Tx+4.

4. Draw the graphs of the following equations :—
(1) 2247y = 10.
(3) bSx+6y+8 = 0.

(2)

4e-by-T7 = 0.
(4) -3x+Ty+8 = 0.

7.
.«

e

[Crar.

3 .

T

(6) 10y-9z = 13. (6) 8r-1ly+13 = 0.

5. Draw the graphs of the followiug equations :—
x Y o_ v
1 F+3 1 (2) + S5 = 1.03) - 813 =1
: 5~Tx 9¢-13 4

Wy =37 @y=2720 ¢ ¥-¥ -1
6. Draw tho graphs of the following equations :—

(1) 2-3. (2) 3z+4 (3) -7z+8. (4) 7‘34’.

®) bz-9 . (6) 8x+l_l_

4

2

(3) y=-5x+ 9.
(6) -6y = 7x-10.
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7. Find the equation of the straight line which passes
through each of the following pairs of points :—

(1) (0, 0), (5, 6). (2) (0, 6), (7, 0).
(@) 6 -8, (=75 (4) (-4 8), (-9, -13).
(5) ("'lla 0)' (7; —10)

6. Graphical Solution of Equations.

Example. Solve graphically—

r-Ty+12 = o}
3z +2y = 32

Let us draw the graphs of the two equations,

‘We find that

z = - 6} 1 = 1) are points on the graph of the
y= 0/’ y=2) Ist. equation;

whilst
r= 0] ==86) are points on the graph of the
y= 16’y =71 2nl equation.

Henge, taking the length of n side of a small square us
the unit of length, the two graphs are as shewn on the next

page.

Let I be the point where the two graphs intersect. P
being common to the graphs, its co-ordinates will satisfy both
the given equations.

Now the co-ordinates of P are found to be 8 and 4. i

Hence, = = 8 . ppe requnired solution.
y=4

Note 1. By actual verification we find that both the equations are
satisfied when z == 8and y = |{.

Note 2. It it is required to ‘“solve graphically the equation
::ﬁi’z §.c_—2__22 , all that we have to do ix to draw the graph» of the ex-
pressions 25'2 and 1’;-2 2 and take the abacivsa of the point common
to the two graphs.
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Exercise (6).
Solve the following equations graphically :—
1. 24+4y=93x-2y=". 2. 4xr+3y=13, 3z+2y=11.
« z ' - _ R
3. 4 + 5 4, 4o -5y = 2.
4, y-xr =2 3r-2y =5,
6. Hr-3y =11,3y-3z+4 = 0. '
r=2 ~br+4 2+7  3e-T
. L e
4r-3 6x
8. 5 =7 - 1
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7.  Graphical Problems,

Bxample 1. Given that the price of a seer of rice is threc
aunas, shew that a straight line can be drawn such that if any
point be taken onit, the abscissa of the point will represent the
quantity of rice of which the price is represented by the
ordinate.
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In the above figure let the length of a side of a small
square measured along OX represent one seer, and let an equal
length measured along OV represent oneanna. Then the mean-
ing of the figures along OX and OY is clear.
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Since the price of a seer is 3 annas, the price of 8 seers
must be 24 annas. Clearly therefore P is a point sich that its
ubycigsa OM represents a quantity of rice of which the price is
represented by the ordinate ’M.

Join OP and produce it. Then this is the straight line
every point on which will satisfy u condition similar to that
satisied by P.

() is the point (10, 30) ; consequently its abscissa represents
a quantity of rice of which the prico is represented by its ordi-
nate. R is the point (3, 9); ity abscissa therefore represents a
quantity of rice of which the price is represented by its ordinate.
Similarly this is true of every point on the line OP.

Hence OP is the required straight line.

Note 1. The line OF is called the graph of the price of rice, or more
simply the price-graph of rice.

Note 2. The graph enables us to determine readily the price of any
given nuwmber of seers of rice. For instance, if the absciwsa he taken to
be 12, the ordinate is immedivtely found to be 36 ; thus we know that the
prive of 12 seers of rico is 36 wnan.  Similarly for any other abscissa the
corresponding ordinate can be mmediately found.

Note 3. 'The graph alac enables us to determine quickly the number
of soers of rice that ean be h. 1 for any given price. For iustance, if the
ordinate i« taken to be 27, th sponding abucissa i immediately found
to be 9, which shews that we can have 9 scers of rice for 27 annd,

Example 2. A person, numed B, starting from a given place,
travels ut the rate of 5 miles an hour. Shew that a straight
line can be drawn such that if any point be taken on it, the
abscissa of the point will represent the number of miles that B
travels in the time represented by the ordinate.

Tn the figure on the next page let the length of a side of
a small square measnred along OX represent one mile, and let
an equal length measured along OY represent 12 minutes. Then
the menning of the figures along OX and OY is clear.

Since B travels 5 miles in one hour, he travels 10 miles in
2 hours. Clearly therefore P is a point such that its abscissa
represents the number of miles that the person travels in the
time represented by its ordinate.

Join OP and produce it. Then this is the straight ‘ling
every point on which will satisfy a condition similar to that
satistied by P.

Let Q be any point on the line. Its abscissa represents 6
niles and ordinate represents 1 hour 12 minutes ; but we know
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that the person travels 6 miles in 1 hour 12 minutes. Hence Q
satisfies the cdndition above mentioned.

Let R be some
other point on the
line. Its abscissn
represents 20
wmiles and  ordi-
44441+ +FFF nate reprosents 4
q hours ; but we
know  that the
person travels 20
miles in 4 hours.
Hence R also
sutisfies the pro-
posed condition,
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1 Similarly  for
any other  point
on the line.
Henee O s
- the required
207 ¥ X siraight hue.
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Note & The line OP is enlled the graph of B’s motion, or
the motion-graph of B.

Note 2. The graph cnables us to determine readily the time in
which & travels any given number of miles,  For instance, if the abrcissn
be taken which represents 13 iles, the corresponding ordinate 1 immediate-
ly found to be that which represents 2 hours 36 minutes ; thuw it 14 known
that the time taken by the person to travel 13 miles is 2 hours 36 minutes.

Note 3. The graph alwo enables us to deterwine readily the number
of miles that the person travels in any given time. For instance,if  the
ordinate be taken which represents 3 hours 24 winutes, the corresponding
abscissn is immedintely found to be that which represents 17 miles ; thus it
is known that in 3 hours and 21 minutes the person travels 17 miles,

Bxample 3. If one iuch be equal in length to 2-5+centi-
metres, shew that a straight line can be drawn such that the
abscissa of any point on the line will represent the number of
inches that are cquivalent to the number of centimetres repre-
sen.ted' by the ordinate.

In the figure on the next page let the length of a side of a
small square measured along OX represent one inch, and let an
equal length measured along OY represent one centimetre.
Then the meaning of the figures along OX and OY is clear.
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Since 1inch = 26 centimetress we have 8 jinches = 20
centimetres. (‘learly therefore P is a point such that its abscissa
represents the number of inches that are equivalent to the
number of centimotres represented by its ordinate.

Join OP and produce ¥ I
it. Then this is the 4
straight line every point |
on  which will satisfy n g .
condition similar to that
satisfied by T.

Let Q be any point -
on the line. [Its abscissa 25}
ropresents 12 inches, whilst
its ordinate represents 30
contimetres ; but we know
that these two are equiva-
lent.  Henco Q satisfies
the condition above men-

11
]
N
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pomt on the line. Its
abscissn represents 2 in- -
ches, whilst its ordinate (o
reprosents 5 centimetres ;
but we krow that these
two are equivalent. Henco .
R also satisfics the pro- '8
posed condition. LY
Similarly for any other ‘
point on the line. Henco

OP is the required straight 'V C
line. \INCHES

Note 1. The line O is called the graph for eonverting inches into
centimetres and rice versa, or more briefly the conversion-graph for
inches and centimetres.

Note 2. The graph enalles us to determine readily the number of
centimetres that are ecquivalent to any given number of ivches, For in-
atance, if the abscissn Le taken which represents 10 inches, the correspgnding
ordinate in immediately found to be that which represents 25 centimdtres ;
thue it is known that 10 inches are equivalent to 25 centimetres, ¢

Note 3. The graph also enables us to determine 1eadily the number
of inches that are cquivalent to any given number of centimetres. For
instance, if the ordirate be tnken which represents 15 certimetres, the
corresponding nbacissa is immediately found to be that which represents
6 inches ; thus it is known that 15 centimetres are equivalent to 8 inches. g
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Example 4. A and B_are two stations 30 miles apart. P
starts from A and travels towards B at the rate of 5 miles an
hour ; at the end of 2 hours he takes rest for one hour, and
then resumes his journey at the rate of 3 miles an hour. Q
leaves B 2 hoars 40 minutes after I’ leaves A, and travels
towards A, without stoppage, at the rate of 4 miles an hour.
When and where will the two travellers meet !
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ot .[._,.J L 2. 19 3
? ' 1 if I r
10 K 20 25

Let the length of a side of a small square measured horizon-
tally represcut one mile, and let an cqual length measured verti-
cally represent 10 minutes. Then the weaning of the figures
along the lines in the above diagram is clear.
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(i) D starts from A, and travelling at the rate of 5 miles
an hour, completes 10 miles in 2 houfs. Hence if the point C
be taken snch that its co-ordinates respectively represent 10
miles and 2 hours, AC is the graph of 1”s motion for the first
two hours. .

The graph for the 3rd hour must be such that the abscissa
of uny pomnt on it may represent 10 miles, because I’ is supposed
to bo at rest throughout this hour. Hence CD drawn vertically
‘to represent one hour, us 1 the diagram, will be the graph of
1’8 rest.

Aftor the 3rd hour P travels at the rate of 3 miles an hour.
Henee it DM be taken to represent 6 miles and ME to represent
2 hours, the straight line DK is the graph of I"s motion after
the 3rd hour.

Thus the broken line ACDI is the complete graph of I’s
motion.

(ii) Q starts from B 2 hours 40 minutes after I’ leaves A.
Hence if BF bo mensured vertically to represent 2 hours 40
minutes, BI' may be regarded as the graph of Qs rest at B,

When () leaves B he moves towards A at the rate of
4 miles an hour, Hence if FN be tauken to represent 8 miles
and NG to represent 2 hours, the straight line FG will be the
graph of Q's motion.

(iii) Let the two graphs intersect at H, and draw HK
perpendicular to AB.  Produce FN to meot HK at V.

Now it is clear that at the end of time HK, P will have gone
a distance AK towards B, and Q will have gone a distance BK
(s.e. 'V ) towards A. Hence they will meet at this instant.
Thus the required time of meeting = that represented by HK =
5 hours 40 mimutes after the commencement of P’s motion.

Also,” the distance of the place of meeting from A = that
represented by AK = 18 miles.

Note 1. As HV represents 3 hours, it is clear that I’ and Q m‘el.
at the end of 3 hours after Q starts from B,

Note 2. The horizontal line through L meets the graPhs at the points
Sand T. As AL represents 4 hours 10 minutes and ST represents 10}
miles, it is clear that at the end of 4 hours 10 minutes from the commence-
ment of P's motion, P and Q are at a distance of 10§ miles from each other.
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Exercise (7).

1. If milk sells for 4 annas per seer, construct the price-
graph of milk, giving the price of uny quantity of milk up to b
seers. KFrom th® graph read oft the price of 3 scers and 5
chattacks of milk, and also the quantity of milk that can be
had for 10 annas and 9 pies.

2. If Fa:li mangoes be worth one rupee two annas a dozen,
construct a price-graph for mangoes, giving the price of any
number up to 30. Read off from the graph the price of 17
wangoes and also the number of mangoes that can be huad for
1 Re. 12 as. 6 p.

3. If a man walks at the rate of 4 miles an hour, construct
a graph of his motion. Read off from the graph the time in
which he travels 13 miles and also the number of miles he
travels in 4§ hours.

4. If one cubit be equal to 15 feet, construct a conversion-
graph for cubits nnd feet. Read ofl from the graph the number of
feet that are equivalent to 5% cubits and also the number of
cubits that are equivalent to 63 feet.

. 5. A starts from a place and walks in a given direction at
the rate of 3 miles an hour ; B starts from the same place ono
hour later and moves in the same direction at the rate of H
miles an hour. Draw the motion-graphs of A and B, and find
when and where B overtukes A,

6. A and B are two stations 20 miles apart. P starts from
A and travels towards I} at the rate of 3 miles an hour ; whilst
Q starting from B travels towards A at the rate of 2 miles an
hour. Construct the motion-graphs of P and (), and find when
and where they meet.

7. Fifty articles of the same kind cost 3 Rs. 2 as. Con-
struct a graph from which you can read off' the cost of m;‘y num-
ber of articles up to 50. Hence find the cost of 19 articles, and
the number of articles that you would get for 2 Rs. 7 as.

8. Given that 1 kilogramme = 2'2 s, construct a graph
whick will enable you to read off the number of kilogrammes
titat are equivalent to any given number of Ihs. up to 15 Ihs.
Read off the number of kilogrammes in 11 s,

9. A man travels for 3 hours at the rate of 2 miles an
hour, at the end of which he takes rest for an hour and a half,



540 ALGEBRA MADE KaSNY, tCmr.

and then starts to walk at the rate of two and a ha]f miles an
hour. Construct the graph of his mofion.

10. A man starts from a place B to walk towards C at the
rate of 4 miles un hour. After 3 hours he changes his mind and
walks back towards B at the rate of 3 miles'an hour. At the
end of 2 hours again he suddenly changes his mind and begins
to ruan towards C at the rate of 7 miles an hour. Draw a graph
of his motion.

11. A, B and C are three stations in order on the same
road, the distance between A and B being 6 miles. Q starts
from B at noon to walk towards C at the ratc of 3 miles an
hour, and at 1-30 r. M. P starts from A to run towards BB at the
rate of 63 miles an hour. Draw graphs of their motion, and
find when and where I’ will overtake Q.

CHAPTER IIL

GRAPHS (Continued).

1. Draw the graph of the equation «? +y* =36.

Let twice the length of a side of a small square represent
the unit of length.

With centre O and a radius equal to 6 units of length
describe a citcle, as in the diagram on the next page. Then this
circle will be the required graph.

Take any poiut P on the circle, and let its co-ordmat,ey,
be denoted by x and y ; evidently then z* +y? = OP* = 36.
But if & point, such as @, be taken anywhere not on the circle,
it is easy to see that its co-ordinates will not satisfy the given
equation.
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Thus 1t is shewn that the co-ordinates of cevery point on the
circle, and of no other point, satisfy the given equation. Hence
the circle drawn is the required graph.

2. Draw the graph of the equation (»-3)%+
(y-2) = 25. .

Let twice the length of a side of a small square represent
the unit of length. .

Let A be the point (3, 2). With centre 4 and a radius equal
to 5 units of length describe a circle as in the diagram on the
next page. Then this circle will be the required graph.

Take any point P on the circle, and let its co-ordinates be
denoted by z and y. Now from, the diagram it is clear that AP
is the hypotenuse of a right-angled triangle of which the sides
are (z - 3) and (y — 2) uuits of length respectively.
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Hence (z-3)? +(y - 2)* = AP? = 25, which shews that
the co-ordinates of P satisfy the giveh equation. But if a point
such as @, be Y
taken any where I
not on the circle, ]
it i8 easy to mseo
that its co-ordi-
nates will  not B
satisfy the given
equation,

Thus it is clear
that the co-ordi- 13
nates of every
point on the circle
and of no other
point, satisfy the
given  equation.
Honce the circle
described is the I
requircd graphs. Y’

Note 1. [t may be eimilarly shewn that the graph of the equation
(x+2)* +(y+5)? = 40 1 & circle of which the centre ix the point (-2, -5)
and the radius is equal to 7 units of length. .

Note 2. The equation x*+y?—-8xr+10y+25 = 0 can be easily
reduced to the form (z-4)*+(y +5)* = 16. Hence its graph is a circle
of wl;licl\ the centre is the point (4, -5) and the radius is equal to 4 units of
length.

3. Draw the graph of the equation ¥*=4ux?.

From the given equation we have

y:-42? = 0
or, (y+2x)y-2x) = 0f "'

Hence, it is clear that the given equation is satisfied by
(1) all those points which satisfy the equation y+2x = 0,
and also (2) by all those points which satisfy the equation
y-2z = 0. ‘.

Hence, the required graph consists of two straight lines, one
being the graph of the equation y+ 2z = 0, and the other being
the graph of the equation y - 2z = 0.
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Hence the required graph is as shewn below :—
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g. Draw the graph of the equation 4a® +9y?
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(1) When z = 0, we have y? = 4, and therefore y = +2.
Hence the points (0, 2) and (0, - 2) are on the required graph.

(2) Wheny = 0, we have z? = 9, and therefore = +3,
Hence the points (3, 0) and ( - 3, 0) are on the required graph.
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(3) When z = £1, we have 9y% = 32, and therefore
3 3 3
approximately. Hence the four points (1, 19), (1, -19),
(=1, 1'9) and (-1, = 1'9) are on the required geaph.
.5 (4) When » = +2, we have 9y% = 20, and therefore
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nearly. Hence the four points (2, 1'b), (2,-15), (-2, 1'5)
and (-2, - 1'5) are on the required graph.
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Let us now plot the twelve points as found above (taking
5 times the'side of a syall square as the unit of length) and
draw a free-hand curve through them, as in the diagram on
the last page.

The curve so drawn is the required graph.

Note 1. ¢ Evidently the curve is symmetrical about the axis of x, i.c.
every chord at right angles to the axis of x is bisected by it. Similarly, the
curve iy also symunetrical about the axis of y.

Note 2. The curve lies entirely within the space enclused by the
four straight lines r=3, z=-3,y=2,y=~2. A curve of this class ix
called an lipse.

6. Draw the graph of the equation a* - y*=1.
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(1) When 2 = 0, we have y? = -1, and therefore y is
smaginary. This shews that the graph does not eut the axis
of y.

(2) Wheny = 0, we have #* = 1, and therefore z = +1.
Hence the points (1, 0) and (-1, 0) are on the required graph.

(3) When z = +2, we “have y? = 3, and therefore
y= % ,/3 =+1732.. =+17approximately. Hence the four
points (2, 1'7), (2,-17), (-2,17) and (-2, -1'7) are on
the required graph.

(4) When x = %3, we have y* = 8, and therefore
y= #2,/2 = £2x14l4... = +2828... = +2'8 approxi-
mately. Hence the four poiuts (3, 2'8), (3, —-28), (-3, 2'8)
and (-3, - 2:8) are on the requnired graph.

Let us now plot the ten points as found above (taking b
times the side of a ymall square us the unit of length) and draw
a free-hand curve through them, as in the diagram on the
last page.

The curve so drawn is the required graph.

Note 1. The curve so drawn iy evidently symmetrical about the axis
of £ and also about the axis of y,

Note 2. The curve consists of two branches, one lying entirely on
the right of the liner == 1 and the other lying entirely on the left of the
linex = -1. A curve of this class is called a Hyperbola. N

Note 3. From articlex 1, 3, 4, and 5 it may be easily seen that if the
eyuation wr? +_bg/" — ¢ be taken, (1) the graph is two straight lines passing
through the origin when ¢ is zero, and « and b are of different
gigna ; (2) the graph is a circle when '; and ¢ are positive and

: are positive

and unequal ; and (4) the graph is a Hyperbole when ':- and 2
are of different signs (their absolute values being either
equal or unequal),

6. Draw the graph of the equation y = a?%,
taking the unit for measuring y equal to half that
for measuring a.

Evidently the following points are on the required graph ~—

z-O} z = 1} z =-1
y-O ! y-l‘,' Yy = 1j)°

equal ; (3) the graph is an £lipse when ‘: and
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s =2 Z - z =3
y-4}' e Yy = 4}' y=9J"’
X = - } z = 4 z = ‘4}
y= 9/’ y= 16" y= 16"
Let four times the side of a’small square (i.e. ‘4 of an inch)

be the unit for measuring z and twice the side of a small
square (1.¢. *2 of an inch), the unit for measuring y.

Let us now plot the points found above and draw a curve
through them free-hand, as in the following diagram :—

ot J
16 4
" o
‘I‘ 14
1
|
3\ 8
8
h
ARNBARERERE
2
' —4
X, =% =3 -2 = o 1 2 3 4 X

The curve so drawn is the required graph.
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Note 1. If the unit for measuring y were the same as that for
mensuring x (i.c. "4 of an inch), the curve draxn would be the graph of the
equation y = 427, or that of 2y = x2.

Note 2. FEvery chord drawn perpendicular to OY iy bisected by it,
ud can be casily verified. Hence the curve is symmetrical about the axis
of y. Thiv is also evident from the fact that if the paper Le folded about
OY the left-hand portion of the curve entirely coincides with the right-hand
portion.

Note 3. The curve lies entirely above the axis of x, and extends
upwards to infinity. 1t is easy to see that the graph of the equation

y = &? would be a curve lying entirely below the axis of x and extendiug
downwards to infinity.

Note 4. The abscissa of any point on the curve is evidently the
square root of the ordinate. Hence when the graph of the equation
y =x% iy drawn, by measuring the abscissa of any point on the graph we
can determine the square root of the number which represents the ordinate.

Note 5. A curve of this class is called & Parabola.

7. Draw the graph of the expression:
3-4x-2x3,

The required graph is the same as that of the equation
y = 3-4x -3,

It is casy to sce that the following points are on the
required graph :—

x 0} x = 1} z= 156
y =3 y=-3J" y =-T5f"
x = -1\ z-—‘z} x=-3 x=-35
y= 5’ y= 3" y=-=-3" y=-=T56J"

Take one inch as the unit for measuring z, and one-tenth
of an inch as the unit for measuring . -

(9
Let us now plot the above points and draw a curve through
them free-hand, as in the following diagram : —
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The curve so drawn is'the required graph,
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Note 1. Since 3 —4x-2x? = 3--2(x2+2x) = 6-2z?+2c+1)
= 5-2(z+1)*, the equation may also be writtep as ®

y=06-2xz+1)%;

which shows that for all values of x, y is less than 5, except when z = —1,
and in this case y = 5. This is also clear from the curve grawn, Hence,
the maximum value of y (i.c., that of the expression 3 —dx —2x2) is 5.

Note 2. If through the point (-1, ) a straight line be drawn
porallel to the axixof y, it is cany to wee that the curve is symmetrical
about this straight line,

Note 3. Frum the figure it in evident that y -:0 when « is appro-
ximately equal to 6 or -2:6. lence, 3—4r-2x? - 0 when £ = *6
or -2 approximately ; in other words, the roots of the equation
3—4w- 2r? -= 0 are *6 and --2'¢ approximately. From this it is clear that
the rools of the equation 3 - 4x 209 = 0 are the abscissa of the points where
the graph of the cxpression 3 - 4.c ~ 2r? cuts the weis of .

Note 4. The graph of any expression of the form we?.-br+e
is n Parabola.

8. Draw the graph of the equation wy = 1.

Tt is easy to scc that the following points are on the

required graph :— .
T = "I} x = ‘2} x = -4
y= 10J" ¥y = 5f° ¥ = 2'5}’
z = '5} x = '8} xr =1 z= 2
y=2J° y =12/ y=1J y='5}'

Vvidently also the following points are on the required
graph : —

xr=-"1 .ta—".’.} T =- 4
y =-10J" y=-5 y=-25"°
E‘—‘5} z = - '8} z-—l} r =-9
y=-2/" yp=-1%%)" ye=-1/" y=-5"

Tet one inch be the unit for measuring ¥ and one-tenth ,of
an inch the unit for measuring y.

Let us now plot the points ard draw a curve through them
free-hand, as in the following diagram :—

3
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10

The curve so drawn is the,required graph.
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. Note 1. As = diminishes from 1 to zero, y increases from 1 to
gnﬁnny ; and as z diminishes from zero to -1, 9 increases from negative
infinity to - 1.

Note 2. As zincreases from 1 to infinity, y diminishes from 1 to
4ero ; and as « diminishes from -1 to negative infinity, y increases from
-1 to zero, .

Note 3. The graph consists of two branches, one lying between
OX and OY, and the other between OX’ and OY’, .

Note 4. The more we move towards the right or left of O, the
nearer does the curve approach the axis of «; whilst the more we move
upwards or downwards from (), the nearer does the curve approach the
axis of y. But in no case does the curve mect the axes except at an infinite
distance from . Hence, each of the nxes iy said to be an asymptote
to the curve.

Note 5. A curve of this kind is ecalled a Rectangular
Hyperbola.

Exercise (8.)

Draw the graphs of the following equations :—
1. z%2+9® = 81.

2. (z-5)2+(y-6)* = 49.

3. (x+6)2+(y-"T)* = 100.

4, 2P+y?-8r-1l4y+1 = 0.

5. 2?+y%+14x-16y+32 = 0.

6. x?+y®+12x+18y+92 = 0.

7. 2%4+y*-10x+16y-55 = 0,

8

., ad-y® = 0. 9, 9x2-4y? = 0.
10. 9y® = 1622, 11. 4x? = 9.
12. 25y* = 16. 13, 2*+4y? = 4.
14, 422 4+9y% = 1. 15, 25x24y? = 25.
16. 16:%+9y* = 1. 17, z*-4y* = 4.
18. y?-z* =1, 19, 4z*-y* =16,

20. y?-92% = 0.
21. In one and the same diagram draw the graphs of
42% - 9y? = 0 and 4x® - 9y* = 36.
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22. In one and the same diagram draw the graphs of
9y? —4x% = 0 and 9y® v 42% = 30.

23. Draw the graph of the equation 5y = z* - 10,

taking the unit for measuring y five times as large us that
for measuring «.

24, Draw the graph of the equation z? ~ 4z +2y = 0,

taking the unit for measuring y twice as large as that
for measuring z.

25. Draw the graph of the equation y? +z = 0,

taking the unit for measuring z cqual to half that for
measuring y.

26. Draw the graph of the equation 3y = 2%,
taking the same unit for measuring both z and y.

27. Find graphically, correct to the first figure after the
decimalgpoint, the square roots of :—

G) 3; Gi) 5; (i) 7.

28. Find graphically the minimum value of the expression
2% -6z +1T.

29. Find graphically the maximum value of the expression
14 2z~ 227,

30. Draw the graph of the equation zy = 4.



CHAPTER IlL

Miscellaneous Examples.

Example 1. The salaries of the teachers of a certain
school are increased ; 50 that a salary of Rs. 60°is increased to
Rs. 70, and one of Rs. 90 to Rs. 104. What then must be the
rolation betwoen xz and g, if 2 rupces be the old salary of a
teacher whose new salury is y rupees 1 Hence deduce a graphical
method of finding the new salary of a teacher whose old salary
is given, and vice versa.

(i) Assume that the relation between z and g is
Yy = az+b,
where a and b are any two unknown constants.

Then, by hypothesis,

70 = 60a+b
and 104 = 90a+5
whence, a = {;; and & = 2,
Henco the required relation is .

17
g = q52+2

(ii) The graph of the above equation is surely a straight
line.

Lot one-tenth of an inch, measured horizontally, represent
one rupee of the old salary, and let one-tenth of an inch, measured
vertically, reprosent one rupee of the new salary. Then the
meaning of the figures in the following diagram is clear, the origin
being taken as the point whose co-ordinates are 60 and 60.

The points (60, 70) and (90, 104) satisfy the above equation.
Hence the straight line joining these two points is the required
graph.

The co-ordinates of the pofnt P on the graph are 75 and
87 ; this shews that Rs. 87 is the new salary of a teacher whose
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old salary was Rs. 75. Again, if we take the point whose
abscissa is 80, we find that its ordinate is 923 ; this shews that
if the old salary of a teacher was Rs. 80, his new salary is 923.
And s0 on.
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Example 2. There is a group of 30 children before me, of
whom some are boys and the rest aragirls. If I get 3 rupees
from each boy and give 2 rupees to each girl, I gain altogether
Rs. 5. Find graphically the number of boys and girls in the
group. .

Lot one-tenth of an inch, measured horizontally, represent
one child, and let one-tenth of an inch, measured vertically,
ropresent one rupce.

Y D B
40 T s
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30
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i
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y N
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OX representing the total number of children, the number
of boys may be measurel from O and the number of girls from X.

Hence, if A be the point (5, 15) from (), the straight
line OAB will be fhe graph of the money received from the
boys ; and if U be the point (5, 10) from X, the straight line
XCD will be the graph of the money given to the girls.

Let KNM be an ordinate cutting the graphs at K and N.
Then KM represents the money received from the boys whose
number is represcnted by OM, and NM represents the money
given to the girls whose number is represented by XM, and
therefore KN represents the gain.

Hence, if the ordinate be so drawn that the portion KN,
intercepted between the two graphs, represents 5 rupees, then
OM and XM will represent the required numbers of boys and
girls respectively.

We have therefore to find K by takiug XH to represent 5
rupees and drawing HK parallel to \D. Now drawing the
ordinate KM, we find that OM = 13 units of length and XM
= 17 1fhits of length.

Henee the number of boys in the group = 13, and the
number of girls = 17.

Note. If R« 2 were to he not given to, but taken from, each girl,
the graph of the money received from the girls would have to he drawn
below the line X0,

Example 3. I’'and Q can separately perform a certain work
in 7 hours and 4 hours respectively. After I has worked for an
hour and a half, Q joins. Find graphically the time in which
they will together finish the work.

Let ‘2 of an inch, measurel horizontally, represent an
hcar, and let one inch, measured vertically, represent the work.

Let A be the point (7, 1) ; then the straight line OA is the
graph of the work done by P.
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1f the vertical through M (1}, 0) meet OA in B, then BM
represents the work done by I’ in 1} hours. '

Draw BC (horizontully) to represent 4 hours ; let the vertical
through C meet OA in D, and produce CD to E making DE
equal to OK.

Then CF represents the work done by P and Q in 4 hours.
Hence tho straight line BK is the graph of the work jointly
done by I’ and Q.

Let BE cut the horizontal line through K in H. Then,
since the co-ordinates of H are found to be 3} and 1, it is clear
that P and Q will together finish the work 3} hours after P
begins or 2 hours after Q joins.

Example 4. The temperature of a patient was observed at
intervals of 2 hours from 7 a.m. till 9 P.M. on a certain day, and
the observations were recorded as follows :—
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Time. |7a.x. | 94.M. th.u.f 1p.m. 3r.M. | Spow. | T, | 9P.M.
. S R e _ i | ; .
Temper- | o0 |vane oy ate. N S .
ature. ‘100. llOO q‘lOl 1'101 4 (102" {1018 ilOl 5100”9

i

L]

KExhibit graphically the variation in temperature during the
whole interval ; and, from the graph drawn, find the probablo
time at which the temperature was a maximum, the probable
maximum temperature and also the probable temperature at
8 p.M.

Let 2 of an inch, measured horizontally, rcpresent an hour,
and let one inch, measured vertically, represent a degroe of
temperature. The numbers 13, 15, 17, 19 and 21 may also be
written for 1 p.at,, 3 ey, 5 Py, T e, and 9 p.M. respectively.
Hence the meaning of the figures along OX and OY is clear,
the origin being taken aus the point whose co-ordinates are 7 and
100

'

102

=

\J

101

y

(7,000) 9 no.o13 s .. 19 2t
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Let P, Q R, S, T, V', V denote the points (9, 100-7),

(11, 101°1), (13, 101-4), (15, 102), (17, 101'8), (19, 101'5) and
(21, 100-9) respectively. '

l‘et us now plot the points P, Q, R, 5, T, U, V and draw
through them froe hand a continuous curve, utartmg from 0.

The curve so drawn is the required graph.

Now, it iy evilent from the dingram that the point on the
curve which has the greatest ordinate is the point (155, 102-1).
Hence, the temperature reached its maximum at about 3-30 p.y. ;
and the maximum temperature was approximately 1021

The point on the curve which corresponds to 8 r.u. is the
point whose abscissa is 20 and whose ordinate is found to be

101'25 approximately, Hence the probable temperature at
8 p.M. was 101725,

Note. It may e rensonably supposed that the change in temperature
is gradual and not sudden ; hence the necessity of drawing a’continuous
curve, that is, one not having sharp turns.

Example 5. Solve graphically
J-4x2-22% = 0,

[One method of solution has been roferred to in Note 3
to Art. 7 of the last chapter. A second method is given below.]
We have 2x? = 3-4x;

S a% m -2z,
Let us, first of all, draw the graph of the equation y = z%.

Take *5 of an inch as the unit for measuring z, and -3 of

an inch as the unit for measuring y. Then the graph will be as
in the following diagram :—



IIL] : GRAPHS, 561

- H
o 4 ol NN
-} NRE. e F1 1141 1
miaas T T
l .!-: ~ 4 - §-1- - -
I + HEFREYORERNNENE
N i1 - -+ ...[. L1 j “j -4 4 »{t -
TN ’ PHLEERE T T A B -
HE #Jl i - ¢ 3 bt
LTINS L 11 -] N N
N\‘LLF et FEH fri
SN Rty i siaiaialydasss
NN TR TTHT T .
G NN R e A L L
N N 187 dahaks
i IRNEBVEEE) YRNA 11 17 1
P”“\; N T l’ i 17
i-‘ "--'-\‘l *‘ E‘)’--'—-- /-*- -+
C1E NPT AREuS t
t"]i'" _-__,\Nw_ TN Y
o e
IR AU O - SN N + 1 0...14}._ ];.:_ 2+ -
T et e NS TR L
O A AN BNE 4 Jivd41!

With the same units, now draw the graph of the equation

y = 3 -2z. The points A and B, whose co-ordinates are respect-

ively (-1, 33) and (2, - 24), evidently lie on this graph. Hence
the straight line AB is the required graph.

- Let this straight line cut the parabola in P and O. Then,

¥ z, y denote the co-ordinates of either P or Q, we must have

y - z3, s because each of these two
andalso y = ]2z } > points lies on doth the graphs.

2--36
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Hence, the abecissa of either P or Q will satisfy the equation
z? = % -2z

Thus the abscissw of the points I’ and ( are the roots of the
giton equation.

These abscisse are found to be respectively equal to -26
and ‘G approximately, which therefore are the required roots.

Note. The present method has this advantage that the parabola
¥ = x? being once drawn, any equation of the form ar? 4 hr+¢ = o may be
¢

immediatoly solved by simply drawing the straight line y = - ‘-:—:t- a’
Example 8. Iind graphically the different pairs of values of
2 and p that simultaneously satisfy the following equations :—
z* 4+y? = 25
zy = 12} '

Lot us draw the graphs of the two equations, as in the
following dingram, taking one-tenth of an inch as the unit for
meusuring x and y :—
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Let the two graphs intersect each other at the points P, Q,
R, S. Then the co-ordtnates of each of these points will satisfy
both the equations.

.Now, the coordinates of these points are found to be
respectively*(3, 4), (4, 3), (=3, —4) and (-4, -3).

Hence the required solutions are
L]

a:.=3} r=4) .z:=—3} z = -1\
y=4' y=3’ y=‘—-4’ y=‘.—31'

Exercise (9).

N. B. The graphical method should bLe used in solving each of the
following problews :—

1. A can do a piece of work in 6 days, und B cean doit in
9 days ; if they work together, how many days will they take to
tinish it !

2. A tap, which would fill a eistern i 4 houry, wnd a plug,
whick wonld empty 1t in 6 hours, are both opened at the same
instant, when the astern is empty.  How long will they take to
fill thecistern !

3. A cistern can be filled by «a pipe A in 26 minutes, and
by a pipe B in 15 mmutes, while 1t can be emptied by a pipe C'mi
12 minutes ; if all  three pipes are set running when the
cistern is empty, in what time will it be filled ?

4. A, B and € can separately do a prece of work in 5, 8,
and 3} days respectively ; if all three work together, how long
will they take to finish the work ’

5. At what time between 2 aud 3 o'clock are the two
hands of a watch (i) together, (ii) 5 minnte-divisions npart ?

8. Rs. 435 is the price of 20 Yalls of which some are white and
the rest black. I the price of each white ball he Bx. 3 and that
of each black ball Rs. 2, how mauny of the balls are white !

[ ]

7. A servant makes a contract Lo get 4 annas for every
day that he worky, und to pay w fine of 6 pice for every day
that he is absent. Tf he altdgether gets Ru. 3 Nas after 25
days, how many days was he absent from work !
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8. From the same spot on a circular course, one mile in
length, two boys A and B start at the same moment to walk
round it, travelling in the same direction. A walks at 4, and
Bt 3, miles an hour ; how often will they meet if they walk
for two houry and a half ¢ .

9. Iu the preceding example, if the boys start in opposite
dircctions, and walk respectively at 3 and 2 miles an hour, how
often will they meet within half an hour

10. The highest awl lowest marks obtained in an examin-
ation nre 283 and 110 respectively ; the marks are reduced
so that 283 beeomes 100 and 110 becomes 50, Find approai-
mately the numbers to which 248 and 124 e respectively
reducerd.

11. The temperature of a room taken at every hour of
the day from 9 a until 4 rov. is given in the following table : —

. , ,
Time. ih.m. 10 | 11} 12 ! Lea | 21 31 4
o '
PR B B .
Temperature D6 DT 59T 62 62 161 I8 5T

I
I o _
Construet a graph to shew the variation of temperature,
and ascertam from the graph the temperature at 10-30 a.u.
12, Fmd the roots of the followmg equations, correet to
the first figure after the decimal pomnt :—
(i) x¥ -2 = 4
. ’I.J
(i) —+xr-2=0;
4
(iii) 42*-16z+9 = 0.

13. Find the different piirs of values of & and y that
satisly both the equations 22 + y* @ 100 and z+y = 14,

14, Fud the different pairs of values of x and y that
satisfy both the equations r—y = 3anl sy = 4.
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Graphs of Exponential and Logarithmic
Functions.

1. Draw the graph of the function 10~

The required graph is the same as that of the equation
y = 1Q"

It is casy to see that, among many, the following pairs of
values of w and y will satisfy the above equation :—

\ £ =3 } = 1 xn?}
J' y=316J' y =10 y = 100"

zs-;} x-—l} x=-2}
y=32f' y= ‘1)’ y=201J"

Let A, B, C, D, E denote the points whose co-ordinates are
respectively (-2, 01), (=1, ‘1), (=1}, *32), (0, 1) and (}, 3-16).

Plot these points, taking one inch as the unit of length.

Then the curve, deawn Chrough the points thus plotted, is
the required graph, as shewn in the following diagramn : —
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Note 1. For all 1eal values of #, y is positive. Hence, the curve
lies entirely above the axis of »

Note 2. As r increases from zero, y increases from 1 ; but the
increment of y is much more rapid than that of x, so that when a large
value i given to r, the correspomling value of y becomes comparatively
very much larger. Hence, any straight line, that cuts OX or OX produced,
and is also parallel to OY, muest iutersect the curve, although the point
of intersection way be at a very great distance from OX.
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Note 3. As. diminishes from zero to negative infinity, y diminish-
e~ from one to zero, Hence it is clear that the left portion of the curve
gradually approaches OX’ and ultimately meets it at infinity. Hence OX
ix an asfmptote to the cubve.

Note 4. [Irom the equation y -. 10%, we have & = log,,, y. That is,
if we take any .lmiut on the curve, its abscissa will give the logarithm of
its ordinate to the base 10, For instance, I’ is the point whore ordinate is
2 and abeissa 13 approXimately *4 ; hence we at once conclude that log, 2
= 3 approximately.

2. Draw the graph of the function log, ..

The required graph is the sume as that of the equation
¥y = LI 2
.
Sinfe y = log,,z, we have xz = 107, Hence, it is clear
that, among many, the following pairs of values of z and g
will satisfy the equation y = log, y» i—

¥y = 0) y=3 \ y=1) y=2)
r=1J' z=2316)" =z=10" =z = 100"’
y= -1 v= -1\ y=-2
z = "32)° z = ‘1) xr = 0]

Let A, B, C, D, K denote the, points whose cn‘o.rtlinmt,cn
nre respectively (01, - 2), (‘1,-1), (:32, - 1), (1, 0) and (316, }).

* Plot these points, taking one inch as the unit of length.

Then the curve, drawn through the points thus plotted, is
the required graph, as shewn in the following diagram :—
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Note 1. As  x =107 it is clear that y may be pusitive or negative,
but r can never be negatite, Henee the curve lies entirely on the right
sido of the axis of y.

Note 2. Asy diminishes from zero to negative infinity, r diminish-
es from one to zero. Clearly therefore the lower portion of the curve
gradually approaches OY* and ultimately meetx it at infinity. Hence OY*
18 an asywmptote to the curve.

Note 3. As y increases from zero, r increasea from 1, but the it'l'cre;
ment of » is much more rapid than that of y, so that when a large value is
given to y, the correspouding value of x becomes comparatively very much
larger. Hlence any straight line that cuta OY or OY produced, and is also
parallel to OX, must intersect the curve, although the point of intersection
may be at o very great diatance from OY,
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Note '4, If any poiné be taken on the curve, itx ordinate will give
the logarithm of its absciwa to the base 10. For instance,  is the point
whose abscissa iv 2°5 and ordinate is 4 approximately ; hence wo at once
concll..ule that log,, 28 = "1 approximately.

Exercise (10).
1. Solve graphically the following equations :—

(i) 107 = 10z ; (ii) logyez = Jyr; (i) 108" = 6x-8.
2. Draw the grapbs of the following functions, wsing

Logarithmic Tables :—
3

(i) (+2): i) 10°

ANSWERS TO EXERCISES IN THE APPENDIX.
1. [Page514.]

2. Take BE cqual to AD ; by guess let I be the middle
point of DE.  Then F is very approxmmately the middle point
of AR, the error , if any, being indefinitely small.

7' 2:56, 168, 3-79; 239, 1-40.

2, [Pages 517, 518 ]
1. 6% units of length. 2. T} feet. 3. 7! yards,
4. 35inches. 5, 3:6feet. 6. [, ft. 7. 5 yards.
8. 65 feet. 9, 17 feet. 10, 283 feet.

4. [Pages 522—524.]
1' (i) (llt 7)1 (—9I 13); (_5|-7); (81-10).

() (22 14); (=18, 26); (= 1,-14) ; (1, - 2).

x

2. (33, 21); (=3, 41 (=13-20); (2%, -3)).
5. 2. 6. 13, 7. 50. 8. 11; -13.
9. 17H; 36, 10, 12; ~.

5. [Pages 530, 531.]
7. (1) 6x=-5y = 0; (2) Sz+7y = 35;

(3) z+y+2=0; "' (4) 21z-5y+121 = 0;
(5) bHz+9y+55 = 0.
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6. [ Page 5632.}

1. v =5,y=4 2, z=Ty=-5 3. z=28,
y=6 4 2=9 y=11. 5. 2=10, y 513. °*

8. (Tako ten times the side of a small square as the .

anit of length) & = 1-2,
7. 2 =1 8, z=1,

7. [Pages 539, 540.]

1. 13 s 3 pies; 2 wseers 11 chattacks.
2. 1 Re 9as 6p. ;19 3.
4. 8% feet ; 4] cubits. 5.
73 miles from the place of starting.
6. 4 honrs after starting ; 12 miles from A.

7. 1 Reo3as; 39. 8. 5. 11, At4-30r. m. 3
13} wmiles from B.

31 hours ; 19 miles.
21 hours after A starts ;

8. [Pages 552, 653. ]

Q7. (i) 1T; (i) 22 i) (26).
28. . 29. 4

9. [Pages 563, 564.]

1. 36. days. 2, 12 hours. 3. 30 minutes.
4. 16days. b, (i) At 109 minutes past 2 ; (ii)
at 55 and 164 minutes past 2. 6, 5. 7. 8 days. 8. Twice.
9. Twice. 10. 90;54. 12, (i) 32,-12; (i) 1,
—-55;(iii) 33,713, =8 y=06;r=26y =38
14 r=d, yml;z=-1y=-4

10, [Page 569.]
1. () 1; (i) 10; (i) 14, 46.

e .



OPINIONS.

ALGEBRA MADE EASY—VOL. 1. for schools.
From Babu GAURY SANKAR DEY, M. i, Profissor of

Mut!wm:lil-n, tleneral — Asfewdly's Institution, and « wember of the Mathe-
matical Board of Studics, Culentta University,

® “I have looked thiough BABU KAL! PADA BASU'S ‘Algebrn Made
Fasy, Vol. L' v j« written on the same method as his *Algebra Vol 1L
and contains all that i< required for the Entrance Examination.  So far as
I ean judye it i superior to the existing treatises on the subject, in the illus.
trative and typical examples worked out. It wil! be a very useful text hook
ofr the tirst four clasees ot our Higher Class English Schools.”

From Babu UMESH CHANDRA DUTTA, (The most dis-

tinguished Sinior Schotur of his time), Late Professor, Krishnaghur College.

“F have as yet read only the two firsxt Chapters (of Algebra Made Easy
for schools). That on uits and Measures is well worked out and will
materially assist students in mastering the cements of A rithmetic and
Algebra. - T say Arithmetic because without a clear knowledge of units no
one can master Arithmetic as a seionce, The second Chapter gives o lueid
idea of pogitive and  npegatine yuantities Todhunter did something in his
Algebra to mauke hin readers comprehend  the meanmg of these mysterious
phrases, but in my opinion your explanations and illustrations surpnss your
predecessors in lucidity and appropristeness,  1f your other Chapters aro in
keeping with these two they swall mnply justity the title given to your book -
*Algebra Made Easy’. When | Ll tinished your 1<t Chapter, | involun-
tarily grumbled adoud ‘why was there not such a book in existencee when
I hegan the Study of Algelna ¢ "

Fram Babu N. L. Dey, v a., w.t., Porucrly Professor of Mathematics,
e GGeneral Agsomdy's Instatution, Coleutts,

Y EI s really a beautitul book 5 by the use of which, T am fully
persuaded, hoth boys and teachers in our schools will profit very much-
Indeed I do not know whether there is any other similar production which
can so viinently answer the purpose of helping the youny student in master-
g the elewentary prinaples of Algebra.  In the execution of thi= work
you have fully sustained the reputation which you have been for kome time
enjoying as the great friend of the mathematical tyro.”

From Babu KSHETRA MOHUN BANERJI, M.a. Pro-
Sexsor of Mathemativs, Ripon Colleye and formerly of Mitropolitan Institution,

Calrutta.

“l have gone through BABU K. P. BASITS ‘Algebra Made Easy,
Vol I.' It has the rare merit of being a Text book, as ardinarily under-
atood, and a solution of Algebraic problems at the same time.  This novel
feature of the book alune, nut to speak of the judicious collections of examples
and intelligent solutions thereof, will make it highly useful to those for whom
it is intended.”

* From Babu HARANATH BHATTACHARYYA, w4, nt,
Pormerly Heud Mastcr, Hindu Schaol, Caleutta.

“BABU K. P. BASU'S ‘Algebra Made Easy, Part 1" is a well.written
treatise, The articles are well explained and amply illustrated. The model
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.
solutions given are ueatly worked out, s0 a4 to meet the requirements of
the dullest student. 'The examples, given for bxercise, are good and are pro-

gressively arrauged. | have nodoubit that the book will prove a very suitable
text book for our schiools.”

From Babu JAGADBANDHU BHADRA, Poruenty Head

Muster, (Jorernment School, Jessore.

“I have carcfully gone through the volume (Algelra Made Eay fac
schools) and my deliberate opinion is that in wore re<pects than one you
have benten hollow your predecessors on the subject. The method you have
adopted to explain out and illustrate the theories is very good agd 1 have
nob et with uny other author who can be said to have excelled you on this
point. In ome places you seem to me quite original.”

From Babu K. P. CHATTORAUJ, M. A, Professor of Mathe-

matics, City Colleye, Caleuttn,

“I have received a copy of Alyehra Mude Eusy, Vol. I, for Schools by
Babu K. I Busu, a4, Mathematical Leceturer, Dacea College, and found
it excellent aw far as it goes. 1t is intended for the use of vur Higher Cliuas
English Schools, and the favourable reception it has met with, testafies to
its uncfulness ws n text book.  The principles of the subijects are explained in
a mauner which recounciles the most unwilling of students to it, and the
graduated reries of examples worhed out in illustration of the articles con-
tained in each chapter and of those et for exercises on the part of the student
at the end of it, carries him from simple problems to harder ones without
his being boggled at the latter.  He should be thankful to the author for his
funcnions and crhanstive treatment of the subject of Surds, to stuly which
he cannot. do better than buy w copy of the heok  Everything is done in
strict wccordanee with the standurd of the FEotennce Exommation. Unneces
sary matter, whieh is of no use to candidites prepuring for the Entrance Fa-
mination, but untortunately with which some books of the kind are-loaded,
has no place m the book under review, so that the student exeapes the trowdde
of sepurating the grain from the husks. 1 congratulate the author on the rare
gift he hay, of presentng the driest things in the simplest and most attrac-
tive way, and have no hesitation in reconnmendmg the book to the class ot
students for whom it is intended.  And | cannot better express my opinion
of it thau by saying that with a copy of the book 1 hin possession, the
atudent ean waster the subjects of Algebra up to the Butrance ~tandand
without the aid of a teacher.”

The “lndian Engineering” (Fdited by Pat. Duyle, En, C. K.
&e.), dated April 26th, 1800, suys .—

“Algebra Made Easy by K. P. BASU, M. a0 Caleutta, 18500, —In July
1888, we had oceasion to notice *Algebrn Made Easy for F. A. Students’
by this same author, and of which work we spoke in no unmeasured terms
in respect to its value for the purposes for which it was intended, We
now lind our predictions veritied—that hook having proved a practical
success and alrendy passed  through a second edition. Emboldened by
this assurance, Mr. K. P. BASU has ventured on producing a mote cle-
mentary work—adapted (0 the wants of beginners as well to supply all the
needs of the University Eutrance student. He has done justice to his
task, which he has accomplished fn 448 pages of 8vo. letter-press ; and
we can safely eay, from a perusal of its countents, that the book has
a wide sphere of usefulness before it and is sure to find favour in educa-
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tional circles. It cannot fail to be of great utility, [t is well written
throughout a1l difliculties being carefully explained—simplicity being itx
hest feature  There are a geat number of illustrative examples clearly
worked out, while a larger numler are provided for exercise—well arranged
and well-selected  Tn brief we way sy that we have not often met with an
clementiry work of such $romise, and we can confidently recommend it,”

The “Indu Prokash.” dated Bombay, the th May, 1590, thus
IH'it('J: -

“Algehra Male Easy for Schools.— This new work on Algebra will
sustain. Mr. BASU'S reputation for high mathematical attainments. We
had the leasure of reviewing a similar work composed by hin for advanced
College students a year ago, and we are glad we are able to speak of the
uew publication as highly v we did of the last.  As pomnted out by the
author, Mathematies  should  be  studied more as o subject of mental
gynmasties than for anythmg else, and we have no hesitation in saying
that the author has hestowed most conscientions care upon the work with
aview to fadilitate tins object ot mathematieal study,  Principles have
heen luertiy stated and illustrated by typaeal examples, which have been,
in wany metances, very <klfully and ueatly worked out for guidance of
the student. *** "

The “Indian Nation” dated the Gth My, 1810, sayx :—

“Alyehra Made Lasy by KALD PADA BASU, sy, Mathematical
Laeturer, Dacea College, 15 not aeram-book, but s a sy <stematie treatise well
caleulated to mest the wants of begmners,  Fhoswe reading for the Entrance
Fanmmation will find the whaole of their course in this hook whiel, is sure to
satisfy them, for it has all the merits of a goad test book.™

The “Hope", duted April 2ith, 1300, thus abscrees —

“The second o1 the exceptional <«chool-books we have referred to i, as
we hawe ~aid, wotreatise onoa department of Mathematies, and s entitled
“Alrebra Made Fasy.” The author is BABU KALL PADA BASU, v 4, of
the Dacea College, whose 'Students” Mathematieal Companion’ has become
such a favourite with candhdates for the Pmveraty  Fxaminations,  The
present worh anms at making the principles of Algelira eany of compre-
hension and application in practice by Indian pupils ; and it eminently sue-
ceeds in1ts purpose by a ddewrness of explanation and aptuess of illustration
which are very rare m  works of the kind. The author seemm to he
thoroughly experienced in teaching, and he hax fully utilised his aequaint.
ance of the Indian students’ needs ard failings in dealing with his xubject.
** * There i~ hardly 4 text-bouk which could hetter nerve the special
purpose for which the present one in intemded, namely, the helpag of
Entrance students to master the elementary principles of Algebra,”




ALGEBRA MADE EASY—VOL. II. for Colleges.
From JOHN BLIOT, Hsqr., M. AS Pormerly Metebrologicul

Reporter to the Government of Indin ; senior Proft sur of Muthematics and
Phynical Scicner, Presidency Colleqe, Cilewttn . und w Mewher of the Mutle
maticul Bourd of Studic:, Culeutta University,

“** On glancing through the book | was struck with the eare
you had taken inarr wiging the subjects and the efiorts to make alk clear and
plain to the students, It the matter ecame Lefore me ay a member of the
atheratical Board of Studies, 1 should have no hesitation in reconnmending
it as an alternative Text Book on the aubject,”

From 8ir GURUDAS BANERJEE, M. A, D. L, Pormurly
one of His Mayesty's Judyes in the High Court, Coleutts , and late Viee-
Chanedlor, Caleutta [ niversity.

“I have glanced over yonr ‘Algebra Made Easy for F. A, Students,” a
copy of which you have wo Kindly presented to me, and [ have no hesitation
in saying that it will prove ureful to those tnr whom it 14 futended. Al
those portions of the subject. which present diflicultien to the heginner have
been fully and clearly expliined and copiously illustrated by well chosen
examples, and the solutions given are neat and suggestive, I mny notice in
particular the chaptor on ‘Permutations and Combiations” which i< treated
of much more fully than it is in ordinary  test-bhooks,”

From Babu GAURI SANKAR DEY, M. A, Professor of
Mathomatios, Goweral  Lowmbly's Institntion and 0 Mewer of the Mathe-
matical Board of Studies, Caleutte University.,

“Babu Kalipwda Basu's tAlzebna Made Faay fon 1) AL Studend: an
excollont treatise  The author's hiygh attwint ents i mathemati — and long
oxperience as a teacher have enabled i to write all the diflicult portions
of the hook in such w mwmner we will enable & <tudent of average intelligence
to understand  them  without the assistance of a teacher The typical ex-
amples worked out in the book will he of great help to the students, and
the collection of examples given for <olution has been judiciously selected. -

The book ix a «uitable test-book for the AL Students and ~hould be
extonsively uxed in our colleges ™

From Babu MOHENDRA NATH RAY, M. A, B.L, Pormerly
Professor of  Muathowatics, City College, wad o Mathemationl - Eraminer,
Calentyr University.

¢ % 2 1 have examined  Babu Kalipada Basu's ‘Algebra Made Easy’
with sue care, amd find that it is a publication  which will prove very use-
ful to the students for whom it is intended. [t ix much fuller than the
corvesponding portions of Todhiunter’s Agebra | indeed, 1o not remember
having seen another book in which the iwmportaut and ditlicult subpects of
Pertuutations and Combimations are so fully treated. A« some of the chatac-
teristic features of this work, may be wentioned the insertion of the F. A.
pers on the subject at the end of the Lok, and also a short notice of
Fhuhrm-lmryyn'n method of aolving a quadratic equation and of the pro-
perties of the cube roots of unity, > * "
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From Babu SASI BHUSAN DUTTA, M. A, Late Prin.
cipal, Bethuse College, Calcutta,

] have dipped into xohe portions of your book (Algebrs Made Fasy
for Colleges), and I tind that you have succeeded rery admirably indeed
in making difficult theorcmns easy—a faculty possessed not by mmny men,
I am gure.” N

rom Babu KALI] SANKAR SUKUL, M. A, Pormerly
oPrincipal, Victoria College, Naradl.

&1 have mugh pleasure in testifying to the excellence ol Babu Kali Pada
Basu's ‘Algebra Made Fasy.'  The book-work as well as the examples are
all, whyt they ought to le, lucidly dune and progressively arranged.  The
book, [ oubt not, will be an excellent help to those for whom it is designed.”

From Babu BEPIN BEHARI GUPTA, M. A, Principnl
Rivenshow College, Cwttack and  forwerly Profossor of Mathemoativs, Presi-
dency Coflege. Caleutta

“Algebia Made Easy by Kalipwda Basu, is a ook which ought to
prove useful to F. A ~tudent. The author has considerable experience as
a teacher in ludian Caolleges and has heen to a great extent. succeasful in
elucidating tho-e pomts which particalarly puszle the hnlan student.  The
examples appended tor solution seetn to have been selected with care and
judgment. * "0

“The “Indian Engineering" dated the Jth July, NSNS, sy —

This book 14 meant to aflord the F. A. Student all the information
that he needs for that Exaunnation m the Univer«aty o Caleutta ot whh
the author is a distingusshed alummus. Mr, Basu, however, brings the
additional advautage of long and varied expertence in Mathematical tustion
in Beungal to bear on his task, and when we add that he i+ the author of other
Students’ gtidy in the wune branch of edueation, it uay be inferred that
the result is commensurately satisfactory  That this is the fart we are
gla(llﬂ' testify, and we can vafely say that the book will admirably rerve the
purpases for which it is intended

« A novelty in the book is the Chapter on Permutation- and Cotabiugtions,
which is explanatory to a tault  But s the authow is acquainted with the
failings of Indisn Students, he has had, doubtless, good reasons for such
fullpess of illustrations ot thi< by no means simple <ubject, which so often
proves a stumbling blouk to the beginner. .

The other Chapters of the buuk il tor no special ob-ervation exeept
that they display bLuth care and discrimmation i the treatment of their
subject matter.

The example< throughout the book are nuwerous and the ‘lunts’
interspersed go far to mmke the judicious selection ureful and instructive
in a very high degree.

We can strongly recommend the hook, and hope that it wmay find a

in the educational curriculum ot Bengal. Tt can certuinly  hold it
“awn with some text-hooks we have seen, and we wish it the wsuccems ita
therite deserve.”
+ @ qne «Indian Nation’ dated the Sith Auqgust, 1588, snys ==
Y, “Algebre Made Euzy for F.A. Students of the Caleutta University by
K. P. Basu, M. A, & test-1o & which treats systematically and clabo-
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»Turge portion 4f Algefira. The book hakeries] fessfimendats
mkhm well ‘es; t #e xllmt.mg w’gv.
aut ; and & large uvuriber of exercisex are given.
ratj¢ Equnatidna gives, ataong ather things, Bhasl
¥ wlefog them  We observe some originality in the treatmeént of ‘Permu)
y flons lmenmhmltmm‘ The book 14 mtended mainly for F. A Mﬂx
4 for their bepefit a large number of Calcutts Univervity Exaumhation
pere 18 1nserted at the end There is hardly anothcr- test-book which
swould serve the wpedial ‘mfpmo equally well We wish the guthr had

devoted hia powers to the production of + comprehensive treatip on'
Algebra.”

+ The “Indu Prakash" duted Bombuy, the 15th July, 7199, thus

“Arorsga Mane 11y —=lhis s the title of an educational work by
Mr. Rabpads Basn, w 1 Mathoostual Lectuser, m the Daca (ol
The book 1 specidly  dewigned for students studying tor the F A “xami
tion of the Calcutta Untverxity, and as such will be found to be very usedul
our P, E Students. tirent cuc has evulently been Lestowed on the
to make 1t acceptablo to stu bonts and we hope that the boeok will reemvemz
same amunt of large approantion mother pats of Indis that 1t has zecery
w Bengal  “ot only v the treatmant ot the wulject excellent, but the

neral gt up of the 1ok i handsome  wd attn wtive and we congratulabey
e anthor on bis work

The “Amrita Bazar Patrilka «/ted the 1 th {ugusty 1890, 31ys =y

b
“Algelna Made Kwy tor B A Stwlents by Babu Kah Pada Mﬂ
The worl, w intended prinapally to meat the 1cquirements of Indian utuMﬁd
and we are glad Lo ~co that the author has been successful m hes offortud
Tt contamn copious examples for wolution juduiously selected, whihw
typial examples are wiked out  The suthor’s high attanments in dia
matics aud long expuienee woa teacher have fitted hum to do full )
to the aubject, and he has trested it ma way whuh will prove easy
interesting to the <tudents The work will do a very good text-béok
Indian Colleges  The gt up v excullent * r -






