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PREFACE

T0 TIHE

NEW EDITION.

IN preparing this new cdition of the second volume of the
Woolwich Course of Mathematics for the press, it has been
my great object, while I was careful to introduce the prin-
cipal improvements which the lapse of twenty-five years since
its first publication has renderced necessary, to deviate as
little as possible from the original plan of my valued friend,
the Author.  The only essential deviation, therefore, will be
found in the department of Mechanics, where, instead of in-
termingling the propositions in Statics and Dynamics, I have
classed them separatelv; and have, as I went along, intro-
duced a few such new demonstrations as this more scientific
arrangement naturally required.  Under the head of Statics,
I have inserted a few propositions on the equilibration of
arches ; and under that of Dynamics, a uscful proposition or
two in reference to eentral foreces.  Throughout the mecha-
nical portions of the volume I have given to the symbol g,
the value, 82} fect, the natural and obvious measure of the
force of gravity in our latitude; instead of 167, feet, the
value assigned in tormer editions of the Course. This change
1s not a mere matter of fancy; but will be found considerably
to facilitate the perusal of all the modern books on Dyna-
mical science, whether published in Great Britain or on the
continent.

The table of fluents is greatly enlarged, and the subject
of the pressure of earth is introduced as an application of
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the method of fluxions, that I might present an investigation
founded upon the principles of Coulomb and Prony. On
the cohesive force of timber, tron, and other substances, use-
ful tables and rules have been selected tfrom the treatises of
Mr. Barloze and Mr. Tredeold. And indeed throughout
the volume I have iuterspersed such new observations, de-
monstrations, and rules, as will, T trust, with the aid of more
than 100 additional questions and examples for the exercise
of the student, angment the advantages which mav acerue
from the study of the volume to those who peruse it with o
view to the practical applications of mathematies, whetha
in the military profession, or among surveyors, architeets,
and civil engincers.

Orixtnrs GreEGokY.

Royal Military Acaden ,, Woulwih,
November 1, 1523,

In this new cdition, a few other improvements have been
introduced, and the numerous examples have been examined
with great care.

December 19, 1827.
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A

COURSE

MATHEMATICS, &ec.

PLANE TRIGONOMETRY.

DETINITIONS.

1. PraNE TricoNouETRY treats of the relations and cal-
culations of the sides and angles of plane triangles.

2, The circumierence of every circle (as before observed
m Geom. Def. 56) is supposed to be divided into 360 equal
parts, called Degrees; also cach degree into 60 Minutes,
and cach minute into 60 Sceonds, and so on.  Hence a se-
micircle contains 180 degrees, and a quadrant 90 degrees.

3. The Mceasure of an angle (Def. 57, Geom.) is an are
of any circle contained between the two lines which form
that angle, the angular point being the centre; and it is
estimated by the number of degrees contained in that are.

Hencee, a right angle, being measured by a quadrant, or
quarter of the circle, is an angle of 90 degrees; and the
sum of the three angles of every triangle, or two right an-
gles, is equal to 180 degrees.  Therefore, in a right-angled
triangle, taking onc of the acute angles from 90 degrees,
leaves the other acute angle; and the sum of the two angles,
in any triangle, tahen from 180 degrees, leaves the third
angle; or onc angle being taken from 180 degrees, leaves
the sum of the other two angles.

VOL. 11, R



PLANE TRIGONOMFETRY.

s are marked at the top of the figure with a
s T e . .
tes with /; scconds with ", and so on. Thus,
A, ‘@eiote 57 degrees 30 minutes and 12 sgconds.

A Complement of an are, is 1AM
~what it wants of a quadrant or 90°. g /
Thus, if ap be a quadrant, then Bp is ! r )
the complement of the arc ap; and,
reciprocally, an is the complement of  F
BD. So that, if AB be an arc of 50,
then its complement np will be 40,

6. The Supplement of an are, is
what it wants of a semicircle, or 180°,
Thus, if ApE be a semicircle, then BDE is the supplement of
the arc aB; and, reciprocally, AB is the supplement of the
arc BpE.  So that, if A be an arc of 50°, then its supple-
ment BpE will be 130,

7. 'The Sine, or Right Sine, of an are, is the line drawn
from onc extremity of the arc, perpendicular to the diameter
which passes through the other extremity. ‘Thus, nr is the
sine of the arc Am, or of the supplemental are wor.  Henee
the sine (BF) is half the chord (BG) of the double are

BAG).
( 8. The Versed Sinc of an arc, is the part of the diameter
intercepted between the arc and its sine. So, A¥ is the versed
sine of the arc aB, and EF the versed sine of the arc Epn.

9. The "Langent of an arc, is a line touching the circle in
one extremity of that arc, continued from thence to meet a
line drawn f¥om the centre through the other extremity :
which last line is called the Secant of the same arc. 'Thus,
AR is the tangent, and cu the secaut, of the arc AB. Also,
EI is the tangent, and c1 the secant, of the supplemental are
BDE. And this latter tangent and sccant are equal to the
former, but are accounted negative, as being drawn in an
opposite or contrary direction to the former.

10. The Cosine, Cotangent, and Cosecant, of an arc,
are the sine, tangent, and secant of the complement of that
arc, the Co being only a contraction of the word comple-
ment. Thus, the arcs an, BD, being the complements of
each other, the sine, tangent, or secant of the onc of these,
is the cosine, cotangent, or cosccant of the other. So, BF,
the sine of aB, is the cosine of Bp; and Bk, the sine of
BD, is the cosine of As: in like manner, AH, the tangent
of am, is the cotangent of BD; and b1, the tangent of
pm, is the cotangent of AB; also, cu, the secant of As,
is the cosecant of BD; and cL, the secant of Bp, is the co-
secant of AB.




DEFINITIONS.

Corol. Hence several important properties
from these definitions ; as, °

1s#, That an arc and its supplement have the
tangent, and secant; but the two latter, the MM
secant, are accounted negative when the arc is greater
a quadrant or 90 degrecs.

2d, When the arc is 0, or nothing, the sine and tangent
are nothing, but the secant is then the radius ca, the least it
can be. As the arc increases from 0, the sines, tangents,
and secants, all proceed increasing, till the arc becomes a
whole quadrant Ap, and then the sine is the greatest jt can
be, being the radius ¢bp of the circle; and both the tangent
and secant are infinite. .

8d, Of any arc aB, the versed sine AF, and cosine bk,
or cF, together make up the radius ca of the circle.—The
radius ca, the tangent a1, and the sccant cx, form a right-
angled triangle can. So also do the radius, sine, and cosine,
form another right-angled triangle ¢BF or cax. As also the
radius, cotangent, and cosecant, another right-angled tri-
angle cpr. And all these right-angled triangles are similar
to cach other.

11. The sine, tangent, or ‘
secant of an angle, is the sine. i i
tangent, or secant of the arc A {_,‘
by which the angle is mea- '
sured, or of the degrees, &ec. /
in the same arc or angle.

12, The method of con- N ‘
structing the scales of chords, ) —t
sines, tangents, and sccants,
usually engraven on instru-
nents, for practice, is exhi-

s /

bited in the annexed figure. ‘g “° 7L~h£‘$
13. A Trigonometrical @ . gc
Canon, is a table showing o T g
the length of the sine, tan- , _ @g=f

gent, and sccant, to every x i T——r s
degrec and minute of the & Sy
quadrant, with respect to the % ./, Je
radius, which is expressed by =\
unity or 1, with any number e /&’ P

of ciphers. The logarithms Vers Sin | o A% e

. \ «\y el

of these sines, tangents, and (A AN
secants, are also ranged in the \ B\
’\,_/

nx
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4 PLANE TRIGONOMETRY.

tables; and these are most commonly used, as they perform
the calculations by only addition an! subtraction, nstead of
the multiplication and division by the natural sines, &c, ac-
cording to the nature of logarithms. Such tables of log.
sines and tangents, as well as the logs of common numbers,
greatly facilitate trigonometrical computations, and are now
very common. Among the most correct are those published
by the author of this Coursc.

PROBLEM I.
To compute the Natural Sinc and Cosine of a Given Are.
®»

THis problem is resolved after various wavs.  One of these
is as follows, viz. by means of the ratio between the dhameter
and circumference of a circle, together with the known series
for the sine and cosine, hereafter demonstrated.  Thus, the
semicircumference of the circle, whose radius is 1, being
3:141592653589793 k¢, the proportion will therefore be,

as the number of degrees or minutes in the semicircle,

is to the degrees or minutes in the proposed are,

so 1s 3: 14159265 &c, to the length of the said are.

This length of the arc being denoted by the letter a3 and
its sine and cosine by s and ¢; then will these two be ex-
pressed by the two following series, viz,

o’ a a ,
S=a— o3t o5as T 931567 N
a' a a .
=4 =% T~ 5o T
a’ al as )
c=l—% *g31~ 28156 T &
a? (14 aﬁ
=1-5 +3537 7t

Exam. 1. If it be required to find the sine and cosine of
1 minute. Then, the number of minutes in 180° being
10800, it will be first, as 10800 : 1 :: 3:14159265 &ec. :
-000290888208665 = the length of an arc of onc minute.
Therefore, in this case,

a = 0002908882
and ta®* = -000000000004 &c,
the diff. is s = -0002908882 the sine of 1 minute.

take £a* = 0:0000000428079 &c, .
leaves ¢ = 9999999577 the cosine of 1 minutc.



PROBLEMS. 5

Exam. 2. For the sine and cosine of 5 degrees. .
Here as 1800 : 5° :: 3:14159265 &c. : ‘08726646 = a the
length of 5 degrecs. Hence a = 08726646

Z1a% = — 00011076
+ 1@ = 00000004

these collected give s = *08715574 the sine of 5°.

And, for the cosine, 1 = 1-
— et = — 00380771
4 at= 00000241
these collected give ¢ = 09619470 the cggine of Sv.

After the same manner, the sine and cosine of any other
arc may be computed.  But the greater the arc is, the slower
the scries will converge, in which case a greater number of
terms must be taken, to bring out the conclusion to the same
degree of exactness. :

Or, having found the sine, the cosine wiil be found from
it, by the property of the right-angled triangle cpr, viz. the
cosine CF = /(B — BrFY, or ¢ = /1 — ¢,

There are also other methods of constructing the canon
of sines and cosines, which, for brevity’s sake, are here
omitted 1 some of them, however, are explained under
the analytical trigonometry in the thigd volume of this

an'sc.
PROBLLM II.
To compute the Tangents and Sccunts.

Tue sines and cosines bemg known, or found by the
foregoing problem; the tangents and sccants will be casily
found, from the principle of similar triungles, in the follow-
ing manner:

In the first figure, where, of the arc ap, nris the sine,
cr or Bk the cosiie, an the tangent, cH the secant, nL the
cotangent, and cr. the cosccant, the radius being ca or ¢B or
cp; the three similar triangles c¥B, can, coL, give the fol-
lowing proportions:

1st, cF:¥B:: cA: AH; whence the tangent is known,
being a fourth proportional to the cosine, sine, and radius.

2d, cF:cB::cA:cH; whence the secant is known,
being a third proportional to the cosine and radius: or,
being, indeed, the reciprocal of the cosine when the radius
1s unity.
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3d, BF : ¥Cc:: cp: DL; whence the cotangent is known,
being a fourth’proportional to the sine, cosine, and radius.

. Or, Aan: Ac:: cp: pL; whence it appears that the co-
tangent is a third proportional to the tangent and radius;
or the reciprocal of the tangent to radius 1.

4th, BF : pc :: ¢cp : cL; whence the cosecant is known,
being a third proportional to the sine and radius; or the re-
ciprocal of the sine to radius 1.

As for the log. sines, tangents, and secants, in the tables,
they are only the logarithms of the natural sines, tangents,
and sccants, calculated as above.

Havixc giwen an idea of the calculation and use of sines,
tangents, and secants, we may now proceed to resolve the
several cases of Trigenometry ; previous to which, however,
it may be proper to add a few preparatory notes and ob-
servations, as below.

Note 1. 'There are three methods of resolving triangles,
or the cases of trigonometry : namely, Geometrical Con-
struction, Arithmetical Computation, and Instrumental
Operation ; of which the first two will here be treated.

In the First Method, The triangle is constructed, by
making the parts of the given magnitudes, namely, the sides
from a scale of cqual parts, and the angles from a scale of
chords, or by some other instrument.  Then measuring the
unhnown parts by the same scales or instruments, the solu-
tion will be obtamed ncar the truth.

In the Sccond Method, Having stated the terms of the
proportion according to the proper rule or theorem, resolve
1t like any other proportion, in which a fourth term is to be
found from three given terms, by multiplying the second
and third together, and dividing the product by the first,
in working with the natural numbers; or, in working with
the logarithms, add the logs. of the second and third terms
together, and from the sum take the log. of the first term;
then the natural number answering to the remainder is the
fourth term sought.

Note 2. Every triangle has six parts, viz. three sides and
three angles. And in every triangle proposed, there must
be given three of these parts, to find the other three. Also,
of t%le three parts that arc given, one of them at least must
be a side ; because, with the same angles, the sides may be

ater or less in any proportion. .

Note 3. All the cases in trigonometry, may be comprised
in three varieties only ; viz.

1st, When a side and its opposite angle are given.
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2d, When two sides and the contained angle are given.

3d, When the three sides are given. .

For there cannot possibly be more than these three varic-
tics of cases; for cach of w{:ich it will therefore be proper to
give a scparate theorem, as follows:

TIHHEOREM I.

When a Side and its Opposite Angle are two of the Given
Puarts.

Tuen the unknown parts will be found by ghis theorem ;
viz. The sides of the triangle have the same proportion to
cach other, as the sines of their opposite angles have.

That is, As any one side,

Is to the sine of its opposite angle;
So is any other side,
To the sine of its opposite angle.

Demonstr.  Yor, let asc be the pro-
posed triangle, having an the greatest {
side, and Bc the least. Take ap =
s¢, considering it as a radius; and let
fall the perpendiculars pe, cr, which
will cvidemiy be the sines of the an-
ales o and 1, to the radius Ap or Bc.
Now the triaigles ADE, acF, are equiangulhr; they therefore
have their like sides proportional, namely, Ac: cF:: ap
or ne : pE; that is, the side ac is to the sine of its opposite
angle B, as the side nc is to the sine of its opposite ang‘c A.

Note 1. In practice, to find an angle, begin the proportion
with a side opposite to a given angle. And to find a side,
begin with an angle opposite to a given side.

Note 2. An angle found by this rule is ambiguous, or un-
certain whether it be acute or obtuse, unless it be a right
angle, or unless its magnitude be such as to prevent the
ambiguity ; because the sine answers to two angles, which
are supplements to cach other; and accordingly the geome-
trical construction forms two triangles with the same parts
that arc given, as in the example below ; and when there is
no restriction or lunitation inc?uded in the question, either
of them may be taken. The number of degrees in the table,
answering to the sinc, measure the acute angle; but if the
angle be obtuse, subtract those degrees from 1809, and the
remainder will be the obtusc angle. When a given angle is
obtuse, or a right ouc, there can be no ambiguity ; for then
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neither of the other angles can be obtuse, and the geometri-
cal constructioh will form only one triangle.

EXAMPLE 1.

In the planc tnangle aBc,
§ An 345 yards
Given~l sC 232 yards c

2 A 87020 :
Required the other parts. .~/——-+

- 1. Geometricully.

Draw an indefinite line: on which set off A = 345,
from some convenient scale of equal parts.—Make the angle
A = 87°5.—With a radius of 238, taken from the same
scale of cqual parts, and centre B, cross ac in the two
points, ¢, c.—Lastly, join BcC, BC, and the figure is con-
structed, which gives two triangles, and shows that the
case is ambiguous.

Then, the sides Ac measurcd by the scale of cequal parts,
and the angles » and ¢ measured by the line of chords, or
other instrument, will be found to be nearly as below ; viz.

ac 17 4B 27° < ¢ 115°.
or 374! ~or 781 or Gt

L. Arithmetically.

First, to find the angles at c.

Asside Bc 232 - - log. 2 3654880
To sin.op. £ A 3720 - - 9-T8R7958
Soside aB 345 - - 2-5378191
To sin. op. <« ¢ 115°36'or 64° 24 99551269

add A 372 37 20

the sum 152 56 or 101 44

taken from 180 00 180 00

leaves 4B 27 O4o0r T8 16

Then, to find the side ac.

Assine <A 387 20 - log. 9-7827958

To op. side Bc 232 - - 23654880
So sin £B§27° o4/ - - 9-6580371
- 178 16 - - 9-9908291

To op. side ac  174-07 - - 2-:2407293
or 87456 - - 2-5735218
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EXAMPLE 11,

In the plane triangle asc,

AB 365 poles Zc 980 3
Given< 2a 5712 Ans.{ Ac 15433
LB 24 45 ‘B¢ 30986

Required the other parts.

EXAMPLE III.

In the plane triangle azc,
[ £B6G4°34' 21
or 115 25 39

Ac 120 feet
Gi\'en\f Bc 112 feet £¢57 5839
L,oa 571007 or 7 721
AB 11265 feet
Required the other parts. or 1647 feet

THEOREM I1I.

W, hcn’rwu Sides and their Contained Angle are Ziven.

FirsT find the sum and the difference of the given sides.
Next subtract the given angle from 180", and the remainder
will be the sum of the two other angles; then divide that
by £, which will give the half sum of the said unknown an-
gles.  Then say,

As the sum of the two given sides,

Is to the difference of the same sides;

So is the tang. of half the sum of their op. angles,
To the tang. of half the diff. of the same angles.

Add the half’ difference of the angles, so found, to their
half sum, and it will give the greater angle, and subtracting
the same will leave the less angle: because the half sum of
any two quantitics, increased by their half difference, gives
the greater, and diminished by 1t gives the less.

All the angles being thus known, the unknown side will
be found by the former theorem.

Note. Instead of the tangent of the half sum of the un-
known angles, in the third term of the proportion, may be
used the cotangent of half the given angle, which is the
same thing.

Demon. ILet aBc be a plane triangle, of which ac, cs,
and the included angle ¢ are given: c being acute in the
first figure, obtuse in the sccond.
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On ac, the longer side, set oft ¢ = cB the shorter; join

C

D

&)
pal
A F B

BD, and bisect it in E; also, biscct AD in @, and join Gk, ct,
producing the latter to .
Now j(ac + ¢B) = 1(2%0 + 2c) = ce

and i(ac — cB) = 1(2a¢) = AG
also (A + B) = (cDB 4 CcBD) = CBD
and (B — A) = ABC — ! sum = ABD:

also, because cg bisects the base of the isosceles triangle cub,
it is perpendicular to it:
Therefore Ec = tangent of ¢Bp
EF = tangent of .uw}
Lastly, because in the triangle AcF, cE 1s pzmﬁcl to A¥
(Geom. th. 82) we have
CG : GA :: CE: E¥; that is,
3(ac + cB): j(ac —cB):: tan. j(B + A) : tan. }(B — A);
or, since doubling both the antecedent and consequent of
the first ratio does not change the mutual relation of its
terms, we have

AC + CB: AC— cB:: tan. }(B + A):tan. J(B — A). Q.E.D.

to radius pE.

EXAMPLE I
In the plane triangle asc, ¢
AB 345 yards el
Givcn{ Ac 17407 yards ~ T
L4870 Q0 P,
Required the other parts. A ’
1. Geometrically. -

Draw ap = 345 from a scale of equal parts. Make the
angle A = 872 20. Set off Ac = 174 by the scale of equal
parts. Join BC, and it is done.

Then the other parts being measured, they are found to
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be ncarly as follow ; viz. the side Bc 293 yards, the angle
B 27, and the angle c 115°1. .

2. Arithmetically.

The side aB 845 From 1800 0¥
the side ac 17407 take 2aA 87 2
their sum 51907 sumofcand 3 142 40
their differ. 17093 half sum of do. 71 20

As sum of sides aB, Ac, - - 51907 log. 2:7152259
To diff. of sides An, Ac, - - 17093 - 2-2328183
So tang. half sum 2scands 71020 - 104712079
To tang. half diff. £zs cand B 44 16 - 9-9888903
these added give < ¢ 115 36
and subtr. give <3 27 4

Then, by the former theorem,

As sin. zc 1150 8G' or G40 24 - log. 99551259
To its op. side an 345 - - - 2:5378191
Sosin. of £ a 37020 - - . 97827958
To its fu g side BC 232 - - . 2:3654890

EXAMPLE II.

In the plane triangle asc,

A8 363 poles sc 309-86
Givcn{ Ac 15433 Ans.{ Z B 24° 45

ZAST1Y £c98 8

Required the other parts.

CXAMPLE III.

In the planc triangle asc,
A 120 yards AB 112-G6
Givcn{ Bc 112 yards Ans.{ LAST2T O
<c 570 58 89" <2864 34 21
Required the other parts.

TIIEOREM 111].

When the Three Sides of a Triangle are given.

Firsr, let fall a perpendicular from the greatest angle on
the opposite side, or base, dividing it into two scgments, and
the whole triangle into two right-angled triangles : then the
proportion will be,



12 PLANE TRIGONOMETRY.

As the base, or sum of the segments,
Is to thé sum of the other two sides;

+ So is the difference of those sides,
To the diff. of the segments of the base.

Then take half this difference of the segments, and add
it to the half sum, or the half base, for the greater segment,
and subtract the same for the less segment.

Hence, in each of the two right-angled triangles, there
will be known two sides, and the right angle opposite to one
of them ; consequently the other angles will be found by the
first theorem.

Demonstr. By theor. 35, Geom. the rectangle of the sum
and difference of the two sides, is equal to the rectangle of
the sum and difference of the two segments.  Therefore,
by forming the sides of thesc rectangles into a proportion by
theor. 76, Geometry, it will appear that the sums and dif-
ferences are proportional as in this theorem.

"N. B. Before you commence a solution of an example to
this case, ascertain whether the triangle be right-angﬂ*d or
not, by determining whether the squarc of the longest side
be equal or unequal to the sums of the squares of the other
two. If equal, the example may be referred to the notes to
theorem 1v. «

EXAMPLE I.

In the plane triangle anc, .6
Given {AB 345 yards /I\
. Ac 232
the sides | - 17407

To find the hnglcs.

1. Geometrically.

Draw the base AB = 345 by a scale of equal parts. With
radius 232, and centre A, describe an arc; and with radius,
174, and ceuntre b, describe another arc, cutting the former
in c. Join Ac, BC, and it is done.

Then, by measuring the angles, they will be found to be
vearly as tollows, viz.

L A7 £837°), and 2c 115°.

2. Arithmetically.
Having let fall the perpendicular cp, it will be,
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As the base AR : Ac 4 BC:: AC — BC: AP — 0P,
that is, as 345 : 40607 : : 5793 : 6818 = apr — bP,
its half is - 34-09
the half base is 172-50
the sum of these 1s 206:59 = ap
and their diff. is 138-41 = BP.

Then, in the triangle arc, right-angled at »p,

As the side AC - 242 - log. 28654880

To sin. op. Zr - 90° - - 10:0000000

So is the side  ar - 20659 - 23151093

To sin. op. £ Acp - 62° 56 - 99496213
which taken from - 90 00

leaves the 2 a LT 04

»c, right-angled at »,

As the side BC - - 17407 - log. 2:2407239

Tosin.op. 2Zrp - - 90 - - 100000000

So is.side np - - 18841 - - 21411675

To sin. op. 7 BCr - - 52'40° - - 99004436
which taken from - 90 00

leaves the 2 18 87 20

Also the zacr 62°56
added to ¢z Bcr 52 40
gives the whole £ acn 115 36

So that all the three angles are as follow, viz.
the Z A 27 4 the £ 1 37°20; the 2c 115° 36.

The angles a and n may also easily be found by the ex-

. AC BC .
pressions sec. A = =, SeC. B= o, or the equivalent logs.

EXAMPLE II.

In the plane triangle aBc,

Give an 365 poles £A5T 12
Given {AC 15433 - Ans.{ cu24 45
the sides | . 30086 Z¢c98 3

To tind the angles.

EXAMPLE I1II.

Gi » § an 120 A2 0o
et ) AC 112:65 Ans.) <1 57 58 59
the sides { ;. 112 LZc6s 84 21

To find the angles.
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The three, foregoing theorems include all the cases of
plane triangles, boﬁ? right-angled and oblique. But there
are other theorems suited to some particular forms of
triangles (see vol. iii.), which are sometimes more expeditious
in their use than the general ones: one of which, as the
case for which it serves so frequently occurs, may be here

explained.
THEOREM 1v.

IWhen a Triangle is Right-angled; any of the unknown
parts may be found by the fol?owing proportions : viz.

As radius

Is to either leg of the triangle ;

So is tang. of its adjacent angle,
To its opposite leg ;

And so 1s secant of the same angle,
To the hypothenuse. '

Demonstr. aB being the given leg, in the -
right-angled triangle aBc; with the centre
A, and any assumed radius Ap, describe an 7
arc DE, and draw DF perpendicular to am, K
or parallel to nc. Then it is evident, from ? s
the definitions, that p¥ is the tangent, and VT
AF the secant of the arc pE, or of the
angle A which is measured by that arc, to the radius ap.
Then, because of the parallcfs BC, DY, it will be, - - - - -
as AD : AB :: DF: Bc and :: AF : ac, which is the same as
the theorem is in words.

Note. ‘T'he radius is equal, either to the sine of 96°, or the
tangent of 45°; and is expressed by 1, in a table of natural
sines, or by 10 in the log. sines.

- EXAMPLE L

In the right-angled triangle anc,

Given{ t}."i 1;;::0.4717 lg,,z }To find ac and Bc.

1. Gceometrically.

Make AB=162 equal parts, and the angle A=53° 7" 48":
then raise the perpendicular Bc, meeting Ac in ¢.  So shall
Ac measure 270, and sc 216.
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2. Arithmetically

As radius - - log. 10-0000000
To leg AB - 162 - 22095150
So tang. ZA - 530 7 18" 10-1249371
To leg Bc - 216 - 2-:3344521
So secant £ A - 530 7 48" 102218477
To hyp. ac - 270 - 2:4313627

EXAMPLE II.

In the right-angled triangle anc,

... § the leg an 180 : § ac 392:0146
Given ) the £ 4 620 40/ Ans-) s 848-2464
T'o find the other two sides.
Note. There is sometimes given another method for right-
angled triangles, which is this:
- ABc being such a triangle, make onc
leg An radius; that is, with centre a,

and distance aB, describe an arc BF. F/i\\
Then it is evident that the other leg Bc G, \
represents the tangent, and the hypo- 7 :
thenuse Ac the secant, of the arc BF, or “\“B D
of the angle a. E

In like manner, if the leg Bc be made
radius; then the other lez Ar will re-
Ppresent ‘the tangent, and tie hypothenuse ac the secant, of
the arc nc or angle «.

But if the hypothcenuse be made radius; then €ach leg
will represent the sine of its opposite angle ; namely, the leg
an the sine of the are aE or angle ¢, and the leg Be the sine
of the arc ¢p or angle a.

Then the gencral rule for all these cases is this, namely,
that the sides of the triangle bear to each other thc same
preportion as the parts which they represent.

And this is called, Making cvery side radius.

Note 2. When therc are given two sides of a right-angled
triangle, to find the third side; this is to be found by the
property of the squares of the sides, in theorem 34, (:J‘reon_l.
viz. thathe square of the hypothenuse, or longest side, is
equal 8 both the squares of the two other sides together.
Therefore, to find the longest side, add the squares of the
two shoricr sides together, and extract the square root of

that sum:; but to find one of the shorter s:dﬁs, sLle?tract the
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one square from the other, and extract the root of the
remainder. Or, when the hypothenuse, u, and either the
base, B, or the perpendicular, r, are given: then half the
sum of'log. (x + p) and log. (1 — p) = log. B; and half
the sum of log. (1 + B) andg log. (H — B) = log. r.

When B and P are given, the following logarithmic
operation may sometimes be advantageously employed ; viz.

ind N the number answering to the log. diff., 2 log. p—log. n;
and make B + N = M: then, | (log. M + log. B) = log. n,
the hypothenuse.

The truth of this rule is evident : for, from the nature

2 l)‘.'

. P
of logarithms, - =N whence 8 + N = B + -- =

2 2
T m; and } (log. M + log. n) = | log. MB = | log.

(3% + »°) = log. /(8 + r°) = log. 1.

Or, still more simply, find 10 + the diff. (log. » — log. 5)
in the log. tangents. The corresponding log. sccant added
to log. B = log. 1.

Note, also, as many right-angled triangles in integer
numbers as we please may be found by making

m* + n® = hypothenuse
m: — = {:erpcndwular
2mn = base
m and n being taken at pleasure, m fgreatcr than ».
Before we proceed to the subject of Heights and Distances

we shall give,

A CONCISE INVESTICATION OF SOME OF THE MOST USEFUL
TRIGONOMETRICAL FORMULLE.

Let AB, AC, AD, be three arches, such that sc = cn, and
o the centre. Join Ao, oc, BD. Draw pie and ot per-
pendicular, and B1m || to 0. Join M@ and bisect it Ly the
radius oN; and draw AH || to BD.

AFhen is AR = sin. Ac

OH = COs. AC;
also DE = EQ = sin. AD
EK = OI = sin. AB

QK = Sin. AD 4 Sin. AB

- DK = 8in. AD — §in. AB
BI = IM =.C08. AB
OE = KI = COS. AD

MK = COS. AB + COS. AD

BK = COS. AB = COS. AD
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Because the angles at k are right angles :

arc BD + arc M@ = 180°, and arc nc + arc MN = 90°
.~ MP = PQ = 0G = C0S. DC = COS. BC;
also, because ac = L(AB 4 AD) = iBAQ = angle Aoc (at
centre) = BpQ (at circumf.) = BmMQ (on same arc)
.. triangles AOH, BDK, QMK, are equiangular.

Hence—
I. 0A: AH :: M@ : QK;
that is, rad. : sin. Ac :: 2 cos. BC : sin. AD + sin. AB
i{l. A0:0H::BD: DK;
or, rad. : cos. AC :: 2sin. BC : sin. AD — sin. AD
III. A0: 0H :: QM : MK ;
or, rad. : cos. AC :: 2 cos. BC : cos. AB + €0s. AD
IV. A0: Al :: DB: BK;
or, rad. : sin. AC :: 2sIn. BC : COS, AB — COS. AD ;

also,
V. BK . KM = DK . Ka, that is {cos. AB — cos. AD)
{cos. AB + cos.AD) = (sin AD — sin. AB) (sin. AD + sin. AB).

By reducing the above four proportions into cquations,

making rad. = 1, we obtain two distinct classes of formule,
thus:—

First Class. ac=a,cB=254; thenap=a+ ¥, aAB=a—10,

1. sin. (@ + b) + sin. (@ — b) = 2sin. @ cos. b
2. sin. (@ + b) — sin. (@ — B) = 2 cos.a sin. d
3. cos.(a — b) + cos.(a + b) = 2 cos.a cos. b
4. cos. (@ — b) — cos. (a + b) = 2sin. asin. b

Seccond Class. Ap = a, as = b; then ac = -}(a.;i- ),
BCc = L(a — D).

sin. a + sin. b = 2sin. 1(a + b) cos. L(a — b)
sin. @ — sin. b = 2 cos. 1(a + ) sin. L(a — b)
cos. b + cos.a = 2 cos. 1(a + &) cos. L(a — d)
€os. b — cos.a = 2 sin. 1(a + b) sin. (a — D)

P IR0

The first class is useful in transforming the products of
sines into simple sines, and the contrary.

The second facilitates the substitution of sums or differ-
ences of sines for.the products, and the contrary.

Taking the sum and the difference of equations 1 and 2,
also of 8 and 4, remembering that sin. = cos. tan. we obtain
the following :

VOL. 1I. c
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Third Class.

9. sin. (& + b) = sin. a cos. b+sin. b cos. a
= cos. @ cos. b (tan. @ + tan. d)
10. sin. (@ — b) = sin. a cos. b —sin. b cos. @
= cos. a cos. b (tan. a—tan. b)
11. cos. (@ + b) = cos. a cos. b—sin. a sin. b.
= cos. a cos. b (1 —tan. a tan. b)
12. cos. (8 — d) = cos. a cos. b +sin. a sin. b
= cos. a cos. b (1 +tan. a tan. ).
From these, making @ = 4, we readily obtain the ex-
pressions for sines and cosines of double arcs; also dividing
cquation 9 by 11, and equation 10 by 12, we obtain ox-
ressions for the tangents of @ 4+ b and « — b. 'Thus we
ave:—

Fourth Class.

18. sin. 26 = 2sin. « cus. a = 2 cos.’ ¢ tan. @

14. cos. 8a = cost a — sinta = cos.ta () — tan.?a)
sin. tan.a +tan. b

15. cos. (a+b) = tan. (a + ) = 1—tan. atan. b

sin. tan. a — tan. b
16. CT-S. (a — b) —1 ‘nn- ((I II) — i————+ t.'“'l—. m:-i?;i)

17. tan.2a = ————-—2 tan. a
1—tan.’ a
l-tane

18. cot. 2a = 2(«&-!'7.-:1—.

Substituting in the second class,
for sin. L(u+ b), cos. 1(a +0b) tan. 1(a + 1),
and for sin. ;(a — b), cos. (e —b) tan. }(a ~ &), we have : —

Fifth Class.
19. cos. b+ cos.a =2 cos. £(a + b) cos. ;(a—b). —See equa. 7.
20. cos. b — cos.a=tan. j(a + b) tan. }(a— ) 2 cos. ;(a + b)
cos. L (a— b) = tan. }(a+b) tan. L(a ~ b) (cos. b+ cos. a)
21. sin. a + sin. 8= tan. J(a +3) 2 cos. L(a +b) cos. H(a — D)
= tan. 1(a 1+ ) (cos. a +cos. b)
22, sin. a — sin. b= tan. L(a—b) 2 cos. L(a+0) cos. ;(a—D)
= tan. }(« —b) (cos. a +cos. b)
»q SiD-a +sinb _ tan. J(a+b)
" sin.a—sin.b "~ tan. {(a—b)’ from 21 and 22.
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sin. a +sin. & ,
" con atoond = tan. (a + 0): from 21.
o sin.a—s_in. b il Y.
26 cos.a +cos. b M i(a — b): from 22.

Examples for Exercise.

1. Demonstrate that in any right-angled plane triangle
the following properties obtain: viz.

X b :
a) E%:en =tan. ang. at base. (2.) p_%:e; =tan. ang. at vertex.

(3. E—;—?— =sin. ang. at base. (4.) =sin. ang. at vertex.

byp.
hyp. hyp.
5 — =
(5.) basa = Sec- ang. at base. (6.) perp._ sec. ang. at vertex.
2. Demonstrate that tan. A + sec. A = tan. (45° + 1aA).
2
3. Demonstrate that sec. 24 = m, and that
1—tan2a
9,4 = 1+4tan.ta sec.® A
COSEC. 24 = Stan.a — 2tan. A’

4. Given Azy = By®* + Dz*; to find x and y the sine and
cosine of an arc.

5. Demonstrate that of any arc, tan.® — sin.? = tan.? sin.%.

6. Demonstrate that if the tan. of an arec be = /=, the

i f th i s
sine o e same arc 1s = —
Va+l

OF HEIGHTS AND DISTANCES, &c.

By the mensuration and protraction of lines and angles,
are determined the lengths, heights, depths, and distances of
bodies or objects.

Accessible lines are measured by applying to them some

certain measure a number of times, as an inch, or a foot, or
c?2
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yard. But inaccessible lines must be measured by taking
angles, or by such-like method, drawn from the principles
of geometry.

' When instruments are used for taking the magnitude of
the angles in degrees, the lines are then calculated by trigo-
nometry : in the other methods, the lines are calculated from
the principle of similar triangles, or some other geometrical
property, without regard to the measure of the angles.

Angl)o;s of elevation, or of depression, are usually taken
cither with a theodolite, or with a quadrant, divided mto de-
ﬁrees and minutes, and furnished with a plummet suspended
rom the centre, and two open sights fixed on one of the
radii, or elsc with telescopic sights.

To take an Anglc of Altitude and Depression with the
Quadrant.

Let A be any object, as the sun. Ax
moon, or a star, or the top of a -
tower, or hill, or other eminence:
and let it be required to tind the

measure of the angle anc, which a L ¢
line drawn from the object makes »
above the horizontal line sc. i

Place the centre of the quadrant .

in the angular point, and move it

round there as a centre, till with one cye at b, the other
being shut, you perceive the object a through the sights ;
then will the arc cu of the quadrant, cut off by the plumb-
line BR, be the measure of the angle asc as required.

The angle asc of depression of )+ S ¢
any object A, below the horizontal
line B¢, is taken in the same manner; ¢
except that here the eye is applied to
the centre, and the measure of the
angle is the arc c11, on the other side
of the plumb-line.

The following examples are to be constructed and caleu-
lated by the ruﬁ:s of Trigonometry.

EXAMFLE

Having measured a distance of 200 fect, in a direct hori-
zontal line, from the bottom of a steeple, the angle of eleva-
tion of its top, taken at that distance, was found to be 47° 30/,
hence it is required to find the height of the steeple.
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Construction.

Draw an indefinite line ; on which set

parts, for the measured distance. Erect the indefinite per-

.21

off ac = molcqual

pendicular AB; and draw cp so as to make the angle ¢ =
47" 30, the angle of elevation; and it is done. Then as,
measured on the scale of equal parts, is nearly 218;.

Cualculation.
Asradins - - 10:0000000 e
To ac 200 - - 2-3010300
So tang. £ ¢ 47° 30 10-:03794775

To AB 21826 required 23389775

Or, by the nat. tangents, we have
200 x 1091308 = 2182616 = ab.

EXAMPLE I1I.

What was the perpendicular height

¢ A
AC X tan. BCA =

of a cloud, or of a

balloon, when its angles of clevation were 35° and 64°, as
taken by two observers, at the same time, both on the same
side of it, and in the same vertical planc; the distance be-
tween them being half a mile or 880 yards? And what was

its distance from the said two observers?

Construction.

Draw an indefinite ground line, on

which sct off the

given distance An = 880; then A and B are the places of
the observers. Make the angle A = 85° and the angle
B = 64°; then the intersection of the lines at ¢ will be the
place of the balloon: whence the perpendicular cp, being let

fall, will be its perpendicular height.

Then by mcasure-

ment are found the distances and height nearly as follow,

viz. ac 1631, Bc 1041, nc 936.

Calcwdation. l@,
First, from 2 B 64° ; }, ,
take <2a 35 i
leaves &4 acs 29 s

1
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Then in the triangle anc,

As sin. Z AcB 290 - - 9.6855712
. To op. side AB 880 - = - 20444827
Sosin. Z a 385° - - - 97685913
To op. side sc  1041-125 - - 90175028
As sin. £ Acn 9o - - - 9-6855712
To op. side Az 880 - - - 20444827
So sin. Z B 116° or 64 - - 9-9536602

To op. side ac 1631-442 3-2125717

And in the triangle BCD,

Assin. Z » 90° - - - 100000000
To op.side sc 1041125 - - 8-0175028
So sin. £ B G4° - - - 99536602
To op. side co 935757 - - 29711630

EXAMPLE 111,

Having to find the height of an obelisk standing on the
top of a declivity, I first measured from its bottom a distance
of 40 feet, and there found the angle, formed by the oblique
plane and a line imagined to go to the top of the obelisk,
419; but after measaring en in the same dircction 60 feet
farther, the like angle was only 23° 45. What then was
the height of the obelisk ?

Construction.

Draw an indefinite line for the sloping plane or declivity,
in which assume any point A for the bottom of the obelis{,
from which set off the distance ac = 40, and again cp = 60
equal parts. Then make the angle ¢ = 41°, and the angle
D = 23° 45 ; and the point B where the two lines meet will
be the top of the obelisk. Therefore aB, joined, will be its
height.—Draw also the horizontal line DE perp. to AB.

Calculation.

From the £ ¢ 41° 00
takethe 2 p 23 45
leaves the ¢ pBc 17 15
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Then in the triangle pBe,

As sin. Zpsc 17° 15 -
To op. side nc 60 -
Sosin. £p 23 45 -
Toop. sidecy 81'488 -

And in the triangle aBc,

As sum of sides ¢, ca 121-488
To diff. of sides cB, ca 41-488

So tang. £(A + B) - 69° 30’
Totang. X(A —B) - 42 24}
the diff. of theseis 2 csa 27 5%
the sum is Zcan 111 544
Lastly, as sin. £c¢Ba 27°5'% -
To op. side ca 40 -
So sin. Lc¢ - 4100 -
"To op. side aB 57623 -

94720856
147781513
9-6050820
19110977

20845333
146179225
10-4272623
99606516

9-6582842
1-6020600
9-8169429
17607187

Also the Z ApE = Bac — 900 = 210 54'}.

EXAMPLE 1V.

Woanting to know the distance between two inaccessible

trees, or other objects, from the top of a tower 120 feet
high, which lay in the same right line with the two objects,
I took the angles formed by the perpendicular wall and lines
conceived to be drawn from the top of the tower to the
bottom of each tree, and found them to be 33° and 64°},

What is the distance between the two objects ?

Construction.

Draw the indefinite ground line =

up, and perpendicular to it BA =
120 cquall parts. Then draw the
two lines ac, av, making the two
angles BAc, BAD, cqual to the
given measares 330 and 64°L.  So
shall ¢ and » be the places of the
two objects.
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Calcwlation. -
First, in tl-xe ?ig'l‘n-ant.-gled u—-ianglc ABC,

- 10-0000000

To aB - 120
So tang. £/ BAC  88°
Tosc - 77929

Then in the right-angled triangle anb,

As radius - -
To aB - - 120 -

20791812
9-8125174
1-8916986

- 10-0000000
20791812

So tang. £ BaD - 6430 - - 10-3215039

To Bp - 251:585 -
" From which take sc 77-929
leaves the dist. cp 173656, as required.

Or thus, by the natural tangents,

From nat. tan. pap - - 64° 30 = 20965436

Take nat. tan. cas - - 33 0 =

Difference -
If drawn into ar

I

The result gives cp

EXAMPLE V.

06494076

Being on the side of a river, and wanting to know the
distance to a house which was seen pon the other side, I mea-
sured 200 yards in a straight line by the side of the river ;
and then, at each end of this line of distance, took the hori-
zontal angle formed between the house and the other end of
the line; which les were, the one of them 68°¢ 2'; and
the other 78° 15'. hat were the distances from each end

to the house ?

Construction.

Draw the line A3 = 200 equal parts.
Then draw ac so as to make the angle
# = 68° 2/, and Bc to make the angle

‘=730 15. So shall the point c be the
plase of the house required.

The calculation, which is left for the student’s aerﬁw,

. gives ac = 30619, Bc = 206-54.:
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Exam. vi. From the edge of a ditch, of 36 feet wide,
surrounding a fort, having taken the angle of elevation of
the top of the wall, it was found to be 6%° 40': required the
height of the wall, and the length of a ladder to reach from
my station to the top of it? Ans. § beight of wall 69-64,

* L ladder, 784 feet.

Exam. vi. Required the length of a shoar, which being
to strut 11 feet from the upright of a building, will support
a jamb 23 feet 10 inches from the ground ?

Ans. 26 feet 8 inches.

Exaum. vizr, A ladder, 40 feet long, can be so placed, that
it shall reach a window 33 feet from the ground, on one side
of the street; and by turning it over, without moving the
foot out of its place, it will do the same by a window 21 feet
high, on the other side : required the breadth of the street ?

Ans. 56-649 feet.

ExaMm. 1x. A maypole, whose top was broken off by a
blast of wind, struflk the ground at 15 feet distance from the
foot of the pole: what was the height of the whole may}‘)o]e,
supposing the broken piece to measure 39 feet in length ?

Ans. 75 feet.

Exam. x. At 170 feet distance from the bottom of a tower,
the angle of its clevation was found to be 52° 30’: required
the altitude of the tower ? Ans. 22155 feet.

Exay. x1. From the top of a tower, by the sea-side, of
143 feet high, it was observed that the angle of depression
of a ship’s bottom, then at anchor, measured 35°; what was
the ship’s distance from the bottom of the wall?

Ans, 204-22 feet.

Exam. xn. What is the perpendicular height of a hill;
its angle of elevation, taken at the bottom of it, being 46°,
and 200 yards farther off, on a level with the bottom, the
angle was 31°? Ans. 28628 yards.

Exawm. xir. Wanting to know the height of an inacces-
sible tower ; at the least distance from it, on the same hori-
zontal plane, I took its angle of elevation equal to 58°; then
going 300 feet directly from it, found the angle there to be
only 82°: required its height, and my distance from it at the
first station ? Ans { height _807-53

" distance 192°15

Exam. xiv. Being on a horizontal plane, and wanting to

know the height of a tower placed on the top of an inacces-
sible hill ; I took the angle of elevation of the top of the hill
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402, and of the -top of the tower 51°; then measuring in a
line direttly from it to the distance of 200 feet fi , I
found the angle to the top of the tower to be 833° 45. What
is the height of the tower? Ans. 93'33148 feet.

ExauM. xv. From a window near the bottom of a house,
which seemed to be on a level with the bottom of a stteple,
I took the angle of elevation of the top of the steeple equal
40°; then from another window, 18 feet directly above the
former, the like angle was 37 30': required the height and
distance of the steeple. A height 210-44

151 distance 25079

Exam, xvi. Wanting to know the height of, and m
distance from, an object on the other side of a river, which
aﬁ[:l’ed to be on a level with the place where I stood,
c by the side of the river; and not having room to
measure backward, in the samec line, because of the im-
mediate rise of the bank, I placed a mark where I stood,
and measured in a direction from the object, up the ascend-
ing ground, to the distance of 264 feet, where it was evi-
dent that I was above the level of the top of the object;
thexe the angles of depression were found to be, viz. of the
mark left at the river’s side 42°, of the bottom of the object
270, and of its top 19°. Recquired the height of the object,
and the distance of the mark from its bottom ?

Auns { height 5726
* 1 distance 15050

Exau. xvir. If the height of thc mountain called the
Peak of Teneriffe be 2} miles, as it is very nearly, and the
angle taken at the top of it, as formed between a plumb-line
and a line conceived to touch the earth in the horizon, or
farthest visible point, be 88° 2'; it is required from thesc
measures to determine the magnitude of the whole carth,
and the utmost distance that can be seen on its surface from
thetop of the mountain, supposing the form of the carth to

be perfectly globular? ,
dist. 1350433 .
Al’{ﬂ.{ diam. 7018 § miles.

- Exam. xvint. Two ships of war, intending to cannonade
a fort, are, by the shallowness of the water, kept so far from
it, that they suspect their guns cannot reach it with effect.
In order therefore to measurc the distance, they separate
frovn:maeh other a quarter of a mile, or 440 yarde ; then each
ship.observes and measures the angle which the othership
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and the fort subtends, which angles are 880 45 and 850 15"
What is the distance between each ship and the fort ?
Ans, § 2292°96 yards.
' 229805

Exam. x1x. Wanting to know the breadth of a river, I
measured a base of 500 yards in a straight line close by one
side of it; and at each end of this line 1 found the angles
subtended by the other end and a tree, close to the bank on
the other side of the river, to be 53° and 79" 12. What
was the perpendicular breadth of the river? ™’

Ans. 52048 yards.

Exanm. xx. Wanting to know the extent of a piece of
water, or distance between two headlands; I measured from
cach of them to a certain point inland, and found the two
distances to be 735 yards and 840 yards; also the horizontal
angle subtended between these two lines was 55° 40. What
was the distance required ? Ans. 741-2 yards.

Exam. xx1. A point of land was observed, by a ship at
sea, to bear cast.by-south; and after sailing north-east 12
miles, it was found to bear south-cast-by-east. It is required
to determine the place of that headland, and the ship’s di-
stance from it at the last observation? Ans. 26-0728 miles.

Exam. xxi11. Wanting to know the distance between a
house and a mill, which were seen at a distance on the other
side of a river, I mcasured a base live along the side where
I was, of 600 yards, and at each end of it took the angles
subtended by the other end and the house and mill, which
were as follow, viz. at one end the angles were 58° 20/ and
95° 20/, and at the other end the like angles were 53° 30/
and 98° 45. What then was the distance between the house
and mill ? Ans. 9595866 yards.

Exam. xxir. Wanting to know my distance from an in-
accessible object o, on the other side of a river ; and having
no instrument for taking angles, but only a chain or cord for
measuring distanceg; from each of two stations, A and B,
which were taken at 500 yards asunder, I measured in a
direct like from the object o 100 yards, viz. ac and BD each
equal to 100 yards; also the diagonal Ap measured 550
yards, and the diagonal sc 560. bat was the distance of
the object o from each station A and B? .

Ans, § A0 536:81

nS. 3 Bo 500-47

Exam. xxiv. Ina ison besiéged are three remarkable
objects, A, B, C, the distances of which from esch other are
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discovered by means of a map of the place, and are as ‘fol-
low, viz. AB 266}, Ac 530, Bc 3271 yards. Now, having to
ercct a battery against it, at a certain spot without the place,
and being desirous to know whether my distances from the
three objects be such, as that they may from thence be bat-
tered with effect, I took, with an instrument, the horizontal
angles subtended by these objects from the station s, and
found them to be as follow, viz. the angle asp 13° 80, and
the angle Bsc 29° 50. Required the three distances, sa,
s8, sc; the object B being situated nearest to me, and be-

tween the two others A and c. s SA 7156714
Ans. 8B 53710

I sc 65530

Exaum. xxv. Required the same as in the last example,
when the object B is the farthest from my station, but still
scen between the two others as to angular position, and those
angles being thus, the angle ass 33° 45, and Bsc 22° 30,
also the three distances, ap 600, ac 800, sc 400 yards?

sa  710-3
Ans.g sp 1041-85
sc 93+14

Exam. xxvi. If pB in the figurc at pa. 2 represent a
portion of the carth’s surface, and p the point where the
levelling instrument is placed, then LB will be the difference
between the truc and the apparent level; and you are re-
“quired to demonstrate that, for distances not exceeding 5 or
6 miles measured on the carth’s surface, BL, estimated in
feet, is cqual to 3 of the square of Bp, taken in miles.

MENSURATION OF PLANES.

Tae Arca of any planc figure, is the measure of the
space contained witbin its extremes or bounds; without any
regard to thickness. -

% area, or the content of the plane figure, is estimated
by the number of little squares that may be contained in it;
tﬁye side of those little measuring squares beinﬁan inch, or a
foot, or a yard, or any other fixed quantity. And hence the
area or content is said to be so many square inches, or square
fect, or square yards, &c. ‘
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Thus, if the figure to be measured be .
the rectangle ABcp, and the little square 1
E, whose side is one inch, be the mea- ”
suring unit proposed: then as often as
the said little square is contained in the
rectangle, so many square inches the A B
rectangle is said to contain, which in the T
present case is 12. :

»

PROBLEM I.

To find the Arca of any Parallelogram ; whether it be a
Square, a Rectangle, a Rhombus, or a Rhomboid.

Mcrzieny the length b{ the perpendicular breadth, or
height, and the product will be the area *.

EXAMPLES.

Ex. 1. Tofind the area of a parallclogram, the length being
12:25, au:d breadth or height 8-5.
12-25 length
8-5 breadth

6125
9800

104-125 area.

* The truth of this rule is proved in the Geom. theor. 81,
cor. 2.

The same is otherwise proved thus: Let the foregoing rect-
angle be the figure proposed; and let the length and breadth be
divided ioto several parts, each equal to the linear measuring
unit, being here 4 for the length, and 3 for the breadth ; and let
the opposite points of division be connected by right lines.—
Then it is evident that these lines divide the rectangle into
a"number of little squares, each equal to the square measuring
unit ; and further, that the number of these little squares, or
the area of the figure, is equal to the number of linear mea-
suring units in the length, repeated as often as there are lincar
measuring units in the breadth, or height ; that fs, equal to the
length drawn into the height ; which here is 4 x 3 or 12.

And it is proved (Geom. theor. 25, cor. 2), that any oblique
parallelogram is equal to a rectangle, of equal Iength and per-

endicular breadth. Therefore the rule is general for all paral-
clograms whatever.
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Ex. 2. To find the area of a square, whose side is 8525
chains. Ans. 124 acres, 1 rood, 1 pesthr.
Ex. 3. To find the area of a rectangular board, whse
length is 12§ feet, and breadth 9 inches. Ans. 95 K
Ex. 4 "To find the content of a piece of land, in form of
a rhombus, its length being 6-20 cﬁnins, and perpendicular
breadth 5-45. ﬁns. 8 acres, 1 roocr,e 20 perches.
Ex. 5. To find the number of square yards of paipting in
a rhomboid, whose length is 87 feet, and height 5 feet 3
inches. Ans, 217, square yards.

PROBLEM 11

To find the Area of a Triangle.

Rure 1. MuLTIPLY the base by the perpendicular height,
and take half the product for the area *. Or, multiply the
one of these dimensions by half the other. .

%MMPLES.

Ex. 1. To find the area of a triangle, whose base is 625,
and perpendicular height 520 links?
Here 625 x 260 = 162500 square links,
or equal 1 acre, 2 roods, 20 perches, the answer.
Ex. 2. How many square yards contains the triangle,
whose base is 40, and perpendicular 30 feet ?
Ans. 66} square yards.
Ex. 8. To find the number of square yards in a triangle,
whose base is 49 feet, and height 25} feet.
Ans, 6853, or 68-7361.
Ex. 4. To find the area of a triangle, whosc base is 18
feet 4 inches, and height 11 feet 10 inches?
Ans. 108 feet, 5% inches.

RouLk 11. When two sides and their contained angle are
iven : Multiply the two given sides together, and take half
ﬂ‘;ir product : n say, as radius is to the sine of the given

angle, so is that half product, to the area of the * °

* The truth of this rule is evident, because amy triangle is.
the half of a parallelogram of equal base and altitude, by
Geom. theor. 26. .
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Or multiply that half prgduct by the nntural sme of the
‘Emd ;ngle, ;cr:ll-ythc area®. P y

Ex. 1. What is the area of a triangle, whose two mdes are
30 and 40, and their contained angle %8 571

By Natural Numbers. By Logarithms.

First, } T x 40 x 30 = 600,
then, 1 : 600 :: 484046 sin. 280 57 log. 9-684887
600 2778151

Answer 2904276 the area answ. to 2463038

Ex. 2. How many square yards contains the triangle of
which one angle is 45°, and its containing sides 25 and 213
feet? Ans. 20-86947.

RuLe . When the threc sides are given: Add all the
threc sides together,-aind take half that sum. Next, subtract
cach side scyerally from the said half sum, obtam three
remainders. Then multiply the said half sum those
three remainders all together, and egtract the square root of
the last product, for the area of the triangle t.

* For, lét an, ac, be the two Ignven sides,
including the given angle a. ow {aB x
cr is the area, by the first rule, cp being
the perpendicular. But by trigonometry,
as sin. / P, or radius: Ac::sin. Z A : cp,
which is therefore = Ac X sin. £ a, taking
radius = 1. Therefore the area {aB X cm.
is = £AB X AC X sin. Z A, to radius 1; or,
as radius : sin. Z A :: $AB x Ac: the arca.
+ For, let b denote the base aB of the triangle asc (see the
last fig.), also a the side ac, and c the gide Bc. Then, by theor. 3,
Trigon. as b:a+c::a—c‘;,g-a = ap - pB the diff. of

the segments; .
aa—cc _bb+aa—cc

theref. 16 + o8 = the segment ar;
hence Jm = the perp. cp, that is,

V (aa (6b+aa—cc')) - - .. ..
JQa’b"-— a* + 252t —b* + 2a%c2—c* ' = cr.

4bb
But faB x cp is the area, that is,
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If the sides of the triangle be large, then add the logs. of
the half sum, and of the three remainders together, half
their sum will be the log. of the arca.

Ex. 1._To find the area of the triangle whose three sides
are 20, 80, 40.

20

45 45 45
30 20 30 40
40 —_ -— —_
_— . 251strem. .152d rem. 5 3d rem.
2) 90 — — —_
45 half sum

Then 45 x 25 x 15 x 5 = 84375,
The root of which is 200:4737, the areca.
Ex. 2. How many squarc yards of Pplas.tcring; are in a
triangle, whose sides are 30, 40, 50 feet ? Ans. 662.
Ex. 3. How many acres, &c. contains the triangle, whose

sides are 2569, 4900, 5025 links ?
Ans. 61 acres, 1 rood, 89 perches.

PROBLEM III.
To find the Area of a Trapezoid.

App together the two parallel sides; then multiply their
sum by the perpendicular breadth, or the distance between
them ; and take half the product for the area. By Geom.
theor. 29.

1 x cr = ~/2(:’%"--«!"-}-211”01'-’6—- 0+ 2a%ct—c*
- J(aa bb 4cc+2bcx_aa+bb4+cc+2bc) (A)
a+b+c —a+b+c a—b+c a+bd—c

=V XX )
= {sx (s—a) x (8—06) x (s —c)}, which is the rule,
where s denotes half the sum of the three sides.

The expression marked (A), if we put s = b + ¢, and d for
b — c, is equivalent to 4/ { (a®— d?)(s* — d%)} ; which, in most
cases, furnishes a more commodious rule for practice than rule
uie here given; especially if the computcr have a table¢ of
squares at hand. ‘
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Ex. 1. In a trapezoid, the parallel sides are 750 and 1225,
and the perpendicular distance between them 1540<lmks: to
find the area. -

1225
750

1976 x 770 = 152075 square links = 15 acr. 83 perc.

Ex. 2. How many square fect are contained in the plank,

whose length is 12 feet 6 inches, the breadth at the greater
end 15 inches, and at the less end 11 inches?

Ans. 1311 feet.

Ex. 3. In measuring along one side AB of a quadrangular

field, that side, and the two perpendiculars let fall on it from

the two opposite corners, measured as follow : required the

content.
AP 110 hinks N D

AQ = T4 D
1110 ¢~

AB

cr = 352 : :

ve = 595 : R
792 perch8s. A Q@ T

Ans. 4 acres, 1 rood, 5

.

PROBLEM IV, ~

To find the Area of any Trapezium.

DivipE the trapezium into two triangles by a diagonal ;
thc'n find the areas of these triangles, and add them to-
clher,
B Or thus, let fall two perpendiculars on the diagonal from
the other two opposite angles; then add these two perpen-
diculars together, and multiply that sum by the diagonal,
taking half the product for the area of the trapezium.

Ex. 1. To find the area of the trapezium, whose diagonal
is 42, and the two perpendiculars on it 16 and 18.

Here 16 4+ 18 = 34, its half is 17.
Then 42 x 17 = 714 the area.

Ex. 2. How many square yards of paving are in the tra-
zium, whose diagonal is feet, and the two perpen-
diculars lct fall on it 28 and 834 feet?  Ans. 222;%; yards.
Ex. 8. In the quadrangular field Ascp, on account of ob-
structions thege could only be taken the following measures,
viz. the two gides Bc 265 and Ap 220 yards, the diagonal
Ac 378, and the two distances of the perpendiculars from the
VOL. 11, D



34 MENSURATION

ends of the diagonal, namely, AE 100, and cF 70 yards.
Require® the construction of the figure, and the area in
acres, when 4840 square yards make an acre ?

. an. 17 acres, 2 roods, 21 perches.

PROBLEM V.

To find the Arca of an Irregular Polygon.

Draw diagonals dividing the proposed polygon into tra-
peziums and triangles. Then find the areas of all these
separately, and add them together for the content of the
whole polygon.

ExampLE. To find the content of the irregular figure
ABCDEFGA, in which arc given the following diagonals and
perpendiculars: namely.

AC B
F¥p 59
e 4+
Gm 13 T
nn 18 A

o 12

Lp 8 ,
ng 29

Ans. 1878:.

PROBLEM VI.

To find the Area of a Regulur Polygon.

RuLE 1. MuLTirLy the perimeter of the polygon, or sum
of its sides, by the perpendicular drawn from its centre on
one of its sides, and take half the product for the arca *.

Ex. 1. To find the area of a regular pentagon, each side
being 25 fect, and the perpendicular from the centre on each
side 17-2047737.

Here 25 x 5 == 125 is the perimeter.
And 172047737 x 125 = 2150-5967125.
Its half 1075-298356 is the area sought.

* This is only in effect resolving the polygon into as many
equal triangles as it has sides, by drawing lines from the centre
to all the angles ; then finding their areas, and adding them all
together.
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RuLe 11. Square the side of the polygon; then multiply
that square by the tabular area, or multiplier set against its
name in the following table, and the product will be the

area®,

No. of Names Arcas, or Radius of cir-
Sides. ames. Multipliers. cum. citcle.
3 | Trigon or triangle 04330127 03773503
4 | Tetragon or square 10000000 0-7071068
] Pentagon 1-7204774 0-8506508
G | Hexagon 23980762 1-0000000
7 | Heptagon 30359121 1-1523824
8 Octagon 4RI8 1271 1'3065628
9 Nonagon G- 1818242 14619022
10 Decagon 709 12088 [-G1803-40
1 U'ndecagon 93656399 177147321
12 Dudecagon HE-1061H2 1-0318517

Exam. Taking here the same example as before, namely,
a pentagon, whose side is 25 fecet.

Then 25" being = 625,

And the tabular arca 1-7204877 45

Theref. 1-7204774 x 625 = 1075-298375, as before.

Ex. 2 To find the area of the trigon or equilateral tri-
angle, whose side is 20, Ans. 1765-20508.

Ex. 8. To find the area of the hexagon whose side is 20.

Ans, 1039-23048.

Ex. 1. To tind the area of an octagon whose side is 20.

Ans. 1951-3708 1.

Ex. 5. To find the area of a decagon whose side is 20,
Ans, 8077-6835:2.
Note If ag = 1, and # the number of sides of the poly-
gon, then area of polygon = n times area of the triangle
ABC = n aAD. DC =2 Ab tan. cab (1o rad. Ap) = }n tan. cAp

* This rule is founded on the property, that like polygons,
being similar figures, are to one another as the squares of their
like sides; which is proved in the Geom. theor. 89. Now, the
multipliers in the table, are the areas of the respective polygons

to the side 1. Whence the rule is manifest.
D2
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= }n cot. ACD = }n cot. 1&:‘0" The ra-

dius of the circumscribing circle, to side 1,
is evidently equal to } sec. cap. Multi-
plying, therefore, the radius of the table by
the numeral valuc of any proposed side, the
product is the radius of a circle in which
that polygon may be inscribed: and from which it may
readily be constructed. .

PRORLEM VI1I.

To find the Diameter and Circumference of any Circle, the
once from the other.

This may be done nearly by either of the four following
proportions., )

viz. As 7 is to 22, so is the diameter to the circumference.

Or, As 1 is to 3:1410, so is the diam. to the circumf.

Or, As 113 10 855, so is the diam. to the circumf.®

And, as 1: 318309 :: the circumnf’ : the diameter.

* For let aBcp be any circle, whose centre
is £, and let aB, Bc be any two equal arcs.
Draw the several chords as in the figure, and
join BE; also draw the diameter va, which
produce to ¥, till BF be cqual to the chord an.

Then the two isosceles triangles DEB, DRF,
are equiangular, because they have the angle
at D common; conscquently DE : DB :: DB : DF.
But the two triangles aFn, pcs are identical,
or equal in all respects, because they have the
angle r = the angle Bnc, being each equal to
the angle ApB, these being subtended by the
equal arcs aB, BC; also the exterior angle FAB of the quadrangle
ABCD, is equal to the opposite interior angle at c; and the two
triangles have also the side sr = the side Bp; therefore the
side AF is also cqual to the side pc. Hence the proportion
above, viz. DE : DB:: DB: DF = DA + AF, becomes pe: pB ::
p3: 2pE + vc. Then, by taking the rectangles of the extremes

" and means, it is DB? = 2DE® 4 DE . DC.
Now, if the radius pe be taken = 1, this expression becomes

pB? = 2 + pc, and hence the root np = /2 4+ pc. That is,
if the measure of the supplemental chord of any arc be increased
by the number 2, the square root of the sum will be the supple-
mental chord of half that arc.

Now, to apply this to the calculation of the circumference of
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Ex. 1. To find the circumference of the circle whose dia-

meter is 20.
By the first rule, as 7 : 2 20 : 624, the answer.

Ex. 2. If the circumference of the earth be 24877-4 miles,
what is its diameter ?

the circle, let the arc ac be taken equal to } of the circum-
ference, and be successively bisected by the above theorem :
thus the chord ac of } of the circumference, is the side of the
inscribed regular hexagon, and is therefore equal to the radius
AE or 1: hence, in the right-angled triangle acp, it will be pc
= A AD® — AC? = /2% — |? = /3 = 17320508076, the sup-
plemental chord of } of the periphery.

Then, by the foregoing theorem, by always bisecting the
arcs, and adding 2 to the last square root, there will be found
the supplemental chords of the 12th, the 24th, the 48th, the
96th, &c., parts of the periphery ; thus,

/37320506076 = 193185165257 & [ %
A/3:0318516525 = 1-9828897227 | £ | & §
/3-0828897227 = 140957178465 | S5 |
V39937178465 = 199301743 (T2 ) &
/39989291743 = 149997392757 (32 13: &
/39997322757 = 19999330678 | 2 = | 5is
30999330678 = 19999832669 | = £ | Jis
¥/3-0900832660 = - - « - ~ ~--] 8 Lode

Since then it is found that 3:9999832669 is the square of the
supplemental chord of the 1536th part of the periphery, let this
number be taken from 4, which is the square of the diaméter,
and the remainder 0°0000167331 will be the square of the chord
of the said 1536th part of the periphery, and consequently the
root ,/0:0000167331=0-00409061 12 is the length of that chord;
this number then being multiplied by 1536 gives 6-2831788 for
the perimeter of a regular polygon of 1536 sidesinscribed in the
circ{; ; which, as the sides of the polygon nearly coincide with
the circumference of the circle, must also express #he length of
the circumference itself, very nearly.

But now, to show how near this determination |
is to the truth, let AQ¢ = 0-0040906112 represent
one side of such a regular polygon of 1536 sides,
and srr a side of another similar polygon de-
scribed about the circle; and from the centre E
let the perpendicular EQr be drawn, bisecting ap
and sT In @ and . Then since AQ4is = } AP =
00020453056, and A" = 1, therefore Q% = Ea®
— aQ? = 9999958167, and consequently its root E
gives kQ = ‘9999979084 ; then because of the
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By the 2d rule, as 3-1416 : 1 :: 248774 : 79187 ncarly
the diameter.

By the 3d rule, as 855 : 113 : : 248774 : 79187 nearly.

By the 4th rule, as 1 : -318309 : : 248774 : 79187 ncarly.

PROBLEM VIII.

To find the Length of any Are of a Circle.

MurtipLy the decimal 017453 by the degrees in the
given arc, and that product by the radius of the circle, for
the length of the arc *.

Ex. I. To find the length of an arc of 50 degrees, the

radius being 9 feet. Ans. +71231.
Ex. 2. To find the length of an arc of 12° 10, or 12",
the radius being 10 fect. Ans. 21231,

parallcls ar, 8T, it iISEQ:ER :: ap: sT : : as the whole inscribed
perimeter : to the circumscribedne, that is, as *9999979084 : 1
1 6:283178% : 6:2831920 the perimeter of the circumscribed
polygon. Now, the circumference of the circle being greater
than the perimcter of the inner polygon, but less than that of the
outer, it must consequently be greater than G-2831788,

but less than 6 2831920,
and must therefore be nearly equal to } their sum, or 62831854,
which in fact is true to the last figure, which should be a 3, in-
stead of the 4.

Hence the circumnference being 6:2831854 when the diameter
is 2, it will be the half of that, cr 31415927, when the diameter
is 1, to which the ratio in the rule, viz. 1 to 3-1416, is very near.
Also the first ratio in the rule, 7 to 22 or | to 31 = 3-1428 &c.
is another near approximation. But the third ratio, 113 to
355, = 1 to 3-1415929, is the ncarest.

* It having been found, in the demonstration of the foregoing
problem, that when the radius of'a circlg is 1, the length of the
whole circumference is (02831854, which consists of 360 degrees;
therefore as 36C° : 6:2831854 :: 1°: '017453, &c. the length of
the arc of 1 degree. Hence the decimal -017453 multiplied by
any number of degrees, will give the length of the arc of those
degrecs. And because the circumnferences and arcs arc in pro-

rtion as the diameters, or as the radii of the circles, theretore
as the radius 1 is to any other radius 7, so is the length of the
arc above mentioned, to ‘017453 X degrees in the arc x 7,
which is the length of that arc, as in the rule.
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TROBLEM IX.
To find the Area of a Circle*.

Rute 1. MuvrtieLy half the circumference by half the
diameter. Or multiply the whole circumference by the
whole diameter, and take } of the product.

RuLE 11. Square the diameter, and multiply that square
by the decimaln'w7854-, for the area.
» RuiLe . Square the circumference, and multiply that
squarc by the decimal -07958.
Ex. 1. To find the area of a circle whose diameter is 10,
and its circumference 31'416. :

By Rule 1. By Rule 2. By Rule 3.
31416 7854 31-416
10 100 = 100 31416
4) 31416 . 986-965
T8-54 Teo 07958
7851

So that the arca is 78-54 by all the three rules.

Ex. 2. To find the arca of a circle, whose diameter is 7,
and circumference 22. Ans. 38..
Iix. 3. How many square yards are in a circle, whose
iameter is 9 foet ? Auns. 1-069
diameter is 82 feet ns. .
Ex. 4. 'To find the arca of a circle, whose circumference

1s 12 feet. Ans. 11'4595.

% The first rule is proved in the Geon. theor. 94,

And the 2d and 3rd rules are deduced from the first rule, in
this manner.—By that rule, dc < 4 is the area, when d denotes
the diamcter, and ¢ the circumference. But, by prob. 7, cis =
3-1416d ; thercfore the said area dc < 4, becomes d x 3:1416d
+ 4 = '7854d%, which gives the 2d rula—Also, by the same
prob. 7, d is = ¢ < 3:1416; therefore again the same first area
de 4+ 4, becomes (c=-3'1416) x (c=4) = 2125664, whlcp is
=¢® x '07938, by taking the reciprocal of 12:5664, or changing
that divisor into the multiplier -07958 ; which gives the 3d rule.

Corol. Hence the areas of different circles are in proportion to
one another, as the square of their diameters or as the square of
their circumferences; as before proved in the Geom. theor. 93.
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PROBLEM X.

To find the Area of a Circular Ring, or of the Space in-
chuded between the Circumferences gf two Circles ; the onc
being contained within the other.

Taxe the difference between the areas of the two circles,
as found by the last problem, for the area of the ring.—Or,
which is the same thing, subtract the squarg of the less dia-
meter from the square of the greater, nndaﬁltiply their dif-
ference by -7854.—Or, lastly, multiply the sum of the dia-®
meters by the difference of the same, and that product by
71854 ; which is still the same thing, because the product of
the sum and difference of any two quantities, is equal to the
difference of their squares.

Ex. 1. The diameters of two concentric circles being 10
and 6, required the area of the ring contained between their
circumferences.

Here 10 + 6 = 16 the sum, and 10 — 6 = 4 the diff.
Therefore *7854 x 16 x 4 = 7854 x 64 = 50-2656,

the area.
Ex. 2. What is the area of the ring, the diamecters of
whose bounding circles ure 10 and 207? Ans. 235-62.

PROBLEM XI.

To find the Area of the Sector of a Circle.

RoiE 1. MurTiery the radius, or half the diameter, by
balf the arc of the sector, for the area. Or, multiply the
whole diameter by ghe whole arc of the sector, and take }
of the product. ‘The reason of which is the same as for the
first ru?e to problem 9, for the whole circle.

Rure 11. Cempute the area of the whole circle : then say,
as 860 is to the d‘;grees in the arc of the scctor, so is the
arca of the whole circle, to the area of the sector.

This is cvident, because the sector is proportional to the
length of the arc, or to the degrees contained-in it.

Ex. 1. To~find the area of a circular sector, whose arc
contains 18 degrees; the diameter being 3 feet.

1. By the first Rule.
First, 31416 x 3 = 9-4248, the circumference.
And 360 : 18 :: 9-4248 : -47124, the length of the arc.
Then ‘47124 x 8 <= 4 = 141872+ 4 = 35343, the arca.
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2. By the 2d Rule.
First, “7854 x 3% = 7-0686, the area of the whole circle.
Then, as 860 : 18 :: 7-0686 : 35348, the area of the
sector. ®
Ex. 2. To find the area of a sector, whose radius is 10,
and arc 20. Ans. 100.

Ex. 3. Required the arca of a sector, whose radius is 25,
and its arc containing 147° 2. Ans. 804-3986.

PROBLEM XII.
To find the Area of a Segment of a Circle.

RvuLE 1. FinD the area of the sector having the same arc
with the segment, by the last problem.

Find also the area of the triangle, formed by the chord of
the segment and the two radii of the sector.

Then add these two together for the answer, when the
scgment is greater than a semicircle: or subtract them when
it 1s less than a semicircle.—As is evident by inspection.

Ex. 1. To find the area of the segment ACBDA, its chord
AB being 12, and the radius AE or cE 10.

FirsT, As AE :sin. £ D 90°:: AD : sin.
36° 52" = 3687 degrees, the degrees in the

£ aecor arc Ac. Their double, 7374, are AN }é
the degrees in the whole arc acs. . . i
Now *7854 x 400 = 31416, the area of - %

the whole circle.

Therefore 3G0° : 73-74 : : 8314-16 : 64-3504, area of the

sector ACRE.

Again, ~AE* — ADp® = /100 — 36 = /64 = 8 = DE.

Theref. AD x pE = 6 x 8 = 48, the area of the triangle
AEB.

Hence sector AcBE — triangle AEB = 16:3504, area of
seg. ACBDA.

RuLe 11. Multiply the square of the radius of the circle
by either half the c?i%erence of the arc acB and its sine (both
to the radius 1), or half the sum of the arc and its sine, ac-
cording as the segment is less or greater than a semicircle ;
the product will be the area. ,

he reason of this rule, also, is evident from an inspection
of the diagram.

Exam. the same as before, in which aB = 12, aAE = 10;
and from the former computation arc acs = 73° 44%.
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Then, by Hutton’s Mathematical Tables, pp. 840, &c.
arc 78° 442, to radius 1 = 1-2870059
sin. 78° 44';, to radius 1 9600010

& 3270069

1635034
whence, 1635034 x 102 = 16-35034, the area of the seg-
ment ; very nearly as before. °
Ex. 2. What is the area of the segment, whose height is
18, and diameter of the circle 50 ? Ans. 636-375.
Ex. 8. Required the area of the segment whose chord is
16, the diameter being 20 ? Ans. 44728, or 69-13:2.

PROBLEM XITI.
To measure long Irregular Figures.

TAKE or measure the breadth at both ends, and at several
places, at equal distances. Then add together all these in-
termediate breadths and half the two extremes, which sum
multiply by the length, and divide by the number of parts,
for the arca®.

* This rule is made out as follows:

—Let ancp be the irregular piece; \3\ J
having the several breadths ap, E¥, 4 Jd
GH, 1K, BC, at the e distances AE, < S T

EG, GI, 1B. Let th veral breadths

in order be denoted by the corre:

sponding letters a, 4, ¢, d, e, and the whole length an by Z; then
compute the areas of the parts into which the figure is divided
by the perpendiculars, as so many trapezoids, by prob. 3, and
add them all together. Thus, the sum of the parts is,

a;bXAz+b—‘jfxua+‘i—t(—1xct+‘—li‘-'xxly

2 2
_a+l) b+c¢

c+d d+ ¢

=— i+ - xil+%‘x.’tl+ ; x 3
=@a+btetd+ i) xY=m+btct+d) i,

which is the whole arca, agreeing with the rule : m being the
arithmetical mcan between the extremes, or half the sum of
them both, and 4 the number of the parts. And the same for
any other number of parts whatever.
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Note. If the perpendiculars or breadths be not at equal
distances, compute all the parts separatcly, as so many trape-
zoids, and add them all together for the whole area.

Or clse, add all the pgrpendicular breadths together, and
divide their sum by the number of them for the mean
breadth, to multiply by the length; which will give the
whole area, not far from the truth.

Ex. 1. The breadths of an irregular figure, at five equi-
distant é)laces, being 82, 74, 9-2, 10-2, 8:6; and the whole
lemgth 39 ; required the arca.

82 852 sum.
86 39

'2) 16°8 sum of the extremes. 3168

8+ mcan of the extremes. 1056

T4 4) 13728
92 313:2 Ans.
102

352 sum.
Ex. 2. The length of an irregular figure being 84, and the
breadths at six equidistant places 17-4, 20°6, 142, 16-5, 20-1,
24-4; what 1s the arca? Ans. 155064

PROBLEM XIV.

To find the Arca of an Ellip.s'is‘ or Oval.
MurrirLy the longest diameter, or axis, by the shortest ;
then multiply the product by the decimal 7854, for the
arca. As appears from cor. 2, theor. 3, of the Ellipse, in
the Conic Scctions. |
Ex. 1. Required the area of an ellipse whose two axes

arc 70 and 50. Ans. 2748°9.
Ex. 2. To find the arca of the oval whose two axes arc
24 and 18. Ans. 839-2928.

PROBLEM XV.

To find the Arca of an Elliptic Scgment.

Finp the area of a corresponding circular segment, having
the same height and the same vertical axis or dianteter. Then



44 MENSURATION

say, as the ?id vertical axis is to the other axis, parallel to
the segment’s base, so is the area of the circular segment
before found, to the area of the elliptic segment sought.
This rule also comes from cor. 2, theor. 3, of the Ellipse.

Ex. 1. To find the area of the elliptic segment, whose
height is 20, the vertical axis being 70, and the parallel
axis 50. . Ans. -18.

Ex. 2. Required the arca of an clliptic segment, cut off
parallel to the shorter axis; the height being 10, and the
two axes 25 and 35. Ans. 162-03.

Ex. 3. To find the area of the elliptic segment, cut off
parallel to the longer axis; the height being 5, and the axes
25 and 35. Ans, 97-8425.

PROBLEM XVI.

To find the Arca of a Parabola, or its Scgment.

MuLrTiPLy the base by the perpendicular height; then
take two-thirds of the product for the area. As is proved
in theorem 17 of the Parabola, in the Conic Sections.

Ex. 1. To find the arca of a parabola ; the height being 2,
and the base 12.
Here 2 x 12 = 24. Then } of 24 = 10, is the arca.

Ex. 2. Required the arca of the parabola, whosc height is
10, and its basc 16. Ans. 1063.

MENSURATION OF SOLIDS.

Br the Mcnsuration of Solids arc determined the spaces
included by contiguous surfaces; and the sum of the mea-
sures of tg’esc including surfaces is the whole surface or
superficics of the body.

The measure of a solid, is called its solidity, capacity, or
content.

Solids are measured by cubes, whose sides are inches, or
feet, or yards, &c. And hence the solidity of a body is said
to be so many cubic inches, feet, yards, &c. as will fill its
capacity or space, or another of an equal magnitude.

The least solid -measure is the cubic inch, sther cubes
being taken from it according to the proportion in the fol-
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lowing table, which is formed by cubing the linear pro-
portions.

Table of Cubic or Solid Measures.

1728 cubic inches make 1 cubic foot
27 cubic feet - 1 cubic yard
166§ cubic yards - 1 cubic pole
64000 cubic poles - 1 cubic furlong
512 cubic furlongs 1 cubic mile.

PROBLEM I.

To find the Supcrficies of a Prism or Cylinder.

MurripLy the perimeter of one end of the prism by the
length or height of the solid, and the product will be the
surface of all its sides. To which add also the area of the
two ends of the prism, when required *.

Or, compute t\xe areas of all the sides and ends separately,
and add them all together.

Ex. 1. To find the surface of a cube, the length of each
side being 20 fect. Ans. 2400 feet.

Ex. 2. To find the whole surface of a triangular prism,
whose length is 20 feet, and each side of its end or base 18
inches. Ans. 91948 feet.

Ex. 8. To find the convex surface of a round prism, or
cylinder, whose length is 20 feet, and the diameter of its
base is 2 feet. Ans. 125°664.

Ex. 4. What must be paid for lining a rectangular cistern
with lead, at 3d. a pound weight, the thickness of the lead
being such as to weigh 7lb. for each square foot of surface ;
the 1nside dimensions of thc cistern being as follow, viz. the
length 3 feet 2 inches, the breadth 2 feet 8 inches, and depth
2 feet 6 inches? Ans. 8l. 5s.93d.

* The truth of this will easily appear, by considering that the
sides of any prism are parallelograms, whose common length is
the same as the length of the solid, and their breadths taken all
together make up the perimeter of the ends of the same.

And the rule is evidently the same for the surface of a
cylinder.
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PROBLEM IT.
To find the Surface of a Pyramid or Conc.

MuvrTIpLY the perimeter of the base by the slant height,
or length of the side, and: halt’ the product will evidently be
the surface of the sides, or the sum of the areas of all the
triangles which form it. To which add the area of the end
or base, if requisite.

Ex. 1. What is the upright surface of a triangular pyra-
mid, the slant height being 20 feet, and cach side of the
base 3 fect? Ans. 90 feet.

Ex. 2. Required the convex surface of a cone, or circular
pyramid, the slant height being 50 feet, and the diameter of
1ts base 8! feet. Ans. 667-54).

PROBLEM III.

To find the Surfacc of the Frustum of « Pyramid or Cone,
being the lower part, when the top is cut off by a plun
parallel to the busc.

Apb together the perimeters of the two ends, and multi-
ply their sum by the slant height, taking half the product
for the answer.— As is evident, beeause the sides of the solid
are trapezoids, having the opposite sides’ parallel.

Ex. 1. How many square feet are in the surface of the
frustum of a square pyramid, whose slant height is 10 feet;
alo cach side of the base or greater end being 8 teet 4inches,
and cach side of the less end 2 teet 2 inches 7 Ans. 110 feet,

Ex. 2. To find the convex surface of the frustum of a
cone, the slant height of the frustum being 127 feet, and

the circumferences of the two ends 6 and 84 {eet.
Ans. 90 feet.

PROBLEM 1V.
To find the Solid Content of any Prism or Cylinder.

Fixp the arca of the base, or end, whatever the figure
of it may be; and multiply it by the length of the prism or
cylinder, for the solid content*,

* This rule appears {rom the Geom. theor. 110y cor. 2. The
same is more particularly shown as follows: Let the annexed
Ld -
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Note. For a cube, ta}e the cube of its side by multiplying
this twice by itself; and for a parallelopipedon, multiply the
length, breadth, and depth all together, for the content.

Ex. 1. To find the solid content of a cube, whose side is
24 inches. Ans. 13824.

Ex. 2. How many cubic feet are in a block of marble, its
length being 3 feet 2 inches, breadth 2 fect 8 incheg, and
thickness 2 feet 6 inches? Ans. 21}

Ex. 3. How many gallons of water will the cistern con-
tain, whosc dimensions are the same as in the last example,

when 2774 cubic inches are contained in one gallon ?
Ans, 131-53.

Ex. 4. Required the solidity of a triangular prism, whose
length is 10 feet, and the three sides of its triangular end or
bascare 3, 4, 5 feet. Ans. 60.

Ex. 5. Requircd the content of a round pillar, or cylinder,
whose length 1s 20 fect, and circumference 5 feet 6 inches.

Ans. 48:1459 fect.

rectangular parallelopipedon be the
solid to be measured, and the cube
r the solid measuring unit, its side
being 1 inch, or 1 foot, &c. ; also, let
the length and breadth of the basc
ancp, and also the height aAH, be
each divided into spaces equal to the
length of the basc of the cube r,
namely, here 3 in the length and 2
in the breadth, making 3 times 2 or
G squares in the base ac, each equal
to the base of the cube r. Hence it
is manifest that the parallelopipedon will contain the cube r, as
many times as the base ac contains the base of the cube, re-
peated as often as the height am contains the height of the
cube. That is, the content of any parallelopipedon is found, by
multiplying the area of the base by the altitude of that solid.

And because all prisms and cylinders are equal to parallclo-
pipedons of equal bases and altitudes, by Geom. theor. 108, it
follows that the rule is general for all such solids, whatever the
figure of the base may be,
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PROBLEM V.

To find the Content of any Pyramid or Cone.

FixnD the area of the base, and multiply that area by the
ndicular height; then take { of the product for the
‘content *.
Ex. 1. Required the solidity of a square pyramid, each
side of its base being 30, and its perpendicular ieight 25.
: Ans. 7500.

Ex. 2. Tofind the content of a triangular pyramid, whose
perpendicular height is 80, and each side of the basc 3.
Ans, 38:971143.

Ex. 3. To find the content of a triangular pyramid, its
height being 14 feet 6 inches, and the three sides of its base
5, G, 7 feet. Ans. 71-0352.

Ex. 4. What is the content of a pentagonal pyramid, its
height being 12 fect, and cach side of its base 2 fect ?
Ans. 27-5270.

Ex. 5. What is the content of the hexagonal pyramid,

whose height is 6-4 feet, and cach side of its base 6 inches?
Ans. 1-38564 fect.

x. 6. Required the content of a cone, its height being

10: feet, and the circumference of its base 9 fect.
Ans. 22:56093.

PROBLEM VI.
To find the Solidity of a Frustum of a Cone or Pyramid.

App into one sum, the areas of the two ends, and the
mean proportional between them: and take ; of that sum
for a mean area; which being multiplied by the perpen-

® This rule follows from that of the prism, because any py-
ramid is § of a prism of equal base and altitude; by Geom.
theor. 115, cor. 1 and 2.
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dicular height, or lemgth of the frustum, will give its
countent ®,

Note. This general rule may be otherwise expressed, as
follows, when the ends of the frustum are circles or regular
polygons. In this latter case, square one side of each poly--
gon, and also multiply the one side by the other; add all
these three products together; then multiply their sum by
the tabular arca proper to the polygon, and take one-third of
the product for the mcan arca, to be multiplicd by the length,
to give the solid content.  And in the case of the frustum
of a cone, the ends being circles, square the diameter or the
circamference of each end, and also multiply the same two
dimensions together; then take the sum of the three pro-
ducts, and multiply it by the proper tabular number, viz. by
7854 when the diameters are used, or by 07958 in using
the circumferences ; then taking one-third of the product,
to multiply by the length, for the content.

* Let anscen be any pyramid, of which Benere
is a frustum.  And put «® for the arca of the
base pep, 4% the area of the top, ErG, & the
height 1 of the frustum, and ¢ the height ar of
the top part above it.  Then ¢ 4+ & = an is the
height of the whole pyramid.

Hence, by the last prob. da*(c + k) is the
content of the whole pyramid ascp, and }b%
the content of the top part aerG; therefore
the difference 3a2(c 4 #) — 44% is the content of the frustum
BCDGFE. But the quantity ¢ being no dimension of the frus-
tum, it must be expelled from this formula, by substituting its
value, found in the following manner. By Geom. theor. 112,
a:l2::(c4h)2:c, oraz:biic+ h:c, hence (Geom. th.
6Ya—b:b::h:e,anda—b:a::h:c+ h; hence there-

fore c =

ey and c + h = a__ahb; then these valucs of ¢ and
¢ + h being substituted for them in the expression for the
content of the frustum gives that content

=t x _pen P i xCTE k@ rab 4
- a—b a—b" a—b ’
which is the rule above given; ab being the mean between
a® and 0%

Note. If b, d, be the corresponding linear dimensions of the
ends, & their difference, m the appropriate multiplier, 2 the
height of the frustum, then is the content = {mh (3nd +9);
which is a convenient practical cxpression.

VvOL. II. E
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Ex. 1. To find the number of solid feet in a piece of
timber, whose bases are squares, each side of the greater
end being 15 inches, and each side of the less end 6 inches ;
also, the length or the perpendicular altitude 24 feet,

Ans. 195,

Ex. 2. Required the content of a pentagonal frustum,
whose height 1s 5 feet, cach side of the base 18 inches: and
cach side of the top or less end 6 inches. Ans. 9-31925 feet.

Ex. 3. To find the content of a conic frustum, the alti-
tude being 18, the greatest diameter 8 and the least dia-
meter 4. Ans. 5277858,

Ex. 4. What is the soldity of the frustum of a cone, the
altitude being 25, also the circumference at the greater end
being 20, and at the less end 10?2 Ans. $04216.

Ex. 5. If a cask, which is two cqual conie frustums joined
together at the bases, have its bung diameter 28 inches, the
head diameter 20 inches, and length 40 inches; how many
gallons of wine will it hold ? Ans. 79-0018.

PROBLEM VII.
To tind the Surfuce of a Sphere, or any Scgment.

Ruie 1. Mvurrieny the circumference of the sphere
by its diameter, and the product will be the whole surtace
of it*.

* These rules come from the following theoremns for the sur-
face of a sphere, viz. That the said surface is equal to the curve
surface of its circumscribing cylinder; or that it is equal to 4
great circles of the same sphere, or of the same diameter ; which
are thus proved.

Let anco be a cylinder, circumscribing 4 —
the sphere EFGH; the former generated |g —~q I
by the rotation of the rectangle ¥ecH Y, q_r\N

about the axis or diameter ru; and the
latter by the rotation of the semicircle
FGH about the sume diameter ru. Draw
two lines kL, MN, perpendicular to the |
axis, intercepting the parts LN, op, of the Diec—>
cylinder and sphere; then will the ring

or cylindric surface generated by the rota-

tion of LN, be equal to the ring or spherical surface generated
by the arc or. For, first, suppose the parallels xL and mx to
be indefinitely near together; drawing 10, and also oq parallel

F G
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RuLe 1. Square the diameter and multiply that square
by 8-1416, for the surfacc.

RuLE 111, S(Ht;are the circumference; then either mul-
tiply that square by the decimal -3183, or divide it by $-1416,
for the surface.

Note. For the surface of a segment or frustum, multiply
the whole circumference of the sphere by the height of the
part required.

Ex. 1. Required the convex superficies of a sphere, whose

diameter s 7, and circumference 22. Ans. 154.
Ex. 2. Required the superficies of a globe, whose diameter
is 24 inches. Ans. 1809-5616.

Ex. 8. Required the area of the whole surface of the
carth, its diameter being 79573} miles, and its circumference
25000 miles. Ans. 198943750 sq. miles.

Ex. 4. The axis of a sphere being 42 inches, what is the
convex superficies of the segment whose height is 9 inches ?
: Ans. 1187-5248 inches.

Ex. 5. Required the convex surface of a spherical zone,
whose breadth or height is 2 feet, and cut from a sphere of
12} feet diameter. Ans. 7854 feet.

to LN. Then the two triangles 1o, 0QP; being equiangular, it
is, 88 OP : 0Q Or LN :: 10 Or KL ; Ko :: circumference described
by kL : circumf. described by ko ; therefore the rectangle or x
circumf. of Ko is equal to the rectangle LN x circumf. of kL ;
that is, the ring described by or on the sphere, is equal to the
ring described by L~ on the cylinder.

And as this is every where the case, therefore the sums of any
corresponding number of these are also equal ; that is, the whole
surface of the sphere, described by the whole semicircle FeH, is
equal to the whole curve surface of the cylinder, described by
the height Bc ; as well as the surface of any segment described
by ro, equal to the surface of the corresponding segment de-
scribed by sr.

Corol. 1. Hence the surface of the sphere is equa] to 4 of its
great circles, or equal to the circumference ErGii, or of pc,
multiplied by the height Bc, or by the diameter Fu.

Corol. 2. {]ence also, the surface of any such part, as a seg-
ment or frustum, or zone, is equal to the same circumference of
the sphere, multiplied by the height of the said part. And
consequently such spherical curve surfaces are to one another
in the same proportion as their altitudes. o

E 2
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‘ PROBLEM VIII.

To find the Solidity of a Sphere or Globe.

RuLe 1. Multiply the surface by the diameter, and take
2 of the product for the content ®.  Or, which is the same
thing, multiply the square of the diameter by the circum-
ference, and take } of the product.
RuLE 11. Take the cube of the diameter, and multiply it
by the decimal ‘5236, for the content.
Rure ur.  Cube the circumference, and multiply by
-01688.
Ex. 1. To find the solid content of the globe of the earth,
supposing its circumference to be 25000 miles.
‘ Ans. 263750000000 miles.
Ex. 2. Supposing that a cubic inch of cast iron weighs
‘269 of a lb. avoirg. what is the weight of an iron ball of
504 inches diameter ?

PROBLEM IX.

To find the Solid Content of a Spherical Segment.

+Rure 5. From 3 times the diameter of the sphere

>

* For, put d = the diameter, ¢ = the circumference, and s=
the surface of the sphere, or ot its circumscribing cylinder; also,
a = the number 3-1416.

Then, s is = the base of the cylinder, or one great circle of
the sphere; and d is the height of the cylinder ; therctore {dsis
the content of the cylinder. But 3 of the cylinder is the sphere,
by th. 117, Geom. that is, § of 1ds, or }ds is the sphere; which
is the first rule.

Again, because the surface s is = ad®; therefore §ds = }ad*
= +5236d®, is the content, as in the 2d rule. Also, d being
= ¢ -+ a, therefore }ad® = }c®+ a® = 01688, the 3d rule for
the content.

+ By corol. 3, of theor. 117, Geom. it ———.
appears that the spheric segment prx, is )
equal to the difference between the cylin- f.
der aBLo, and the conic frustum aBmQ. -

But, putting d = B or Fi the diameter E IG
of the sphere or cylinder, 2 = Fk the height
of the segment, r = px the radius of its
base, and a=3:1416 ; then the content of %

the cone ABI is = }ad® X }F1 = ;Ladi;
and by the similar cones ABI, QMI, as
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take double the height of the segment; then multiply the
remainder by the sc}uarc of the height, and the product by
the decimal 5236, for the content.

Rure 1. To 3 times the square of the radius of the
segment’s base, add the square of its height ; then multiply
the sum by the height, and the product by -5286, for the
content.

Ex. 1. To find the content of a spherical segment, of 2
feet in height, cut from a sphere of 8 feet diameter.
Ans. 41-888.

Ex. 2. What is the solidity of the segment of a sphere,
its height being 9, and the diameter of its base 207
Ans. 1795°4244.

Note. The %cncral rules for measuring the most useful
figures having been now delivered, we may proceed to apply
them to the several practical uses in life, as follows.

ide— H

3
F1% @ KD oo gladd o jLadd x (5 \d

therefore the cone ABI — the cone QuI = gad®  Fad’ X
id—

( g—%d—h)’ = lad%h— }adi® + }ak® is=the conic frustum asmQ.
And lad% is = the cylinder aBLoO.
Then the difference of these two is Jadkt — tah® = lak® x

(3d — 24h), for the spheric segment PFN ; which is the first rule.
Again, because Pk® = FK X KH (cor. to theor. 87, Geom.)

)} = the cone amr;

e
or 12 = h(d — A), therefore d = -;T + 4, and 3d — 24 =

:E,:—n +h= 3#—; which being substituted in the former

- e o -
rule, it becomes }ahk? x 3 ,T k = }ak x (8:* + I#), which

is the 2d rule.

Note. By subtracting a segment from a half sphere, or from
another segment, the content of any frustum or zone may be
found.
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LAND SURVEYING.

SECTION 1.
DESCRIPTION AND USE OF THE INSTRUMENTS.

1. or THE CHAIN.

LaND is measured with a chain, called Gunter’s Chain,
from its inventor, the length of which is 4 poles, or 22 vards,
or 66 feet. It consists of 100 equal links; and the length
of each link is therefore %% of a yard, or %% of a foot, or
7-92 inches.

Land is estimated in acres, roods, and perches. An acre
is equal to 10 square chains, or as much as 10 chains in length
and 1 chain in breadth. Or, in yards, it is 220 x 22 =4840
square yards. Or, in poles, it is 40 x 4 = 160 square poles.
Or, in links, it is 1000 x 100 = 100000 square links: thesc
being all the same quantity.

Also, an acre is divideg into # parts called roods, and a
rood into 40 s called perches, which are square poles, or
the square of a pole of 5% yards long, or the square of } of a
chain, or &F 25 hnks, which is 625 square links.  So that the
divisions of land measure will be thus:

625 sq. links = 1 pole or perch
40 perch®& = 1 rood
4 roods =1 acre.

The lengths of lines measured with a chain, are best set
down in links as integers, every chain in length being 100
links; and not in chains and decimals. ‘Therefore, after the
content is found, it will be in square links; then cut off five
of the figures on the right hand for decimals, and the rest
will be acres. These decimals are then multiplied by 4 for
roods, and the decimals of these again by 40 fgr perches.

ExaM. Suppose the length of a rectangular piece of ground
be 792 links, and its breadth 385 ; to find the area in acres,
roods, and perches.

792 3-04920
385 4
3960 -19680
63136 40
2376
7-87200
304920

Ans. 3 acres, O roods, 7 perches.
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2. OF THE PLAIN TABLE.

THiIs instrument consists of a plain rectangular board, of
any convenient size: the centre of which, when used, is fixed
by means of screws to a three-legged stand, having a ball
and socket, or other joint, at the top, by means of which,
when the legs are fixed on the ground, the table is inclined
in any direction.

To the table belong various parts, as follow.

1. A frame of wood, made to fit round its edges, and to
be taken off, for the convenience of putting a sheet of paper
on the table. One side of this frame is usuall dividmya;nto
cqual parts, for drawing lines across the table, parallel or
rerpendicular to the sides; and the other side of the frame
1s divided into 360 degrees, to a centre in the middle of the
table ; by means of wﬁich the table may be used as a theo-
dolite, &c.

2. A magnctic ncedle and compass, either screwed into the
side of the table, or fixed beneath its centre, to point out the
directions, and to be a check on the sights.

3. An index, which is a brass two-foot scale, with eithep
a small telescope, or open sights set perpendicularly on the
ends. These sights and one edge of the index are in the same
plane, and that is called the fiducial edge of the tdex.

To use this instrument, take a shect of paper which will
cover it, and wet it to make it expand ; then spread it flat on
the table, pressing down the frame on the edges, to stretch
it and keep it fixed there; and when the paper is become
dry, it will, by contracting again, stretch itselt smooth and
flat from any cramps and unevenness. On this paper is to
be drawn the plan or form of the thing measured.

Thus, begin at any proper part of the ground, and make
a point on a convenient part of the paper or table, to repre-
sent that place on the ground ; then fix in that point one
leg of the compasses, or a fine steel pin, and apply to it the
ﬁ(fucial edge of the index, moving it round till through the
sights you perceive-some remarkable object, as the corner of
a field, &c.; and from the station-point draw a line with the
point of the compasses along the fiducial edge of the index,
which is called setting or taking the object : then set another
object or corner, and draw its linc; do the same by another;
and so on, till as many objects are tuken as may be thought
fit. ‘T'hen mecasure from the station towards as many of the
objects as may be nccessary, but not more, taking the requi-
site offsets to corners or crooks in the hedges, laymg the
measures down on their respective lines on the table. Then
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3t any convenient place wmeasured to, fix the table in the
same position, and set the objects which appear from that
place; and so on, as before. And thus continue till the
work is finished, measuring such lines only as are necessary,
and determining as many as may be by intersecting lines of
direction drawn from different stations.

Of shifting the Paper on the Plain Table.

When one paper is full, and there is occasion for more,
draw a line in any manner through.the farthest point of the
last station line, to which the work can be conveniently laid
down; then take the sheet off the table, and fix another
on, drawing a line over it, in a part the most convenicnt for
the rest of the work ; then fold or cut the old sheet by the
line drawn on it, applying the edge to the line on the new
sheet, and, as they lic in that position, continue the last sta-
tion line on the new paper, placing on it the rest of the
measure, beginning at where the old sheet left off.  And so
on trom shect to sheet.

When the work is done, and you would fasten all the
sheets together into one picce, or rough plan, the aforesaid
lines are to be accurately joined together, in the same man-
ner as when the lines were transferred from the old sheets
to the new ones.  But it is to be noted, that it the said join-
ing lines, on the old and new sheets, have not the same in-
clination to the side of the table, the necdle will not point to
the original degree when the table is rectified; and if the
needle be required to respeet still the same degree of the
compass, the easiest way of drawing the line in the same
position, is to draw them both parallel to the same sides of
the table, by meaus of the cqual divisions marked on the
other two sides.

3. or THE THEODOLITE.

Tue theodolite is a brazen circular ring, divided into 560
degrees, &c. and having an index with sights, or a telescope,
placed on the centre, about which the index is moveable;
also a compass fixed to the centre, to point out courses and
check the sights; the whole being fixed by the centre on a
stand of a convenient height for use.

In using this inmstrument, an exact account, or field-book,
of all measures and things neccessary to.be remarked in the
plan, must be kept, from which to make out the plan on re-
turning home from the ground.

Begin at such part of the ground, and measure in such
directions as are judged most convenient ; taking angles or
directions to objccts, and measuring such distances as appear
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nceessary, under the same restrictions as in the use of the
plain table. And it is safest to fix the theodolite in the
original position at every station, by means of fore and back
objects, and the compass, exactly as in using the plain table;
regi®ering the number of degrees cut oft by the index when
dirccted to each object; and, at any station, placing the
index at the same degree as when the direction towards that
station was taken from the last preceding one, to fix the
theodolite there in the original position.

The best method of laying down the aforesaid lines of
direction, is to describe a pretty large circle; then quarter it,
and lay on it the scveral numbers of degrees cut off by the
index in cach direction, and drawing lines from the centre to
all these marked points in the circle. Then, by means of a
parallc] ruler, draw fromn station to statian, lines parallel to
the aforesaid lines drawn from the centre to the respective
points in the circumterence.

4. or¥ THE CROSS.

THE cross consists of two pair of sights set at right angles
to cach other, on a staff having a sharp point at the bottoms
to fix in the ground.

The cross is very useful to measure small and crooked
ricccs of ground. The method is, to measure a base or chief

ine, usually in the longest direction of the picce, from corner
to corner ; ard while measuring it, finding the places where
perpendiculars would fall on this line, from the several cor-
ners and bends in the boundary of the piece, with the cross,
by fixing it, by trials, on such parts of the line, as that
through one pair of the sights both cnds of the line may
appear, and through the other pair the corresponding bends
or corners; and then measuring the lengths of the said per-
pendiculars.

REMARKS.

Besides the fore-mentioned instruments, which are most
commonly used, there are some others; as,

The perambulator, used for measuring roads, and other
i,rreat distances, level ground, and by the sides of rivers. It

has a wheel of 8} feet, or half a pole, in circumference, by
the turning of which the machine goes forward; and the
distance measured is pointed out by an index, which is moved
round by clock-work.

Levels, with tclescopic or other sights, are used to find
the level between place and place, or how much one place
is higher or lower than another. And in measuring an
sloping or oblique line, cither ascending or descending, a small
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. pocket level is uscful for sbowing how many links for each
chain arc to be deducted, to reduce the line to the hori-
zontal length.

An offset-staff is a very useful instrument, for measuring
the offsets and other short distances. It is 10 linksin lciligth,
being divided and marked at each of the 10 links.

Ten small arrows, or rods of tron or wood, are used to
mark the end of every chain length, in measuring lines.
And sometimes pickets, or staves with flags, are set up as
marks or objects of direction. ‘

Various scales are also used in protracting and measuring
on the plan or paper; such as plane scales, line of chords,
protractor, compasses, reducing scale, parallel and perpen-
dicular rules, &c. Of plane scales, there should be several
sizes, as a chain in 1 inch, a chain in  of an inch, a chain
in } an inch, &c. And of these, the best for use are those
that are laid on the very edges of the ivory scale, to mark off
distances, without compasses.

SECTION 11,
THE PRACTICE OF SURVEYING.

Turs part contains the several works proper to be done in
the field, or the ways of mecasuring by all the instruments,
and in all situations.

PROBLEM I.
T'o measure a Line or Distance.

To measure a line on the ground with the chain: Iaving
vided a chain, with 10 small arrows, or rods, to fix one

into the ground, as a mark, at the end of every chain; two

rsons take hold of the chain, one at each end of it; and
all the 10 arrows are taken by onc of them, who gocs fore-
most, and is called the leader; the other being called the
follower, for distinction’s sake.

A picket, or station-staff, being set up in the dircction of
the line to be measured, if there do not appear some marks
naturally in that direction, they measure straight towards it,
the leader fixing down an arrow at the end of every chain,
which the follower always takes up, as he comes at it, till
all the ten arrows are used. They are then all returned to
the leader, to use over again. And thus the arrows are
¢ from the one to the other at every 10 chains length,
till the whole line is finished; then the number of changes
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of the arrows shows the number of tens, to which the fol-
lower adds the arrows he holds in his hand, and the number
of links of another chain over to the mark or end of the
line. So, if there have been 8 changes of the arrows, and
the f8llower hold 6 arrows, and the end of the line cut off
45 links more, the whole length of the line is set down in
links thus, 8645.

When the ground is not level, but either ascending or de-
scending; at every chain length, lay the offset-staff, ar hnk-
staff, down in the slope of the chain, on which lay the small

cket level, to show how many links or parts the slope line
18 longer than the true level one; then draw the chain for-
ward so many links or parts, which reduces the line to the
horizontal direction.

PROBLEM II.

To take Angles and Bearings.
Let B and ¢ be two objects, or two C
l)ickcts set up perpendicular ; and let it
e required to take their bearings, or C
the angles formed between them at any
station A. Ky 5 T

1. With the Plain Table.

The table being covered with a paper, and fired on its
stand ; plant it a: the station A, and fix a fine pin, or a foot
of the compasses, in a Eroper point of the paper, to repre-
sent the place A: Close by the side of this pin lay the fiducial
edge of the index, and turn it about, still touching the pin,
till one object B can be seen through the sights: then by the
fiducial edge of the index draw a line. In the same manmer
draw another line in the direction of the other object c.
And it is done.

2. With the Theodolite, &c.

Direct the fixed sights along one of the lines, as a3, b
turning the instrument about till the mark » is secn throug
these sights; and there screw the instrument fast. Then
turn the moveable index round, till through its sights the
other mark c is seen. Then the degrees cut by the index,
on the graduated limb or ring of the instrument, show the
quantity of the angle. ‘
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3. IWith the Magnetic Necdle and Compass.

Turn the instrument or compass so, that the north end
of the needle point to the flower-de-luce. Then direct the
sights to one mark as B, and note the degrecs cut by the
needle. Next direct the sights to the other mark c, and
note again the degrees cut by the needle. Then their sum
or difference, as the case may be, will give the quantity of
the angle Bac.

4. By Mcasurement with the Chain, §c.

Measure one chain length, or any other length, along
both directions, as to & ang ¢. 'Then measure the distance
be, and it is done.—This is easily transferred to paper, hy
making a triangle adc with these three lengths, and then
measuring the angle A.

PROBLEM III.
To survey a Triangwlar Field anc.

1. By the Chain.

AP 794
AB 1321
rc 8206

Having set up marks at the corners, which is to be done
in all cases where there are not marks naturally ; measure
with the chain from A to r, where a perpendicular would
fall from the angle ¢, and set up a mark at r, noting down
the distance ar. Then complete the distance aB, by mca-
suring from P to B. Having set down this measure, return
to P, and measure the pe ndicular rc. And thus, having
the base and perpendicular, the area from them is easily
found. Or having the place P of the perpendicular, the
triangle is easily constructed.

Or, measure all the three sides with the chain, and note
them down. From which the content is easily found, or the
figure is constructed.

2. By taking some of the Angles.

Measure two sides AB, Ac, and the angle A between them.
Or measure one side AB, and the two adjacent angles A and
8. From either of these ways the figure is easily planned ;

_then by measuring the perpendicular cr on the plan, and
multiplying it by Enlf AB, the content is found. ,
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PROBLEM 1V,
T'o measure a Four-sided Field.

1. By the Chain.
AE 214 | 210 pE
AF 362 | 506 Br
Ac 592

Measure along onc of the diagonals, as ac; and either
the two perpendiculars bE, BF, as in the last problem; or
clse the sides AB, BC, CD, DA. From either of which the
figure may be planned and computed as before directed.

Otherwise, by the Chain.,

D
ar 110 ] 352 ve ¢ ///\.\
AQ T45 1 595 @v ,/ . \\
ap 1110 i :
/ \
T

Measure, on the longest side, the distances ap, Aq, AR;
and the perpendiculars pe, Q.

Q. By taking some of the Angles.

Measurc the diagonal ac (sce the last fig. but one), and
the angles cas, cap, acB, Acn.—Or measure the four sides,
and any onc of the angles, as BaD.

Thus. Or thus,
Ac 591 AB 486
cAB 87020 Bc 394
cap 41 15 cp 410
AcB 72 25 pa 462
AcD 54 40 BAD 78° 35
PROBLEM V.

To survey any Field by the Chain only.

Havine set up marks at the corners, where necessary, of
the proposed field ABcDEFG, walk over the ground, and con-
sider how it can best be divided into triangles and trapeziums ;
and measure them separately, as in the last two problems.
Thus, the following figure is divided into the two trapeziums
ABCG, GDEF, and the triangle ccp.  Then, in the first tra-
pezium, beginning at a, measure the diagonal ac, and the
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two perpendiculars em, sn. Then the base cc, and the
perpendicular pg. Lastly, the diagonal pr, and the two
perpendiculars pE, og. ‘All which measures write against
the corresponding parts of a rough figure drawn to resemble
the figure surveyed, or set them down in any other form
you choose.

Thus.
Am 185 130 mec .
An 410 180 nn i
Ac 530 AT M e
: . __.-g-_‘

cqg 152 230 ¢o
ce 40

Fo 237|120 oc
¥Fp 288 80 pe
¥ 520

Or thus.

Measure all the sides an, nc, cp, DE, FF, FG, GA; and
the diagonals ac, cc, 6n, pr.

Otherwisc.

Many pieces of land may be very well surveyed, by mca-
suring any base line, either within or without them, with
the perpendiculars let fall on it from every corner. For
they are by those means divided into several triangles and
trapezoids, all whosc parallel sides are perpendicular to the
base line; and the sum of these triangles and trapeziums will
be equal to the figure proposed if the base linc fall within
it; if not, the sum of the parte which arc without bein
taken from the sum of the whole which are both within anﬁ
without, will leave the area of the figure .

In pieces that are not very large, it will be sufficiently
cxact to find the points, in the base line, where the several

rpendiculars will fall, by means of the cross, or even by
Judging by the eye only, and from thence measuring to the
corners for the lengths of the perpendiculars.—And it will
be most convenicnt to!draw the line so as that all the per-
pendiculars may fall within the figure.
© 'Thus, in the following figure, beginning at A, and mea-
suring along the line Ac, the distances and perpendiculars on
the right and left are as helow.
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Ad 815 | 350 bs
Aac 440} 70 cc
Aad 585 | 320 dp
Ae 610 50 ¢k
Af 990 | 470 fr
ac 1020 0

PROBLEM VI.
To measure the Offscts.

Ahliklmn being a crooked hedge, or brook, &c. From
A measure in a straight direction along the side of it to .
And in measuring along this line aB, observe when you are
directly opposite any bends or corners of the boundary, as at
¢, d, ¢, &c.; and from these measure the perpendicular
oftsets ¢, di, &c. with the offset-staff, if they are not very
large, otherwise with the chain itself; and the work is done.
The register, or ficld-book, may be as follows :

Offs. lett. [Base line aB

0| © a . ”
ch 62| 45 Aac h /W/
i 84 | 220 ad .
ck 70| 340 A«
JU 98| 510 af
gm 57| 634 ag
B2 91 | 785 an

PROBLEM VILI.
To survey any Ficld with the Plain Tablc.
- 1. From one Station.

PLANT the table at any angle as
¢, from which all the other angles,
or marks sct up, can be seen; turn
the table about till the needle point
to the flower-de-luce; and there
screw it fast. Make a point for c
on the paper on the table, and lay
the edge of the index to c, turning
it about ¢ till through the sights A
you see the mark p: and by the edge of the index draw a
dry or obscure line: then measure the distance cp, and lay
that distance down on the line co. Then turn the index
about the point c, till the mark £ be seen through the sights,

X
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by which draw a line, and measure the distance to &, laying
it on the line from ¢ to E. In like manner determine the
positions of cA and cB, by turning the sights successively to
A and B; and lay the lengths of those lines down. 1en
connect the points, by drawing the black lines cb, pr, Ea,
AB, BC, for the boundaries of the field.

2. From a Station within the Ficld.

When all the other parts cannot
be seen from one angle, choose some
place O within, or even without, if
more convenicnt, from which the
other parts can be scen. DPlant the
table at O, then fix it with the needle
north, and wark the point O on 1t.
Apply the index successively to O,
turning it round with the sights to
each angle, a, B, ¢, b, E, drawing dry lines to them by the
edge of theindex; then measuring the distances 04, os, &e.
and laying them down on those lines. Laaly, draw the
boundaries A, BC, cD, DL, Ea.

8. By going round the Iigure.

When the figure 1s a wood, or water, or when from some
other obstruction you cannot measure lines across it; begin
at any point A, and measurc around it, either within or
without the figure, and draw the directions of all the sides,
thus: Plant the table at A; turn it with the needle to the
north or flower-de-luce ; fix it, and mark the point a. Apply
the index to A, turning it till you can sec the point 1, and
there draw a line: then the point B, and there draw a line:
then measure thése lines, an(f lay them down from A to E and
B. Next move the table to u, lay the index along the line
AB, and turn the table about till you can sce the mark a, and
screw fast the table; in which position also the needle will
again point to the flower-de-luce, as it will do indecd at cvery
station when the table is in the right position. Here turn
the Index about & till through the sights you seek the mark c ;
there draw a line, measure B¢, am; lay the distance on that
line after you have sct down the table at c. Turn it then
again into its proper position, and in like manuer find the
neyt line co. And so on quite around by E, to A again.
Then the proof of the work will be the joining at A : for if
the work be all riﬁht, the last direction EA on the ground,
will pass exactly through the point A on the paper; and the
measured distance will also reach exactly to A.  If these do
nqgt coincide, or necarly so, some error has been committed,
#ind the work must be examined over again.
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PROBLEM VIII.
To survey a Field with the Theodolite, &c.
1. From Onc Point or Station.

WHEN all the angles can be seen from one point, as the
angle c (first fig. to last prob.), place the instrument at c, and
turn it about, till through the fixed sights you see the mark
B, and there fix it. Then turn the moveable index about
till the mark a be <cen through the sights, and note the de-
grees cut on the instrument. Next turn the index suc-
cessively to E and b, noting the degrees cut off at each ; which
Fivcs all the angles uca, BCE, vcp. Lastly, measure the
1es CBy ca, CE, cp; and enter the measures in a field-book,
or rather, against the corresponding parets of a rough figure
drawn by guess to resemble the field. -

2, From a Point within or without.

Plant the instrument at o (last fig.), and turn it about till
the fixed sights point to any object, as ao; and there screw it
fast. Then turn the moveable index round till the sights
point successively to the other points E, v, ¢, B, noting the
degrees cut off at each of them; which gives all the angles
round the point o.  Lastly measure the distances 04, os, oc,
op, o1, noting them down as before, and the work is done.

8. By going round the Licld. .

y measuring round, cither
within or without the ficld, pro-
ceed thus. Having sct up marks
at B, ¢, &c. near the corners as
usual, plant the instrunment at
any point a, and turn it till the
fixed index be in the direction
A, and there serew 1t fast: then
turn the moveable index to the
direction Ac; and the degrees cut off will be the angle A.
Measure the line an, and plant the instrument at sgand
there in the same manner observe the angle .  Then mea-
sure~BC, and observe the angle ¢. Then measure the di-
stance cp, and take the angle p. Then measure pE, and
take the angle E. Then measure EF, and take the angle .
And lastly, measure the distance Fa. T

To prove the work; add all the inward angles, a, =, c,
&c. together; for when the work is right, their sum will be
equal to twice as many right mﬁles as the figure has sides,
wanting 4 right angles. ut when there is an angle, as F,
that bends mwards, and you measure the external angle,

VOL. II. F
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whigh is less than two right angles, subtract it from 4 riEht
angles, or 360 degrees, to give the intermal angle greater than
a semicircle or 180 degrees.

Otherwisce.

Instead of observing the internal angles, we may take the
external angles, formed without the figure by producing the
sides farthcr out.  And in this case, when the work is right,
their sum altogether will be equal to 360 degrees. But when
one of them, as ¥, runs inwards, subtract it from the sum of
the rest, to leave 360 degrcees.

PROBLEM IX.
To survey a Ficld with crooked Hedges, &c.

Witnr any of the instruments, measure the lengths and
pasitions of 1maginary lines running as near the sides of the
ficld as you can; and, in going along them, mcasure the
offsets in the manner before taught ; then you will have the
plan on the paper in using the plain table, drawing the
crooked hedges through the ends of the offsets: but in sur-
veying with the theodolite, or other instrument, set down
the measures properly in a ficld-book, or memorandum-
book, and plan them after returning from the field, by lay-
ing down all the lines and angles.

—~—
A,:@—..—..'.—.::‘."“.'// \T- ~
Td m n 0
S

g, in surveying the picce ABCDE, set up marks, a, b, ¢, d,
dividing it so as to have as few sides as may be. Then begin
at any station, a, and measure the lines ab, bc, ¢d, da, taking
their positions, or the angles, @, 4, ¢, d; and, in going along
the lines, measure all the offsets, as at m, », o, p, &c. along
every station-line.

And this is done either within the field, or without, as
may be most convenient. When there are obstructions
within, as wood, water, hills, &c. then measure without, as
in the n&xt following figure.
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PROBLEM X.
To survcy a Ficld, or any other Thing, by two Stations.

Thuis is performed by choosing two stations from which
all the marks and objects can be scen; then measuring the
distance bLetween the stations, and at cach station taking
the angles formed by cvery object from the station line or
distance.

The two stations may be taken either within the bounds,
or in one of the sides, or in the direction of two of the ob-
Jects, or quite at a distance and without the bounds of the
objects or part to be surveyed.

In this manner, not only grounds may be sur¥cyed, with-
out even entering them, gut a map may be taken of the
principal parts of a county, or the chief places of a town,
or any part of a river or coast surveyed, or any other inac-
cessible objects; by taking two stations, on two towers, or
two hills, or such-lke.

PROBLEM XI.

To survey a large Estate.
Ir the estate be ver lat;s;c, and contain a great ~uftnber of

fields, it caunnot well be done by surveying a]l2 the fields
F
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singly, and then putting them together ; nor can it be done
by taking all the angles and boundarics that enclose it. For
in these-cases, any small errors will be so much increased, as
to render it very much distorted. But proceed as below.

1. Walk over the estate two or three times, in order to
get a perfect idea of it, or till you can keep the figure of it
pret‘.g' well in mind. And to help your memory, draw an
eye-draught of it on paper, at least of the principal Sms
of it, to guide you; setung the names within the fields in
that draught. -

2. Choose two or more eminent places in the estate, for
stations, from which all the principal parts of it can be seen :
selecting these stations as far distant from one another as
convenient.

3. Take such angles, between the stations, as you think
necessary, and measure the distances from station fo station,
alwuys in a right line: these things must be done, till you
get as many angles and lines as arce sufficient for determining
all the points of station.  And in measuring any of these
station-distances, mark accyrately where these lines meet
with any hedges, ditches, roads, Klncs, saths, rivulets, &c.
and where any remarkable object is p!accd, by measuring
its distance from the station-line ; and where a perpendicular
from it cuts that line.  And thus as you go along any main
station-line, take offsets to the ends of all hedges, and to any
pond, house, mill, bridge, &c. noting every thing down that
18 remarkable.

4. As to the inuner parts of the cstate, they must be deter-
mined, in like wanner, by new station-lines - for, after.the
main stations are determined, and every thing adjoining to
them, then the estate must be subdivided into two or three
parts by new station-lines; taking inncr stations at proper
places, where you cun have the best view. DMeasure these
station-lines as you did the first, and all their intersections
with hedges, and offsets to such objects as appear. Then
proceed to survey the adjoining ficlds, by taking the angles
that the sides make with the station-line, at the intcrsections,
and measuring the distances to each corner, from the inter-
sections. For the station-lines will be: the bases to all the
future operations; the situation of all parts being entirely
dependent on them; and therefore they should be taken of
as great length as possible; and it is best for them to run
along some of the hedges or boundaries of one or more fields,
or to pass through some of their angles. All things being
deternsned for these stations, you must take more inner
stations, and continue to divide and subdivide till at last you
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come to single flelds: repeating the same work for the inner
stations as for the outer ones, till all is done; and close the
work as often as you can, and in as few lines as possible.

5. An estate may be so situated that the whole cannot be
surveyed together; because one part of the estate cannot be
seen from another. In this case, you may divide it into
threc or four parts, and survey the parts separately, as if
they were lands belonging to different persons; and at last
join them together.

6. As it is nccessary to protract or lay down the work as
you proceed in it, you must have a scale of a due length to
do it by. To get such a scale, measure the whole length of
the estate in chains; then consider how many inches long
the map is to be; and from these will be known how many
chains you must have in an inch; then make the scale ac-
cordingly, or choose one already made.

-
PROBLEM XII.

To survey a County, or large Tract of Land.
Yy 8

1. Croosk two, three, or four eminent places, for stations ;
such as the tops of high hills or mountains, towers, or church
steeples, which may %e seen from one another; from which
most of the towns and other places of note may also be seen;
and so as to be as far distant from one another as possible. On
these places raise beacons, or long poles, with flags of dif-
ferent colours flying at them, so as to be visible from all the
other stations.

2. At all the places which you would set down in the map,
plant long poles, with flags at them of several colours, to
distinguish the places from one another ; fixing them on the
tops of’ church stecples, or the tops of houses; or in the
centres of smaller towns and villages.

‘T'hesc marks then being set up at a convenient number of
places, and such as may be scen from both stations; go to
oue of these stations, and, with an instrument to take angles,
standing at that station, take all the angles between the other
station and each of these marks. Then go to the other
station, and take all the angles between the first station and
each of the former marks, setting them down with the
others, each against its fellow with the same colour. You
may, if convenient, also take the angles at some third station,
which may serve to prove the work, if the three lines inter-
sect in that point where any mark stands. The marks must
stand till the observations are finished at both statiens ; and
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then they may be taken down, and set up at new places.
The same operations must be performed at both stations, for
these new g ; and the like for others. 'The instrument
for taking angles must be an exceeding good one, made on
pnt‘llr.pose with telescopic sights, and of a good length of
radius.

3. And though it be not absolutely necessary to measure
any distance, because, a stationary line being laid down from
any scale, all the other lines will be proportional to it ; yet
it 1s better to measure some of the lines, to ascertain the
distances of places in miles, and to know how many geome-
trical miles tEere are in any length; as also from thence to
meke a scale to measure any distance in miles. In measuring
any distance, it will not be exact enough to go along the
high roads; which, by reason of their turnings and windings,
hardly ever lie in a right line between the stations; which
must cause endless reductions, and require great grouble to
make it a right line; for which reason 1t can never be exact.
But a better way is to measure in a straight line with a chain,
between station and station, over hills and dales, or level
ficlds and all obstacles. Only in case of water, woods,
towns, rocks, banks, &c. where we cannot pass, such parts
of the line must be measured by the methods of inaccessible
distances; and besides, allowing for ascents and descents,
when they are met with. A good compass, that shows the
bearing of the two stations, will always direct us to
straight, when the two stations cannot be scen; and in the
progress, if we can go straight. offsets may be taken to any
remarkable places, likewise noting the intersection of the
station-line with all roads, rivers, &c.

4. From all the stations, and in the whole progress, we
wust be very particular in observing sea-coasts, river-mouths,
towns, castles, houses, churches, mills, trees, rocks, sands,
roads, bridges, fords, ferries, woods, hills, mountains, rills,
brooks, parks, beacons, sluices, floodgates, locks, &c., and in
general every thing that is remarkable.

5. After we have done with the first and main station-
lines, which command the whole county; we must then
take inner stations, at some places already determined ; which
will divide the whole into several partitions: and from these
stations we must determine the places of as many of the
remaining towns as we can. And if any remain in that
part, we must take more stations, at some places already
determined ; from which we may determine the rest. And
thus go through all the parts of the county, taking station
afier station, till we have determined the whole. nd in
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general the station distances must always pass through such
remarkable points as have been determined before, by the
former stations.

PROBLEM XIII
To survey a Town or City.

'Tnis may be done with any of the instruments for taking
angles, but best of all with the plain table, where every
minute part is drawn while in sight. Instead of the common
surveying or Gunter’s chain, it will be best, for this purpose,
to have a chain 50 feet long, divided into 50 links of one
foot each, and an offset-staft’ of 10 feet long.

Begin at the mecting of two or more of the principal
strects, through which you can have the longest prospects,
to get the longest station-lines: there having fixed the in-
strument, draw lines of direction along those strects, using
two men as marks, or poles set in wooden pedestals, or per-
haps some remarkable places in the houses at the farther
ends, as windows, doors, corners, &c. Measure these lines
with the chain, taking offscts with the staff, at all corners of
streets, bendings, or windings, and to all remarkable thrngs,
as churches, markets, halls, colleges, eminant houses, &e.
Then remove the instrument to another station, along one of
these lines; aund there repcat the same process as before.
And so on till the whole is finished.

Thus, fix the instrument at A, and draw lines in the
direction of all the streets meeting there ; then measure A,
noting the street on the left at m. At the second station B,
draw the directions of the streets meeting there; and mea-
sure from B to c, noting the places of the streets at n and o
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as you pass by them. At the third station c, take the di-
rection of all the streets mecting there, and measure cn, - At
D do the same, and measure DE, noting the place of the
cross streets at p. And in this manner go through all the
principal strects. This done, procced to the smaller and
intermediate streets; and lastly to the lanes, alleys, courts,
yards, and every part that it may be thought proper to re-
present in the plan.

PROBLEM XIV.
To lay down the Plan of any Survey.

Ir the survey was taken with the plain table, we have a
rough plan of it already on the paper which covercd the
table. But if the survey was with any other instrument, a
plan of it is to be drawn from the measures that were taken
in the survey; and first of all a rough plan on paper.

To do this, you must have a set of proper mstruments,
for laying down both lines and angles, &c.; as scales of va-
rious sizes, the more of them, and the more accurate, the
better, scales of chords, protractors, perpendicular and pa-
rallel rulers, &c. Diagonal scales are best for the lines,
because they extend to three figures, or chains, and links,
which are 100 parts of chains.  But in using the diagonal
scale, a pair of compasses must be employed, to take off' the
lengths of the principal lines very accurately. But a scale
with a thin edge divided, 1> much readier fy'or laying down
the pcrpendicullar offsets to crooked hedges, and for marking
the places of those ofisets on the station-line ; which is done
at only one application of the edge of the scale to that line,
and then pricking off all at once the distances along it.
Angles are to be laid down, cither with a good scale of
chords, which is perhaps the most accurate way, or with a
lurge protractor, which is much readier when many angles
are to be laid down at one point, as they are pricked off all
at oncc round the edge of the protractor,

In genceral, all lines 2nd angles must be laid down on the
plan in the sane order in which they were measured in the
ticld, and in which they are written in the field-book ; lay-
ing duwn first the angles for the position of lines, next the
lengths of the lines, with the places of the offsets, and then
the lengths of the offsets themselves, all with dry or obscure
lincs; then a black line drawn through the extremities of
all the offsets, will be the edge or bounding line of the ficld,
&c.  After the principal bounds and lines are laid ®own,
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and made to fit or close properly, proceed next to the smaller
objects, till you have entered every thing that ought to ap-
pear in the plan, as houses, brooks, trees, hills, gates, stiles,
roads, lanes, mills, bridges, woodlands, &c. &c.

The north side of a map or plan is comwmonly placed
uppermost, and a meridian is somewhere drawn, with the
compass or flower-de-lucc pointing north. Also, in a vacant
part, a scale of equal parts or chains is drawn, with the title
of the map in conspicuous characters, and embellished with
a compartment. ills are shadowed, to distinguish them in
the map. Colour the hedges with different colours; repre-
sent hilly grounds by broken hills and vnllegs; draw single
dotted lines for foot-paths, and double ones for horse or car-
riage roads. Write the name of each ficld and remarkable
place within it, and, if you choose, its contents in acres,
roods, and perches. :

In a very large estate, or a county, draw vertical and ho-
rizontal lines through the map, denoting the spaces between
them by letters placed at the top, and bottom, and sides, for
rciuliily finding any ficld or other object mentioned in a
table, -
In mapping counties, and estates that bave uneven grounds
of hills and valleys, reduce all oblique lines, measured up-
hill and down-hill, to horizontal straight lines, if that was
not done during the survey, before they were entered in the
field-book, by making a proper allowance to shorten them.
For which purposc there 1s commonly a small table engraven
oun sume of the instruments for surveying.

THE NEW METHOD OF SURVEYING.

PROBLEM XV.
To survey and plan by the new Method.

IN the former method of measuring a large estate, the ac-
curacy of it depends both on the correctness of the instru-
ments, and on the care in taking the angles. To avoid the
errors incident to such a multitude of angles, other methods
have'of late years been used by some few skilful surveyors:
the most practical, expeditious, and correct, seems to be the
following, which is performed, without taking angles, by
measuring with the chain only. '

Choose two or more cmincnces, as grand stations, and
measure % principal base line from one station to another;
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no‘n'ng cvery hedge, brook, or other remarkablo object, as you
pass by it; measuring also such short perpendicular lines to
the bends of h as may be near at Y-eand. From the ex-
tremities of this line, or from any convenient parts of
the same, go off with other lines to some remarkable object
situated towards the sides of the estate, without regarding
the angles they make with the base line or with one another ;
still remembering to note every hedge, brook, or other ob-
ject, that you pass by. These lines, when laid down by in-
tersections, will, with the base line, fonn a grand triangle on
the estate; scveral of which, if need be, %:i,ng thus mea-
sured and laid down, you may proceed to form other smaller
lrianﬁles and trapezoids on the sides of the former: and so
on till you finish with the enclosures individually. By which
means a kind of skeleton of the estate may first be obtained,
and the chief lines serve as the bases of such triangles and
trapezoids as are necessary to fill up all the interior parts.

‘The field-book is ruledy into three columns, as usual. In
the middle one are set down the distances on the chain-line,
at which any mark, offset, or other observation, is made ;
and in the right and left hand columns are entered the off-
sets and observations made on the right and left hand re-
spectivel{) of the chair-line; sketching on the sides the shape
or resemblance of the fences or boundaries.

It is of great advantage, both for brevity and perspicuity,
to begin at the bottom of the leaf, and write upwards; de-
noting the crossing of fences, by hnes drawn across the mid-
dle column, or only a part of such a line on the right and
left opposite the figures, to avoid confusion; and the corners
of fields, and other remarkable turns in the fences where oft-
sets are taken to, by lines joining in the manner the fences
do; as will be best seen by comparing the book with the
plan annexed to the field-book following, p. 76.

The letter in the left-hand corner at the beginning of every
line, is the mark or place measured from; and that at the
right-hand corner at the ¢nd, is the mark measured f0: but
when it is not convenient to go exactly from a mark, the
place measured from is described such a distance from one
mark towards anotker ; and where a former mark is not mea-
sured to, the exact place is ascertained by saying, turn to the
right or left hand, such a distance to such a mark, it being
always undcrstood that those distances are taken in the
chain-line.

... The characters used are, [for turn to the right hand,
"} for turn to the left hand, and -~ placed over an offset,
‘vo show that it is not taken at right angles with the chain-
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line, but in the divection of some straight fence; being
chiefly used when crossing their directions ; which is a better
wayl of obtaining their true places than by offsets at right
angles.

%Vheu a line is measured whose position is determined,
cither by former work (as in the case of -producing a given
line, or measuring from one known place or mark to another)
or by itsclf (as in the third side of the triangle), it is called
a_fust line, and a double line across the book 1s drawn at the
conclusion of it; but if its position is not determined (as in
the sccond side of the triangle), it is called a loose line, and a
single line is drawn across the book. When a line becomes
determined in position, and is afterwards continued farther,
a double line half through the book is drawn.

When a loose line is measured, it becomes absolutely ne-
cessary to measure some other line that will determine its
position.  Thus, the first line ah or bk, being the base of a
triangle, is always determined ; but the position of the second
side &/ does not become determined, till the third side jb is
measured ; then the position of both is determined, and the
triangle may be constructed.

At the beginning of a line, to fix a loose line to the mark
or place measured from, the sign of turning to the right or
left hand must be added, as at % in the second, and j in the
third line; otherwise a stranger, when laying down the
work, may as easily construct the triangle /76 on the wrong
side of the line ak, as on the right one: but this error
cannot be fallen into, if the sign aﬁove named be carefully
observed.

In choosing a line to fix a loose one, care must be taken
that it does not make a very acute or obtuse angle ; asin the
triangle pnr, by the angle at B being very obtuse, a small
deviation from truth, even the breadth of a point at p or 7,
would make the crror at B, when constructed, very con-
siderable; but by constructing the triangle psg, such a de-
viation is of no consequence.

Where the words leave off are written in the field-book, it
signifies that the taking of offsets is from thence disconti-
nued ; and of course something is wanting between that and
the next offset, to be afterwards determined by measuring
some other line.

The field-book for this method, and the plan drawn from
it, are contained in the four following pages, engraven on
copper plates; answerable to which the pupil is to draw a
plan from the measures in the field-book, of a larger size,
viz. to a scale of a double size will be convenient, such a
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“scale being also found on most insttuments. In doing this,
‘begin at the commencement of tha field-book, or bottom of
the first page, and draw the first line ak in any direction at
Kleasure, and then the next two sides of the first triangle by
y sweeping intersected arcs; and so all the triangles in
the same manner, after each other in their order ; and after-
'Wahds setting the perpendicular and other offsets at their
per places, and through the ends of them drawing the
nding fences. -

Note. That the field-book begins at the bottom of the first
page, and reads up to the top; hence it goes to the bottom
of the next page, and to the top; and thence it passes from
the bottom of the third page to the top, which is the end of
the field-book. The several marks measured to or from,
are here denoted by the letters of the alphabet, first the small
ones, a, b, ¢, d, &c, and after them the capitals A, B, C, D),
&c. But, instead of these letters, some surveyors use the
numbers in order, 1, 2, 3, 4, &c.

OF THE OLD KIND OF FIELD-BOOK.

Ix surveying with the plain table, a field-book is not uscd,
as every thing is drawn on the table immediately when it is
measured.  But in surveying with the theodolite, or an
other instrument, some kind of a field-book must be usc(f:’
to write down in it a register or account of all that is done
and occurs relative to the survey in hand.

This book every one contrives and rules as he thinks fittest
for himself. 'The following is a specimen of a form which
has been formerly used. nft is ruled in three columns, as in
the next page.

Here © 1 is the first station, where the angle or bearing
is 105° 25.  On the left, at 73 links in the distance or prin-
cipal line, is an offset of 92; and at 610 an offsct of 24 to a
cross hedge. On the right, at 0, or the beginning, an offset
25 to the corner of the field; at 248 Brown's boundary
hedEe commences ; at 610 an offset 35; and at 954, the end

f the first line, the 0 denotes its terminating in the hedge.
And so on for the other stations.

A line is drawn under the work, at the end of every sta-

tion line, to prevent confusion. =~
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Form gf this Field-book.

o | Stations,
Oftscts and Remarks| Bearings, | Offsets and Remarks
on-the left, and on the right.
‘ Distances. ‘
o1
105° 25" |
§0 00 25 corner
92 73
248 Brown’s hedge
a cross hedge 24 610 35
954 00
© 2
. 53° 10/
house corner 51 25 21
120 29 a tree
34 734 40 a stile
e 3
67° 20’
, 61 35
a brook 30 248
639 16 a spring
foot-path 16 8§10
cross hedge 18 973 20 a pond

Then the plan, on a small scale drawn from the above
ficld-book, will be as in the following figure. But the pupil
may draw a plan of 3 or 4 times the size on his paper gook.
The dotted hnes denote the 8 chain or measured E:es, and
the black lines the boundaries on the right and left. .

But some skilful surveyors now make use of a different
method for the field-book; namely, beginning at the bottom
of the page aiid writing upwards; sketching also a neat
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bonndnelz on ®ither hand, resembling the s near the
measured lines as they pass along ; an cxnmpm‘ which was
given in the new method of surveying, in the preceding

In smaller surveys and measurements, a good way of set-
ting down the work, is to draw br the eye, on a piece of
paper, a figure resembling that which is to be measured ;
and so writing the dimensions, as they arc found, against
the corresponding parts of the figure. And this method
may be practised to a considerable extent, cven in the larger
surveys.

SECTION III.

OF COMPUTING AND DIVIDING.

PROBLEM XVI.
To compute the Contents of Ficlds.

1. ComruTE the contents of the figures as divided into
triangles, or trapeziums, by the proper rules for these figures
laid down in measuring ; multiplying the perpendiculars by
the diagonals or bases, both in hinks, and divide by 2; the
(uotient is acres, after having cut off five fizures on the right
for decimals. Then bring these decimals to roods and
perches, by multiplying first by 4, and then by 40. An
example of which is given in the description of the chain,

ag. 53.
P 4. In small and separate pieces, it is usual to compute their
contents from the measures of the lines taken in surveying
them, without making a correct plan of them.

8. In pieces bounded by very crooked and winding hedges,
measured by offcts, all the parts between the offsets are most
accurately measured separately as small trapezoids.

4. Somectimes such pieces as that last mentioned are com-
puted by ﬁnding a mean breadth, by adding all the offsets
together, and dividing the sum by the number of them, ac-
counting that for one of them where the boundary meets
the station-line (which increases the number of them by 1,
for the divisor, though it does not increase the sum or quan-
tity to be divided) ; then multiply the length by that mean

breadth.
5. But in larger pieces and whole estates, consisting of
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many fields, it is the common practice to make a rough plan
of the whole, and from it compute the contents, quite inde-
pendent of the measures of the lines and angles that were
taken in surveying. For then new lines are drawn in the
ficlds on the plans, so as to divide them into trapeziums and
triangles, the bases and perpendigulars of which are measured
on the plan by means of the scale from which it was drawn,
and so multiplicd together for the contents. In this way,
the work is very expeditiously done, and sufficiently carrect ;
for such dimensions are taken as afford the most easy method
of calculation ; and among a number of parts, thus taken
and applied to a scale, though it be likely that some of the
parts will be taken a small matter too little, and others too
great, yet they will, on the whole, in all probability, very
nearly balance one another, and give a sufficiently accurate
result. After all the fields and particular parts are thus
computed scparately, and added aH together mto one sum;
calculate the whole estate independent of the fields, by di-
viding it into large and arbitrary triangles and trapeziums,
and add these also together. T'hen if this sum be equal to
the former, or nearly so, the work is right; but if the sums
have any considerable difference, it is wrong, and they must
be cxamined, and re-computed, till they nearly agree.

6. But the chief art in computing, consists in finding the
contents of pieces bounded by curved or very irregular ﬁnes,
or in reducing such crooked sides of fields or boundaries to
straight lines, that shall enclose the same or equal area with
those crooked sides, and so obtain the area of the curved
ficure by means of the right-lined one, which will commonly
be a trapezium. Now this reducing the crooked sides to
straight ones, is very casy and accurately performed in this
manner : — Apply the straight edge of a thin, clear piece of
lantern-horn to the crooked line, which is to be reduced,
in such a manncr, that the small parts cut off from the
crooked figure by it, may be equal to those which are taken
i : which equality of the parts included and excluded you
will presently be able to judge of very nicely by a little prac-
tice: then with a pencil, or point of a tracer, draw a line by
the straight edge of the horn. Do the same by the other
sides of the field or figure. So shall you have a straight-
sided figure equal to the curved one; the.content of which,
being computed as before directed, will be the content of the
.crooked figure proposed.

Or, instead of the straight edge of the horn, a horse-hair,
or fine thread, may be applied across the crooked sides in
the same manner ; and the easiest way of using the thread, is
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to string a small slender bow with it, cither of wire, or cane,
or whale-bone, or such-like slender clastic matter; for the
bow keeping it always stretched, it can be easily and neatly
applied with one hand, while the other is at liberty to make
two marks by the side of it, to draw the straight line by.

EXAMPLE.

Thus, let it be required to find the contents of the same
figurc as in P'rob. 1x, page 66, to a scale of 4 chains to an
inch.

Draw the 4 dotted straight lines aB, BC, cp, DA, cutting
off equal quantities on both sides of them, which they do as
near as the eve can judge: so is the crooked figure reduced
to an equivalent right-lined one of % sides, apecp.  Then
draw the diagonal Bp, which, by applying a proper scale
to it, measures suppose 1230. Iso the perpendicular, or
nearest distance from a to this onal, measures 456 ; and
the distance of ¢ from it, 1s 428 .

Then, half the sum of 456 and 428, multiplied by the
diagonal 1256, gives 555152 square links, or 5 acres, 2 rouds,
8 perches, the content of the trapezium, or of the irregular
crooked piece.

As a general example of this practice, let the contents be
computed of all the fields separately in the foregoing plan
facing page 77, and, by adding the contents altogether, the
whole sum or content of the estate will be found nearly equal .
to 1081 acres. Then, to prove the work, divide the whole
plan into two parts, by a pencil line drawn across it any way
near the middle, as from the corner / on the right, to the
corner near 8 on the left; then, by computing these two
large parts separately, their sum must be nearly equal to the
former sum, when the work is all right.
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PROBLEM XVII.

To Transfer a Plan to Another Paper, &c.

AFTER the rouﬁl; J)lan is completed, and a fair one is
wanted ; this may one by any of the following methods.

First Mcthod.—Lay the rough plan on the clcan paper,
keeping them always pressed flat and close together, by
weights laid %kthem. Then with the point of a fine pin
orepricker, prick through all the corners of the plan to be
copiced. Take them asunder, and connect the pricked points
on the clean paper, with lines; and it is done. This method
is only to be practised in plans of such figures as are small
and tolerably regular, or bounded by right lines.

Sccond Mcthod.—Rub the back of the rough plan over
with black-lead powder; and lay this blacked part on the
clean paper on which the plan is to be cnpied, and in the
proper position.  Then, with the blunt point of some hard
substance, as brass, or such-like, trace over the lines of the
whole plan; pressing the tracer so much, as that the black
lead under the lines may be transferred to the clean paper:
after which, take off the rough plan, and trace over the leaden
marks with common ink, or with Indian ink.—Or, instcad of’
blacking the rough plan, we may keep constantly a blacked
paper to lay between the plans.

Third Mcthod.— Another method of corying plans, is by
means of squares.  This is performed by dividing both ends
and sides of the plan which is to be copicd into any conve-
nient number of equal , and connecting the correspond-
ing points of division lines ; which will divide the plan
into a number of small squares. "I'hen divide the paper, on
which the plan is to be copied, into the same number of
squares, cach equal to the former when the plan is to be
copied of the same size, but greater or less than the others,
in the proportion in which the plan is to be increased or
diminished, when of a different size. Lastly, copy into the
clean squares the parts contained in the corresponding squares
of the old plan; and you will have the copy, cither of the
same size, or greater or less in any proportion.

Fourth Method —A fourth method is by the instrument
called a pentagraph, which also copies the plan in any size
required: for this purpose, also, Professor Wallace's eido-
graph may be advantageously employced.

Fifth Mcthod.—A very neat method, at least in copying

VoL, 1. G
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from a fair plan, is this. Procure a copying frame or glass,
made in this manner; namely, a large square of the best
window glass, set in a broad frame of wood, which can be
raised up to any angle, when the lower side of it rests on a
table. Set this frame up to any angle before you, facing a
strong light ; fix the old plan and clean paper together, with
several pins %uitc around, to keep them together, the clean
paper being Tuid uppermost, and over the face of the plan to
be copied. Lay them, with the back of the old plan, on the
glass ; namely, that part which you ‘inte o%egin at to
copy first; and by means of the light shinfir through the
papers, you will very distinctly perceive every line of the plan
through the clean paper. In this state then trace all -the
lines on the paper with a pencil.  Having drawn that part
which covers the glass, slide another part over the glass, and
copy it in the same manner. Then another part: and so
on, till the whole is copied. Then take them asunder, and
trace all the pencil lines over with a fine pen and Indian ink,
or with common ink. And thus vou may copy the finest
plan, without injuring it in the lcast.

OF ARTIFICERS WORKS,
AND

TIMBER MEASURING.

1. OF THE CARPENTER’S OR SLIDING RULE.

Tuge Carpenter’s or Sliding Rule, is an instrument much
used in measuring of timber and artificers’ works, both for
taking the dimensions, and computing the contents.

The instrument consists of two equal pieces, each a foot
in length, which are connected together by a folding joint.

One side or face of the rule is divided into inches, and
eighths, or half-quarters. On the same face also are several
plane scales divided into twelfth parts by diagonal lines;
which are used in planning dimeunsions that are taken in feet
and inches. The edge of the rule is commonly divided
decimally, or into tenths; namely, each foot into ten equal
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parts, and each of these into ten parts again: so that by
means of this last-scale, dimensions are taken in feet, tenths,
and hundredths, and multiplied as common decimal numbers,
which is the best way.

On the one part of the other face are four lines, marked
A, B, C, D; the two middle ones B and c being on a slider,
which runs in a groove made in the stock. The same num-
bers serve for both these two middle lines, the one being
above the numbers, and the other below.

These fou*es are loggrithmic ones, and the three a, b,
¢, which are Wl equal to one another, are double lines, as
they proceed twice over from 1 to 10. The other or lowest
line, b, is a single one, procecding from 4 to 40. It is also
called the girt hine, from its use in computing the contents
of trees and timber ; and on it are marked we at 1715, and
AG at 1895, the wine and ale gage points, to make this in-
strument serve the purpose of a gaging rule.

On the other part of this face, there 1s a table of the value
of a load, or 50 cubic feet of timber, at all prices, from
6 pence to 2 shillings a foot.

When 1 at the beginning of any line is accounted 1, then
the 1 in the middle will be 10, and the 10 at the end 100;
but when 1 at the beginning is counted 10, then the 1 in
the middle is 100, and the 10 at the end 1000; and so on.
And all the smaller divisions are altered proportionally.

II. ARTIFICERS' WORK.

ARTIFICERS computgy the contents of their weorks by
several different measu As,

Glazing and masonry, by the foot ; Painting, plastering,
paving, &c. by the yard, of 9 sci:lnre feet : Flooring,
partitioning, roofing, tiling, &c. by the square of 100

uare feet :

And brickwork, either by the yard of 9 square feet, or by
the perch, or square rod or pole, containing 2725 square
feet, or 804 square yards, being the square of the rod
or pole of 164 feet or 5% yards long.

As this number 272% is troublesome to divide by, the fis
often omitted in practice, and the content in feet divided
only by the 272.

X]l works, whether superficial or solid, are computed by
the rules proper to the figure of them, whether it be a tn-

angle, or rectangle, a parallelopiped, or any other ﬁgure.
G
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’

III. BRICKLAYERS’ WORK.

BRICKWORK is estimated at the rate of a brick and a half
thick. So that if a wall be more or less than this standard
thickness, it must be reduced to it, as follows:

Multiply the superficial content of the wall by the number
of half bricks in the thickness, and divide the product by 3.

The dimensions of a building may be taken by measuring
half round on the outside and half round on the inside; the
sum of these two gives the compass of the “to be multi-
plied by the height, for the content of the materials.

Chimneys are commonly measured as if they were solid,
deducting only the vacuity from the hearth to the mantle,
on account of the trouble of them. All windows, doors, &c.
are to be deducted out of the contents of the walls in which
they are placed.

The dimensions of a common bare brick are, 8% inches
Iong, 4 inches broad, and 2! thick ; but including the half
inch joint of mortar, when laid in brickwork, every dimen-
sion 1s to be counted half an inch more, making its length
9 inches, its breadth 4!, and thickness 3 inches. So that
every 4 courses of proper brickwork measures just 1 foot or
12 inches in height.

EXAMPLES.

Exay. 1. How many yards and rods of standard brick-
work are in a wall whose length or compass is 57 feet 3
inches, and height 24 feet G inches ; the wa&l being 21 bricks
or 5 half bricks thick ? Ans. 8 rods, 173 yards.

Exam. 2. Required the contentgf a wall 62 feet 6 inches
long, and 14 feet 8 inches high, and 2} bricks thick ?

Ans. 169753 yards.

Exanm. 3. A triangular gable is raised 17} fect high, on
an end wall whose length 1s 24 feet 9 inches, the thickness
being 2 bricks: required the reduced content ?

Ans. 32:08; yards.

Exax. 4. The end wall of a house is 28 feet 10 inches
long, and 55 fect 8 inches high, to the eaves; 20 fect high
is 2! bricks thick, other 20 fect high is 2 bricks thick, and
the remaining 15 feet 8 inches is 1} brick thick; above
which is a triangular gable, of 1 brick thick, which rises
42 courses of bricks, of which cvery 4 courses make a foot.
What is the whole content in standard measure ?

Ans. 253-6206 yards.
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IV. MASONS' WORK.

To Masonry belong all sorts of stone work ; and the mea-
sure made use of is a foot, either superficial or sohd.

Walls, columnns, blocks of stone or marble, &c. arc mca-
sured by the cubic foot; and pavements, slabs, chimney-
pieces, &c. by the superficial or square foot.

Cubic or soljd measure is used for the materials, and square
measure for workmanship. )

In the solid measure, the true length, breadth, and thick-
ness are taken and multiplicd continually together. In the
superficial, there must be taken the length and breadth of
cvery part of the projection which is scen without the general
upright face of the building.

EXAMPLES.

ExaMm. 1. ReQuirep the solid content of a wall, 53 feet

6 inches long, 12 feet 3 inches high, and 2 feet thick ?
Ans. 13103 feet.
Exaym. 2. What is the solid content of a wall, the length
being 24 feet 3 inches, height 10 fect 9 inches, and 2 feet
thick ? Ans., 521-375 feet.
Exan. 3. Required the value of a marble slab, at 8s. per
foot; the length being 5 feet 7 inches, and breadth 1 foot
10 inches? Ans. 4. 1s. 101d.

Exam. 4. In a chimney-piece, suppose the
length of the mantle and slab, cach 4 feet 6 inches
breadth of both togcther - 3 2
length of each 'am% - - 4. 4
breadth of both together - 1 9
Required the superficial content?  Ans. 21 feet 10 iuches.

V. CARPENTERS’ AND JOINERS' WORK.

To this branch belongs all the wood-work of a house,
such as flooring, partitioning, roofing, &c. '

Large and plain articles are usually mcasured by the

uare foot or yard, &c.; but enriched mouldings, and some
other articles, are often estimated by running or lineal mea-
sure; and some things arc rated by the picce. )

In measuring of Joists, take the dimensions of one joist,
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and multiply its content by the number of them ; consider-
ing that each end is let into the wall about } of the thick-
ness, as it ought to be.

Partitions are measured from wall to wall for one di-
rt;xenslc‘),n, and from floor to floor, as far as they extend, for
he other.

The measure of Centering for Cellars is found by making
a stn;ﬁ pass over the surface of the arch for the breadth,
and taking the length of the cellar for the length: butin
groin centering, it is usual to allow double leasure, on ac-
count of their extraordinary trouble.

In Rooﬁnf, the dimensions, as to length, breadth, and
depth, are taken as in flooring joists, and the contents com-
puted the same way.

In Floor-boarding, take the length of the room for one
dimension, and the breadth for the other, to multiply to-
gether for the content.

For Stair-cases, take the breadth of all the steps, by making
a line ?ly close over them, from the top to the bottom, and
multiply the length of this line by the length of a step, for
the whole area.— By the length of a step is meant the length
of the front and the returns at the twd ends; and by the
breadth is to be understood the girts of its two outer sur-
faces, or the tread and riser.

For the Balustrade, tuke the whole length of the upper

of the hand-rail, and girt over its end till it meet the

top of the newel-post, for t.Ee one dimension ; and twice the

length of the baluster on the landing, with the girt of the
hand-rail, for the other dimension.

For Wainscoting, take the compass of the room for the
e dimension ; and the height from.the floor to the ceiling,
m%king the string ply close into all the mouldings, for the
othcer.

For Doors, take the height and the breadth, to multiply
them together for the area.—If the door be panneled on
both sides, take double its measure for the workmanship ;
but if one side only be panneled, take the area and its half -
for the workmanship.  For the Surrounding Architrave,
girt it about the uppermost part for its length ; and measure
over it, as far as it can be scen when the door is open, for
the breadth. .

Window-shutters, Bases, &c. are measured in like manner.

In measuring of Joiners’ work, the string is made to ply
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close into all mouldings, and to every part of the work over
which it passes. -

EXAMPILES.

Exam. 1. Requirep the content of a floor, 48 feet G inches
long, and 24 fect 8 inches broad ? Ans. 11 sq. 76} teet.

Exam. 2. A floor being 36 feet 8 inches long, and 10 fect

6 inches broad, how many squares are in it ? .
N Ans. 5 sq. 983 fect.
Exaum. 3. How many squares are there in 173 feet 10
inches in length, and 10 feet 7 inches height, of partitioning ?
Ans. 183973 squarcs.
Exam. 4. What cost the roofing of a house at 10s. 6d.
a square; the length within the walls being 52 feet 8 inches,

and the breadth 30 feet 6 inches; reckoning the roof 3 of
the flat ? Ans. 124. 12s. 115d.

Exam. 5. To how much, at Gs. per square yard, amounts
the wainscoting of a room ; the height, taking in the cornice
and mouldings, being 12 feet G inches, and the whole com-
pass 83 feet 8 inches; also the three window-shutters are
cach 7 fect 8 inches by 8 feet 6 juches, and the door 7 fect
by 8 feet 6 inches; the door and shutters, being worked on
both sides, are reckoned work and half work ?

Ans. 361 12s. 21d.

VI. SLATERS’ AND TILERS’ WORK.

In these articles, the content of a roof is found by mul-
tiplying the length of the ridge by the girt over from caves
to caves; making allowance in this girt for the double row
of slates at the bottom, or for how much one row of slates
or tiles is laid over another.

When the roof is of a true pitch, that is, forming a right
angle at top ; then the breadth of the building, with its half
added, is the girt over both sides nearly.

In angles formed in a roof, running from the ridge to the
caves, when the angle bends inwards, it is called a valley;
but when outwards, it is called a hip. _

X iDcductions are made for chimmey shafts or window
oles.
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! EXAMPLES.

Exawm. 1. REQUIRED the content of a slated roof, the
length being 45 feet 9 inches, and the whole girt 34 fect
3 inches? Ans. 1745 yards.

ExauM. 2. To how much amounts the tiling of a house,
at 25s. Gd. per square; the length being 48 feet 10 inches,
and the breadth on the flat 27 feet 5 inches; also the caves
projecting 16 inches on each side, and the roof of a truc
pitch ? Ans. 241 9s. 8d.

VII. PLASTERERS' WORK.

PrasTERERS' work is of two kinds ; namely, ceiling; which
is plastering on laths; and rendering, which is plastering on
walls: which are mcasured separately.

‘T'he contents are estimated either ﬁy the foot or the yard,
or the square, of 100 fect. Enriched mouldings, &c. arc
rated by running or lineal mecasure.

Deductions are made for chimneys, doors, windows, &e.

EXAMPLLS,

Exam. 1. How many yards contains the ceiling which is
43 feet 3 inches long, and 25 feet 6 inches broad ?
Ans. 122;.

Exam. 2. To how much amounts the ceiling of a room,
at 10d. per yard ; the length being 21 feet 8 inches, and the
breadth 14 feet 10 inches? Ans. 1/ 9s. 8}d.

Exam. 3. The length of a room is 18 feet 6 inches, the
breadth 12 feet 3 inches, and height 10 feet 6 inches; to
how much amounts the ceiling and rendering, the former at
8d. and the latter at 3d. per yard; allowing for the door of
7 fect by 8 feet 8, and a fire-place of 5 feet square ?

Ans. 12. 13s. 81d.

Exam. 4. Required the quantity of plastering in a room,
the length being 14 feet 5 inches, {)rca th 13 feet 2 inches,
and hcight 9 feet 3 inches to the under side of the cornice,
which girts 8} inches, and projects 5 inches from the wall
on the upper part next the ceiling; deducting only for a
dapr 7 feet by 4?
Ans. 53 yards 5 feet 34 inches of rendering
18 5 6 of ceiling -
39 0:: of cornicc.
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VIII. PAINTERS WORK.

PainTERs® work is computed in square yards, Every part
is measured where the colour lies; and the measuring line is
forced into all the mouldings and corners.

Windows are done at so much a piece. And it is usual to
allow double measure for carved mouldings, &c.

EXAMPLES.

ExaM. 1. How many yards of painting contains the room
which is 65 feet 6 inches in compass, and 12 feet 4 inches
high ? Ans. 8941 yards.

Exam. 2. The length of a room being 20 feet, its breadth
14 feet 6 inches, and height 10 feet 4 inches; how many

ards of painting arc in it, deducting a fire-place of 4 feet
‘Ky 4 feet 4 inches, and two windows each 6 feet by 3 feet
2 inches? Ans. 732 yards.

ExaM. 3. What cost the painting of a room, at 6d. per
yard ; its length being 24 feet 6 inches, its breadth 16 fcet
3 inches, aud height 12 feet 9 inches; also the door is 7 feet
by 3 feet. 6, and the window-shutters to two windows each
7 fect 9 by 3 feet G; but the breaks of the windows them-
sclves are 8 feet G inches high, and 1 foot 3 inches deep ; in-
cluding also the window cills or seats, and the soffits above,
the dimensions of which are known from the other dimen-
stons : but deducting the fire-place of 5 feet by 5 feet 67

Ans. 3l 8s. 103d.

—

IX. GLAZIERS WORK.

GuraziERrs take their dimensions, cither in fect, inches,
and parts, or feet, tenths, and hundredths. And they com-
pute their work in square feet.

In taking the length and breadth of a window, the cross
bars between the squares are included. Also windows of
round or oval forms are measured as square, measuring them
to their greatest length and breadth, on account of the waste
in cutting the glass.

EXAMPLES.

LExam. 1. How may square feet contains the window
which is 425 feet long, and 275 feet broad ? Ans. 113.
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Exan. 3. What will the glazing a triangular sky-light
come to, at 10d. per foot; the basc being 12 fcet 6 inches,
and the perpendicular height 6 feet 9 inches?

Ans. 11 15s. 13d.

ExaMm. 8. There is a house with three ticrs of windows,
three windows in each tier, their common breadth 3 feet 11
inches : :

now the height of the first tier is 7 feet 10 inches
of the second 6 8
of the third 5 4

Required the expense of glazing at 14d. per foot 7
Ans. 134 11s. 1014,

Exam. 4. Required the expense of glazing the windows
of a house at 13d. a foot ; there being three stories, aud three
windows in each story :

the height of the lower tier is 7 feet 9 inches
of the middle 6 6 -
of the upper 5 31
and of an oval window over the door 1 10X
the common breadth of ull the windows being 3 {iet
9 inches? Aus, 12/ 3. Gd.

X. PAVERS' WORK.

Pavers’ work is done by the square yard. And the
content is found by multiplying the llcnglh by the breadth.

EXAMPLES.

Exam. 1. What cost the paving a foot-path, at 3s. 4d. a
yard ; the length being 35 feet 4 inches, and breadth 8 fect
3 inches ? Ans. 5/. Ts. 11}d.

Exau. 2. What cost the paving a court, at 8s. 2d. per
yard ; the length being 27 feet 10 inches, and the breadth
14 feet 9 inches? Ans. 7. 4s. 5;d.

Exam. 3. What will be the expense of paving a rectan-

ular courb-yard, whose length is 63 feet, .and breadth 45
eet; in which there is laid a foot-path of 5 feet 3 inches
broad, running the whole length, with broad stones, at 38s.

a yard ; the rest being paved mith pebbles at 2s. 6d. a yard ?
y & p pe Ans. 400. 55. 104d.



TIMBER MBABURING. 91

XL -PLUMBERS' WORK.

PLuMBERS’ work is rated at so much a pound, or else by
the hundred weight of 112 pounds.

Shect lcad, used in roofing, guttering, &c. is from 6 to
10lb. to the square foot. And a pi{)e of an inch bore is
commonly 18 or 14lb. to the yard in length.

EXAMPLES.

Exam. 1. How much weighs the lead which is 89 fect
6 inches long, and 3 fcet 8 inches broad, at 8:1b. to the
square foot ? Ans. 1091 % 1b.

Exam. 2. What cost the covering and guttering a roof
with lead, at 18s. the cwt.; the length of the roof being 43
feet, and breadth or girt over it 32 feet; the uttering 57
feet long, and 2 feet wide; the former 9-8311b. and the
latter 7-3781b. to the square foot ? Ans. 115/, 9s. 11d.

XII. TIMBER MEASURING.

PROBLEM I.

T'o find the Arca, or Superficial Content, of a Board or
Plank. )

MurLTiPLy the leng;l; by the mecan breadth.

Note. When the board is tapering, add the breadths at
the two ends together, and take half the sum for the mean
breadth. Or else take the mean breadth in the middle.

By the Sliding Rule.

Sct 12 on B to the breadth in inches on 4 ; then against
the length in feet on n, is the content on a, in feet and
fractional parts.

EXAMTPLES,

Exam. 1. What is the value of a plank, at 13d. per foot,
whose length is 12 feet 6 inches, and mean breadth 11
inches ? Ans, 1s. 5d.
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+ Exau. 2. Required the content of a board, whose length
is 11 feet 2 inches, and breadth 1 foot 10 inches?
. Ans. 20 feet 5 inches 8.

Exam. 3. What is the valuc of a plank, which is 12 fect
9 inches long, and 1 foot 8 inches broad, at 21d. a foot ?
Ans. 3s. 31d.

Exau. 4. Required the value of 5 oaken planks at 8d.
ger foot, each of them being 173 feet long ; and their several
readths as follows, namely, two of 18} inches in the middle,
one of 14% inches in the middle, and the two remaining
ones, cach 18 inches at the broader end, and 11} at the
narrower ? Ans. 14 5s. 93d.

PROBLEM II.

To find the Solid Content of Squarcd or Four-sided Timber.

MuvrTirLy the mean breadth by the mean thickness, and
the product again by the length, tor the content ncarly.

By the Sliding Rule.

C D D C
As length : 12 or 10 : : quarter girt : solidity.

That is, as the length in feet on ¢, is to 12 on n, when
the quarter girt is in inches, or to 10 on b, when it is in
tenths of fect; so is the quarter girt on b, to the content
on C.

Note 1. If the tree taper regularly from the one end to
the other; cither take the mean breadth and thickness in
the middle, or take the dimensions at the two ends, and half
their sum will be the mean dimensions : which multiplied as
above, will give the content nearly.

2. If the piece do not taper regularly, but be unequall
thick in some parts and small in others; take scveral dif-
ferent dimensions, add them all together, and divide their
sum by the number of them, for the mean dimensions.

EXAMPLES.

Exam. 1. The length of a piece of timber is 18 feet
6 inches, the breadths at the greater and less end 1 foot
6 inches and 1 foot 3 inches, amﬂhe thickness at the greater
and less end 1 foot 3 inches and 1 foot ; required the solid
content ? Ans. 28 feet 7 inches.
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Exam. 2. What is the content of the piece of timber,
whose length is 24} feet, and the mean breadth and thick-
ness each 1-04 feet ? Ans. 261 feet.

Exam. 3. Required the content of a piece of timber,
whose length is 20-38 feet, and its ends unequal squares, the
side of the greater being 195 inches, and the side of the less
97 inches ? Ans. 29-7562 feet.

Exaum. 4. Required the content of the piece of timber,
whose length is 27'36 feet; at the greater end the breadth
is 178, and thickness 1°23 ; and at the less end the breadth
is 1'04, and thickness 0°91 feet ? Ans. 41-278 feet.

PROBLEM III.
To find the Solidity of Round or Unsquared Timber.

MYULTIrLy the square of the quarter girt, or of 1 of the
mean circumference, by the length, for the content.

By the Sliding Rule.

As the length upon ¢ : 12 0r 10 upon b : :
quarter girt, in 12ths or 10ths, on b : content on c.

Nofe 1. When the tree is tapering, take the mean dimen-
sions as in the former problems, either by girting it in the
middle, for the mean girt, or at the two ends, and taking half
the suin of the two; or by girting it in several places, then
addiug all the girts together, and dividing the sum by the
number of them, for the mean girt. But when the tree is
very irregular, divide it into several lengths, and find the
content of cach part separately.

2. This rule, which is commonly used, gives the answer
about % less than the truc quantity in the tree, or ncarly
what the quantity would be, after the tree is hewed square
in the usual way: so that it seems intended to make an
allowance for the squaring of the tree.

On this subject, Lowevcr, Hutton’s Mensuration, part v.
sect. 4, may be advantageously consulted.

EXAMPLES.

Exam. 1. A piece of round timber being 9 feet 6 inches
long, and its mean quarter girt 42 inches; what is the
content ? Ans. 1163 feet.

Exam. 2. The length of a tree is 24 feet, its girt at the

thicker end 14 feet, and at the smaller end 2 feet; required
the content ? Ans. 96 feet.
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" ExaM. 8. What is the content of a trec whose menn
girt is 3-15 feet, and length 14 feet G inches ?
Ans. 89922 feet.

Exanm. 4 uired the content of a tree, whose length
is 174 feet, which girts in five different places as follows,
namely, in the first place 9-43 feet, in the second 7-9%, in
the third 6°15, in the fourth 4-74, and in the fifth 3-16?

Ans. 42-:519525.

PRACTICAL EXERCISES IN MENSURATION.

QuxsT. 1. WaHAT difference is there between a floor 98
feet long by 20 broad, and two others, cach of half the
dimensions; and what do all thrce comc to at 45s. per
square, or 100 square feet?

Ans. dif. 280 sq. feet. Amount 18 guineas.

QuEsT. 2. An clm plank is 1 feet 3 inches long, and I
would have just a square yard slit off it; at what distance
from the edge must the line be struck?  Ans. 7i.L inches.

QuEsT. 8. A ceiling contains 114 yards 6 feet of plaster-
ing, and the room is 28 feet broad ; what is the Iengtg of it ¢
Ans. 36% feet.

QuesT. 4. A common joist is 7 inches deep, and 2}
thick ; but I want a scantling just as big again, that shall
be 3 inches thick ; what will the other dimension be ?

Ans. 113 inches.

QuEesT. 5. A wooden trough cost me 3s. 2d. painting
within, at 6d. per yard; the length of it was 102 inches,
and the depth 21 inches; what was the width ?

Ans. 27} inches.

Quest. 6. If my court-yard be 47 feet 9 inches square,
and T have laid a foot-path with Purbeck-stone, of 4 feet

wide, along one side of it; what will paving the rest with
flints come to, at 6.7 per square yard?  Ans. 5. 16+ 0}d.

QuEsT. 7. A ladder, 36 feet long, may be so planted,
that it shall reach a window 307 feet from the ground on
one side of the street ; and, by ouly turning it over, without
moving the foot out of its place, it will do the same by a
window 189 feet high on the other side : what is the breadth
of the street ? Ans, 50°984 feet.

QuesTt. 8. The paving of a triangular court, at 18d. per
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foot, came to 100i.; the longest of the threc sides was
88 feet ; required the sum of the other two equal sides ?
Ans. 10-685 feet.

QuEsT. 9. The perambulator, or surveying wheel, is so
contrived, as to turn just twice in the length of a pole, or
16} feet ; required the diameter ? Ans. 2:626 feet.

Quest. 10. In turning a one-horse chaise within a ring of
a certain diameter, it was observed, that the outer wheel
madc two turns, while the inner made but one: the wheels
were both 4 feet high; and, supposing them fixed at the
statutable distance of 5 feet asunder on the axle-tree, what
was the circumference of the track described by the outer
wheel ? Ans. 62-832 fect.

QuesT. 11. What is the side of that equilateral triangle,
whose area cost as much paving at 8d. a foot, as the pa.glli-
sading the three sides did at a guinea a yard ?

Ans. 72:746 fect.

QursTt. 12. A roof, which is 24 feet 8 inches by 14 feet
06 inches, is to be covered with lead at 8lb. per square foot :
what will it come to at 18s. per cwt.? Ans. 22/ 19s. 101d.

QuEsT. 18. Ilaving a rectangular marble slab, 58 inches
by 27, I would have a square foot cut off parallel to the
shorter edge; I would then have the like quantity divided
from the remainder parallel to the longer side; and this
alternately repeated, till there shall not be the quantity of
a foot lef{ : what will be the dimensions of the remainin
picce ? Ans. 20+7 inches by 6'08&

N. B. This question may be solved neatg by an alge-
Lraical process, as may be secn in the Ladies’ Diary for 1823.

QuesT. 14. Given two sides of an obtuse-angled triangle,
which are 20 and 40 poles ; required the third side, that the
triangle may contain just an acre of land ?

Ans. 58876 or 23-099.

Quest. 15. How many bricks will it take to build a wall,
10 feet high, and 500 fect long, of a brick and half thick ;
reckoning the brick 10 inches long, and 4 courses to the
foot in height? Auns. 72000.

QuEsT. 16. How many bricks will build a square pyramid
of 100 feet on each side at the base, and also 100 feet per-
pendicular height: the dimensions of a brick being supposed
10 inches long, 5 inches broad, and 3 inches thick ?

Ans. 3840000.

QuesT. 17. If, from a right-angled triangle, whose base
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is 12, and perpendicular 16 feet, a linc be drawn parallel 1o
the perpendicular, cutting off a triangle whose arca is 24
square feet ; required the sides of this triangle ?

Ans. 6, 8, and 10.

QueEesT. 18. If a round pillar, 7 inches across, have 4 feet
of stone in it: of what diameter is the column, of equal
length, that contains 10 times as much ?

Ans. 22:136 inches.

QuEsT. 19. A circular fish-pond is to be made in a gar-
den, that shall take up just half an acre; what must be the
length of the cord that strikes the circic?  Ans. 27} yards.

QuEsT. 20. When a roof is of a true pitch, the rafters
are } of the breadth of the building: now supposing the
eaves-boards to project 10 inches on a side, what wilk the
new ri{;ping a house cost, that measures 32 feet 9 inches
long, by 22 fect 9 inches broad on the flat, at 15s. per
square ? Ans. 8. 15s5. 9.d.

QuesT. 21. A cable, which is 3 feet long, and 9 inches
in compass, weighs 22ib.; what will a fathom of that cable
weigh, which measures a foot round ? Ans. 7821b.

QueEsT. 22. A plumber has put 28lb. per square foot
into a cistern, 74 inches and twice the thickness ot the lead
long, 26 inches broad, and 40 deep; he has also put three
stays across it within, 16 inches decep, of the same strength,
and reckons 22s. per cwt. for work and nmiaterials. A mason
has in return paved him a workshop, 22 feet 10 inches
broad, with Purbeck stone, at 7d. per foot ; and upon the
balance finds there is 3s. 6d. duc to the plumber; what was
the length of the workshop, supposing sheet lead ;% of an
inch thick to weigh 5-899lbs. per foot? Ans. 822825 feet.

Qurst. 23. The distance of the centres of two circles,
whose diameters are each 50, being given, equal to 30; what

is the area of the space inclosed by their circumferences ?
O Ans. 559:119.

QuEesT. 24. If 20 feet of iron railing weigh half a ton,
when the bars arc an inch and quarter square; what will 50
feet come to at 34d. per Ib., the bars being but 7 of an inch
square ? Ans. 204 0s. 2d.

Quesrt. 25. It is required to find the thickness of the
fead in a pipe, of an inch and quarter bore, which weighs
14lb. per yard in length; the cubic foot of lead weighing
11325 ounces ? Ans. 20737 inches.

QuEesT. 26. Supposing the expense of paving a semicir-
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cular plot, at 2. 4d. per foot, come to 104 ; what is the
diameter of it ? Ans. 14-7787 feet.

Quest. 27. What is the length of a chord which cuts off

4 of the area from a circle whose diameter is 289 ?
Ans. 278-6716.

QuEsT. 28. My plumber has sct me up a cistern, and, his
shop-book being Kurnt, he has no means of bringing in the
charge, and 1 do unot choose to take it down to have it
weighed ; but by measure he finds it contains 64,3 square
fect, and that it is precisely £ of an inch in thickness. ad
was then wrought at 2. per fother of 19} cwt. It is
required from these items to make out the bill, allowing
63 oz. for the weight of a cubic inch of lead ?

Ans. 44 11s. 2d.

QuesT. 29. What will the diameter of a globe be, when
the solidity and superficial content are expressed by the
same number ? Ans. 6.

QuEesT. 30. A sack, that would hold 8 bushels of corn,
is 221 inches broad when cmpty ;s what will another sack
contain, which, being of the same length, has twice its
breadth or circumference ? Ans. 12 bushels.

QuEesT. 31. A carpenter is to put an oaken curb to a
round well, at 8d. per foot square : the breadth of the curb
i1s to be 8 inches, and the diameter within 3% feet: what
will be the expense? Aaus. 6s. 63d.

Quest. 32. A gentleman has a garden 100 feet long, and
80 fect broad ; and a gravel walk 1s to be made of an equal
width half round it: what must the breadth of the walk be,
to take up just half the ground ? Ans. 25-968 feet.

QuEsT. 33. The top of a may-pole, being broken off by
a blast of wind, struck the ground at 15 feet distance from
the foot of the pole; what was the height of the whole may-

pole, supposing the length of the broken piece to be 39
teet ? Ans. 75 feet.

QuEsT. 34. Seven men bought a grinding-stone of 6O
inches diameter, each paying 3 part of the expense; what
part of the diameter must each grind down for his share ?

Ans. the 1st 44508, 2d 4-8400, 3d 53535, 41h 60765,
5th 7-2079, 6th 9-3935, Tth 2:26778 inches.

QUEST. 35. A maltster has a kiln, that is 16 feet 6 inches
square : but he wants to pull it down, and build a new one,
that may dry three times as much at once as the old one;
what must be the length of its side? Ans. 28 fect, 7inches.

VOL. II. u
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Qukst. 36. How many 3 inch cubes may be cut out of a
12 inch cube? Ans. 64.

Qurst. 37. How long must the tether of a horse be, that
will allow him to graze, quite around, just an acre of
ground ? Ans. 39} yards.

QuEsT. 38. What will the painting of a conical spire
come to at 8. per yard; supposing the height to be 118
feet, and the circumterence of the base G+ feet?

Ans. 117 0., 81d.

QuisT. 89. The diameter of a standard corn bushel is
18! inches, and its depth 8 mches; then what must the
diameter of that bushel be, whose depth is 71 inches ?

Ans. 191067 inches.

QuesT. 40. Suppose the ball on the op of St. Paul’s
church is 6 teet in diameter; what did the gilding of it cost
at 8! per square inch ? Ans. 2374 10s. 1d.

QuesT. 41, What will a frustum of a marble cone come
to at 12s. per solid foot: the diameter of the greater end
being 4 feet, that of the less end 1%, and the length of the
slant side 8 feet ? Ans. 300 1s. 101d.

Quesi. 42, To divide a cone into three cqual parts by
scetions parallel to the base, and to find the altitudes of the
three parts, the height of the whole cone being 20 inches ?

An-~. the upper part 13-867
the middle part 3-605
the lower part  2-528

QuesT. 43. A gentleman has a bowling-green, 300 feet
long, and 200 feet broad, which he would raise 1 foot higher,
by means of the earth to be dug cut of a ditch that goes
round it: to what depth must the ditch be dug, supposing
its breadth to be cvery where 8 feet ? Ans, 723 feet.

Quest. 44. How high above the earth must a person be
raised, that he may see ; of its surface? )
Ans. to the héight of the carth’s diameter.

QuEsT. 45. A cubic foot of brass 1s to be drawn into wire
of ;. of an inch in diameter ; what will the length of the
wire be, allowing no loss in the mctal ?

Ans. 97784797 yards, or 55 miles 984-797 yards.

QuEesT. 46. Of what diameter must the bore of a cannon
be, which is cast for a ball of 24lb. weight, so that the dia-
meter of the bore may be ', of an inch more than that of
the ball ? Ans 5:647 inches.
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QuEsT. 47. Supposing the diameter of an iron 9lb. ball to
be 4 inches, as it is very nearly ; it is required to find the
diameters of the several balls weighing 1, 2, 3, 4, 6, 12,
18, 24, 82, 36, and 42lb., and the calibre of their guns,
allowing - of the calibre, or ' of the ball’s diameter, for
windage.

Answer.
Wi | Diamecter Calibre
ball. ball. gun,

!

J
Pl 102300 | 10622
|2 2egues 1 o2u72s
|8 L 2T b sl
booa L 30526 1 31119
; 6 34948 1 33650
9 46000 40816
. Y 11026 14924
b o 0307 a2 1425
21 a0 a9 35001

32 1 6-1051
36 ( 63196
42 G681y

62207
6 1792
65208

QuEesr. 48, Supposing the windage of all mortars to be
/o of the calibre, and the diameter of the hollow part of the
shell to be 7; of the calibre of the mortar : it is required to
determine the diameter and weight of the shell, and the
quantity or weight of powder requisite to fill it, for each of
Alc several sorts of mortars, namely, the 13, 10, 8, 5:8, and
4 6 inch mortar.

Answer.
Calib. [Diameter| We. shell] Wt. of |W1. sheil
mort. | ball. cmpty. | powder. { filled.
46 | 4523 | 8320 0583 8903
58 5703 16 677 1-168 17 845
8 7867 | 43764 3065 40 829
10 9833 85476 5986 91-462
13 12:783 |187:791 | 13151 |200'942
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Quest. 49. 1f a heavy sphere, whose diameter is 4 inches,
be let fall into a conical glass, full of water, whose diameter
is 3, and altitude 6 inches; it is required to determine how
much water will run over?

Ans. 26°272 cubic inches, or near }} .parts of a pint.

QuEgsT. 50. The dimensions of a sphere and cone being
the same as in the last question, and the cone only § full of
water ; required what part of the axis of the sphere 18 im-
mersed in the water ? Ans. -546 parts of an inch.

QuesT. 51. The cone being still the same, and § full of

water ; required the diameter of a sphere which shall be i;ust
all covered by the water? Ans. 2:445996 inches.

QuEesT. 52. If a persons with an air balloon, ascend ver-
tically from London, to such height that he can just sec
Oxford appear in the horizon; it is required to determine
his height above the earth, supposing its circumference to
be 25000 miles, and the distance between London and
Oxford 49-5933 miles ?

Auns. 1% ' of a mile, or 547 yards 1 foot.

QuesT. 53. In a garrison there are three remarkable ob-
jects, a, u, ¢, the distances of which from one to another
are known to be, AR 213, ac 424, and Bc 262 yards; |
am desirous of knowing my position and distance at a place
or station s, from whence I observed the angle ass 130 30,
and the angle csB 29° 50/, both by geometry and trigo-

nometry.

Answer.
AS 605-7122, )
ne 4206814, w
cs 524-2865.

QuEsT. 54. Required the same as in the last question,
when the point B is on the other side of Ac, supposin
a8 9, ac 12, and sc 6 furlongs; also the angle asB 33 4-5%
and the angle Bsc 220 30.

Answer.
AS 10-64,
BS 1564,
cs 14-01.

QuesT. 55. It is required to determine the magnitude of
a cube of gold, of the standard fineness, which shall be
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ual to a sum of 960 millions of pounds sterling ; supposing
;q guinea to weigh 5 dwts 9} grains. Ans, 23-549 fect.

QuesT. 56. The ditch of a fortification is 1000 feet long,
9 feet deep, 20 feet broad at bottom, and 22 at top; how
much water will fill the ditch ?

Ans. 1158127 gallons nearly.

QuesT. 57. If the diameter of the earth be 7930 miles,

and that of thc moon 2160 miles: required the ratio of their

surfaces, and also of their soliditics : supposing them beth to
be globular, as they are very nearly ¢

Ans. the surfaces are as 13} to 1 nearly ;

and the solidities as 491 to 1 ncarly.

QuEsT. 58. Let aBc be the profile, or perpendicular sec-
tion of a breast-work, and £p that of the ditch. Now, sup-
pose the arca of the section anc is 88 feet, the depth of the
ditch rD 6 feet, kR = s0 = 4 feet; what is the breadth of
the ditch at top when the sections of the ditch and the
breast.work are cqual ; that isy when the earth thrown out of
the ditch is sufficient to make the breast-work ?

CONIC SECTIONS.

DEFINITIONS.

1. Conic Sections are the figures made by a plane cut-
ting a cone.

2. According to the different positions of the cutting
plane there arise five different figures or sections, namely,
a triangle, a circle, an cllipsis, an hyperbola, and a parabola:,
the three last of which only are peculiarly called Conic
Sections.
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3. If the cutting plane pass through
the vertex of the cone, am{mm\y part of
the base, the section will evidently be a
triangle; as van.

4. If the plane cut the cone parallel ta
the base, or make no angle with it, the
section will be a circle; as aup.

5. The section par 1s an ellipse
when the cone is cut obliquely through
both sides, or when the plane is in-
clined to the base in a less angle than
the side of the conc is.

6. The section 15 a parabola. when
the cone is cut by a I)EI‘IIL‘ parallel to
the side, or when the cutting plane and
the side of the cone make cqual angles
with the base.

7. The section 1s an hyperbola, when
the cutting plane makes a greater angle
with the base than_the side of the cone
makes.

8. And if all the sides of the cone
be continued through the vertex, form-
ing an opposite cqual cone, and the
planc be also continued to cut the op-
posite cone, this latter scction will be

the opposite hyperbola to the former;
as dze.
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9. The Vertices of any section, are the points where the
cutting plane meets the opposite sides of the cone, or the
sides of the vertical triangular section; as A and .

Hence the ellipse and the opposite hyperbolas, have each
two vertices; but the parabola only one; unless we consider
the other as at an infinite distance.

10. The Axis, or Transverse Diameter, of a conic section,
is the line or distance aB between the vertices.

Hence the axis of a parabola is infinite in length, ab
being only a part of it.

Ellipse. Hyperbolas. Parabola.

11. The centre ¢ 15 the middle of the axis.

Hence the centre of a parabola is infinitely distant from
the vertex.  And of an ellipse, the axis and centre lie within
the curves but of an hyperbola, without.

12. A Diamcter is any right line, as A or vr, drawn
through the centre, and terminated on each side by the
curve; and the cxtremities of the diameter, or its interscc-
tions with the curve, are its vertices.

Hence all the diameters of a parabola are parallel to the
axis, and infinite in length.  Hence also every diameter of
the ellipse and hyperbola has two vertices ; but of the para-
bola, only onc; unless we consider the other as at an infinite
distance.

13. The Conjugate to any diameter, is the line drawn
through the centre, and parallel to the tangent of the curve
at the vertex of the diameter.  So, ¥G, parallel to the tan-
gent at p, is the conjugate to vE; and w1, parallel to the
tangent at A, is the conjugate to AB.

!—Iencc the conjugate Hi, of the axis an, is perpendicular
to 1t.

14. An Ordinate to any diameter, is a line parailel to its
conjugate, or to the tangent at its vertex, and terminated by
the diameter and curve. So vk, En, arc ordinates to the
axis Av: and MmN, No, ordinates to the diameter D.
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Henec the ordinates of the axis are perpendicular to it.

15. An Absciss is a part of any diameter contained be-
tween its vertex apd an ordinate to it; as AK or BEK, or DN
or EN.

Hence, in the ellipse and hyperbola, cvery ordinate has
two determinate abscisses; but in the parabola only ove;
the other vertex of the diameter being infinitely distant.

16. The Parameter of any diameter, is a third proportional
to that diameter and its conjugate, in the ellipse and hyber-
bola, and to one absciss and its ordinate in the parabola.

17. The Focus is the point in the axis where the ordinate
is equal to half the parameter. As x and 1., where bk or EL
is equal to the semi-parameter. The name focus being given
to this point from the peculiar property of it mentioned in
the corol. to theor. 9 in the Ellipse and Hyperbola following,
and to theor. 6 in the Parabola.

Hence, the ellipse and hyperbola have each two foci; but
the parabola only one.

. 1 1

A\ {/

- A €

e K

18. If pak, Fuc, be two opposite hyperbolas, having an
for their first or transverse axis, and ab for their second or
conjugate axis. And it due, fbg, be two other opposite hy-
perbolas having the same axes, but in the contrary order,
namely, ab their first axis, and aB their second ; then these
two latter curves dae, fbg, arc called the conjugate hyper-
bolas to the two former DAE, ¥16; and each pair of opposite
curves mutually conjugate to the other; being all for con-
venience of investigation referred to one plane, though they
are only J)osited two and two in one plane; as will appear
more evidently from the demonstration of th. 2. Hyperbola.

19. And if tangents be drawn to the four vertices of the
curves, or extremities of the axes, forming the inscribed
rectangle uikL; the diagonals Hcx, 1cL, of this rectangle,
are called the asymptotes of the curves. And if these asym-
ptotes interscet at right angles, or the inscribed rectangle be
a squarc, or the two axes aAB and abd be equal, then the hy-
berbolas are said to be right.angled, or equilateral.
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SCHOLIUM.

The rectangle inscribed between the four conjugate hy-
perbolas, is stmilar to a rectangle circumscribed niout an
cllipse, by drawing tangents in like manner, to the four cx-
tremities of the two axes; and the asymptotes or diagonals
in the hyperbola, are analogous to those in the ellipse, cut-
ting this curve in similar points, and making that pair of
conjugate diameters which are equal to each other. Also,
the whole figure formed by the four hyperbolas, is as it
were, an cllipse turned inside out, cut open at the extre-
mitics, D, E, F, G, of the said equal conjugate diameters, and
those four points drawn out to an infinite distance ; the cur-
vature being turned the contrary way, but the axes, and the
rectangle passing through their extremities, continuing fixed.

And further, if there be four cones
CMN, COP, CMP, CNO, having all the
same vertex ¢, and all their axes in the
same plane, and their sides touching or
coinciding in the common intersecting
lines Mco, Ncp; then if these four
cones be all cut by one planc, parallel
to the common plane of their axes, there
will be formed the four hyperbolas, cQr,
FsT, VKL, wiT1, of which each two op-
positesare cqual ; and each pair resembles
the conjugates to the other two, as here
in the annexed figure ; but they arc not
accurately the conjugates, cxcept only
when the four cones are all equal, and then the four hyper-
bolic sections are all equal also.
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OF THE ELLIPSE.

THEOREM I.

The Squares of the Ordinates of the Axis are to cach othe
as the Rectangles of their Abscisses.

LET avB be a plane passing through
the axis of the cone; Acin another
section of the cone perpendicular to
the plane of the former; ap the axis
of this elliptic section; and FG, Hi, or-
dinates perpendicular to it. Then it
will be, as ¥¢!: H1 :: AF. EB : AD . 1B,

For, through the ordinates rG, ni,
draw the circular sections xGL, M1y,
parallel to the base” of the cone, having ki, MN, for their
diameters, to which re, n1, are ordinates, as well as to the
axis of the ellipse.

Now, by the similar triangles AFL, AHN, and Brk, BHM,
it is AF : AH :: FL : LN,
and FB: HD :: KF : MH ;

hence, taking the rectangles of the corresponding terms,
itis, therect. AP . FB: AN . UB :: KF . FL . MH . HN.

But, by the circle, kF . r1. = re?, and Mu . EN = 117,
Theretore the rect. AF . FB: AH . HBE 1 : FG°: HI°., Q. E.D.

THEOREM II.

Is to the Square of the Conjugate
So is the Rectangle of the Abscnsscs
To the Square of their Ordinate.

As the S(g:zre of the T'ransverse Axis
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T'hat is, aB® : ab‘ or
AC? 3 @C':: AD . DB : DEZ

For, by theor. 1, Ac . cB: ap . DB :: ca*: DE?;

But, if ¢ be the centre, then Ac . cB = ac? and ca is the
semi-conjugate.

Therefore AC?: AD . DB :: ac®: DE‘;

or, by permutation, Ac®: ac’:: Ap . DB : DE¥;

or, by doubling, AB*:ad’:: Ap.DB: DE?% Q.E.D.

. . ab?
Corol. Or, by div. as : — ‘¢ AD. DB or ca* — Cp*: DE%
thatis, AB: p :: AD . DB or cA' — cD?: DE?;

. ab: .. .
where p is the parameter s by the definition of it.

That is, As the transverse,
Is to its parameter,
So s the rectangle of the abscisses,
To the square of their ordinate.

THEOREM IIT.

As the Square of the Conjugate Axis :

Is to the Square of the Transverse Axis : :

So is the Rectangle of the Abscisses of the Conjugate, or
the difference of the Squares of the Semi-conjugate and
Distance of the Centre from any Ordinate of that Axis :

To the Square of their Ordinate.

That is,

ca*: cy?  ad.dbor ca’—cd i dEs.

Yor, draw the ordinate 1D to the transverse Az.

Then, by theor, 1, ca*: ca?:: DE’: AD . DB or CA? — CD?,
or - - - - - cat:cA?::ed? oAt — def,
But - - - = ca®:cA%:: ca®: CcA?

theref. by subtr.  ca® : ca?:: ca® — cd? or ad . db : dE°.
Q. E. D.
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Coral, 1. If two circles be described on the two axes as
diamcters, the one inscribed within the cllipse, and the other
circumscribed about it ; then an ordinate in the circle will
be to the corresponding ordinate in the cllipse, as the axis of
this ordinate, is to the other axis.

Thatis, cA : ca:: ¢ : DE,
and ca: ca::dg : de.

¥or, by the nature of the circle, Ap . DB = pc® theref.
by the nature of the ellipse, ca?: ca*:: ap . pB or bG? - DEY,

OrCcA :Ca DG DE

In like manner ca :ca :dg dE.
Also, bg equality - ©pc :DEorcd::dEor pc: dg.
Therefore cga is a continued straight line.

Corol. 2. Hence also, as the ellipse and circle are made up
of the same number of corresponding ordinates, which are
all in the same proportion of the two axes, it follows that
the areas of the thl): circle and ellipse, as also of any like
parts of them, are in the same proportion of the two axes,
or as the square of the diameter to the rectangle of the two
axes; that is, the arcas of the two circles, and of the ellipse,
are as the square of each axis and the rectangle of the two;
and therefore the ellipse is a mean proportional between the
two circles.

THEOREM 1V,

The Square of the Distance of the Focus from the Centre,
is equal to the Difference of the Squares of the Semi-
axes.

Or, the Square of the Distance between the Foc, is equal to
the Difference of the Squares of the two Axes.

That is, c¥! = caA® — ca®
or ¥f* = AB" — al®

For, to the focus ¥ draw the ordinate FE; which, by the
definition, will be the semi-parameter. Then, by the nature
of the curve - - CA%: cal:: CA® — CcF% : FE?;
and by the def. of the para. cA?: ca?:: ca®: ¥r?;
therefore - - ca® = CcA® — CF%;
and by addit. and subtr.  ¢F® = ca? - ca®;
or, by doubling, - ¥f?  aAB’ — ab’. Q.E.D.
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Corol. 1. The two semi-axes, and the focal distance fror
the centre, arc the sides of a right-angled triangle cra; and
the distance Fa from the focus to the extremity of the con-
jugate axis, is = ac the semi-tranverse,

. Corol. 2. 'T'he conjugate semi-axis ca is a mean propor-
tional between AF, ¥B, or between af, f8, the distances of
cither focus from the two vertices.

For ca® = caA® — c¥¢ = (CA + CF) . (CA—CF) = AF . Fb.

THEOREM V.

The Sum of two lines drawn from the two Foci to meet
at any Point in the Curve, is equal to the Transverse
Axis.

That 1s,
FE + fe = AB

For, draw ac parallel and equal to ca the semi-conjugate ;
and join ¢c meeting the ordinate pE in u; also take c1 a
1th proportional to ca, cF, cp.

Then by theor. 2, cA®: AG? :: CA* — CD? : DE®;

and, by sim. tri. caA* ac” ca* cp? ac? — pH®
consequently DE® = AG® — DH® = Ca? — DH%

Also, Fp = cF ~ cp, and Fp? = cF®* — 2CF . cD + CD?%;
And, by right-angled triangles, FE? = FD* + DE?;
therefore FE* = cF¢ 4+ ca® — 2CF . cD + CD® — DH?;
But by theor. 4, cF® 4+ ca® = ca?,

and by supposition, 2cF . cp = 2ca . cI;

theref. FE* = ca® — 2ca . c1 + cp® — DHZ

Again, by supp. cA®: cp®:: CF? OF CA® — AG?: CI%;
and, by sim. tri. cA®: cD?:: CA® — AG? CD? — DH?®;
therefore - c1? = cp* — DH?

consequently  FE? = cA® — 2cA . c1 + cI%.

And the root or side of this squareis FE = cA — cI = AL
In the same manner it is found that fE = cA + c¢1 = BI.
Conseq. by addit. FE + f&E = AI + Bl = AB. Q. E.D.
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Corol. 1. Hence ct or ca — FE is a 4th proportional to
cA, CF, CD.

Corol. 2. And fi — FE == 2c1; that is, the difference be-
tween two lines drawn from the foci, to any point in the
curve, is double the 4th proportional to c¢a, ¢F, ¢b.

Corol. 3. Hence is derived the common method of de-
slclr'lbing this curve mechanically by poiats, or with a thread,
thus:

In the transverse take the foci F, f, . a
and any point 1. Then with the radii }ff’/_‘
Al BI, and centres F, f, deseribe arces /
intersecting in £, which will be a N3¢ g
point in the curve.  In like manner.
assuming other points 1, as many >

other points will be found 1 the
curve. 'Then with a steady hand, the curve line may be
drawn through all the points of intersection E.

Or, take a thread of the length ap of the transverse axis,
and fix its two ends in the foci ¥, f, by two pins.  Then
carry a pen or pencil round by the thread, keeping it always
stretche(a, and its point will trace out the curve line.

THEOREM VI.

If from any Point 1 in the Axis produced, a Line 11 be
drawn touching the Curve in one Point L; and the Or-
dinate LM be (ﬁ'awn; and if ¢ be the Centre or Middle
of aB: Then shall cM be to cr as the Square of aMm to the
Square of Ar.

That is,
cM:CI:: AM® Al®

For, from the point 1 draw any other line 121 to cut the
curve in two points £ and H ; from which let fall the perpen-
diculars Ep and HG; and bisect DG in k.

Then, by theo. 1, Ap . DB : AG.GB :: DE*: GH?,
and by sim, triangles, 1p? : 16" : : DE?: GH®; .
theref. by equality, AD . DB : AG . ¢B:: ID?. sG6%

But pB = cB + ¢ = AC+CD = AG+Dc — cc=2cK +Ac,

and GB = CB — €@ = AC~CG = ADHDC = CG=2CK~+AD;

theref. AD . 2cK + AD.’AG: AG . 2CK + AD': AG :: ID%: IG?,

and, by div. b6 . 2¢cK : 16*—ID% Or DG . 21K :: AD . 2CK +
AD . AG 1IDY,
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or 2K : 2K :: AD 2K 4+ AD . AG 1D’

OrAD .42¢cK : AD . 21K : AD . 2CK + AD A ID°
theref. by div.cK 1 1K 12 AD . AG 1D? — AD . 21K,
and, by comp. ¢k : 1¢ 1 : AD . 46 1D — AD . ID + 14,
or - CK:CI ::AD . AG A1%

But, when the linc 111, by revolving about the peint 1,
comes into the position of the tangent 11, then the points &
and 1 meet n the ‘point L, and the points , K, ¢, coincide
with the point »; and then the Jast proportion becomes
CM : CI:: aM%: A Q. E.D.

THLOREM VIIL.

If a Tangent and Ordinate be drawn from any Point in the
Curve, meeting the Transverse Axis; the Semi-transverse
will be a Mean Proportional between the Distances of the
said two Intersections from the Centre.

That is,
CA is a mean proportional
between ¢p and o1
or ¢b, CA, CT, arc con-
tinued proportionals.

For, by theor 6, cp: €T :: AD? : AT?
that 1s, cp : ¢ (cA — ¢D)?: (€T — cA)s,
or - ¢b :CT: cb' 4 cA* :ca? + cry,
and - c¢p: DT  CD® 4 CA‘ : CT® — CDY,
or - ¢b:DpT c¢b*~4 ca* : (cT + CcD)DT,
or - cp%:cb DT::CcD: + cA*: (cp.pT) + (CT . DT),
hence c¢p®: cA* €D . DT : CT . DT,
and - CD*: CA” Cb:CT.
therefore (th. 78, Geom.) ¢D: cA :: CA: CT. Q.E.D.

Corol. 1. Since cr is always a third proportional to cp,
cA; if the points D, A, remain donstant, then will the point
T be constant also; and thereforc all the tangents will meet
in this point T, which are drawn from the point E, of every
cllipse described on the same axis aB, where they are cut by
the common ordinate DEE drawn from the point p.

Corol. 2. lWhen the outer ellipse, by enlarging, becomes
a circle, as al'the upper figure at £, then by drawing ET
perp. to ck, and joining T to the lower g, the tangent to the
point E at the elhpsc is obtained.



112 CONIC SECTIONS.

THEOREM VIIL

If there be any Tangent mecting four Perpendiculars to the
Axis drawn from these four Points, namely, the Centre,
the two Extremities of the Axis, and th e Point of Contact;
those four Perpendiculars will be Proportions.

~1

That is,
AG DE::CH BI.

For, by theor. 7, TC: AC: AcC: DG,

theref. by div. TA : AD: TC: AC OF CEk,
and by comp. TA:TD: TC:TB,
and by sim. tri.  AG: DE: CH:BIL. Q.E.D.

Corol. 1. Hence TA, TD, TC, TB .
C aiso pro mals.
and TG, TE, TH, TI § ¥ Iso proportionals

For these are as AG, DF, CH, B1, by similar triangles.
Corol. 2. Draw a1 to bisect bE in p; then since
Ta : TE :: TC : T1, the triangles TAE, Tc1 are similar, as well
as the triangles AxD, cBI, and apr, ABL
Hence - AD:DE:: CB: BI
and - AD:DP:: AB: BI
o. DE:DP::AB:cB 2:1; which sug-
gests another simple practical method of drawing a tangent
to an ellipse.
THEOREM IX.

If there be nni; Tangent, and two Lincs drawn from the
Foci to the Point of Contact ; these two lines will make

equal Angles with the Tangent.

That is,
the ¢ FET = £ fie.

T

For, draw the ordinate pE and fe parallel to rFE.
By cor. 1, theor. 5, cA : cD : : CF : cA — FE,
and by theor. 7, CA:CD::CT:CA; ‘
therefore CT:CF ::CA:CA — FE;
and by add. and sub.tF : Tf : : FE : 2cA—¥E or fE by th. 5.
But by sim. tri. TF: Tf :: Fe : fc;
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therefore  fE = fr, and conseq. <c¢ = £ fEe.
But because ¥E is parallel to fe, the £¢ = £ FET;
therefore = ZFET = £fRe. Q.E.D. .
Corol. As opticians find that the anfgle of incidence is equal
to the angle of reflection, it appears from this theorem, that
rays of light issuing from the one focus, and meeting the
curve in every point, will be reflected into lines drawn from
those points to the other focus. So the ray f& is reflected
into FE. And this is the reason why the points r, f; are
called the foci, or burning points.

THEOREM X.

All the Parallelograms circumscribed about an Ellipse are
cqual to onc another, and each equal to the Rectangle of
the two Axes.

That 1s,
the parallelogram rars =
the rectangle aB . ab. T

Let £6, ¢g, be two conjugate diameters parallel to the
sides of the parallelogram, and dividing it into four less and
cqual parallelograms.  Also, draw the ordinates nx, de, and
¢k perpendicular to ro; and let the axis ca produced meet
the sides of the parallelogram, produced if nccessary, in T
and ¢.

Then, by theor. 7, CT CA CA:cCD,
and - - ¢t ca ca:cd;
thercf. by equality, c¢r: ¢t cd cp;
bat, by sim. triangles, ¢t ¢ ™ cd,
theref. by cquality, Tp cd cd:ch,

and the rectangle TD DC1s = the square cd®
Again, by theor. 7, CD CA CA:CT,

or, by division, ¢D . CA DA : AT, v

and by composition, ¢p pB AD: DT;

conseq. the rectangle cp . pT = c¢d! = ap . DB *.
But, by theor. 1, ca®:ca® (AD.DBor) cd®: DE"
therefore - cA :ca cd : bE;

or ca:pB cA :cd;

* Corol. Because cd® = Ap . DB = CcA%. CD®,
therefore cA? = cp® 4 cd®.

In like manner, ca® = pE? + dc®

VOL. 1L



114 CONIC SECTIONS.

Byl th. 7, - ¢t :cazicaced,

by cquality - ct :CA::cCa: DE,

by sim. tri, -  cf :cT::de: DE,

theref. by equality, cT: ca::ca: de.

But, by sim. tri. cr : cK:: ce : de;

theref. by equality, cx : ca:: ca: ce,

and the rectangle cx cc = ca ca.

But the rect. ck ce = the parallelogram cErc,
theref. the rect.  ca ca = the parallelogram cEerc,
conseq. the rect.  aB  ab = the parallelogram PQRs. Q.E.D.

THEOREM XI.

The Sum of the Squares of every Pair of Conjugate Dia-
meters, is equal to the same constant Quantity, namely,
the Sum of the Squares of the two Axes.

.
. b, vt < p
That is, PN ,-(\
AB® + abi = EGt + g N NS ]1.
where Ec, ¢g, arc any pair of con- UTHTTE T
jugate diameters. )
el

e h

For, draw the ordinates Ep, ¢d.
Then, by cor. to Theor. 10, ca* = cp* + cd!,
and - - - ca* = DE® + de*;
therefore the sum  caA* + ca* = ¢p® + DE* 4 cd’ + de-.
But, by right-angled As, CE* = cp* + pE},

and - - cet = cdd + de?;
therefore the sum  CE® + cc® = ¢p? + DE® 4 cd? + de’,
consequentl{ - CA? 4 ca® = CE* 4 cc!;
or, by doubling, AB? + ab* = EG* + gt Q. E.D.

Note. All these theorems in the Ellipse, and their demon-
strations, are the very same, word for word, as the corre-
sponding number of those in the Hyperbola, next following,
having only sometimes the word sum changed for the word
difference.
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OF THE HYPERBOLA.

THEORENM 1.

The Squares of the Ordinates of the Axis are to each other
as the Rectangles of their Abscisses.

LET AvD be a plane passin
through the vertex and axis o
the opposite cones; AGIH an-
other scction of them perpendi-
cular to the plane of the former;
AB the axis of the hyperbolic
scctions; and Fe, HI, ordinates

ndicular toit. Then it will
€,a88 FG?: HI%:: AF.FB: AH . HB.

For, through the -ordinates
FG, HI,draw the circular sections
KGL, MIN, parallel to the base of
the cone, having XL, MmN, for their diameters, to which ra,
HI, are ordinates, as well as to the axis of the hyperbola.
Now, by the similar triangles AFL, AnN, and nrFK, BHM,
it is AF : AH :: FL : HN,
and FB: HB :: KF : MH;
hence, taking the rectangles of the corresponding terms,
it is, therect. AF . FB: AH . HB :: KF . FL : MH . HN.
But, by the circle, XF . FL = FG% and MH . HN = H1%;
Therefore the rect. AF . FB : AH . HB : : FG®: HI%

Q. E. D.
THEOREM II.
As the Square of the Transverse Axis .
Is to the Square of the Conjugate
So is the Rectangle of the Abscisses
To the Square o% their Ordinate.
~e_— Lk
That 1s, 8% : ad® or
Ac?:ac’:: AD . DB : DEZ. £
i’ \\




116 CONIC SKCTIONS.

For, by theor. 1, cA . c8: AD. DB :: ca*: DE?;
But, if ¢ be the centre, then ac . es = Ac? and ca is the

. semi-conj.
Therefore . Ac’:ap.DB::ac! DE%;
or, by permutation, Ac:: ac®:: AD . DB DE?;
or, by doubling,  as®:4al*:: Ap.DB DE Q. E. D.

c . als ,
orol. Or, by div. aB : ~5 (i AD.DBOr CD*— CA? : DEY,
&

"~

that is, AB: p :: AD . DB Or CD* — CA®: DE®;
here i alb® - .
where p is the parameter o by the definition of it.

That is, As the transverse,
Is to its parameter,
No is the rectangle of the abscisses,
To the square of their ordinate.

Otherwise, thus :

Let a continued plane, cut
from the two opposite cones, the
two mutually conuected oppo-
site hyperbolas nac, hug, whose
vertices arc A, «, and bases He,
he, pamllcl to each other, fall-
ing 1n the planes of the two pa-
raﬁel circles Lck, Igk. ‘Through
¢, the middle point of aaq, let a
plane be drawn parallel to that
of Lok, it will cut in the cone
Lvk a circular section whose
diameter 1s mn ; to which cireu-
lar section, let ¢ be a tangent at ¢.

Thean, by sim. tri.
Acm, AFL
and, by sim. tn. 3
acn, a¥k §
<. AC.Ca:Cm.Cn::AF.Fa: LF.FK,
or, AC%: Cf%:: AF . Fa : FG'.
In like manner, for the opposite hyperbola
Act: ct? :: Af . fa : f2*
Here ctis what is usually denominated the semi-conjugate
to<he opposite hyperbolas na®, %ak : but it is evidently not
in the same plane with them.

AC . Cm :: AF FL.

ac:cn ay : FK.
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THEOREM III.

As the Square of the Conjugate Axis :

To the Square of the Transverse Axis : :

The Sum of the Squares of the Semi-conjugate, and
Distance of the Centre from any Ordinate of the Axis :
The Square of their Ordinate.

That is, =
ca’: ca®:: cat + cd®: div

\&/(3

For, draw the ordinate Ep to the transverse ab.
Then, by theor. 1, ca*: ca®:: DE° AD. DB or cb? — caAY,

or - - cat :cat:: cdt dE* — cAl

But - - Ca® : CA*:; Ca’  CA%,

theref. by compos. ca? : ca®:: ca® 4 cd®: dE*

In like manner, c¢a?®: ca? :: cA* + cD?: De? Q. E. D.

Corol. By the last theor. ca*:ta®:: cb®  cA%: DEY,
and by this theor. ca%: ca? : cp? + ca*:be,
therefore DE’: DC? 1 CD? — CA?: CD*+ CA%
In like manner, pe!: di® :cd® — cad: cpi+4ca’.

THEOREM 1vV.

The Square of the Distance of the Focus from the Centre,
is equal to the Sum of the Squares of the Semi-axcs.

Or, the Square of the Distance between the Foci, is equal to
the Sum of the Squares of the two Axcs.

That 1s,
CF? =3 CcA® 4+ ca?, or
rf? = ap® + ad®

For, to the focus r draw the ordinate rr; which, by the
dcfinition, will be the semi-paramcter.  Then, by the nature

of the curve - CAY : €@’ :: CF® — CA?: FE?!;
and by the def. of the para. ca®: ce‘:: ca® ! FE%;
therefore - - cat = CF* — CcA®;
and by addition . - CF?! = CaA® + Cat;

or, by doubling, - Ef*= ap® + ab Q. E. D.
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+Corol. 1. The two semi-axes, and the focal-distance from
the centre, are the sides of a right-angled triangle caa s and
the distance Aa is = cr the focal distance.
Corol. 2. The conjugate semi-axis ca is a mean propor-
tional between AF, Fs, or between Af, /3, the distances of
either focus from the two vertices.

For ca’ = cF® — ca? = (cr+ca) . (CP~CA) = AF. FB.

THEOREM V.

The Difference of two Lines drawn from the two Foci, to
meet at any Point in the Curve, is equal to the Transversc
Axis.

That is,
JE — FBR = AB.

~

For, draw ac parallel and equal to ca the semi-~conjugatc ;
and join cG, meeting the ordinate pe produced in 1 ; also
take cr a 4th proportional to ca, cr, cp.

Then, by th. 2, ca?: Ac?:: cp* — ca®: DE¥;
and, by sin. As, CA%: AG® :: CD? — cA’: DI — AGE;
consequently DE® = DH® — AG*! = DH® — ca’.
Also, FpD = CF ~ cD,and Fp: = cF: — 2cF.CD + CD*;
and, by right-angled triangles, FE* = FD® 4 DE".
therefore FE* = Ccp: —.ca® — 2cF.cp + cp® + pH*.

But, by theor. 4, cF* — ca® = cay,

and, by supposition, 2cr . ¢cp = 2ca.c1;

theref. FE® = ca® — 2caA . c1 + cD? 4 DH?;

Again, by SUPPOS. CA®: CD%::CF?Or CA® 4+ AG':cCI%;

and, by sim. tri.  cA%:cp?::ca® + AG®: cD! 4 DRY;
therefore - CI® = ¢D* + DH? = CH®;
consequently FE?= ca? — 2ca.cr + crt.

And the root or side of this square is FE = cI — cA = ar.
In the same manner, it is found that fE = c1 4 ca = »1.
Conseq. by subtract. f& — FE = BI — Al = AB.  Q.E.D.

Corol. 1. Hence cu = c1 is a 4th proportional to ca, cF,
cp.

Corol. 2. And fE + FE = écu or 2C1; OL FE, CH, fE, are

in continued arithmetical progression, the common difference
being ca the semi-transverse.
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Corol. 8. Hence is derived the common method of de-
scribing this curve mechanically :)({ points, thus:

In the transverse am, produced, take the foci ¥, f, and
any point . 'Then with the radii a1, B1, and centres v, f,
describe arcs intersecting in E, which will be a point in the
curve. In like manner, assuming other points 1, as many
other points will be found in the curve.

Then, with a steady hand, the curve line may be drawn
through all the points of intersection E.

In the same manner are constructed the other two or con-
jugate hyperbolas, using the axis ab instead of as.

THEOREM VI.

If from any Point 1 in the Axis, a Linc 1L be drawn touching
the Curve in one Point L; and the Ordinate Lm be drawn ;
and if ¢ be the Centre or the Middle of an: Then shall
cM be to cr as the Squarc of aM to the Square of ar.

1

That is, L=
CM :CI:: AMY: A1 7% :
A N ]C (.‘

For, from the point 1 draw any line 1EH to cut the curve

“in two points E and H ; from which let fall the perps. Ep, ¢ ;

and bisect v in K.

Then, by thcor. 1, AD.DDP:AG.GB :: DE': GHY,

and by sim. triangles, ID® @ IG* :: DE’: GHY;

theref. by equality, AD.DB: AG.GB :: ID?: IG%.

But DB = B + €D = CA+CD = CG + CD— AG = 2CK —AG,

and @B = CB + €G = CA<4CG = C& +CD— AD = 2CK —AD;

theref. AD.2cK — AD.AG: AG.2CK = AD. AG::1ID?: IG%,

and, by div. pe . 2cK : 16* — ID*Or DG . 2IK :: AD . 2CK

— AD . AG: ID%;

or - 2cK:R2K:: AD.2CK — AD.AG : ID%;

or AD.2CK: AD.2iK::AD.2CK — AD.AG:ID%;

theref. by div. ck: 1K :: AD. AG : AD . 2IK — ID%,

and, by div. ck:c1::AD.AG:ID®* — AD. (ID + 14),

or - CK:CI:: AD. AG: AI%
But, when the line 11, by revolving about the point 1,
comes into the position of the tangent 1L, then the points &
and 1 meet in the point L, and the points b, Xy G, coincide
with the point M; and then the last proportion becomes
GM :cI:: AM®: Al% Q. E. B.
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THEOREM VII.

If a Tangent and Ordinate be drawn from any Point in the
Curve, meeting the Transverse Axis; the Semi-transverse
will be a Mean Proportional between the Distances of the
said Two Intersections from the Centre.

That is, \ ¥
cA is a mean proportional between \
cp and cT; or cp, CA, CT, are con- B
tinued proportionals. e /

P
For, by th. 6, cp: cT :: AD*: AT},

that is, CcD:CT::(cp — cA): (cA — cT)f,
or - - CD:CT::CD? 4+ CA® :CA® 4+ CTY
and - - CD: DT :: CD? + CA? : CD' — CTY,
or - - CD:DT::CD* + CA? :(CD + CT)DT,
or CD®* CD.DT :: CD* + CA? : CD . DT 4 CT . TD:
hence cp® caA!::cD.DT:(CT.TD,
and cp? ca®::cp:cT,
theref. (th. 78, Geom.) cp: ca:: ca: cT. Q. E.D.

Corol. Since ct is always a third proportional to cp, ca;
if the points n, A, remain constant, then will the point T be
constant also; and thercfore all the tangents will meet in
this point T, which are drawn from the pouint E, of every
hyperbola described on the same axis AB, where they are cut
by the common ordinate pEE drawn from the point .

THEOREM VIII.

If there be any Tangent meeting four Perpendiculars to
the Axis drawn from these four Points, namely, the Cen-
tre, the two Extremities of the Axis, and the Point of Con-
tact ; those four Perpendiculars will be Proportionals.

That is,
AG:DE::CH: BI,

For, by theor. 7, Tc: a0::AC: DC,
theref. by div. TA:AD:: TC: AC O CB,
and by comp. TA:TD::TC:TD,
and by sim. tri. AG:DE:: CH: BI Q. E. D.
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Corol. Hence TA, TD, TO, TD}
and TG, TE, TH, TI are also proportionals.

For these are as AG, DE, CH, BI, by similar triangles.

THEOREM IX.

If there be any Tangent, and two Lincs drawn from the
Foci to the Point of Contact; these two Lines will make
cqual Angles with the Tangent.

That is,
the £ FET = £ fEe.

For, draw the ordinate pE, and f¢ parallel to FE.
By cor. 1, theor. 5, ca: cp:: CF: cA + FE,
and by th. 7, CA:CD::CT:CAj;
therefore - CT:CF::CA:CA -+ FE;
and by add. and sub. TF: 7f':: FE: 2cA + FE or fE by th. 5.
But by sim. tri. TF:Tf :: FE: fE;

therefore - JE = fe, and conseq. £Ze= £ fEe.
But, because FE is parallel to fe, the 2Ze= £ FET;
therefore the L FET = £ fEe. Q. E. D.

Corol. As opticians find that the angle of incidence is equal
to the angle of reflection, it apglears, from this proposition,
that rays of light issuing from the one focus, and meeting the
curve in every point, will be reflected into lines drawn from
the other focus. So the ray fE is reflected into FE. And
this is the reason why the points ¥, f; are called foci, or
burning points.

THEOREM X.

All the Parallelograms inscribed between the four Conjugate
Hyperbolas are equal to one another, and each equal to
the Rectangle of the two Axes.

That is,
the parallelogram pors =
the rectangle AB . ad.
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Let Eq, ¢g, be two conjugate diameters parallel to the sides

of the

lelogram, and dividing it into four less and cqual

parallelograms.  Also, draw the ordinates bE, de, and cx
ndicular to re ; and let the axis produced meet the sides
of the parallelograms, produced, if necessary, in T and &

‘Then, by theor. 7,
and -
theref. by equality,

but, by sim. triangles, cT :

theref. b uality,
and the zwe:]nngley
Again, by theor. 7,
or, by division,

and, by composition,
conseq. the rectangle
But, by theor. 1,
therefore

or -
By theor. 7,
By equality
By sim. tn.
theref. by equality,
But, by sim. tri.
theref. by equality,
and the rectangle
Bat the rect.
theref. the rect.

conseq. the rect.

CT :
ct :
CcT

TD:
TD.
CD:
CD:
CD:
CD.

CAS:

CA
ca
CcA
ct
ct
CT
CcT
CK
CK
cK
ca
AB

THEOREM XI.

CA::CA:CD,
cA::ca cd;
:ct ::cd cp;
ct :: Tp : cd,
cd::cd cp,
pc 1s = the square cd>.
CA CA:CT,
CA DA : AT,
DB DA : DT;
DT cd? = ADp . DB*,
ca: (Ap. Dn or) cd': DL,
ca cd: DE,
DE cCaA:cd.
ct cd : CA.
CA Ca: DE.
cr de :pE;
CA ca:de.
CK ce : de;
CA ca:ce.
cc = CaA . ca.
ce = the parallelogram cEre,
cc¢ = the parallelogram cere,
ab = the paral. Pars. Q. E. D.

The Difference of the Squares of every Pair of Conjugate
Diameters, is equal to the same constant Quantity,namely,
the Difference of the Squafes of the two Axes.

That is,
AB? — ab* = EG* — ¢g°;
where EG, ¢z are any conjugate

diameters.

# Corol. Because cd® = AD . DB = CD? — CA%.
therefore ca® = cp? — cd%.

In like manner

CA? = d¢* — DE®.



OF THE HYPERBOLA. 123

For, draw the ordinates ED, ed.
Then, by cor. to theor. 10, cA® = cp® — cd?,
and - - - - ca*=de — pE';
theref. the difference cA®* — ca® = cp* + DE® — cd® — des.
But, by right-angled as, cE® = cp* + Dx%,
and - - - - c& = ¢dt + de*;
theref. the difference CE? — ce? = cD® + DE® —cd? — des,
consequentl -~  CA? — ca® = CE® — CEY%;
or, by doub%ng, AB? — ab® = EG* — ¢g*. Q E. D.

THEOREM XII.

All the Parallelograms are equal which are formed between
the Asymptotes and Curve, by Lines drawn Parallel to
the Asymptotes.

That is, the lines ¢g, EK, aP, AqQ,
being tﬁamllcl to the asymptotes cH, cl;
then the paral. ceex = paral. craaq.

For, lev A be the vertex of the curve, or extremity of the
semi-transverse axis AC, perp. to which draw av or al, which
will be equal to the semi-conjugate, by definition 19. Also,
draw HEDcA parallel to L,

Then, by theor. 2, ca?: AL®:: cp? — ca®: DE%
and, by parallels, CA®: AL®:: CD®: DH%;
theref. by subtract. ca®:arL?:: ca*: pH® — & or

rect. HE . Ek ;
conseq. the square AL® = the rect. HE . EA.

But, by sim. tri. PA: AL :: GE: EH,
and, by the same, Qa:al :: EK: Eh;
theref. by comp. PA.AQ:AL°::GE.EK.HE.ER;
and because AL® = HE . Eh, theref. PA . AQ = GE. EX.

But the parallelograms cagxk, craq, being equiangular,
are as the rectangles GE . EK and PA . AQ.

Therefore the parallelogram ¢k = the paral. ra.

That is, all the inscribed parallelograms are equal to one
another. Q. E. D.

Corol. 1. Because the rectangle GEK or c6E is constant,
therefore GE is reciprocally as ce, or c6: CP:: PA : GE.
And hence the asymptote continually approaches towards
the curve, but never meets it: for cE decreases continually



124 CONIC BECTIONS.

as co increases; and it is always of some magnitude, except
when cG is supposed to be infinitely great, for then ek is
infinitely small, or nothing. So that the asymptote cc may
be considered as a tangent to the curve at a point infinitely
distant from c.

Corol. 2. If the abscisses cb,
CE, ¢G, &c., taken on the one /

asymptote, be in geometrical pro-

gression increasing ; then shall the

ordinates DH, EI, Gk, &c. parallel 1 N
to the other asymptote, be a de- s —1‘[—7{—
creasing geometrical progression, i
having the same ratio. %“or, all

the rectangles crm, cEl, cck, &c. being equal, the ordinates
DH, EI, GK, &c. are reciprocally as the abscisses cp, cx, cg,
&c. which are geometricals. And the reciprocals of geome-
tricals are also geometricals, and in the same ratio, but de
creasing, or in converse order.

THEOREM XIII.

The three following Spaces between the Asymptotes and the
Curve, arc equuf; namely, the Sector or Trilincar Space
contained by an Arc of the Curve and two Radii, or Lines
drawn from its Extremitics to the Centre; and each of
the two Quadrilaterals, containcd by the said Are, and
two Lines drawn from its Extremities parallel to onc
Asymptgte, and the intercepted Part of the other Asymp-
tote.

That is,
The sector CAE = PAEG = QAEK,
all standing on the same arc AE.

For, by theor. 12, cPa@ = CGEK
subtract the common space cclq,
there remains the paral. 1 = the par. 1x;

To each add the trilineal 1aE, then
the sum is the uadr. PALG = QAEX.

Again, from the quadrilateral cax
take the equal triangles, caq, cik,
and there remains the scctor cAe = QAEK.

Therefore CAE = QAEK = PAEG. Q L. L.
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SCHOLIUM.

In the figure to theorem 12, cor. 2, if ¢»p = 1, and ck,
cG, &c. be any numbers, the hyperbolic spaces upE1, 1K6K,
&c. are analogous to the logarithms of those numbers. For,
whilst the numbers cp, cE, cG, &c. proceed in geometrical
progression, the correspondent spaces proceed in arithme-
tical progression; and therefore, from the nature of loga-
rithms are respectively proportional to the logarithms of
those numbers. If the angle ¢ were a right angle, and
cp = pH = 1; then if cE were = 10, thic space DEIH would
be 2:30258509, &ec.; if cc were = 100, then the space
pcki would be 4°60517018: these being the Napierean lo-
garithms to 10 and 100 respectively. %nterme iate areas
corresponding to intermcdiate abscissee would be the ap-’
rropriatc logarithms. These are usually called ngerboﬁ;
ogarithms; but the term is improper: for by drawing other
hyperbolic curves between nrk and its asymptotes, other
sg;stems of logarithms would be obtained. Or, by changing
the angle between the asymptotes, the same thing may be
effected. Thus, when the angle c is a right angﬁ\, or has
its sine = 1, the hyperbolic s‘»aces indicate the Napierean
logarithms; but when the angle 1s 25° 44 27}", whosc sine
is = $3429448, &ec. the moduﬁls to the common, or Briggs’s,
logarithms, the spaces pEiH, &c. measure those logarithms.
In both cases, if spaces to the right of pu are regarded as
positive, those to the left will be negative; whence it follows
that the logarithms of numbers fess than 1 are negative
also.

OF THE PARABOLA.

THEOREM I.

"T'he Abscisses are proportional to the Squares of thenr
Ordinates.

LETr avm be a section through
the axis of the cone,and AcIH®
parabolic section by a plane per-
pendicular to the former, and
parallel to the side va of the
cone; also let AFH be the com-
mon intersection of the two
planes, or the axis of the para-
bola, and r¢, HI ordinates per-
pendicular to it.
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! Then it will be, as a¥ : AH :: FG®: HI
_ For, through the ordinates rc, N1 draw the cireular sec-
tions, XGL, MIN, parallel to the base of the cone, having kL,
MmN for their diameters, to which re, Hi are ordinates, as well
as to the axis of the parabola.
Then, by similar trianFIes, AF:AH :: FL:HN;
but, because of the parallels, KF = MH;
therefore - - - AF: AH:: KF.FL: MH . HN.
But, by the circle, k¥ . FL = ra?, and MR . AN = HI%;
ore - - - AF: AH :: ¥o®: HI% Q.E.D.
. FG¢ nr®
Corol. Hence the third proportional =" is a con-
stant usmtity, and is equal to the parameter of the axis, by
Or ar : ¥G :: FG : P the parameter.
Or the rectangle p . AF = FG*,

THEOREM II.

As the Parameter of the Axis:

Is to the Sum of any Two Ordinates : :
So is the Difference of those Ordinates :
To the Difference of their Abscisses.

A

That is, Z ¥
P:GH+ DE:: GH — DE : DG, 1L
Or,P:KI1::IH: IE. Vs c

For, by cor. theor. 1, P Ac = GH?,

an - - - P . AD = DE*;

theref. by subtraction, ¢  pc = GH® — DE*

Or, - - - P DG = KI. IH,

therefore - - P . KI::IH: DGOr EL Q. E. D.
Corol. Hence, because p #&1 = KI . 1H,

and, by cor. theor. I, P .aAc = an?,
therefore «+ - -  AG:EI::oH':KI.IH

So that any diameter E1 is as the rectanglc of the scgments
K1, 10 of the double ordinate KH.

e
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THEOREM IiII,

127

The Distance from the Vertex to the Focus is equal to § of
the Parameter, or to Half the Ordinate at the Focus.

That is, .
AF = {FE = }P, \
where F 1s the focus.

e ¥
For, the general property is AF : FE :: FE : P.
But, by definition 17, - FE = }p;
therefore also AF = IFE = %p. Q.

THEOREM IV,

E. D.

A Linc drawn from the Focus to any Point in the Curve, is
c?ual to the Sum of the Focal Distance and the Absciss
(o] .

the Ordinatg to that Point.

G
That 1s, A
FE = FA + AD = GD, bk
taking AG = AF. Pl N
s
_— .
For, since FD = AD < AF,
theref. by squaring, FD® = AF? = 2AF . AD + ADS,
But, by cor. thcor. 1, rE® =P.AD = 4AF. AD;
theref. by addition, FD? 4 DE‘ = AP + 2AF . AD + AD%
But, by right-ang. tri.  Fp*® 4 DE? = FE®;
therefore - - FE' = AF® + 2AF. AD + ADY,
and the root or sideis FE = AF + AD,
or - - - FE = GD, by taking Aa = aF.
Q. E. D.
Corol. 1. If, through the point ¢, the iy 6 1L
line ¢ be drawn perpendicular to the A
axis, it is called the directrix of the :
arabola.* The property of Hch, i
rom this theorem, it appears, i$%his = -
That drawing any lines HE parallel to b E
D E\

the axis, HE 18 always equal to FE the /E
distance of the focus from the point E.

* Each of the other conic sections has a directrix; but the
consideration of it does not occur in the mode here employed

of investigating the general properties of the curves.
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* Corol. 2. Hence also the curve is easily described by points.
Namely, in the axis produced take a@ = AF the focal di-
stance, and draw a number of lines EE perpendicular to the
axis Ap; then with the distances ¢p, 6p, 6D, &c. as radii,
and the centre ¥, draw arcs crossing the parallel ordinates
in E, E, E, &. Then draw the curve through all the points
E, E, E.

THEOREM V.

If a Tangent be drawn to any Point of the Parabola, mect-
ing the Axis produced; and if an Ordinate to the Axis
be drawn from the Point of Contact; then the Absciss of
that Ordinate will be equal to the external Part of the
Axis, measured from the Vertex.

'
!
That is, /,'__\\

if Tc touch the curve / PN

at the point c, c/ M N
thenis AT = aM. 7.;‘:.;11: AN
&Y )
G £

Let cc, an indefinitely small portion of a parabolic curve,
be produced to megt the prolongation of the axis in T3 and
let cm be drawn paralled to oM, and ¢s parallel to ac the
axis. Let, also, p = parameter of the parabola.

Then, by sim. tri. ¢s : sc:: cM: MA 4 AT = MT,

MT.C8
v.Cs =

™
Also, th. 1. cor. p . am = mc? = ms* + 2ms . sc + sc,
= MC? 4 2Mc . s¢ 4 sc'

and p . AM = mMc
Cons_equentl{, omitting sgff as indefinitely small, and sub-
tracting the latter equa. from the former, we have

p-(Am —AM) =p.c8 = 28 .MC:

or, substituting for cs its valuc above,

MT .cCS
prrae 203 . MC;
orp.MT = 2Mc* = 2p . AM (th. 1.)
Consequently, MT = 2aM, and MA = aT. Q. E. D.
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THEOREM VI.

If a Tangent to the Curve meet the Axis produced ; .then
the Line drawn from the Focus to the Point of Contact,
will be equal to the Distance of the Focus from the Inter-
section of the Tangent and Axis.

That is,
FC = FT.

For, draw the ordinate pc to the point of contact c.

Then, by theor. 5, AT = aAD;
therefore - FT = AF -+ AD.
But, by theor. 4, FC = AF + AD;
theref. by equality, rc = FT. Q. E. D.

Corol. 1. If ce be drawn perpendicular to the curve, or to
the tangent, at ¢; then shall Fé = Fc = Fr.

For, draw Fu perpendicular to Tc, which will also bisect
TC, because #¥T = Fc; and therefore, by the nature of the
parallels, it also bisects TG in F. And consequently Fe =
FT = FC,

So that F is the centre of a circle passing through T, c, 6.

Corol. 2. The subnormal ve is a constant quantity, and
equal to half the parameter, or to 2aF, double the focal
distance. For, since Tca is a right angle,
therefore Tp or 2AD . DC :: DC : DG} )
but by the def. AD : vc :: pC: parameter;
therefore pG = half the parameter = 2a¥.

Corol. 3. The tangent at the vertex an, is a mean propor-
tional between ar and ap.

For, because FHT is a right angle,
therefore - aH is a mean between AV, AT,
or between - AF, AD, becau D = AT.

Likewise, - Fu is a mean between Fa, FT,
or between ¥a, FC.
Corol. 4. The tangent Tc makes ecqual angles with Fc and
the axis ¥T; as well as with rc and c1.

For, because Fr = Fc,

therefore the £ rcT = ¢ Frc.

Also, the angle acr = the angle ncx,

drawing 1cK parallel to the axis ac.

VOL. 11. K
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‘Corol. 5. And because the angle of incidence cex is =
the angle of reflection GcF ; therefore a ray of light falling
on the curve in the direction k¢, will be reflected to the focus
F. That is, all rays parallel to the axis, arc reflected to the
focus, or burning point.

THEOREM VII.

If there be any Tangent, and a Double Ordinate drawn
from the Point of Contact, and also any Line parallel to
the Axis, limited by the Tangent and Double Ordinate:
then shall the Curve divide that Line in the same Ratio
as the Line divides the Double Ordinate.

p

Fhat s, 2 f\

IE . LK :: (K * KL /”'l-:. s
oo

N
S

For, by sim. triangles, ¢K: K1:: ¢p: pT or 2nA;
but, by the def. the param. r: cL:: cp: 2pa;

theretore, by cquality, P:CK::CL:KL

But, by theor. &, - P:CK:: KL: KE;

therefore, by equality, CL : KL :: KI : KF ;

and, by division, - CK : KL :: IE : EX. Q. E. D.

THEOREM VIIIL.

‘The' same being supposed as in theor. 7; then shall the
External Part of the Line between the Curve and Tan-
gent, be proportional to the Square of the intercepted Part
of the Tangent, or to the Square of the intercepted Part
of the Double Ordinate. ®

')
That is, IE is a8 CI¢ or as CK?, (,/'/

and IE, Ta, ON, PL, &c
are as c1%, cT? co?, CP?% &c.
or as cK?, cb?, cM? cL?, &ec.
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For, by theor. 7, 1E : EK :: ¢k : KL,

or, by equality, IE: EK :: CK': CK ., KL.
But, by cor. th. 2, EK is as the rect. ck . KL,
therefore - 1E is as CK’, or as CI*. Q. E. p.

Corol. As this property is common to every position of
the tangent, if the lines 1E, T4, oN, &c. be appended on the
r()ints 1, T, 0, &c. and moveable about them, and of such
engths as that their extremities E, A, N, &c. be in the curve
of a parabola in somec one position of the tangent; then
making the tangent revolve about the point c, it appears
that the extremities E, a, N, &c. will always form the curve
of some parabola, in every position of the tangent.

THEOREM IX.

The Abscisses of any Diameter, are as the Squares of their
Ordinates.

That is, cq, CRr, cs, &c,

are as QE’, RAY, sN%, &c.

Or  c@:cnr::QE*: RAY,
&c.

For, draw the tangent cT, and the externals, E1, AT, N0,
&c. parallel to the axis, or to the diameter cs.

Then, because the ordinates, QE, ra, sN, &c. are parallel
to the tangent ¢T, by the definition of them, therefore all
the figures 1@, TR, 0s, &c. are parallelograms, whose op-
posite sides are cqual ;

namely, - - IE, TA, ON, Kc.

are cqual to - cQ, CR, cs, &c.

Therefore, by theor. 8, ce, cr, cs, &ec.

are as - - cr’, cTé, co?, &e.

or as their equals - QE?, RAY SN, K. Q. E. D,

Corol. Here, like as in theor. 2, the difference of the ab-
scisses is as the difference of the squares of their ordinates,
or as the rectangles under the sum and difference of the

ordinates, the rectangle of the sum and difference of the
X 2
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ordinates being equal to the rectangle under the difference
of the abscisses and the parameter of that diameter, or a
third proportional to any absciss and its ordinate.

THEOBEM X.

Ifa Line be drawn parallel to any Tangent, and cut the
Curve in two Points; then, if two Ordinates be drawn to
the Intersections, and a third to the Point of Contact,
thesc three Ordinates will be in Arithmetical Progression,
or the Sum of the Extremes will be equal to Double the

Mean.

That is,
EG + HI = 2cD.

N

For, draw Ek parallel to the axis, and produce u1 to L
Then, by sim. triangles, Ex : 'x  TD or 2Ap : CD.:
but, by theor. 2, - Ex : Hk : KL : p the param.
theref. by equality, 2AD: KL :CD:P.
Bat, by the defin. 2D : 2cn::cp:P;
theref. the 2d terms are equal, xL = 2cp,
that is, - - EG + H1 = 2cDp. Q. E. D.

Corol. When the point E is on the other side of A1; then

H1 — GE = 2cbD.

THEOREM XI.
Any diameter bisects all its Double Ordinates, or Lines
parallel to the Tangent at its Vertex.

That 1s, -
ME = MH.
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For, to the axis a1 draw the ordinates Ko, cp, Hr, and
MmN parallel fo them, which is equal to cp.

Then, by theor. 10, 2u~ or 2cp = r6 + 11,

therefore M is the middle of rH.

And, for the same reason, all its parallels are bisected.

: Q. E. D,

Scror. Hence, as the abscisses of any diameter and their
ordinates have the same relations as those of the axis, namely,
that the ordinates are bisected by the diameter, and their
squares proportional to the abscisses; so all the other pro-
perties of the axis and its ordinates and abscisses, before de-
monstrated, will likewise hold good for any diameter and its
ordinates and abscisses.  And also those of the parameters,
uuderstanding the parameter of any diameter, as a third
proportional to any absciss and its ordinate. Some of the
most material of which are demonstrated in the four fol-
lowing theorems.

THEOREM XII.

The Parameter of any Diaweter is equal to four Times the
Line drawn from the Focus to the Vertex of that Dia-

meter.

That is, 4Fc = p,
the param. of the diam. cm.

I
e ——.

¥
For, draw the ordinate mA parallel to the tangent c1:
also cp, MN perpendicular to the axis AN, and Fu per-
pendicular to the tangent cT.
Then the abscisses AD, CM or AT, being equal, by theor. 5,
the parameters will be as the squares of the ordinates cw,
MA or cT, by the definition ;

that is, - - P:p ::CD* CTY,
But, by sim.tri. - FH:PFT::CD CT;
therefore - - P:p ::FH' FT.
But, by cor. 3, th. 6, FH® = FA . FT;
therefore - - Pip:iiFA.FT: FT);

or, by equality, - P:p::FA:FT Or FC.



18¢ CONIC BECTIONS,

But, by theor. 3, p = 4ra,
- and therefore - p = 4rT or 4¥c. Q. E.D.
Corol. Hence the parameter p of the diameter o is equal

to 4FA + 44D, or to r + 44, that is, the parameter of the
axis added to 4ap.

THEOREM XI1I.

If an Ordinate to any Diameter pass through the Focus, it
will be equal to Half its Parameter ; and its Absciss equal
to One Fourth of the same Parameter.

T
. _/_'./ ‘i- [
That is, cat = Lp, ,.t’]<~>;< £, .
and ME = ip. /’/fu[ F
/ .

For, join Fc, and draw the tangent cT.

By the parallels, cM = rr;

and, by theor, 6, rc = Fr1;

also, by theor. 12, ¥c = jp;

therefore - - ou =}p.

Again, by the defin. cMor Ip: ME:: ME : p,
and consequently ME = {p =2M. Q. E. D

Corol. 1. Hence, of any diameter, the double ordinate
which through the focus, is equal to the parameter, or
to quadruple its absciss.

Corol. 2. Hence, and from cor. 1,
to theor. 4, and theor. 6 and 12, it
appears, that if the directrix cu be
drawn, and any lines ue, iux, rn-
rallel to theaxis; then cvery parallel
HE will be equal to EF, or }. of the
parameter 3 the diameter to the
point E.
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THEOREM XIJvV.

If there be a Tangent, and any Line drawn from the Point
of Contact and meeting the Curve in soine other Point, as
also another Line parallel to the Axis, and limited by the
Iiirst Line and the Tangent: then shall the Curve divide
this Second Line in the same Ratio, as the Second Line

divides the First Line.

1
That is, i i
IE : EK :: CK : KL. A N
o/t ~
AT AN
For, draw Lp parallel to 1K, or to the axis.
Then by theor. 8, IE: PL:: C1°: CPY,
or, by sim. tri. - IE : PL :: CK': CL".
Also, by sim. tri. 1K : PL :: CK : CL,
or - - - IK:PL::CK%:CK.CL;
thercfore by cquality, 1E: 1k :: CK . CL : CL*;
or - - - IE:IK :: CK :CL;
and, by division, IE : EX :: CK : KL. Q. E.D.

Corol. When ck = Kr, then IE = EK = jIK.

THEOREM XV,

If from any Point of the Curve there be drawn a Tangent,
and also Two Right Lines to cut the Curve; and Dia-
meters be drawn through the Points of Intersection & and
L, meeting those Two Right Liacs in two other Points ¢
and x: then will the Line ko joining these last Two
Points be parallel to the Tangent.

H
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For, by theor. 14, cx : XL:: EI : EX;
and by composition, cx:cL :: E1: K13
and by the parallels cx:cL:: 6H: LH.
But, by sim. tri. - c¢ck:cL:: K1 :LH; ‘
theref. by élqual. - KI:LH::GH:LH:
consequently - Kl = GH, ’
and therefore - Ko is parallel and equal to 1n.  q. E.p.

THEOREM XVIE.

The Area or Space of a Parahola, is equal to Two-Thirds of
its Circumscribing Parallelogram.

Let acB be a semi-parabola, c¢s the axis, F the focus, Ep
the directrix ; then if the line ar H T G
be supposed to revolve about r
as a centre, while the line ar
moves aleng the directrix per-
pendicularly to it, the area gene-
rated by the motion of Ak, will
always be equal to double the
ares generated by ra; and con-
sequently the whole external arca AE¢D = double the area
ACF. )

For draw A'e' parallé], and indefinitely near, to AE; and
draw the diagonals ar’ and A’'E; then by th. 6, cor. 4, the
angles E'a’A and Fa'A are equal, A’ being considered as part
of the tangent at A’; and in the same manner, the angles

» EAA’ and ¥aa' arc also equal to cach other ; and since A =
AF,and E'A’=A'F; the triangles EaA’ and £'a’A are cach cqual
to the triangle aa'v; but the triangle EaA' = the triangle
RE'A, being on the same base and between the same Para.lle 53
therefore the sum of the two triangles EE'A and €4Aa, or the
«quadrilateral space EAA'E' is double the trilateral space AA'F ;
and as this is the case in every position of ra!, E'A, it fol-
lows that the whole external area Eacp = double the inter-
nal area AFc.

Hence, Take pc = ¥B, and complete the parallelogram
RGHE, which is double the triangle ABF; therefore the area
AB0 = % the area HACG, or £ of the rectangle ABGH, or 3 of
the rectangle aBc1, because 3c = 1Ba; that is, the area of
a parabola’ = % of the circumscribing rectangle. Q.E.D.*

0 ©

* This demonstration was given by Lieut. Drummond of the
Royal Engineers, when he was a gentleman Cadet at the Royal
Mijitary Academy.
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THEOREM XVII.

The Solid Content of a Paraboloid (or Solid generated bj
the Rotation of a Parabola about its Axis), is equal to
Half its Circumscribing Cylinder.

T.et eunp be a’ cylinder,
in which two equal parabo- G H
loids are inscribed ; one BAD N i
having its base ncp equal to L M P
the lower extremity of the
cylinder; the other ccH in-
verted with respect to the B D
former, but of equal base
and altitude. Let the plane
LR parallel to each end of the cylinder, cut all the three so-
lids, while a vertical plane may be supposed to cut them so
as to define the parabolas shown in the figure.

Then, in the semi-parabola acn, p.sr = pu9,

also, in the semi-parabola acc, p.cer = pN3, .
consequently, by addition, p. (AP + cP)=p . Ac=PM*+PN®,
But, p.Ac = cB® = pIL :
Therefore rL? = rM* + PN?-

That is, since circles are as the squares of their radii, the
circular section of the cylinder, is equal to the sum of the
corresponding sections of the two paraboloids.

The same property evidently obtains for any sections what-
cver parallel to sp; it therefore holds for the two parabo-.
loids. In other words, the cylinder is equal to the two
raboloids taken together: wherefore, since the two pamE::
loids, having equal bases and equal altitudes, are equal to
one another, it follows that each paraboloid is half of 1ts cir-
cumscribing cylinder. Q. E. D.

THEOREM XVIII.

The Solidity of the Frustum BEGC of the Paraboloid, is equal
to a Cylinder whose Height is pF, and its Base Half the
Sum of the two CirculargBases EG, BC.

Let ¢ = 3-1416:
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Then, by the last theor. {pc x ap* = the solid asc,

and, by the same 1pc x AF¥® = the solid aEg,
theref. the diff, ipc x (ap*— AF?)=the frust. BEcC,
But AD® — AF? = DF x (AD + AF),

theref. wpc X DF X (ap + Ar) = the frust. BEGC.

But, by th. 1, p x Ap = b, and p x AF = Fc;
theref. jc x DF x (Dc? + Fe?) = the frust. BEGC.
(l. El Dl

PBOBLEMS, &cC. FOR EXERCISE IN CONIC SECTIONS.

1. Demonstrate that if a cylinder be cat obliquely the
section will be an ellipse.

2. Show how to draw a tangent to an ellipse whose foci
are ¥, f, from a given point p.

3. Show how to draw a tangent to a given parabola from
a given point p.

4. The diameters of an cllipse are 16 and 12. Required
the parameter and the areca.

5. The base and altitude of a parabola are 12 and 9. Re-
quired the parameter, and the semi-ordinates corresponding
to the abscissee 2, 3, and 4.

6. In the actual formation of arches, the voussoirs or arch-
stones are so cut as to have their faces always perpendicular
to the respective points of the curve upon which they stand.
By what constructions may this be effected for the parabola
and the ellipse ?

7. Construct accurately on paper, a parabola whose base
shall be 12 and altitude 9.

8. A cone, the diameter of whose base is 10 inches, and
whose altitude is 12, is cut obliquely by a plane, which enters
at 3 inches from the vertex on one slant slide, and comes out
at 8 inches from the base on the opposite slant side. Re-
quired the dimensions of the section ?

9. Suppose the same cone to be cut by a plane parallel to
one of tge slant sides, entering the other slant side at 4
inches from the vertex, what will be the dimensions of the
section ?

10. Let any straight linc EFr be drawn through F, one
of the foci, of an cllipse, and terminated by the curve in E
and R ; then it is to be demonstrated that EF.FR=ER.} pa-
rameter.
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11. Demonstrate that, in any conic section, a straight line
drawn from a focus to the intersection of two tangents
makes equal angles with straight lines drawn from the same
focus to the points of contact.

12. In every conic section the radius of curvature at any
point is to_half the parameter, in the triplicate ratio of the
distance of the focus from that point to its distance from the
tangent.

Also, in cvery conic section the radius of cufVature is pro-
portional to the cube of the normal.

Also, let rc be the radius of curvature at any point, », in
an cllipse or hyperbola whose transverse axis 1s aB, conju-

3
.. . " (rF.pf)*
gate ab, and foci ¥ and f: then is pc = (r - %)”
o ,. :f _; AB . ab
Required demonstrations of these properties.

MECIIANICS.

Dcfinitions and preliminary Notions.

1. Mcchanics is the science of equilibrium and of motion.
2. Every cause which moves, or tends to move a body, is

called a_force.

R
3. When the forces that are a;:glied simultaneously to a
body, destroy or annihilate cach other’s effects, then there is
equalibrium.

4. Statics has for its object the equilibrium of forces ap-
plied to solid bodies.

5. By Dynamics we investigate the circumstances of the
motion of sqjid bodies. .

6. Hydrostatics is the science in which the equilibrium of
fluids is considered.

7. Hydrodynamics is that in which the circumstances of
their motion 1s investigated.

According to this division, Pneumatics, which relates to
the properties of elastic fluids, is a branch of Hydrostatics.

For farther clucidation the following definitions, also, may
advantageously find a place here, viz.

8. Body is the mass, or quantity of matter, in any mate-
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rial substance ; and it is always proportional to its weight or
gravity, whatever its figure may be.

Body is either Hard, Soft, or Elastic. A Hard Body is
that whose parts do not yield to any stroke or percussion,
but retains its figure unaltered. A gol't Body is that whose
parts yield to any stroke or impression, without restorin
themselves again ; the figure of the body remaining alterocﬁ
And an Elasuc Body is that whose parts yield to any stroke,
but which presently restore themselves again, and the body
regains the same figure as before the stroke.

We know of no bodies that are absolutely, or perfectly,
either hard, soft, or clastic; but all partaking thesc proper-
ties, more or less, in some intermediatc degree.

9. Bodies are also either Solid or Fluid. A Solid Body
is that whose parts are not easily moved among one another,
and which retains any figure given to it. But a Fluid Body
is that whose parts yielg to the slightest impression, being
easily moved among one another; and its surface, when left
to itself, is always observed to settle in a smooth plane at
the top.

10. Density is the proportional weight or quantity of
matter in any body. So, in two spheres, or cubes, &c. of
equal size or magnitude ; if the one weigh only one pound,
but the other two pounds; then the density of the latter is
double the density of the former; if it weigh three pounds,
its density is triple ; and so on.

11. Motion is a continual and successive change of place.
—If the body move equally, or pass over equal spaces in
equal times, it is called Equable or Uniform Motion. But if
it increase or decrease, it is Variable Motion ; and it is called
Accelerated Motion in the former case, and Retarded Mo~
tion in the latter.— Also, when the moving body is considered
with respect to some other body at rest, it is said to be Ab-
solute Motion. But when compared with ol.lw in motion,
it is called Relative Motion.

12. Velocity, or Celerity, is an affection of motion, by
which a body passes over a certain space in a certain time.
Thus, if g | in motion pass uniformly over 40 feet in
4 séeconds of time, it is said to move with the vclocity of
10 feet per second ; and s0 on.

13. Momentum, or Quantity of Motion, is the power or
force in moving bodies, by which they continually tend from
their present Y?acos, or with which they strike any obstacle
that opposes their motion.
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14. Forcs are distinguished into Motive, and Accelera-
tive or Retarding. A Motive or Moving Force, is the power
of an agent to produce motion; and it is equal or propor-
tional to the mamentum it will generate in any body, when
acting, cither by percussion, or for a certain time as a per-
manent force. ’

15. Accelerative, or Retardive Force, 1s commonly un-
derstood to be that which affects the velocity only: or it is
that by which the velocity is accelerated or retarded ; and it
is equal or gro rtional to the motive force directly, and to
the mass or body moved inversely. So, if a body of 2 pounds
weight, be acted on by a motive force of 40; then the
accelerating force is 0. But if the same force of 40 act on
another body of 4 pounds weight; then the accelerating
force in this latter case is only 10; and so is but half the
former, and will produce only half the velocity.

16. Gravity, or Weight, is that force by which a body
endeavours to fall downwards. It is called Absolute Gravity,
when the body is in empty space; and Relative Gravity,
when immersed in a fluid.

17. Specific Gravity is the relation of the weights of dif-

ferent bodies of c(\\:al magnitude ; and so is proportional to
the density of the body.

NEWTONIAN AXIOMS.

18. EvERy body naturally endeavours to continue in its
present state, whether it be at rest, or moving uniformly in
a right line.

19. The change or Alteration of Motion, by any external
force, is always proportional to that force, and in the direc-
tion of the right linc in which it acts.

20. Actign and Re-action, between an({ two bodies, are
equal and rary. That is, by Action and Re-action, equal
changes of motion are produced in bodies acting on each
other; and these changes are directed towards opposite or
contrary parts.

STATICS.

21. THE relative magnitudes and directions of any two
forces may be represented by two right lines, which shall
bear to each other the relations of the gxrces, and which shall
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be inclined to each other in an angle cqual to that made by
the directions of the forces.

22. The name resultant is given to a force which is equi-
valent to two or more forces acting at once upon a point, or
upon a body ; these separate forces being named constituents
or composants.

23. The operation by which the resultant of two or more
forces applied to the same point, or line, or body, is de-
term'metr, is called the composition of forces; the inverse
problem is called the deccomposition, or the resolution of
Jorces.

24. The resultant of two or more forces which act upon
the same line, in the same direction, is cqual to their sum;
and if some forces act in one direction, and others in a di-
rection immediately opposite, the resultant will be equal to
the excess of the sum of the forces which act in one direction
above the sum of those which act in the opposite direction.

Composition and Resolution of Parallcl Forces.

25. Pror. If to the extremities of an inflexible right linc
AB, are applied two forces, P and @, whose directions are
parallel and whose actions concur:—1st, The direction of
the resultant, R, of those two forces is parallel to the right
lines AP, B@, and is equal to their sum. 2dly, That re-
sultant divides the line AB into two parts reciprocally pro-
portional to the two forces.

1. It is manifest that ..
if two new forces, p and o :)E;\’\\ i bl
¢, cqual and in opposite A S
directions are applied to r - [e) l\y
the line aB, they will 8 T
make no change in the
state of the system; so '
that the resultant of the P R
four forces p, ¢, P, «,
will be the same as that
of the resultant of the two original forces p, «. Supposc.
now, that s is the resultant of the two forces p, v, while T
is that of the two forces ¢, @. These resultants, lying in the
same place, will, if prolonged, necessarily meet in some point
c; to which, therefore, we may suppose the forees s and T
applied.

Through this point let e be drawn parallel to aB, and
suppose each of the forces s and T resolved into two forces
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directed respectively in ¥6 and cr.  The forces, according
to ¥e, being equal to p and g respectively, and applied in
opposite directions, destroy each other’s effects : the remain-
ing forces, therefore, lying the same way on cr must® be
added together for the resultant, which thus is equal to
r -+ @; being the first part of the proposition.

2. In order to establish the second part of the proposition,
let Mc, ¢x, be lines in proportion to each other as the forces
» v; and in ¢, cn, respectively proportional as ¢, @: and
draw ~Nr, nv, parallel to as.

Then, by the sim. triangles v : p:: cN: Nr::co:oa

CN7, COA; CNY, COB;  $¢:Q::mv:mcC::OB: OC
Conscquently, P.g:p.@:i:co.on:co. 04
ory since p =g, itis P : @:: OB : OA. Q. E. D.

Corol. 1. If v = @, BO = o0a.

Corol. 2. When a single force r is applied to a point o, of
an inflexible straight line AB, we may always resolve it, or
conceive it resolved, into two others, which being applied to
the two points A and B, in directions parallel to g, shall pro-
duce the same effect.

26. Pror. Any number of parallel forces, p, @, R, s, &c.
acting in the same scnsc, ami their points of application
bcinf connccted in an invariable manner; to determine their
resultant,

Determining first, by the
preceding rprop. the resultant
1 of two of the forces pand q,
we shall have r =p + q;

PFQ: Q:: AB : AE.
Thus, we may substitute
tor the forces ¥ and «, the
single force T whose value
ang point of application are
known. 1) Ec from that point of application to the
point ¢, at \m:h another force, K, is npplie(ll. Cowpounding
the forces T and R, their resultant v will be = 1 + & =
P -+ @ + r; and its point of application, F, such that

P+ Q- R:R::EC: EF.

A similar method may, obviously, be pursued for any
number of parallel forces. :

27. If paralle] forces act in opposite directions ; some, for
example, upwards, others downwards; find the resultants
of the first and of the sccond class separately, the gencral
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resultant will be expressed by the difference of the two
former. '

%8- The point through which the resultant of parallel
forces passes, is called the centrc of parallel forces.  If the
forces, without ceasing to be respectively parallel, and with-
out changing cither their magnitudes or their points of ap-
plication, assume another general direction, the centre of
those forces will still be the same, because the magnitudes
and relations, on which its position depends, remain the
same.

Concurring Forces. -

29. Prop. The resultant of two forces » and @ acting
in one plane, will be represented in direction and in magni-
tude, by the diagonal of the parallelogram constructed on
the directions of those forces.

1. In direction. Take, on the di- A
rections AP, Aq, of the forces, », @, di- 7
stances AB, AC, proportional to those H
forces, respectively. Suppose that the B/K
force qQ is applie({ at the point c, and -S
that at the same point two other forces
P> 9> equal to each other, act in opposite P
directions, each of those forces being, T Y
also, equal to q.

The effect of the four forces p, , p, ¢, will evidently be
the same as that of the primitive forces », @ ; since the other
two annihilate each other’s effects.

The forces @, g, will have a resultant s, whose direction,
cs, will bisect the angle, acq, made by the direction of the
other two; since’ no reason can be assigned why it should
lean to one rather than toward the other.

The forces », p, acting in parallel directions, would have
a resultant, T, whose direction TH (art. 25.) would be pa-
rallel to them, and pass through a point, H,*such as that
P:p:i: HC: HA.

Now, the point x, where the directions cs, Th, of these two
resultants intersect, will evidently be a point in the direction
of the resultant of the jfour forces p, p, @, g; and, conse-
quently, of the original forces p, Q.

But the triangle cux is isosceles: for, since Hr, CP, arc
parallel, the alternate angles pck, HKc, are equal, and pck,
HCEK, are cqual, because sc bisects the angle acg: hence,
HCK = HKC, and Nk = Hc.
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But, from what has preceded, r : @ :: nc : ma; and
therefore v : p or @ : : HK : 1A
From » drawing s parallel to ac, we shall have
P:Q::AB ! AC’: CD: Ac,
whence cv : Ac :: ux : HA;
a proportion which indicates that the three points, a, x, n,
. all fall on the diagonal of a parallelogram acp.

2. In magnitude. Yor, with
regard to the forees v, Q, repre-
sented in magnitude and direction
by au and ar, let T be opposed to
those two forces so as to heep the
whole system in equilibrio: then
it will, of necessity, be cqual and
opposite to their  resultant, &,
whose direction is ac.  Now, if
we suppose that the force @ is in
cquilibrio with the two forces v
and 1 (which is cousistent with
our first hypothesis) the resultant of these latter will fall
m the prolongation of aa, and will be represented by
Al = AF. Also, if nn be drawn parallel to aB, and un be
Jjoined, it will be equal and parallel'to ac ; and we shall have

P:IT I AR AD.
Conscequently, since AB represents, or measures, the force
r, an will represent or measure the force T; and as that
force 1s in equilibrio with the two forces » and @, or with
their resultant, r, this latter will be rci)rcscnted or measured
by A¢ = Ap; that is, by the diagonal of the parallelogram
ABGY. Q. E. D.

30. Corol. 1. If three forces, as a, B, ¢, acting simul-
taneously in the same plane, keep one another in equili!n‘io,
they will be respectively proportional to the three sides,
DE, EC, ¢D, of a triangle which are drawn parallel to the di-
rections of the forces A, DB, Cb.

For, producing ap, By, and
drawing cr, cg, parallel to A B
them, then the force in cbp is
equivalent to the two ap, b,
by the supposition; but the
force c¢p is also equivalent to
the two Epand cE or Fp ; there-
fore, if cp represent the force ¢,
then Eb will represent its op-
posite force a, and CE, or ¥p,

VOL. II.
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ity opposite force . Consequently the three forces a, 8, C,
arc proportional to pE, ck, ¢p, the three lines parallel to the
directions in which they act.

81. Corol. 2. Beeause the three sides ¢, ¢ty bE, are pro-
portional to the sines of their opposite angles E, p, ¢; there-
fore the three forces, when in equilibrio, are proportional to
the sincs of the angles of the triangle made of their lines of
direction ; namely, each force proportional to the sine of the
angle made by the direction of the other two.

32. Corol. 3. The three forces, acting against, and keep-
ing one another in equlibrio, are also proportional to the
sides of any other triangle made by drawing lines cither per-
pendicular to the directions of the forces, or forming any
given angle with those directions. For such a triangle 1s
alwavs similar to the former, which is made by drawing lines
pa.mllcl to the directions; and theretore their sides are in the
same proportion to one another,

33. Corol. 4. 1f any number of forces be kept in equilibrio
by their actions against one another ; they may be all reduced
to two equal and opposite ones.—Ior, any two of the forces
may be reduced to one force acting in the same plane; then
this last force and another may lihewise be reduced to an-
other force acting in their planc: and so on, till at last they
be all reduced to the acton of only two opposite forees;
which will be equal, as well as opposite, because the whole
are in equilibrio by the supposition.

84. Corol. 5. If one of the forces, A B
as ¢, be a weight, which 1s sustained //
by two strings drawing in the dirce- \D/
tions pa, Dr: then the, force or i

N

tension of the string Ap, 1s to the - .
wdight ¢, or tension of the string Ko E
DC, as DE to pc; and the force or -
tension of the other string BD, is to
the weight ¢, or tension of cp, as cE C
to cb. :

35. Corol. 6. Since in any triangle cpe we have, by the
principles of trigonometry, '

pc® = DE? + EC® * 2DE. EC cos. DEC,
it follows, that if v, /, be two forces that act simultaneously
in directions, which make an angle A, then we may find the
magnitude of the resultant, r, by the equation
R = v(F 4 f* %= 2Ff cos. A).
86. Remark.—The properties, in this proposition and its
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corollaries, hold true of all similar forces whatever, whether
they be instantaneous or continual, or whether they act by
percussion, drawing, pushing, pressing, or weighing; and are
(}f the utmost importance in mechanies and the Eoctrine of
orces.

37. If three forces, whose directions concur in one point,
are represented by the three contiguous edges of a parallelo-
piped, their resultant will be represented, beth in magnitude
and direction, by the diagonal drawn from the point of con-
course, to the opposite angle of the parallclopiped.

The demonstration of this is left for the exercise of the
student.

38. Pror. To find the resultant of several forces con-
curring in one point, and acting in one plane.

Ist. Graphically.—1.et, for example, four forces, a, B, c, D,
act upon the point », in magnitudes and directions repre-
sented by the lines ra, rn, r¢, ro.

From the point a draw

Ab parallel and equal to
r8; from & draw &c paral-
lel and equal to rc; from
cdraw cd paralleland equal
to rp; and so on, till all
the forces have thus been
brought into the construc- SR V.
tion. Then join rd, which &
will represent both the magnitude and the direction of the
required resultant.
o This is, in effect, the same thing as finding the resultant
of two of the forces a and B; then blending that resultant
with a third force ¢; their resultant with a fourth force n;
and so on.

2d. By computation. Drawing the lines aa, A/, &c. re-
spectively paralle! and perpendicular to the last force pp ;
we have
d® = aa + bl + cc' = Asin. ApD + B sin. BPD- Csin. CPD
Pd=ra+af + By +yd=Acos.APD + B COS.BPD + CCOS.CPD + D

tan. drd = w5 rd = /(3 + d?%) = p? scc. dri.
The numerical computation is best effected by means of a
table of natural sines, &c.

89. Remark. Connected with this subject 1s the doctrine
of snoments ; for an elucidation of which, however, the stu-
dent should consult some of the books written expressly on
mechanics, as those by Marrat, Gregory, or I’o;.vson.

L %
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THE MECHANICAL POWERS, &c.

p
40. WelenT and Power, when opposed to cach other,
signify the body to be moved, and the body that moves it ;
or the patient and agent.  "The power is the agent, which
moves, or endeavours to move, the patient or weight.”

41. Machine, or Engine, is any mechanical instrument
contrived to move bodies.  And it is composed of the me-
chanical powers.

42. Mechanical Powers, are certain simple nstruments,
commonly cmployed for raising greater weights, or over-
coming greater resistances, than could be effected by the na-
tural strength without them.  These are usually accounted
six in number, viz. the Lever, the Wheel and Axle, the
Pulley, the Inclined Plane, the Wedge, and the Screw.

43. Centre of Motion, 1s the fixed point about which a
body moves. And the Axis of Motion, is the fixed hne
about which it moves.

44. Centre of Gravity, is a certain point, on which a
body being freely suspended, it will rest 1 any position.

OF THIN LEVLER.

45. A Lever is any inflexible rod, bar, or beam, which
serves to raise weights, while it is supported at a point by a
fulerum or prop, which is the centre of motion. “T'he lever
is supposed to be void of gravity or weight, to render the
demonstrations casier and stmpler.  There are three hinde
of levers.

g 46. A Lever of the First W 3 )
ind bhas the prop ¢ be- ; '

tween the weight w and

the power ».  And of this

kind are balances, scales,

crows, hand-spikes, seissors,

pincers, &c.

47. A Lever of the Se-
cond kind has the weight
between the power and the
prop. Such as oars, rud- ¢ w
ders, cutting knives that are A~
fixed at one end, &ec.
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48. A Lever of the
Third kind has the power
betwecen the weight and
the prop.  Such as tongs, :
the Y)ones and muscles of '?
animals, a man rearing a T, K}

ladder, &e.

49. A Fourth kind is some-

times added, called the Bended 3_ C
Lever.  As a hammer drawing
a nail.

50. In all these instruments the power may be repre-
sented by a weight, which is its most natural measure, acting
downward ; but having its direction changed, when neces-
sary, by means of a fixed pulley.

51. Pror. When the weight and power keep the lever
in equilibrio, they are to cach other reciprocally as the di-
stances of their Imes of direction from the prop.  That is,
r:w:.ep:cr; where ep and cr are perpendicular to wo
and Ao, the dircetions of the two weights, or the weight and
power w and a. -

For, draw «r parallel to a0, and
«n parallel to wo: Also, join co,
which will be the direetion of the
pressure on the prop o for there
cannot be an equilibrium unless the
directions of the three forees al” meet
in, or tend to, the same point as o.
Then, because these three forces
keep cach other in cquilibrio, they
are proportional to the sides of the
triangle ¢Bo or c¢ro, drawn in the
dircction of those forces; there-
fore - - - - - ' W::C(F:FOOr (B,
But, because of the paralicls, the
two triangles ¢bF, crB are cquian-

gular, thercfore - - - CD:CE: CF CB.
Hence, by equality, - - P:W: CD CE.

That 1s, each force is reciprocally proportional to the
distance of its dircetion from the fulerum.

Another proof might casily be made out from art. 25, on
parallel forees ; but it will be found that this demonstration
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will serve for all the other kinds of levers, by drawing the
lines as directed.

52. Corol. 1. When the angle a is = the avgle w, then
iscD:CE::cw:ca::r:w. Or when the two forees act
perpendicularly on the lever, as two weights, &c.; then, in
case of an equilibrium, » coincides with w, and £ with p;
consequently then the above praportion becomes also p: w2z
Ccw : Ca, or the distances ot the two forces from the fulerum,
taken on the lever, are reciprocally proportional to those
forces.

53. Corol 2. If any force r be applied to alever at a; its
cffect on the lever, to turn it about the centre of motion ¢,
is as the length of the lever ¢a, and the sine of the angle of
direction cat.  For the perp. cr is as ca x sin.Z a.

54. Corol. 3. Because the product of the extremes is
equal to the product of the means, theretore the product of
the power into the distance of its direction, is equal to the
product of the weight into the distance of its direction.

That is, P x cE = w x cb.

55. Corol. 4. If the lever, with the weight and power
fixed to it, be made to move about the centre ¢; the mo-
mentum of the power will be equal to the momentum of the
weight ; and their velocities will be in recipreeal m{mrtiml
to cach other. For the weight and power wirl deseribie
circles whose radii are the distances ¢p, ck; uand since the
circumferences or spaces desceribed are as the radii, and also
as the velocities, therefore the velocities are as the radn ¢p,
cE ; and the momenta, which arc a~ the masses and velocities,
are as the masses and radii; that is, as P x ct and w X b,
which are equal by cor. 3.

56. Corol. 5. Iu a straight lever, kept in cquilibrio by a
weight and power acting perpendicularly ; then, of these
three, the power, weight, and pressure on the prop. any one
is as the distance of the other two.

57. Corol. 6. 1f , B c N E
several weights p, @, i A
R, §, act on a straight
lever, and keep it in
equilibrio; then the
sum of the products P Q r 'S
on one side of the
prop. will be equal to the sum on the other side, made by
multiplying each wcight by its distance ; namely,
(P x AC) + (@ x BC) = (R X DC) + (8 X EC).
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For, the effect of each weight to turn the lever, is as the
weight multiplied into its distance; and in the case of an equi-
librium, the sums of the effects, or of the products on both
sides, are equal. "The same would alse follow from art. 26.

58. Corol. 7. Because, when __C
two weights @ and r are in A
equilibrio, @ : R :: cp : cB; €O. e

thercfore, by composition, @ + R Q:: BD : Cp,
and, @ + R R::BD:CB.
That is, the sum of the weights is to cither of them, as
the sum of their distances is to the distance of the other.

SCIIOLIUM.

59. On the foregoing prin-
ciples depends the nature of
scales and beams, for weigh-
ing all sorts of goods. For,
if the weights be equal, then
will the distances be equal
also, which gives the construc-
tion of the common scalex,
which ought to have these
properties :

1s2, That the points of suspension of the scales and the
centre of motion of the beam, A, B, ¢, should be in a straight
line : 2d, T'hat the arms AB, nc, be of an equal length: 3d,
T'hat the centre of gravity be in the centre of motion B,
or a little below it: 424, That they be in equilibrio when
cmpty : 5th, That there be as little friction as possible at the
centre B. A defeet in any of these properties, makes the
scales cither nuperfect or false.  But it often happens that
the one side of the beam is made shorter than the other, and
the defect covered by making that scale the heavier, by
which nieans the scales hang in equilibrio when empty ; but
when they are charged with any weights, so as to be still in
cquilibrio, those weights are not equal: but the deceit will
be detected by changing the weights to the contrary sides,
for then the cquilibrium will be immediately destroyed.

60. To find the truc weight of any body by such a false
balance :—First weigh the body in one scale, and afterwards
weigh it in the other; then the mean proportional between
these two weights, will be the true weing required.  For, if
any body 6 weigh w pounds or ounces in the scale b, and
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only w pounds or ounces in the scale & : then we have these
two cquations, namely, AB . b = BC . W,
. and BC . b = AB.w;
the product of the twois aB. nc. 4% = aB . BC . W ;
hence then - - - b = wu,
and - - - b = vw,
the mean proportional, which is the true weight of the body 2.

61. The Roman Statera, or Steelyard, is also a lever, but
of unequal brachia or arms, so contrived, that one weight
only may serve to weigh a great many, by shiding it back-
ward and forward, to different distances, on the longer arm
of the lever; and it is thus constructed :

Let a3 be the steelyard, and ¢ its centre of motion, whence
the divisions must commence if the two arms just balance
each other: if not, slide ghe constant moveable weight 1
along from B towards ¢, till it just balance the other end
without a weight, and there make a notch in the beam,
marking it with a cipher 0. Then hang on at A a weight w
equal to 1, and slide 1 back towards n ull they balance each
other; there notch the beam, and mark it with 1. Then
make the weight w double of 1, and sliding 1 back to balance
it, there mark it with 2. Do the same at 3, 4, 5, &c. by
making w equal to 3, 4, 5, &c. times 15 and the beam 1s
finished  Then, to find the weight of any bady & by the
steelyard: take off the weight w, and haug on the body 6
at A ; then slide the weight 1 backward and forward till it
just balance the bady 4, which suppose to be at the number
5; then is 4 equal to 5 times the weight of 1. So, if 1 be one
pound, then b is 5 pounds; but if 1 be 2 pounds, then & is
10 pounds; and so on.
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OF THE WHEEL AND AXLE.

62. Pror. In the wheel-and-axle ; the weight and power
will be in equilibrio, when the power p is to the weight w
reciprocally as the radii of the circles where they act; that
is, as the radius of the axle ca, where the weight hangs, to
the radius of the wheel cB, where the power acts. That is,
P:W:ICA:CB

Here the cord, by which the power  acts, goes about the
circumference of the wheel, while that
of the weight w goes round its axle,
or another smaller wheel, attached to
the larger, and having the same axis
or contre ¢. So that Ba is a lever
movecable about the point ¢, the power
P acting always at the distance nc,
and the weight w at the distance ca;
therefore P:w 22 ca @ cB.

63. Corol. 1. If the wheel be put
in motion; then, the spaces moved
being as the circumferences, or as the radii, the velocity of
w will be to the velocity of p, as ca to cB; that is, the
weight is moved as much slower, as it is heavier than the
power; so that what is gained in power, islost in time. And
this is the universal property of all machines and engines.

Gt Corol. 2. If the power do not act at right angles to
the radius ¢b, but obliquely ; draw cp perpendicular to the
direction of the power; then, by the nature of the lever,
P:W:iCA:CD,

SCHOLIUM. b

65. To this mechanical
power belong all turning
or wheel machines, of dif-
ferent radii. Thus, in the
roller turning on the axis
or spindle ¢, by the
handle ¢ap; the power
applied at B is to the
weight woon the roller as
the radius of the roller is
to the radius ¢ of the handle.

G6. And the same for all cranes, capstans, windlasses,
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and such like; the power being to the weight, always as the
ragdius or lever at wl':i(::h the weight acts, to that at which the
power acts; so that they arc always in the reciprocal ratio
of their velocities. And to the same principle may be re-
ferred the gimblet and augur for boring holes.

67. But all this, however, is on supposition that the ropes
or cords, sustaining the weights, are of no sensible thickness.
For, if the thickness be considerable, or if there be several
folds of them, over one another, on the roller or barrel;
then we must measure to the middle of the outermost rope,
for the radius of the roller; or, to the radius of the roller,
we must add half the thickness of the cord, when there is
but one fold.

68. The wheel-and-axle has a great advantage over the
simple lever, m point of convenicnce.  For a weight can be
raised but a littY; way by the lever; whereas, by the con-
ti:ual turning of the wheel and roller, the weight may be
raised to any height, or from any depth.

69. By increasing the number of wheels, too, the power
may be multiplied to any extent, making always the less
wheels to turn greater ones, as far as we please: and this is
commonly called Tooth and Pinion Work, the teeth of one
circumference working in the rounds or pinions of another,
to turn the wheel. And then, in case of an equilibrium, the
power is to the weight, as the continual product of the radii

of all the axles, to that of all the wheels. So, if the power r
turn the wheel @, and this turn the small wheel or axle »,
and this turn the wheel s, and this turn the axle T, and this
turn the wheel v; and this turn the axle x, which raises the
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weigcht w; thenP: W::CcB.DE.FG : AC. BD . EF. And
in the same proportion is the velocity of w slower than that
of p. Thus, if each wheel be to its axle, as 10 to 1; then
r:w::1%: 10° or as 1 to 1000. So that a power of one
pound will balance a weight of 1000 pounds; but then,
when put in motion, the power will move 1000 times faster
than the weight.

OF THE PULLEY.

70. A PuLLEY is a small wheel, common]y made of wood
or brass, which turns about an iron axis passing through the
centre, and fixed in a block, by means of a cord passed round
its circumference, which serves to draw up any weight. The
pulley is either single, or combined together, to increase the
power. Itis also either fixed or moveable, according as it is
fixed to one place, or moves up and down with the weight
and power.

71. Pror. If a power sustain a weight by mecans of a
fixed pulley : the power and weight are equal.

For through the centre ¢ of the pulley
draw the horizontal diameter AB: then
will AB represent a lever of the first kind,
its prop being the fixed centre ¢; from
which the points a and B, where the power
and weight act, being equally distant,
the ?ower p is consequently equal to the
weight w.

72. Corol. Hence, if the rulley be put
in motion, the power P will descend as
fast as the weight w ascends. So that
the power is not increased by the usc of
the fixed pulley, even though the rope go over several of
them. It is, however, of great service in the raising of
weights, both by changing the direction of the force, for the
convenience of-acting, and by enabling a person to raise a
weight to any height without moving from his place, and
also by permitting a great many persons at once to exert
their fyorce on the rope at v, which they could not do to the
weight itself; as is evident in raising the hammer or weight
of a pile-driver, as well as on many other occasions.

73. Pror. If a power sustain a weight by means of onc
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moveable pulley; the power is but half the weight, if the
pertions ot the sustaining cord are parallel to each other.

For, here AB may be con-
sidered as a lever of the
second kind, the power act-
ing at A, the weight at c,
and the prop or fixed point
at B; and because p: w ::

CB : AB, and (R = !an,
therefore » = 4w, or w
=9

— ot il

74. Corol. 1. Hence it is
evident, that, when the pul-
ley is put in motion, the ve-
locity of the power will be
double the velocity of the weight, as the point r moves twice
as fast as the point ¢ and weight w rises. It is also cvident,
that the fixed pulley F mukes no difference in the power r,
but is only used to change the direction of it, from upwards
to downwards.

75. Corol. 2. Hence we may estimate the effect of a com-
bination of any number of fixed and movcable pulleys; by
which we shall find that every cord going over a moveable
rullcy always adds 2 to the power ; since cach moveable pul-
ey’s rope bears an equal share of the weight 5 while each rope
that is fixed to a pulley, only increases the power by unity.

8 P
Fk

W+ w4
Herer = 5w, Here p = 1w = w ot +

Note.—1f the portions of the sustaining cords between the
pulleys are not parallel, the forces will be reduced upon the
principle of art. 31.
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OF THE INCLINED PLANE.

76. Tnr IncLiNep PLANE, is a plane inclined to the
horizon, or making an angle with it. It is often reckoned
one of the simple mechanic powers; and the double inclined
plane makes the wedge. It is employed to advantage in
raising henvly bodies in certain situations, diminishing their
weights by laying them on the inclined planes.

77. Pror. The power gained by the inclined plane, is in
proportion as the length of the i)lane is to its height. That
15, when a weight w 1s sustained on an inclined plane B¢, by
a power p acting in the direction pw, parallel to the planc;
then the weight w, is in proportion to the power e, as the
length of the planc is to its height; that is, w : p:: BC: AB.

For, draw Ak perp. to
the plane B¢, or to bpw.
Then we are to consider
that the body w is sustained
by three forces, viz. Ist,its
own weight or the foree of
gravity, acting perp. to ac, or parallel to sa; 2d, by the
power r, acting in the direction wp, parallel to Bc, or 1E;
and 3dly, by the re-action of the plane, perp. to its face, or
parallel to the line xa.  But when a body is hept in equili-
brio by the action of three forees, it has been proved, (art.
30.) that the intensities of these forces are proportional to the
sides of the triangle anE, made by lines drawn in the di-
rections of their actions; therefore those forces are to one

another as the three lines - - AB, BE, AE; thatis,
the weight of the b()d{ w is as the line  am,
the power P is as the line - - BE,

and the pressure on the plane as the linc AE.
Rut the two triangles ABE, Anc are cquiangular, and have
therefore their like sides proportional ; that is,

the three lines - - - - AB, BE, AE,
are to each other respectively as the three e, an, ac,
or also as the three - - - AC, AL, CE,
which therefore arc as the three forces W, Py Py

wherc p denotes the pressure on the plane. That is, w: p ::
RC : AB, or the weight is to the power, as the length of the
plane is to its height.

Sce more on the Inclined Planc in the Dynamics.
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+ 8. Scholium. The Inclined Plane comes into use in some

situations in which the other mechanical powers cannot be
conveniently applied, or in combination with them. As, in
slidingzi heavy weights cither up or down a plank or other
plane laid sloping: or letting large casks down into a cellar,
or drawing them out of it. ~Also, in removing earth from a
lower situation to a higher by means of wheclbarrows, or
otherwise, as in making fortifications, &c.; inclined planes,
made of boards are employed. Rail-roads, on inclined
planes, serve often to convey coals from the mouth of a
mine.

Of all the various directions of drawing bodies up an in-
clined plane, or sustaining them on it, the most favourable
is where it is parallel to the plane Be, and passing through
the centre of the weight; a direction which is easily given
to it, by fixing a pulley at b, so that a cord passing over it,
and fixed to the weight, may act or draw parafl):l to the plane.
In every oth‘;e:‘{)osition, it would require a greater power to
support the body on the plane, or to draw it up. For if one
end of the line be fixed at w, and the other end inclined
down towards B, below the direction wD, the body would be
drawn down against the plane, and the power must be in-
creased in proportion to the greater difficulty of the traction.
And, on the other hand, if the linc were carried above the
direction of the plane, the power must be also increased ;
but here only in proportion as it endeavours to lift the body
off the plane.

If the length Bc of the planc be cqual to any number of
times its perg. height a3, as supposc 3 times; then a power
P of 1 pound, hanging freely, will balance a weight w of 3
g:unds, laid on the plane; and a power P of 2 pounds, will

lance a weight w of 6 pounds; and so on, always 8 times
as much. But then if they be sct moving, the perp. descent
of the power P, will be equal to 8 times as much as the perp.
ascent of the weight w. For, though the weight w ascends
up the direction of the oblique plane, nc, just as fast as the
power P descends perpendicularly, yet the weight rises onl
the perp. height aB, while it ascends up the whole lengt
of the plane nc, which is three tipes as much; that is, for
every foot of the perp. rise of the weight, it ascends 3 fect up
in the direction of the plane, and the power r descends just
as much, or 3 feet.
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OF THE WEDGE.

79. Tur WEDGE is a picce of
wood or metal, in form of half a rect-
angular PRISM. AF or B¢ is the
breadth of its back; cE its height;
Gc, B its sides; and its end e is
composed of two equal inclined planes
GCE, BCE.

C

80. Pror. When a wedge is in cquilibrio; the power
acting against the back, is to the force acting perpendicularly
against either side, as the breadth of the back as is to the
length of the side Ac or Bc.

For, any threc forces, which sustain one
another in equilibrio, are as the correspond-
ing sides of a triangle drawn perpendicular
to the directions in which they act.  But
AB is pcr[')‘. to the force acting on the back,
to urge the wedge forward; and the sides
AC, BC are perp. to the forces acting on
them ; therefore the three forces are as As,
AC, BE.

81. Corol. The force on the back as,
Its effect in direct. perp. to Ac, ac,
And its effect parallel to AB;  bpc,

are as the three lines which are per. to them.

And therefore the thinner a wedge is, the greater is its

effect, in splitting any body, or in overcoming any resistance
against the sides of the wedge.

SCIIOLIUM.

82. But it must be observed, that the resistance, or the
forces above-mentioned, respect one side of the wedge only.
¥or if those against both sides be taken in, then, in the fore-
going proportions, we must take only half the back ap, or
else we must take double the line ac or nc. Various other
theories of the wedge are given by different authors, but
they need not here be detailed, on account of the irregulari-
ties introduced by friction.
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" In the wedge, the friction against the sides is very great,
at least equal to the force to be overcome, because the wed
retains any position to which it is driven; and therefore the
resistance is doubled by the friction.  But then the wedge
has a great advantage over all the other powers, arising from
the force of percussion or blow with which the backis struck,
which is a force incomparably greater than any dead weight
or pressure, such as is cmployed in other machines. And ac-
cordingly we find it produces cffeets. vastly superior to those
of any other power; such as the splitting and rawnsing the
largest and hardest rocks, the raising and lifting the largest
ship, by driving a wedze below it, which a man can do by
the blow of a mallet : and thus it appears that the small blow
of a hamuwer, on the back of'a wedge. is incomparably greater
than any mere pressure, and will overcome it

OF THE SCRLEW.

83. TuE Screw is one of the six mechanical powers,
chicfly used in pressing or squcezing bodies close, though
sometimes also in raising weights.

The screw is a spiral thread or groove cut round a cylin-
der, and every where making the same angle with the length
of it.  So that if the surface of the cylinder, with this spiral
thread on it, were unfolded and stretched into a plane, the
spiral thread would form a straight inchined plane, whose
length would be to its height, as the circumfercnce of the
cylinder, is to the distance between two threads of the serew :
as is evident by considering that, in making one round, the
spiral rises along the cylinder the distance between the two
tEreads.

84. Pror. The encrgy of a power applied to turn a screw
round, is to the force with which it presses upward or down-
ward, setting aside the friction, as the distance between two
threads, is to the circumference where the power 1s applied.

The screw being an inclined plane, or half wedge, whose
height is the distance between two threads, and its base the
circumference of the screw; and the force in the horizontal
direction, being to that in the vertical one, as the lines per-
pendicular to them, namely, as the height of the plane, or
distance of the two threads, is to the base of the plane, or
circumference of the screw; therefore the power 1s to the
pressure, as the distance of two threads is to that circum-
fcrence. But, by means of a handle or lever, the gain in
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power is increased in the proportion of the radius of the screw
to the radius of the power, or length of the handle, or as
their circumferences. Thercfore, ﬁnul!{, the power is to the
pressure, as the distance of the threads, is to the circum-

ference described by the power.

85. Corol. When the screw is put in motion; then the
power is to the weight which would keep it in equilibrio, as
the velocity of the ﬁxttcr is to that of the former; and hence
their two momenta are cqual, which are produced by mul-
tiplying cach weight or power by its own velocity. So that
this is a general property in all the mechanical powers,
namely, that the momentum of a power is equal to that of
the weight which would balance 1t in equilibrio; or that
cach of them is reciprocally proportional to its velocity.

SCHOLIUM.

8G. Hence we can easily
compute the force of any ma-
chine turned by a screw.  Let
the anrexed figure represent a
press driven by a screw, whose
threads are cach a quarter of
an inch asunder; and let the
screw be turned by a handle
of ¥ feet long, from A to B;
then, if the natural force of
a man, by which he can lift,
pull, or draw, be 150 pounds; and it be required to deter-
mine with what force the screw will press on the board at b,
when the mnan turns the handle at A and B, with his whole
force. Then the diameter aB of the power being 4 feet, or
48 inches, its circumference is 48 x 31416 or 150% nearly ;
and the distance of the threads being L of an inch; there-
fore the power is to the pressure, as 1 to 603%; but the
power is equal to 1501b ; theref. as 1: 6033 : : 150 : 90480 ;
and consequently the pressure at p is equal to a weight of
90480 pounds, independent of friction.

87. Again, if the endless screw aB be turned by a handle
ac of 20 inches, the threads of thc screw being distant
half an inch each; and the screw turns a toothed whecl E,
whose pinion L turns another wheel r, and the pinion M of
this another wheel g, to the pinion or barrel of which is hung
a weight w; it is required to determine what weight the mair
will be able to raise, working at the handle c; supposing

VOL. IIL M
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the diameters of the wheels
to be 18 inches, and those
of the pinions and barrel 2
inches; the teeth and pi-
nions being all of a size.

Here 20 x 31416 x 2
= 125664, is the circum-
ference of the power.

And 125664 to 5 or
251328 to 1, is thg force
of the screw alone.

Also, 18to 2, 0r 9 to 1,
being the proportion of the
wheels to the pinions; and
as there are three of them,
therefore 9 to 13, or 729
to 1, is the power gained by
the wheels.

Consequently 251-928 x
729 to 1, or 1832185 to
1 nearly, is the ratio of
the power to the weight,
arising from the advantage
both of the screw and the
wheels.

" But the power is 150lb; therefore 150 x 183218, or
27482716 pounds, i3 the weight the man can sustain, which
is equal to 12269 tons weight.

But the power has to overcome, not only the weight, but
also the friction of the screw, which is very great, in_somec
cases equal to the weight itsclf] since it is sometimes sufficient
to sustain the weight, when the power is taken off.

88. Upon the same principle the advantage of any other
combination of the mechanical powers may be computed :
allowance, however, being always to be ma(?- for stiffness of
cords, friction, and other causes of resistance.

ON THE CENTRE OF GRAVITY.

. .89. Tue CENTRE OF GRAVITY of a body, or of a system
of bodies, is a certain point within it, or connected with it,
on which the body being freely suspended, it will rest in any
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sttion, and that centre will always tcnd to descend to the
owest place to which it can get, when it is not the point of
suspension. N

90. Pror. If a perpendicular to the horizon, from the
centre of gravity of any body, fall within the base of the
body, it will rest in that position ; but if the perpendicular
fall out of the base, the body will not rest in that position,
but will fall down.

For, if cB be the perp. e
from the centre of gravity c,
within the base: then the
body cannotfall over towards e
A; because, in turning on the )
point A, the centre of gravity g
¢ would describe an arc
which would rise from c to
E; contrary to the nature of that centre, which only rests
permanently when in the lowest place.  For the same reason,
the body will not fall towards b.  And therefore it will stand
in that position.

But if the perpendicular fall out of the base, as cb; then
the body will fall over on that side: because, in turning on
the point a, the centre ¢ descends by describing the descend-
ing arc ce.

91. Corol. 1. If a perpendicular, drawn from the centre
of gravity, fall just on the extremity of the base, the body
may stand ; but any the least force will cause it to fall that
way. And the nearer the perpendicular is to any side, or
the narrower the base is, the easier it will be made to fall, or
be pushed over that way ; because the centre of gravity has
the less height to rise: which is the reason that a globe is
made to roll on & smooth r]ane by any the least force. But
the nearer the perpendicular is to the middle of the base, or
the broader the base is, the firmer the body stands.

92. Corol. 2. Hence if the centre of gravity of a body be
supported, the whole body is supported. And the place of
the centre of gravity may, in many inquiries, be accounted
the place of the body; for into that point the whole matter
of the body may be supposed to be collected, and therefore
all the force also with which it endeavours to descend.

93. Corol. 3. From the property which the centre of
gravity has, of tending to descend to the lowest point, is de-
rived an easy mechanical method of finding that centre.

o -M2
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Thus, if the body be hung up by
any point a, and a plumb line A be ‘:uu
by the same point, it will pass througﬁ
the centre of gravity ; because that centre
is not in the lowest point till it fall in the
,i!umb line. Mark the line aB on it

hen hang the body up by any vther point
D, with a plumb line pk, which wili also
pass through the centre of gravity, for the
same reason as before ; and therefore that
centre must be at ¢ where the two plum?: H—e
lines cross each other.

94. Or, if the bady be suspended by
two or more cords ¥, .1, Nc. then a
{)lumb line from the point ¢, will cut the
sody in its centre of gravity ¢,

95. Likewise, becausc a body rests when its centre of
gravity is supported, but not clse; we hence derive another
easy method of finding that centre mechanically,  Yor, if
the body be laid on the edge of a prism, or over one side
of a table, and moved backward and forward till it rest, or
balance itself; then is the centre of gravity just over the line
of the edge. And if the body be then shifted into another
position, and balanced on the edge again, this line will also
pass by the centre of gravity; and consequently the inter-
section of the two will indicate the place of the centre itself.

The place of the centre of gravity may be investigated,
from its analogy to the centre of parallel forces; but the
following method is adopted here, as in some respects easier
of comprchension.

96. Propr. The common centre of gravity ¢ of any two
bodies a, B, divides the line joining their respective centres,
into two parts, which are reciprocally as the bodies.

. That is, Ac: BC:: B : A,

For, if the centre of gravity c
be supported, the two %:odic{ A J— %
and B will be supported, and will A
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rost in equilibrio.  But, by the nature of the lever, when
two bodies are in cquilibrio about a fixed point c, they are
reciprocally as their distances from that point; therefore
A:B::CB?CA.

97. Corol. 1. Hence AB: AC:: A + B : B; or, the whole
distance between the two bodies, i< to the distance of either
of them from the common centre, ws the sum of the bodies
is to the other body.

98. Corol. 2. Hence also, cA. A =cp. B; or the two
products are cqual, which are made by multiplying each
body into its distance from the centre of gravity.

99. Corol. 3. As the centre c is pressed with a force equal
10 both the weights A and b, while the points A and B are
cach pressed with the respective weights a and B; therefore,
if the two bodies be both united in their common centre c,
and’only the ends A and » of the line A be supported, cach
will still bear, or be pressed by the same weight A and b as
betore.  So that, if a weight of 100lb. be laid on a bar at ¢,
supported by two men at A and s, distant from ¢, the one 4
feet, and the other G feet; then the nearer will Lear the
weight of 60lb, and the farther only 40lb. weight. This
should be noted as a principle of extensive application.

100. Corol. 4. Since the

ceffect of any body to turn @_@__é

a lever about the fixed 98 B aD @ 3
point ¢, is as that body and

as its distance from that point; therefore, if ¢ be the com-
mou centre of gravity of all the bodies a, B, D, B, ¥, placed
in the straight line Ar; thenisca .a +cs.B=cp.D +
CE . E + CF. F; or, the sum of the products on one side,
cqual to the sum of the products on the other, made by mul-
tiplying each body into its distance from that centre.” And
it scveral bodies be in equilibrio on any straight lever, then
the prop is in the centre of gravity.

101. Corol 5. And though

the bodies be not situated in B G
a straight line, but scattered

aboutinany promiscuousman- <

ner, thesame pro;l)ertyas inthe

last corollary still holds true,

it perpendiculars to any line

whatever af be drawn through

the scveral bodies, and their common centre of gravity,
namely, that ca . A +¢cb .8 = cde D + c¢.E + ¢f. ¥. For
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thé bodies have the same effect on the line af, to turn it about
the point ¢, whether they are placed at the roints a, byd,e,f,
or in eny part of the perpendiculars aa, 0, d, e, Ef

102. Pxor. If there be three or more bodies, and if a line
be drawn from any one body b to the centre of gravity of
the rest c; then tge common centre of gravity E of all the
bodies, divides the line ¢p into two parts in g, which are
reciprocally proportional as the body p to the sum of all the
other badies.

Thatis, cCE: Ep:. D :A + B Ke.

For, squose the bodies A and » >—&—-D
B

to be collected into the common A \

centre of gravity c, and let their sum F‘;'

be called s. Then, by the last prop.

CE:ED::D:so0r A r B, &c .

Corol. Hence we have a method of finding the com-
mon centre of gravity of any number of bodics; namely, by
first finding the centre of any two of them, then the centre
of that centre and a third, and »o on for a fourth, or fifth,
&e.

103. Prop. If there be taken any point ¥, in the line
passing through the centres of two bodies; then the sum of
the two products, of each body multiplied into its distance
from that point, is equal to the product of the sum of the
bodies multiplied into the distance of their common centre
of gravity ¢ from the same point ».

Thatis, PA . A + P . B = PC. A + B.

For, by art. 98th,ca .A = c¢B . B,
thatis,(rA —PC). A = (PC + PB).B; o‘_—é’—f‘_?'—P
therefore, by adding, A
PA.A + PB.B="PC.(A+ 1)

104. Corol. 1. Hence, the two bodies o and B have the
same force to turn the lever about the point p, as if they
were both placed in c their common centre of gravity.

Or, if the line, with the bodies, move about the point p;

the sum of the momenta of A and », is equal to the momen-
tum of the sum s or A + B placed at the centre c.

105. Corol. 2. The same is also true of any number of
bodies whatever, as will appear by cor. 4, art. 100. namely,
PA.A + PB.B + PD.D, &c. = pc. (A + B + », &c.) where
P is in any point whatever of the line ac.

And, by cor. 5, art. 101, the same thing is true when the




CENTRE OF GRAVITY. 167

bodies are not placed in that line, but any where in the per-
pendiculars passing through the poiuts a, », b, &c. ; namely,
va.a +vb.s + pvd.p, &. =rc.(a +B + b, &)

106. Corol. 3. And if a planc pass through the point p
perpendicular to the line cp; then the distance of the com-
mon centre of gravity from that planc, is

po =124 +rb.8 + vd. b, Ke that is, equal to the sum
T A+ B } D, Kc. ? » €4

of all the moments divided by the sum of all the bodies. Or,
if A, B, 0, &c. be the several particles of one mass or com-
pound body ; then the distance of the centre of gravity of
the body, below any given point r, is equal to the forces of
all the particles divided by the whole mass or body, that is,
cqual to all the pa. a, Pb. n, vd. b, &e. divided by the
body or sum of particles a, B, v, &ec.

107. Pror. To find the centre of gravity of any body, or
of any system of bodics.

Through any point p draw
a plane, and let va, vb, vd, &e.
be the distance of the bodies -- -'-—1"‘--
A, B, D, &c. from the planc;
then, by the last cor. the di- @A
stance of the common centre of
gravity from the plane, will be
Ya.a + rb.B + rp . D, K.

A4+ B+ 0D, &

108. Or, if b be any body, and qpr any plane; draw ras
&c. perpendicular to qur, and through a, B, &c. draw innu-
merable sections of the body & parallel Q i
to the plane qr. Let s denote any one
of these sections, and d = pa, or vy, &c.
its distance from the plane @r. Then
will the distance of the centre of gra-
vity of the body from the planc be

e = sum of n'll the da. Aud if the

distance be thus found for two inter-
sccting planes, they will give ihe point
in which the centre is placed.

109. Bat the distance from onc plane is sufficient for any
regular body, because it is evident that, in such a figure, the
centre of gravity is in the axis, or line passing through the
centres of all the parallel sections.

re =

v
o
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* Thus, if the figure be a parallelogram, or a rR
cylinder, or any prism whatever; then the A
axis or line, or plane ps, which hisects all the
sections parallel to ar, will pass through the
centre of ﬁravity of all those scctions, and
consequently through that of the whole figure
¢. Then, all the sections 8 being equal, and
the body & = »s . s, the distance of the cen-

tre will be pc =
PA.3+PB.8s+&c. PA4PB 4+ PD &c.xs_u+rn+&c.
/] Ps.8 - PS .

But pa + pB + &c. is the sum of an arithmetical pro-
gression, beginning at 0, and increasing to the greatest term
Ps, the number of the terms being also equal to ps; there-
fore the sum pA + pB + &c. = Lrs.ps; and consequently

+PS . PS

PC = *——— = [¥s; that is, the centre of gravity is in the

middle of the axis of any figure whose parallel sections are

equal.

110. In other figures, whose parallel sections are not
equal, but varying accordinf; to some general law, it will not
be easy to find the sum of all the va . 5, B . &, PD . &, &e.
except by the general method of Fluxions; which casc
therefore will be best reserved, till we come to treat of that
doctrine. It will be proper, however, to add here some ex-
amples of another method of finding the eentre of gravity of’
a triangle, or any other right-lined plane figure.

111. Pror. ‘To find the centre of gravity of a triangle.

From any two of the angles draw
lines ADp, cE, to bisect the opposite
sides; so will their intersection ¢ be
the centre of gravity of the triangle.

For, because Ap bisects Bc, it bisects
also all its parallels, namely, all the
parallel sections of the figure: therc-
fore Ap passes through the centres of
gravity of all the parallel sections or
component parts of the figure; and consequently the centre
of gravity of the whole figure lies in the line ap. For the
same reason, it also lies in the line ce. Consequently it is
in their common point of intersection a.

112. Corol. The distance of the point G, is AG = jap,
and c¢ = icF: or AG = 2¢D, and c¢ = 20GE.

For, draw Br parallel to Ap, and produce cE to meet it
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in ¥. Then the triangles AEG, BEF are similar, and also
equal, becausc AE = BE; consequently Ao = »r. But the
triangles cpc, CBF are also equiangular, and cB being
= 2cp, therefore BF = 26p. But BF is also = ac;
consequently A¢ = 26D or 3AD. In like manner, ce = 2cE
or 3CE. B

113. Pror. To find the centre of gravity of a trapezium.
Divide the trapezium Ascp into two : D

triangles, by the diagonal Bp, and find V
E, F, the centres of gravity of these

two triangles; then shall the centre of % .,
gravity of the trapezium lie in the line 2L

EF connecting them. And therefore
if kF be divifed, in G, in the alternate
ratio of the two triangles, namely,
EG : GF :: triangle Bcp : triangle aBp, then ¢ will be the
centre of gravity of the trapezium.

114, Or, having found the two points E, ¥, if the trape-
zium be divided into two other triangles Bac, pac, by the
other diagonal ac, and the centres of gravity 1 and 1 of these
two triangles be likewise found ; then the ‘centre of gravity
of the trapezium will also lie in the line ur.

So that, lying in both the lines, £F, H, it must necessarily
lie in their intersection ¢.

115. And thus we are to proceed for a figure of any
greater number of sides, finding the centres of their com-
ponent triangles amd trapeziums, and then finding the com-
mon centre of every two of these, till they be all reduced
into one only.

PROBLEMS FOR EXERCISE.

ld Find, geometrically, the centre of gravity of a trapc-
zoid.

2. Find, geometrically, the centre of gravity of a trian-
gular pyramd.

8. Infer, thence, the centre of gravity of any pyramid.

4. Find, algebraically, the centre of gravity o¥ the frus-
tum of a pyramid.

5. Let a sphere whose diameter is 4 inches, and a cone
whose altitude is 8 inches, and diameter of its base 3 inches,
be fastened upon a thin wire which shall pass through the
centre of the globe and the axis of the cone ; let the vertex
of the cone be toward the sphere, and let its distancc from
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the sphere’s surface be 19 inches.  Required the place of
their commen centre of gravity.

_ 6. Demonstrate 1st, That tie surface produced by a plane
line or curve by revolving about an axis in the plane ot that
curve, is equal to the product of the generating line or curve
into the path described by the centre of gravity.

And 2ly, That the solid produced by the revolution of’
a plane figure about an axis posited in the planc of that
figure, is equal to the product of the generating surface into
the circumstance described by the centre of gravity.

ON THE EQUILIBRIUM OF ARCHES.

116. A ve?v interesting department of’ the seience of Sta-
tics, is that which relates to the stability of arches, as intro-
duced in the construction of bridges, powder-magazines, &c.
Every such structure is a system of forees, and the examina-
tion of its firmness, therefore, requires the application of the
general principles of equilibrium.  We shall here present a
few useful.propositions in elucidation of the more received
theories.

117. Pror. The force of a voussoir depending on the
magnitude of the angle formed by its sides, the mpelling
force, and the resistunce to be overcome, is on the first ac-
count directly as the radius of curvature of the arch at that
point, on the second as the square of the sine of the angle
mcluded between the tangent of the curve at the given pomnt
and the vertical passing through that point, and on the third,
as the sine of the same angle.

1. Let EABF, cal)f, be two
similar concentric curves,
and AB, ad, two voussoirs
similarly situated, whose
sides perpendicular to the
curve converge to the centre
c. The forces of these vous-
soirs considered as portions
of wedges, are inversely as
the sines of the half vertical
angles (schol. art. 82.) or,
because cach wedge occupies an cqual portion of its re-
apective arch, directly as the radii of curvature.
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2ndly, Let nh be the invarlable breadth of the voussoirs on
the arch cadf, sgnh the incumbent weight, which, since ox
is supposed given, is as the breadth Ak, or as the sine of the
angle Auk: by the resolution of the force gn into two Amn,
HK, the latter is the-force impelling the voussoir to split the
arch, which, since gH is given, varies as the sine of gk, or
huk: wherefore, tﬁ:’ force impelling the voussoir is as the
square of the sine of kuk.

3dly, The wedge impelled in a direction perpendicular to
the curve endeavours to split the arch, and therefore to move
one scgment about the fulcrum ¢, the other about the fulcrum
J- Hence the force of the voussoir acting on the levers ¥uf,
He, being as cither of the perpendiculars Jgp, eq, is as the sine
of the angle fcp or huk.

We have supposed the centre of curvature of the arches
at the points A, a, %, H, to be at c: but this is merely to pre-
vent the figure from being too complex, and makes no al-
teration in the nature of the demonstration.

Corol. Hence, if the height of the wall incumbent on any
point H of the intrados is inversely as the cube of the sine of
fnk into radius of curvature at that point, or directly as cube
of the secant of the angle formed by 411 and the horizon, and
inversely as the radius of curvature, all the voussoirs will
endeavour to split the arch with equal forces, and will be in
perfect equilibrium with each other.

The general expression, therefore, for the thickness cu
over any point of an arch, is

ar
GH == sec.’ elev”. at H X Y

where » = rad. of curvature at the vertex
= thickness of material there
R = rad. of curvature at H.

The radii of curvature for the diffcrent curves are dcter-
minable by the method of fluxions, or by other means: they
are here supposed known. :

1. Surpose, for example, it were required to find the re-
quisite thickness over any point of a circular are, to ensure
cquilibration, the thickness @ = Dk, at the crown of the arch
being given.

slis
Here, rad. of curv, at u x
D
n;
C T

= rad. of curv. at » ¢
thatis r = 7. H¥
and sec. RIIf = sec. arc. DH.
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C s ar .
onseq. GH = sec.” DH X -E = §¢C. DH . d.

Hence we have a convenient Jogarithmic expression for coni-
putation ; viz.
Log. bk + 3 log. scc. pn = log. GH.

In this example, the curve of equilibration, GKs, runs up
to an infinite height over B, the springing of a semicircular
arch. . But over a portion of 30° or 35" on cach side the
vertex, as bH, the curve k¢ of the extrados accords very
well with what would be required for a roadway.

Ex. 2. Determine the requisite thickness for equilibration
over any point of a parabola.

(42 + p)*

2yp
which, at the vertex, where & vanishes
becomes r = !p:

Hereif pR =&, RE =y,n =

./

RT = 2%, RH =y = +/px, TH = VHR*-+ BT! = /px + 4a*
TH 2z 4 dat ) + 4o
SCC. THR = — = \/p——i— = !
HR pr P

.. GH = secc.? THR . ';a

PR 2./
=.(ﬁ.?_"i: VP = 4= ko

r’ (2 + 4x)* :

So that the extrados is a parabola equal to the intrados,
and every where vertically cquidistant from it.

Ex. 8. T'o determine
the requisite thickness
over any point of a cy-
cloidal arch.

Here, putting bk = a,
PR =z, Dc=d; wehave,
from the known proper-
ties of the cycloid, the
tangent HT parallel to
the corresponding chord
sp, or angle THR =
Z Dsk, sb = Jdu,
sk =,/ dr — a';
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R (parallel to sc) = HO = 25¢ = Qvdi—dr; r=2p=2:

_ 8 drx _ d
sec. THR = ¢ = ‘/dr—.z' - '/d—.r

s r
GH = secC.” THR -'-t—-a

3

a* , 2d- .
(d—a)* d*—da)?

(II" 2da
(d=x)¥ 2di(d—z)

d: _ _ad DK . CD*
ot @=2 cr?

By computing the value of cu for several corresponding
values of bR, and cr, and thence constructing the extrados
by points, it will, as in the figure, appear analogous to that
for the circle, but rather flatter tll it approach the extremi-
ties of the arch, where the curve runs off to infinity, as in
the case for the circle.

oxAM. 4. To determine the
requisite thickness over any
point of an elliptical arch. T
Here, taking z, y, and a, as 7/]‘K
before, take Ac = ¢, pc = ¢, P
HQ = 7, being perpendicular L
to the tangent . Then, by \,
the property of the ellipse, “\
A N c P
Ve
DC?: AC':: CR: QR,
t'l
or,c*:¢::¢c—ua: E?(C — I) = QR.
H {9 L
Also, sec. THR = sec. HQR = Q—:‘z=1r+-‘;;(c—r)= e —2)

Radius of curvatureat 1 = » = 7 2 being the parame-

?

tertocnp = 'z'
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dx'c’ =P P
SR = =i and 7 (rad. curv. at p) = =—

,
Whence, lastly, ¢n = sec.* THR . — . a,
? R

7ch ¢ 1t g
tc—x)® ¢ *% @
c? DK, nc?

(c—.r)’a - cr

as before, a convenient expression for logarithmic operation.
Here, again, computing values of Gu For several assumed

values of cR, the curve of the extrados may thence be con-

structed, and, like that for the cycloid, it will be found rather

flatter than that for the circle, but still analogous to it.

Exax. 5. For the Catenary. (Sce the fig. to Exam. £.)
Here, put b = x, 6R = ¥y, DG = 2, ¢ = tension at the
vertex D when the chum hangs from a and B. 'Then, by

2
the nature of the curve 2 = ¢z + z*, subtang. TR = _2_?
a2 S
Rad.curv. at ¢ = — =R and therefore at n where ¢

vanishes » = ¢.

HT = +~/HR® + RT? —JJ 4 — "/

sec, THR = ——J_/+ y—Jl+ ...J

I e )+
.. CH = 8eC.> THR . -i— a = 5 .t t"+z‘
b §
124 =%) 7t £+ 2%)7a .
= ¢ t’) u=( : ) [sub.® for 22 its value.]
(& + 2z + 2%%a  a(t+7) ax

Corol. If a = ¢, or the thickness at the crown cqual to a
line whose weight expresses the tension,

then GH =a + @ = XD + DR,

Corol. 2. Ifa -><—-t, the exterior curve will proceed

ards
ggv‘:nwards} both ways from x.
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Corol. 3. If bk, the thickness at the crown, be very small
compared with ¢, then will the thickness over i1 be nearly

then

1
the same throughout: thus, suppose a = 10000 &

tr !
GH = a + 16000z — ¢ + lﬁb = a very nearly. Con-

sequently, a heavy flexible cord or chain, left to adjust itself
into a hanging catenary, and inverted, would support itself
upon props perpendicular to the tangents at a and B.

' ar

x
Orxn:a+.t—-(a+(it——)=r—-?-=(t—a)—':—;

which when a vanishes Lecomes = z, or nrR = ¢n = a.

118. Pror. To point out the construction, and investi-
gate the chief properties of the plat-band, or * flat arch,” as
1t 1s sometimes called.

Let »r’ be the pro-
posed width, and kk

T _DCVB AKA'B ¢ ' T
the proposed thickness
of a plat-band. As-

\ \u v]' /ry/r ’
b/ c/d/ 1
R c Tl\ “ = R’
sume a point P in the

inferior prolongation of

xk the r:niddlg of the \ /
structure; and, sup-
posing ad', ab, be, cd,
&c. the proposed thicknesses at bottom, of the truncated
wedges of which the plat-band is to be constituted, Ict
straight lines ra's’y paa, rbs, pcc, &c. be drawn, they will
respectively show the directions in which the mutually abut-
ting faces of the several wedges are to be cut, so that the
whole shall be an equilibrated structure.

Now, 1st, If ak = «'k, be taken to represent half the
weight of the central wedge, then rk perpendicular to it will
represent the horizontal thrust throughout the plat-band,
and consequently, the thrust, shoot, or drift, acting at R
or r'. .

2dly, Thercfore, by assuming » nearcr or farther from
rR/, the thrust may be diminished or increased at pleasure.

3dly, No one of the wedges has a greater tendency to fall
downwards than another; for those tendencies are through-
out as their weights, each being represented by the successive
lines ab, bc, cd, &c. on both sides the key-stone. The
former are as the differences of the tangents ka, kb, kc, &c.
to the radius pk; and the latter are as the areas of the trape-

pod
ET TN S
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zoids abBa, bces, &c. which are as ab 4+ aB to b¢ + B, o
as ad, to bc; the common height of all the trapezoids bein;
equal to &x.

4thly, The pressurc on cach joint of the plat-band i
proportional to the surface of that joint. For, pressure o
aa to pressure on 63, as pPa to Pb, that is, as aa to b8; anc
so throughout. The pressures being exerted perpendicu.
larly to the respective surfaces, are evidently measured by
lines in the directions of those surfaces (art. 32.) when we
have assumed a horizontal line for the measure of gravity
and a vertical line to mcasure the honzontal thrust.

5thly, Hence also it follows that in this construction the
pressure upon each squarc inch of joint, is a constant quantity
throughout ; being the same upon every square inch of the
face in direction aa, as upon every square inch of face i
direction b8, in dircction ci, &c. to the extreme abutment:
RT, R'T.

These properties will not be found co-cxistent in any other
equilibrated structure.

119. Scholium. Yet this construction has a limitation
which it is highly important to observe. To ensure stability.
the distance of the centre of gravity of the semi-vault from
the vertical Pk, must exceed kv, the distance from the same
vertical to the interscction of rv (a perpendicular to the
abutment Tk) with the top TT' of the plat-band. Unless
this condition be fulfilled, perpendiculars cannot be let fall
from the centre of gravity upon both TR and x4 ; or, in other
words, the semi-vault cannot be sustained by means of the
two surfaces Tr, and x% alone.

Let xk = kw' = h, xk = k, and 1s=¢, being the tangent
of the ulterior angle of slope to the radius rs = k. Then
the distance of the centre of gravity of the semi-vault KART
from the middle, Kk, of the key-stone will be

— 1 3ht 4+ 2¢:
=+ 2rye
As
Fartier, we have ¢ : % :: k: DV =7
M th—k
Thercfore Xv = XD — bV = h — — = i —

Hence, to ensure stability, we must have
Sht+2: th—k*

Lokt e T
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Or, taking the limit of tottering cquilibrium, we have
) 2 -3 = k)t + Chkr =0:
from which when two of the three letters are known the third
may be found.
Suppose, for example, that a plat-band were constructed
upon an equilateral triangle, or such that angle rpr' = 600.
hen Ts == ¢ = tan. 80° to rad. xk. Or, if kk = k, be
taken = 1, then ¢ = tan. 8C° = } /3,

Hence 4 8% — (A8 —1) /3 + 64 = 0.
From this equation %, in the case of the limit is found
=187 + v8 = 37590.
Consequently, in the proposed case, RR' = 24 must be
less than 75192, or than 7} times the thickness, xk, of the
key-stone. @

Of the Equilibrium of Vaults, regarding the Tenacity of

Cements.

120. When the operation of cements is taken into the
consideration, the conditions to ensure equilibrium are
more easily investigated than when the gravitating tendency
of the superincumbent matter is alone regarded. If the co-
hesive energy of the ccment were insupergl)le, the arch might
then be considered as one mass, which would be every where
secure, whatever its form might be, provided the piers or
abutments werc sufficiently strong to resist the horizontal
thrust. And, although this property cannot safely be im-
E:ted to any cement (strong as many cements are l'(ynown to

), yet, in a structure, whose component parts are united
with a very powerful cement, the matter above an arch will
not yield, as when the whole is formed of simple wedges, or
as when it would give way in vertical columns, but by the
separation of the entirc mass into three, or at most, into four

icces: that is, either into the two piers, and the whole mass
tween them, or into the two piers, and the including mass
splitting into two at its crown. It may be advisable, therc-
fore, to investigate the conditions of equilibrium for both
these classes of dislocations.

121. Pror. Suppose that the arch Eff'rF' tend to fall
vertically in one mass, by thrusting out the piers at the jomts
of fracture, ¥f, ¥/f'; it is required to investigate the equa-
tions by which the equilibrivin may be determived.

Let 2a denote the whole weight of the arch l{ino' be-
tween Ff, and F/f’, ¢ the centre o%gravity of one half of that

vOoL. II. N
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,arch, the centre of gravity
of the whole lying on cv;
let ¢ be the weight of one of
the piers, reckoned as high
as £f, and G' the place of its
centre of gravity.

Now, ¥v, FY', being re-
spectively perpendicular to
Ef, rf', the weight 24 may
be understood to act from v,
in the directions vF, vF', and
pressing upon the two joints
¥/, ©.f". Thehorizontal thrust
which it exerts on ¥, will be

K .
= @ tan. Fvl = a cot. FCI = A o and at@the same time

the vertical effort will = a,

Now, the first of these forces tends to thrust out the sohd
a¥ horizontally, an effort which is resisted by friction; and
since it is known that, eateris paribus, the friction varies as
the pressure, that is, here, as the weight, we shall have for
the resisting force, f'. 4 -+ /. r. LEquating this with the

) 1 . .
above expression, A . o Ve obtain for the first equation

of equilibrium

for=a(5 =) (1)

Moreover, the horizontal thrust that tends to overturn the
pier AF about the angle A, must be regarded as acting at
the arm of lever FE, and, therefore, as exerting altogether

ci .
the -energy, A. - . FE. This is counteracted by the ver-

tical stress a, operating at the horizontal distance ax, and
by the weight r, acting at the distance Ap; DG’ being the
vertical line passing through the centre of gravity, @/, of the
pier. Hence we have

s (o}
LA A.F.PE=A.AE+P.AD;

and, after a litile reduction, there results for the second
equation of equilibrium :

p AP Cl  AE
—=Al= - .
FE F1 PE ()
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122. Pror. Suppose that each of the two halves k¥, k¥,
of the arch, tend to turn about the vertex /, removing the
points F, and ¥': it is required to investigate the conditions
of equilibrium in that case.

Referring the weight, a, of the semi-arch from its centre
of gravity to the direction of the vertical joint kK, its energy

) FH . .
is represented by a e and the resulting .horizontal

FI _ FH
TR
stress is = P + A; and therefore the friction is represented
by f. P + f.a. LEquating this with the above value of the
horizontal thrust, that the pier AF may not move horizon-
tally, we huve ,

f.r= A(% = f) (r.)

Then, considering the arch and piers as a polygon capable
of moving about the angles a, F, &, ¥, o', we must, in order@®
to equilibrium, balance the joint action of p and the semi-
arch A at the point F, with the horizontal thrust beforemen-
tioned, acting at the arm of lever er.  Thus we shall have
P.AD + A . AE = A. ;—:{ - kF: from which, after due re-

o FH .
thrust at a is, evidently, a . 17 The vertical

duction, there results

AD FH AE)
P.— = Al — -

EF r Er

128. Corol. Hence it will be casy to examine the stability
of any arch whose parts are cemented as in the hypotheses
of these two propositions.  Assume different points such as
¥, in the arch, for which let the numerical values of the
equations (1.) and (11.) be computed. To ensure stability,
the first members of those equations, which represent the re-
sistance to motion, must exceed the seccond members; the
weakest points will be those in which the excess of the first
above the second member is the least.

If the dimensions of the arch were given, and the thick-
ness of the pier required, the, same equations would serve for
its determination *.

..o un)

# The principles adopted in the two last propositions are due
to De la Hire, and Coulomb, respectively. For a more com-
N2
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DYNAMICS.

124. Tuart department of mechanies which relates to the
circumstances amr effects of bodies in motion (art. 5.) is of
great cxtent, and ¢f very comprehensive application. A
selection of its most interesting topics will here be presented ;
but numerous other problems which, while they fall within
its scope, require the aid of the fluxional analysis, will be
solved in the collections at the end of this and of the third
volame.

GENERAL LAWS OF MOTIQN, &c.

125. Prop. Tur quantity of matter, in all bodies, is in
the compound ratio of their magnitudes and densities.

That i, b is as md; where b denotes the body or quan-
tity of matter, m its magnitude, and d its density.

For, by art. 10, in bodies of equal magnitude, the mass or
quantity of matter is as the density.  But, the densities re-
maining, the mass is as the magnitude; that is, a double
magnitude contains a double auantity of matter, a triple
magnitude a triple quantity, and so on. Therefore the mass
is in the compound ratio of the maguitude and density.

Corol. 1. In similar bodies, the masses are as the densities
and cubes of the diameters, or of any like linear dimensions.
—For the magnitudes of bodies are as the cubes of the dia-
meters, &c.

Corol. 2. The masses are as the magnitudes and specific
gravities.—For, by art. 10 and 17, the densities of bodies
are as the specific gravities. *

126. Scholium. Hence, if b denote any body, or the
quantity of matter in it, m its magnitude, d 1ts density, g its
specific gravity, and ¢ its diamctcr or other dimension ; then,
a (pronounced or named as) being the mark for general

prehensive view of this interesting subject, the student may
consult Huttor’s Tracts, vol. i, the Appendix to Bossut’s Me-
chanics, and Berard’s Treatise on the Statics of Vaults and
Domes. ‘Yhe pressure of earth, and the strength of waterials,
will be treated in a subsequent part of this volume.
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proportion, from this proposition and its corollaries we have
these general proportions:
6 @ md & mg O a’d,
b

b
mQx - 00— xd,
d = g

b my
d o = oo 8
S & E &

s’ a b o g -4
a 7 n a—d~.

127. Pror. The momentum, or quantity of motion, ge-
ncrated by a single impulse, or any momentary force, is as
the generating force.

That is, m 1s as_f; where m denotes the momentum, and
S the force.

For every effcct is proportional to its adequate cause. So
that a double force will impress a double quantity of mo-
tion; a triple force, a triple motion; and so on. That is
the motion impressed, is as the motive force which pro-
duces it.

128. Pror. The momenta, or quantities of motion, in
moving bodies, are in the compound ratio of the masses and
velocities.

That is, m is as bz.

For, the motion of any body being made up of the mo-
tions of all its parts, if the velocities be equal, the momenta
will be as the masses; for a double mass will strike with a
double force; a triple mass with a triple force; and so on.
Again, when the mass is the same, it will require a double
force to move it with a double velocity, a triple force with a
triple vclocity, and so on; that is, the motive force is as the
velocity ; but the momentum impressed, is as the force
which produces it, by art. 127; and therefore the momen-
tum is as the velocity when the mass is the same. But the
momentum was found to be as the mass when the velocity
is the same. Consequently, when neither are the same, the
momentum is in the compound ratio of both the mass and
velocity.

Otherwise: M : m :: B : b, when v is constant:

and m v : v, when B is constant :
therefore, M p :: Bv: by, when both vary.

129. Pror. In uniforin motions, the spaces described are
in the compound ratio of the velocities and the times of their
description.
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"That is, s is as v,
For, by the nature of uniform motion,

$ . T ¢, when v is constant :
and s © v 7, when T is constant :
therefore s : TV tv, when both vary.

Corol. 1. In uniform motions, the time is as the s
directly, and velocity reciprocally ; or as the space divided
by the velocity. And when the velocity is the same, the
tune is as the space. But when the space is the sane, the
time i3 reciprocally as the velocity.

Corol. 2. The velocity is as the space directly and the
time reciprocally ; or as the space divided by the time. And
when the time 1s the same, the velocity is as the space. But

when the space is the same, the velocity is reciprocally as
the time.

Scholium.

180. In uniform motions generated by momentary impulse,
let & = any body or quantity of matter to be moved,
J = force of impulse acting on the body b,
v = the uniform velocity generated in g,
m = the momentum generated in b,
s = the space described by the body b,
t = the time of describing the space & with the veloc. v.
Then from the last thyee propositions and corollaries, we
have these thrce geneml proportions, namely, f & m, m o
bv,and s @ tv; from which 1s derived the following table of
the general relations of those six quantities, in uniform mo-
tions, and impulsive or percussive forces:
bs *
t

.

Somaoabra

mc(fo(bva’-,;-.

" t t
b orj—a-_"ior‘—i—o:m
St tm
CleCI‘Z'G"b—-
S
v X - G—b—CX 7
@ O Gbs éi
S

"By means of which, may be resolved all questions reldting
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to uniform motions, and the effects of momentary or im-
pulsive forces.

131. Pror. The momentum gencrated by a constant and
uniform force, acting for any time, is in the compound ratio
of the force and time of’ acting.

That is, m is as f2.

For, supposing the time divided into very small parts, by
art. 127, the momentum in each particle of time is the same,
and therefore the whole momentum will be as the whole
time, or sum of all the small parts. But by the same prop.
the momentum for each small time, is also as the motive
force. Consequently the whole momentum generated, is in
the compound ratio of the force and time of acting.

Corol. 1. The motion, or momentum, lost or destroyed in
any time, is also in the compound ratio of the force and
time. For whatever momentum any force generates in a
given time; the same momentum wiliyan cqual force destroy
in the same or equal time; acting in a contrary direction.

And the same 1s true of the increase or decrease of motion,
by forces that conspire with, or oppose the motion of bodies.

Corol. 2. 'The velocity generated, or destroyed, in any
time, is dircctly as the force and time, and reciprocally as
the body or mass of matter.—For, by this and art. 128, the
compound ratio of the body and velocity, is as that of the
force and time; and therefore the velocity is as the force and
time divided by the body. And%f the body and force be
given, or constant, the velocity will be as the time.

132. Pror. The spaces passed over by bodies, urged by
any constant and uniform forces, acting during any times,
arc in the compound, ratio of the forces and squares of the
times directly, and the body or mass reciprocally.

Or, the spaces are as the squares of the times, when the

force and body are given.
.S .
‘That 1s, 8 1s as 7 oras 2 when f and & are given. For,

let v denote the velocity acquired at the end of any tine 7,
by any given body b, when it has passed over the space s.
Then, because the velocity is as the time, by the last goro].‘
therefore Jv is the velocity at 1t, or at the middle point of
the time; and as the increase of velocity is uniform, the
same space s will be described in the same time ¢, by the
velocity 1v uniformly continued from beginning to end.
But, in uniform motions, the space is in the comspound ratio
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of the time and velocity ; therefore 4 is as j¢v, or indeed s =
1#v. But, by the last corol. the velocity v is as ‘ﬁb—, or as

the force and time dircctly, and as the body reciprocally.
3

Therefore s, or 1z, is as f—b— ; that is, the space is as the force

and square of the time directly, and as the body reciprocally.
Or s is as £, the square of the time only, when & and fare
given. ’ ’

Corol. 1. The space s is also as ¢z, or in the compound
ratio of the time and velocity ; & zmddf being given. For,
§ = 1tv is the space actually described. But #2 is the space
which might be described in the same time ¢, with the last
velocity o, if it were uniformly continued for the same or an
equal time. Therefore the space s, or Ltv, which is actually
described, is just half the s?ace tv, which would be described

with the last or greatest velocity, uniformly continued for an
cqual time £.

Corol. 2. The space s is also as v, the square of the ve-
locity ; because the velocity v is as the ume ¢,

Scholium.

183. The last four propositions give theorems for resolv-
ing all questions relating to motions uniformly accelerated.
Thus, put b = any body*or quantity of matter,

« J = the force constantly acting on it,
t = the time of its acting,
v = the velocity gencrated in the time ¢,
s = the space described in that time,
m = the momentum at the'tnd of the time.

Then, from these fundamental relations, m & dv, m & f%,
& v, and v Ib‘t » we obtain the following table of the
gencral relations of uniformly accelerated motions :

mobafr u-’-:iot‘{f-or‘f—ffa Vi o b,

m_ft _mt  fid  fuS m* m* s
[ e ox-—on‘or—‘-amaﬁc:ﬂvorv..

v v

m v  mv mscmf nd bt bs
fa.l—d_t" P 12 T T e T

s m __ms [ m? N AL
PO T OO X Gy O T
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S gmt S e bty
s m bo bs bs ms _ m®

t X — —_ —_ — —_ —_ X —, &e.
v F O F OGNV FOVE R

134. From the above relations those quantities are to be
left out which are given, or which are proportional to each
other. Thus, if the body or quantity of matter be always
the same, then the space described is as the force and square
of the time. And if the body be proportional to the force,
as all bodies are in respect to their gravity ; then the space
described is as the square of the time, or square of the velo-

city ; and in this case, if F be put = %, the accelerating

force ; then will

v
SOty X FO O -F—.

. .
UGTGFtag/FS-

s v s
X —a— o ¥yY—-
v ¥ ¥

ON THE COLLISION OF BODIES.

185. Pror. If a body strike or act obliquely on a plain”
surface, the force or energy of the stroke, or action, is as the
sine of the angle of incidence.

Or, the force on the surface is to the same if it had acted
perpendicularly, as the sine of incidence is to radius.

Let AB express the direction and
the absolute quantity of the oblique
force on the plane pE; orleta given
body A, moving with a certain ve-
locity, impinge on the plane at B;
then its force will be to the action
on the plane, as radius to the sine
of the angle ABD, or as AB to AD or BC, drawing AD and BC
perpendicular, and Ac parallel to pE.

For, by art, 29, the force Ap is equivalent the two
forces ac, cB; of which the former ac does nolact on the
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plarte, because it is parallel to it. The plane is therefore
only acted on by the direct force cn, which is to as, as the
sine of the angle BAc, or ABD, to radius.

Corol. 1. If a body act on another, in any direction, and
by any kind of force, the action of that force on the second
body, is made only in a direction perpendicular to the sur-
face on which it acts. For the force in AB acts on DE only
by the force cB, and in that direction.

Corol. 2. 1If the plane pE be not absolutely fixed, it will
move, after the stroke, in the direction perl)cndicular to its
surface. For it is in that direction that the force is exerted.

136. Pror. If one body a, strike another body 8, which
is either at rest or moving towards the body a, or moving
from it, but with a less velocity than that of a; then the mo-
menta, or quantities of motion, of the two bodies, cstimated
in any one direction, will be the very same after the stroke
that they were before it. '

For, because action and re-action are always cqual, and
in contrary directions, art. 20, whatever momentam the one
body gains one way b({ the stroke, the other must just lose
as much in the same direction; and therefore the guantity
of motion in that direction, resulting from the motions of
both the bodies, remains still the same as it was before the
stroke.

137. Thus, if A with a momentum
of 10, strike B at rest, and communi- @ —— o0
cate to it a momentum of 4, in the A B
direction aB. Then a will have only )

a momentum of 6 in that dircction ; which, together with the
momentum of B, viz. 4, make up still the same momentum
between themn as before, namely 10,

138. If B were in motion before the stroke, with a mo-
mentum of 5, in the same direction, and receive from A an
additional momentum of 2. Then the motion of a after
the stroke will be 8, and that of B, 7; which between them
make 15, the same as 10 and 5, the motions before the

stroke.

139. Lastly, if the bodies move in opposite directions, and
meet one another, namely, o with a motion of 10, and s, of
5; and A communicate to B a motion of 6 in the direction
AB of its motion. Then, before the stroke, the whole mo-
tion from both, in the direction of AB, is 10—5 or 5. But,
after the ke, the motion of A is 4 in the direction s,
and the motion of B is 6 — 5 or 1 in the same direction AB;
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therefore the sum 4 + 1, or 5, is still the same motion from
both, as it was before.

140. Prop. The motion of bodies included in a given
space, is the same with regard to each other, whether that
space be at rest, or move uniformly in a right line.

For, if any force be equally impressed both on the body
and the line on which it moves, this will cause no change in
the motion of the body along the right line. For the same
reason, the motions of all the other bodies, in their several
dircctions, will still remain the same. Consequently their
motions among themselves will continue the same, whether
the including space be at rest, or be moved uniformly for-
ward. And therefore their mutual actions on one another,
must also remain the same in both cases.

141. Pror. If a hard and fixed plane be struck by either
a soft or a hard unclastic body, the body will adhere to it.
But if the plane be struck by a perfectly elastic body, it will
rcbound from it again with the same velocity with which it
struck the plane.

For, since the parts which are struck, of the elastic body,
suddenly yield and give way by the force of the blow, and
as suddcnf_y restore themselves again with a force equal to
the force which impressed them, by the definition of elastic
bodics ; the intensity of the action of that restoring force on
the plane, will be equal to the force or momentum with which
the body struck the plane.  And, as action and re-action
are cqual and contrary, the plane will act with the same force
on the body, and so cause it to rebound or move back again
with the same velocity as it had before the stroke.

But hard cr soft bodics, being devoid of elasticity, by the
definition, having no restoring force to throw them off again,
they must nccessarily adhere to the plane struck.

142. Corol 1. The cffect of the blow of the elastic i)ody,
on the plane, is double to that of the unelastic one, the ve-
locity and mass being equal in each. .

For the force of the blow from the unelastic body, is as
its mass and velocity, which is only destroyed by the resist-
ance of the planc. But in the clastic body, that force is not
only destroycd and sustained by the plane; but another also
cqual to it is sustained by the plane, in consequence of the
restoring force, and by virtue of which the body is thrown
back again with an equal velocity. And therefore the in-
tensity of the blow is ?loubled. .

148. Corol. 2. Hence unclastic bodies lose, by their col-
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lision, only half the motion lost by elastic bodies ; their mass
and velocities being equal.—For the latter communicate
double the motion of the former. .

* 144. Pzor. If an elastic body A impinge on a firm plane
DE at the point 3, it will rebound from it in an angle cqu
to that in which it struck it; or the angle of incidence will
be equal to the angle of reflection; namely, the angle asp
equi} to the angle FBE.

Let an cxpress the force of
the body A in the direction B
which let be resolved into the
two Ac, cB, parallel and per-
pendicular to the plane.—Take
BE and cF equal to Ac, and
draw Br. Now action and re-action being equal, the plane
will resist the direct force cB by another Bc equal to it, and
in a contrary direction; whereas the other ac, being pa-
rallel to the plane, is not acted on or diminished by it, but
still continues as before. The body is therefore reflected
from the plane by two forces uc, BE, perpendicular and pa-
rallel to the plane, and therefore moves in the diagonal ¥
by composition. But, because ac is equal to BE or cr, and
that BC is common, the two triangles Bca, BCF are mutually
similar and equal ; and consequently the angles at A and ¥
are equal, as also their equal alternate angles aBD, FBE,
which are the angles of incidence and reflection.

145. Pror. To determine the motion of non-elastic bodics,
when they strike each other directly, or in the same line of
direction.

Let the non-elastic body B, mov-
ing with the velocity v in the di- %,‘ o
rection BY, and the body b with b c
the velocity v, strike each other. .

Then, because the momentum of any moving body is as
the mass into the velocity, Bv = M 1s the momentum of
the body B, and bv = m the momentum of the body b,
which let be the less powerful of the two motions. Then,
by art. 136, the bodies will both move together as one mass
in the direction Bc after the stroke, w%:ethcr before the
stroke the body & moved towards ¢ or towards B. Now,
according as that motion of 6 was from or towards s,
that is, whether the motions were in the same or contrar

ways, the momentum after the stroke, in direction Bc, will
be the sym or difference of the momentums before the
stroke ; namely, the momentum in direction Bc will be
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BV + b, if the bodies moved the same way, or
BV — by, if they moved contrary ways, and
3v only, if the body & were at rest.

Then divide each momentum by the common mass of
matter 8 + b, and the quotient will be the common velocity
after the stroke in the direction Bc; namely, the common
velocity will be, in the first case,

Bv+bv . BV

—m—, in the 2d —BX—-

— by .
TTh and in the 3d 3
BV + bv _V—u
B+b ~ B+b
146. For example, if the bodies, or weights, B and 8, be
as 5 to 3, and their velocities vand v, as6 to 4, or as 3 to 2,
before the stroke; then 15 and 6 will be as their momen-
tums, and 8 the sum of their weights; consequently, after
the stroke, the common velocity will be as

Corol. v — x b, the veloc. lost i)y B.

2
15;—6 e §l or 27 1n the first case,
15 — 9 .
58 6 =g or 1; in the second, and
1_8‘.5 - - - or 17 in the third.

147. Propr. If two perfectly elastic bodies impinge on one
another, their relative velocity will be the same both before
and after the impulse; that is, they will recede from each
other with the same velocity with which they approached
and met.

For the compressing force is as the intensity of the stroke ;
which, in given bodies, is as the relative velocity with which
they meet or strike. But perfectly elastic bodies restore
themselves to their former figure, by the same forcg by which
they were compressed ; that is, the restoring force is equal
to the compressing force, or to the force with which the
bodies approach each other before the impulse. But the
bodies are impelled from each other by this restoring force ;
and therefore this force, acting on the same bodies, will pro-:
duce a relative velocity equal to that which they had before :
or it will make the bodies recede from each other with the
same velocity with which they before approached, or so as to
be equally distant from one another at equal times before and
after the impact.
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148. Remark. It is not meant by this proposition, that
4 . . e

each body will have the same velocity after the impulse as it
had before ; for that will be varied according to the relation
of the masses of the two bodies; but that the velocity dF the
one will be, after the stroke, so much increased, and the
other decreased, as to have the same difference as before, in
one and the same direction. So, if the elastic body » move
with a velocity v, and overtake the elastic body & moving the
same way with the velocity v; then their relative velocity,
or that with which they strike, is v — v, and it is with this
same velocity that they separate from each other after the
stroke. But if they meet each other, or the body  move
contrary to the bo’c‘ig #; then they meet and strike with the
velocity v + v, and it is with the same velocity that they
separate and recede from each other after the stroke. But
whether they move forward or backward after the impulse,
and with what particular velocities, are circumstances that
depend on the various masses and velocities of the bodies
before the stroke, and which make the subject of the next
proposition.—It mayv further be remarked, that the sums of
the two veldcities, of each body, before and after the stroke,
are equal to each other. Thus, v, v being the velocities
before the impact, if x and  be the corresponding ones after
it; since v — v =y — a, therefore v + o == v + y.

149. Pror. To determine the motions of elastic bodics
after striking each other directly.

Let the elastic body » move in = - o
the direction Be, with the veloctiy B b
v; and let the velocity of the other
body & be v in the same line; which latter velocity v will be
positive if b move the same way as B, but negative if & move
in the opposite direction to 8. Then their relative velocity
in the direction Bc is v — 7; also the momenta before the
stroke are Bv and Jv, the sum of which is sv + v in the
direction ge.

Again, ‘s)ut z for the velocity of B, and y for that of 4, in
the same direction Bc, after the stroke; then their relative
velocity 1s y — z, and the sum of their momenta sz +by in
the same direction.

But the momenta before and after the collision estimated
in the same direction, are equal, by art. 136, as also the re-
lative velocities, by the last prop. 'Whence arise thesc two
equations :

[¥]

viz. BV 4 bv =
and v~ = y — &,
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the resolution of which equations gives

= Q:Tb)-: b+ %_v’ the velocity of B,
y = —( ;?Z+2“-, the velocity of .
Or, x =v — S—i—bz(v—v),andy =v + l%(v — ).
So that the velocity lost by B is ;}E’fz(v —7),
and the velocity gained by b is ::lj (v — )

which two velocities are in the ratio of b to B, or reciprocally
as the two bodies themselves.

Corol. 1. The velocity lost by B drawn into B, and the
velocity gained by & drawn into 6, give cach of them
2d

B+
lost by the other, by the stroke ; which increment and de-

crement being equal, they cancel one another, and leave the
samne momentum By —4-dv after the impact, as it was before it.

Corol. 2. Hence also, Bv? byt = Bx! + by, or the sum
of the vires vivarum is always preserved the same, both be-
fore and after the impact.  For, since

By + b = Bx + by,

or v — Bz = by — bv,
and v + 2 = y+ 7, these two equas. multiplied,

give Bv? — Bri= by — br*,

or Bv: + bv' =B+ byt
the equation of the so called hiving forces.

Corol. 3. But if v be negative, or the body b moved in
the contrary direction before collision, or towards #; then,
changing the sign of v, the same theorems become

—b)v—207
= (8 i)_". b bf, the velocity of s,

_ (B--b)v+28v
- B+b

And if  were at rest before the impact, making its velocity
v = 0, the same theorems give

(v — v), for the momentum gained by the one and

the veloc. of &, in the direction Bc.

n—b 28 L .
r = mv, and y = P AL the velocities in this case.
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And, in this case, if the two bodics » S:nd b be equal to
’ . 2

each other; then 3—5=0, and 1= %
x =0, and y = v; that is, the body B will stand still, and
the other body 4 will move on with the whole velocity of the -
former ; a thing which we sometimes sce happen in playing
at bilkards; and which would happen much oftener if the
balls were perfectly elastic.

Scholium. -

150. If the bodies be elastic only in a partial degree, the
sum of the momeunta will still be the same, both before and
after collision, but:the velocitics after, will be less than in the
case of perfect elasticity, in the ratio of the imperfection.
Hence, with the same notation as before, the two equations
will now be Bv + v = B2 + by,

= 1; which givé

m
andv— v= -;(y - ),

where m tp n denotes the ratio of perfect to imperfect elas-

ticity. nd the resolution of these two equations, gives the
following values of x and y, viz.
-v m+n b i
z = m y b(v - 1),

m4n
y=o 4 T a0,
for the velocities of the two bodies after impact in the case
of imperfect elasticity : and these would become the same as
the former if n were = m.
Hence, if the two bodies 8 and b be equal, then

m+n do= m+n
zT=vV— (v—=v)handy =v + % (v—1o)
where the velocity lost by B is just equal to that gained by b.
And if in this case & was at rest before the impact, or v = 0,
then the resulting motions would be

) =M andy =t

= Gm UGV = gn Y
which are in the ratio of m — n tom + n.

- Also, if m = n, or the bodies perfectly clastic, then z = 0,
and y = v; or B would be at rest, and & go on with the first
motion of B.

Further, in this case also, the velocity of B before the im-

. . m+n
pact, is to that of b after it, as v to gV OF as 2n to
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m + n. But, if the bodies be now supposed to vibrate in
circles, as pendulums, in which case the chords (¢ and ¢) of
the arcs described are known to be proportional to the velo-
cities; then it will be 2w :m + n::c:c; hencem: n ::
c: 2 — c. So that, by measuring these chords, of the arcs
thus experimentally described, the ratio of m to », or the
degree of elasticity in the bodies, may be determined.

151. Pror. The greatest velocity which can be generated
by the propagation of motion through a row of contiguous
perfectly elastic bodies, will be when those bodies are in
geometrical progression.

First, take three bodies, a, x, and c: then (art. 149) the

2aa

velocity communicated from A to x = e being the

velocity of A: and when the body x impinges upon c at rest
with this velocity, the vel. communicated to ¢ will

_ 2x Qaa . 4aax
x+¢ a+x  (A+x)(x+0)
4aa 4aa

o (AEx41)(x+0) T atx+(acEx) 40
This fraction is evidently a max. when its denominator is a
min. that is, since a and ¢ are given, when x® = Ac, or when
x is a mcan proportional between a and c.

For the same reason the velocity communicated from the
sccond body through « the third, to a fourth, p, will be
greatest when c is a mean proportional between the second
and fourth. Like reasoning will evidently hold for a series
of perfectly clastic bodies. Further, if the number of bodies
in the geometrical progression be increased without limit, the
quantity of motion communicated to the last, from a given
quantity of motion in the first, however small, may also be
increased without limit. .

152. Pror. If bodies strike one another obliquely, it is
proposed to determine their motions after the stroke.

Let the two bodies B, b,
move in the oblique directions
Ba, ba, and strike cach other
at a, with velocities which arc
in proportion to the lines na,
ha ; to find their motions after
the impact. Let cau repre-
sent the plane in which the
bodies touch in the point of
concourse; to which draw the perpendiculars sc, bp, and

VOL. IL. )
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complete the rectangles ce, pr. Then the motion in Ba is re-
solved into the two Bc, ca; and the motion in ba is resolved
into the two bp, pa; of which the antecedents nc, b, are
the velocities with which they directly meet, and the conse-
guents CA, DA, are parallel; therefore by these the bodies
o not inpinge on each other, and consequently the motions,
according to these directions, will not be changed by the im-
pulse; so that the velocities with which the bodies meet, are
as Bc and b, or their equals £a and FA. The motions there-
fore of the bodies B, b, directly striking each other with the
velocities kA, Fa, will be determined by art. 145 or 149, ac-
cording as the bodies are elastic or non-elastic; which being
done, let A be the velocity, so determined, of one of them,
as A; and since there remains also in the body a force of
moving in the direction parallel to g, with a velocity as nE,
make AH equal to BE, and complete the rectangle gui : then
the two motions in .au and A, or nr1, are compounded into
the diagonal a1, which therefore will be the path and velocity
of the body B after the stroke.  And after the same manner
is the motion of the other body & determined atter the impact.
If the elasticity of the bodies be imperfect in any given
degree, then the quantity of the corresponding lines must he
diminished in the same proportion.  For the full considera-
tion of this branch of the inquiry the student is reterred to
the Treatises of Mechanies ?)y Gregory and Bridge.

Problems jor Exzcrcisc on Collision.

Exam. 1. A cannon ball weighing 12lbs. moving with a
velocity of 1200 feet per secom?, mcets another of 181bs.
moving with a velocity of 1000 feet per sccond.  Required
tll)e velocity of each after impact, supposing both to be non-
elastic.

Exam. 2. B and b are as 3 to 2, and the velocity of B is
to that of  as 5 to 4. 'They are perfectly hard, and move
before impact in the same direction; what are the velocities
lost by B and gained by 6?7

Exam. 3. B and & are perfectly elastic, and move in 01]7-
posite directicns. B is triple of &, but &’s velocity is double
that of 5. How do those bodies move after impact ?

Exam. 4. A body whose elasticity is to perfect elasticity
as 15 to 16, falls from the height of 100 fect upon a
rfectly hard honzontal plane. It then rebounds and
Faeils again, and so on, always in a vertical direction. It
is required to find the whule space described by the body
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before its motion ceases, as well as the entire time of its
motion.

Exau. 5. Investigate what must be the force of elasticity,
so that the sums of the products formed by multiplying each
body into any assumed power, 1, of its velocitv, may not be
altered by the impact oiPI’he two bodies.

THE LAWS OF GRAVITY; THE DESCENT OF
HEAVY BODIES; AND THE MOTION OF
PROJECTILES IN FREE SPACL.

153. Proe. ALL the properties of motion delivered in
art. 132, its corollaries and scholium, for constant forces, are
true in the motions of bodies freely descending by their own
gravity ; namely, that the velocities are as the times, and
the spaces as the squares of the times, or as the squares of
the velocities.

For, since the force of gravity is uniform, and constantly
the sane, at all places near the carth’s surface, or at nearly
the same distance from the centre of the earth; and since.
this is the force by which bodies descend to the surtface;
they therefore descend by a force which acts constantly and
equally ; conscquently nl)l the motions freely produced by
gravity, are as above specified, by that proposition, &c.

SCHOLIUM.

154. Now it has been found, by numberless experiments,
hat gravity is a force of such a nature, that all bodies, whether
light or heavy, fall vertically through equal spaces in the same
time, abstracting from the resistance of the air; as lead or
gold and a feather, which in an exhausted receiver fall from
the top to the bottom in the same time. It is also found
that the velocities acquired by descending, are in the exact
proportion of the times of descent : and urther, that the
spaces descended are proportional to the squares of the tincs,
and thercfore to the squares of the vclocities.  Hence then
it follows, that the weights or gravities, of bodies near the
surface of the earth, are proportional to the quantitics of
matter contained in them; and that the spaces, times, and
velocities, generated by gravity, have the relations contained
in the three general proportions before laid down. Further,

as it is found. by accurate experiments, that a body in the
o2
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latitude of London, falls nearly 16, feet in the first second
of fime, and consequently that at the end of that time it has
acquired a velocity double, or of 825 feet by corol. 1, art. 132;
therefore, if Lg denote 16,*; feet, the space fallen through in
one secound of time, or @ the velocity generated in that time;
then, because the velocities are dircctly proportional to the
times, and the spaces to the squares of the times; therefore
it will be,
as 1": ¢":: g: gt = v the velocity,
and 1%: ¢::: lo: jof? = s the space.

So that, for the descents of gravity, we have these general

equations, namely,
(3N

8 =3gt = 5 = o)
2
Qs
T = gf = “" = \’%{"S-
€ s s
= — = — = /—.
g T U
_ v L 1
= T=i=g

Hence, because the times are as the velocities, and the
spaces as the squares of either, therefore,

if the times be as the numbs, 1, 2, 3, 4, 5, &c.

the velocities will also be as 1, 2, 3, 4, 5, &c.

and the spaces as their squares 1, 4, 9, 16, 25, &e.

and the space for each timeas 1, 3, 5, 7, 9, &c.
namely, as the series of the odd numbers, which arc the
differences of the squares denoting the whole spaces.  So
that if the first series of natural numbers be scconds of time,
namely, the times in seconds, 17, 2/, 3" ¥ &ec.
the velocities in feet will be 32:, 643, 96], 1283, &c.
the spaces in the whole times 16 °,, 644, 1443, 2574, &ec.
and the space for each second 16.';, 483, 807, 1127, &ec.
of which spaces the common differcnce 1s 32} feet, the na-
tural and obvious measure of g, the force of gravity.

155. These relations, of the times, ve-
locities, and spaces, may be represented
l:)ly certain lines and geometrical figures.

hus, if the linc AB denote the time of any
body’s descent, and B¢, at right angles to it,
the velocity gained at the end of that time;
by joining Ac, and dividing the time an into
any number of parts at the points a, b, c;
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then shall ad, de, ¢f; parallel to Bc, be the velocities at the
points of time, a, b, ¢, or at the ends of the times, aa, ab,
Ac; because these latter lines, by similar triangles, are pro-
portional to the former ad, be, ¢f, and the times arc propor-
tional to the velocities. Also, the area of the triangle aBc
will represent the space descended by the force of gravity
in the time aB, in which it generates the velocity Bc; be-
cause that area is equal to a8 x Bc, and the space descended
is 8 = 4¢v, or half the product of the time and the last
velocity. Anud, for the same reason, the less triangles aad,
abe, acf, will represent the several spaces described in the
corresponding times Aa, ab, Ac, and velocities ad, be, ¢f';
those triangles or spaces being also as the squares of their
like sides Aa, Ab, ac, which represent the times, or of ad, be,
¢fs which represent the velocities.

156. But as arcas are rather unnatural P o b ¢ 4
representations of the spaces passed over =
by a body in motion, which are lines, the
relations may better be represented by
the abscisses and ordinates of a parabola.
Thus, if pa be a parabola, pr its axis,
and rq its ordinate; and ra, b, rc, &c. L
parallel to rq, represent the times from
the beginning, or the velocities, then ae, 8f, oo, &e. parallel
to the axis rx, will represent the spaces described by a fall-
ing body in those times; for, in a rurabo]a, the abscisses Ph,
pi, Pk, &c. or ae, bf, c¢g, &c. which are the spaces described,
arc as the squares of the ordinates ke, if, kg, &c. or »a, rd,
re, &e. “’lligl represent the times or velocities.

157. And because the laws for the destruction of motion,
are the same as those for the generation of it, by equal forces,
but acting in a contrary direction; therefore,

1st, A body thrown dircctly upward, with any velocity,
will lose equa{velocities in equal times.

2d, If a body be projected upwar:d, with the velocity it
acquired in any time by descending freely, it will lose all its
velocity in an equal time, and will ascend just to the same
height from which it fell, and will describe equal spaces in
cqual times, in rising and falling, but in an inverse order;
and it will have equal velocities at any one and the same point
of the line described, both in ascending and descending.

8d, If bodies be projected upward, with any velocities, the
height ascended to, will be as the squares of those velocities,
or as the squares of the times of ascending, till they lose all
sheir velocities.

k.——.———a

A
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158. In solving problems, where a body, instead of being
permitted to fall freely, is projected vertically upwards or
downwards with a given velocity, it will assist the compre-
hension of what 1akes place, to ascertain what results from
the original projection, and what from the force of gravity.
Thus, 1f a body be projected with a velocity v it will, in the
time ¢, deseribe the space fe (art. 124) apart from the opera-
tion of gravity or any other furce.  Blending this with the
preceding expression for the space deseribed by a falling
body, we haye

s = v oty
in which the Zower sign must be en:ployed when the projec-
tion is vertically downwards, the npper when the projection
is vertically wpwards.

EXERCISES ON RISING AND FALLING BODIES.

1. Tind the space descended vertically by a body in 7
sceonds of time, and the velocity acquired ?

Ans. 7887, space; 2257, velocity.

2. Required the time of gencrating a velocity of 100 feet
per second, and the whole space descended.

Ans. 3"1 1, time, 155 %% £ space.

‘3. Find the time of descending 400 feet, and the velocity
at the end of that time.

Ans. 419, time; 16033, velocity.

4. It a body fall freely for 5, how far will it descend
during the last sccond of its motion ?

5. If an arrow be propelled vertically upwards from a
bow with a velocity of 96 feet per second, how high will
it rise, and how long will it be before it returns again to the
ground ?

6. If a ball be projected vertically downwards with a ve-
locity of 100 feet per second, how far will it have descended
in three scconds?

7. If a ball be projected upwards with a velocity of 100
feet per second, how far will it have arisen in three seconds ?

8. If a ball be projected vertically. upwards with g velo-
city of 44 feet per second, will it be abpve or below the point
of projection in four seconds, the force of gravity tending

-all the time to draw it downwards ? .

9. A drop of rain falls through 1761% feet in the last
second ; how high is the cloud from which it descended ?

10. A boedy falling frecly was observed to pass -through
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half its descent in the last second ; how far did it fall, and
how long was it in falling ?

11. Two weights, one of 5lbs. the other of 8lbs. hang
freely over a pulley : after motion is allowed to commence
how far will the larger weight descend, or the smaller arise,
in four seconds ?

WW
wtw T

12. Two e(tnq.l weights are balanced over a pulley. A
pound weight being added to one of them, and metion in
consequence taking place, the preponderating weight de-
scended through 16%; feet in four seconds. equired the
measure of the two equal weights?

N. B. The theorem for operation is s =

158. Pror. If a body be projected in free space, either paral-
lel to the horizon, or 1n an oblique dircction, by the force of
gunpowder, or any other impulse; it will, by this motion,
1 conjunction with the action of gravity, describe the curve
line of a parabola.

AT n

Let the body be projected from the point A, in the di-
rection Ap, with any uniform velocity : then, in any equal
portions of time, it would, by art. 129, describe the equal
spaces AB, BG, cD, &c. in the line ap, if it were not drawn
continually down below that line by the action of gravity.
Draw BE, CF, b6, Xc. In the direction of gravity, or perpen-
dicular to the horizon, and cqual to the spaces through
which the body would descend by its gravity in the same
time in which it would uniformly pass over the correspond-
ing spaces AB, AC, AD, &c. by ttl:&rrqiectile motion. Then,
since by these two motions the body is carried over the space
AB, in the same time as over the space BE, and the space ac
in the same time as the space cF¥, and the space Ap in the
same time as the space DG, &c.; therefore, by the com-

sition of motions, at the end of those times, the body will
{:: found respectively in the points E, F, 6, &c.; and con-
sequently the real path of the projectile will be the curve
line Ax¥c, &c. But the spaces aB, Ac, aD, &c. described by
uniform motion, are as the times of description; and the
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BE, CF, DG, &c. described in the same times by the
abceleratinq force of gravity, are as the squares of the times;
consequently the perpendicular descents are as the squares
of the spaces in ap, that is Br, c¥, D6, &c. are respectively
proportional to A8% Ac?, Ap’, &c.; which is the property of
the parabola by theor. 8, Con. Sect. 'Therefore the tg: of
the projectile is the parabolic line AEFG, &c. to which ap is
a tangent at the point A,

159. Corol. 1. The horizontal velocity of a projectile, is
always the same constant quantity, in cvery point of the
curve ; because the horizontal motion is in a constant ratio
to the motion in Ap, which is the uniform projectile motion.
And the lpro'cctile velocity i~ in proportion to the constant
horizonta ve“ocity, as radius to the cosine of the angle paH,
or angle of elevation or depression of the piece above or
below the horizontal line An.

160. Corol. 2. The velocity of the projectile in the direc-
tion of the curve, or of its tangent at any point 4, is as the
secant of its angle Bar of direction above the horizon.  For
the motion in the horizontal direction Ar is constant, and Ar
is to AB, as radius to the secant of the angle a ; therefore the
motion at A, in AB, is everywhere as the secant of the
angle A.

161. Corol. 3. The velocity in the direction pe of gravity,
or perpendicular to the horizon, at any point 6 of the curve,
is to the first uniform projectile velocity at A, or point of
contact of a tangent, as 26D is to Ap.  For, the times in AD
and pG being equal, and the velocity acquired by freely de-
scending through vc, being such as would carry the body
uniformly over twice pG in an equal time, and the spaces
describec{ with uniform motions being as the velocities, there-
fore the space Ap is to the space 2pg, as the projectile velo-
city at A, to the pcrpendicuE::' velocity at G.

162. Prop. The velocity in the direction of the curve, at

any point of it, as 4, is equal to that which is gencrated by
vity in freely descending through a space which is equal

to one-fourth of the parameter of the diamcter of the para-
bola at that point.

Let Pa or AB be the height
due to the velocity of the projec-
tile at any point A in the direc- I
tion of the curve or tangent aAc,
or the velocity acquire(ﬁ;y fall-
ing through that height; and -
complete the  parallelogram
acns. Theniscp=aBor ar.

G
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the height due to the vclocity in the curve at A; and cb is
also the height due to the perpendicular velocity at b, which
must be equal to the former; but by the last corol. the velo-
city at A is to the perpendicular velogity at D, as ac to 2cp;
and as these velocities are equal, therefore Ac or B is equal
to 2cp, or 2AB; and hence AB or AP is equal to ;BD, or L of
the paramcter of the diameter AB, by corol. to theor. 13 of
the parabola.

163. Corol. 1. Hence, and from cor. 2,
theor. 13 of the parabola, it appears that HH Y H H
if from the directrix of the parabola which E
is the path of the projectile, several lines F
ine be, drawn perpeudiculnr to the dircc- B
trix, or parallel to the axis; then the ve-
locity of the projectile in the direction of the curve, at any
point &, is always cqual to the velocity acquired by a body
talling freely throug*x the perpendicular line nE.

164. Corol. 2. If a body, after falling through the height
PA (last fig. but onc), which is equal to aB, and when it
arrives at A, have its course changed, by reflection from an
elastic plane a1, or otherwise, into any direction ac, without
altering the velocity ; and if Ac be taken = 2ap or 2aB, and
the parallelogram ge completed ; then the body will describe
the parabola passing through the point p.

165. Corol. 3. Becausc Ac=2aB or 2cp or 24P, therefore
Ac* = 2aP x 2Cp or AP . 4cp; and, because all the perpen-
diculars Er, cB, GH, are as AE’, AC% AG?; theref{::e also
AP . 4EF = AE?% and Ap . 46H = AG?, &c.; and because the
rectangle of the extremes is equal to the rectangle of the
means of four proportionals, therefore always

it is AP : AR :: AE : 4EF,
and AP : Ac :: AC : 4cCD,
and AP : AG :: AG : 4CH,
and so on.

166. Pror. Having given the direction, and the impetus,
or altitude due to the first velocity of a projectile; to deter-
mine the greatest height to which 1t will rise, and the random
or horizontal range.
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Let ap be the height due to the
projectile velocity at a, A the di-
rection, and ax the horizon. On
Ag let fall the perpendicular rq,
and on Ap the perpendicular qr ; so R
shall Ar be equal to the greatest alti- s
tude cv, and 4qRr equal to the hori- AT ¢ 14
zontal range an Or, having drawn
PQ. perp. to Au, take Ac = 4aq, and draw eH perp. to an ;
then AN is the range. :

For, by the last corollary, AP AG :: AG: dan;
and, by similar triangles, AP AG:: AQ: GH,
or - - - AP AG :: 4AQ : 4GH;

therefore A¢ = 4aq; and, by similar triangles, At =-4qr.

Also, if v be the vertex of the parabola, then aBor {ac
= 2AQ, or AQ = QB; consequently AR = nv, which is =cv
by the property of the parabola.

167. Corol. 1. Because the angle
Q is a right angle, which is the angle
in a semicircle, therefore if, on ar
as a diameter, a semuicircle be de-
scribed, it will pass through the
point Q. "

- 168. Corol. 2. If the horizontal
range and the projectile velocity be
given, the direction of the picce so as to hit the object 1,
will be thus easily found: 'Take an = tan, draw pq per-
pendicular to an, mceting the semicircle, described on the
diameter AP, in @ and ¢; then AQ or ag will be the direction
of the piece. And hence it appears, that there are two di-
rections As, ad, which, with the same projectile velocity,

ive the very same horizontal range an. .And these two
girectjons make equal angles gap, @ap, with aH and AP, be-
cause the arc rq = the arc ag¢.

169. Corol. 3. Or, if the range aH, and direction an, be
given; to find the altitude and velocity or impetus. Take
AD = }1aH, and crect the perpendicular pe, meeting A3 in
@; so shall b be equal to the greatest altitude cv. Also,
erect AP perpendicular to aH, and QP to AQ; so shall ap be
the height df::a to the velocity.

170. Corol. 4. When the body is projected with the same
velocity, but in different directions: the horizontal ranges
A" will be as the gines of double the angles of elevation.—
Or, which is the same, as the rectangle of the sine and co-
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sine of elevation. For ap or Ra, which ® }amu, is the
sine of the arc Aq, which measures double the angle aap of
clevation.

And when the direction i1s the same, but the velocities
different ; the horizontal ranges are as the square of the
velocities, or as the height Ar, which is as the square of the
velocity ; for the sine Ap or RQ or ;AH is as the radius or as
the diameter ar.

Therefore, when both arc different, the ranges are in the
compound ratio of the squares of the velocities, and the sines
of double the angles of elevation.

171. Corol. 5. The greatest range is when the angle of
clevation is 45° or half a right angle; for the double of 45
is 90, which has the greatest sine. Or the radius os, which
is § of the range, is the greatest sine.

And hence the greatest range, or that at an elevation of

°, is just double the altitude ap which is due to the velo-
city, or equal to 4vc. Consequently, in that case, c is the
focus of the parabola, and an its parameter. Also the ranges
are cqual, at angles equally above and below 45°.

172. Corol. 6. When the elevation is 15° the double of
which, or 80°, has its sine equal to half the radius; conse-
quently then its range will be equal to Ap, or half the greatest
runge at the elevation of 45°; that is, the range at 15° is
cqual to the impetus or height due to the projectile velocity.

178. Corol. 7. The greatest altituade cv, being equal to
AR, is as the versed sine of double the angle of elevation, and
also as AP or the square of the velocity. Or as the square
of the sine of clevation, and the square of the velocity ; for
the square of the sine is as the versed sine of the double
angle.

174, Corol. 8. The time of ﬂi%ht of the projectile, which
15 equal to the time of a body falling freely through cu or
4¢'v, four times the altitude, is therefore as the square root
of the altitude, or as the prqjectile velocity and sine of the
clevation.

SCHOL1UM.

175. From the last proposition and its corollaries, may be
deduced the following set of theorems, for finding all the
circumstances of pro’jectiles on horizontal planes, having any
two of them given. Thus, let s, ¢, ¢, denote the sine, cosinc,
and tangent of clevation ; s, 2 the sine and versed sine of
the double clevation ; r the horizontal range; T the time of
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- v the projectile velocity ; n the greatest height of the
projectile; g = 821 feet, and a the impetus, or the altitude
due to the velocity v. Then,

g =g s 14 t-
- _y&r _ gR_wT 2
V=vag=vEi- =y =%-=— vym
sV tr SR H
T = —l_—= \l-;——:\/-—_———: V'&"
5

H=as$" 1av= }{{R =

And from any of these, the angle of direction may be
found. Also, in these theorems, & may, in many cases, be
taken = 32, without the small fraction %, which will be near
enough for common use.

176. Pror. To determine the range on an oblique planc;
having given the impctus or velocity, and the angle of direc-
tion.

Let AE be the oblique planc, at a given angle, cither above
or below the horizontal plane an; ac the direction of the

iece, and AP the altitude
ue to the projectile velocity
at A.

By the last proposition,
find the horizontal range Ax
to the given velocity and di-
rection; draw HE perpendi-
cular to AR, meeting the ob-
lique plane in E; draw EF

allel to aG, and r1 paral-

el to HE; so shall the projectile pass through 1, and the

on the oblique plane will be ar. As 1s evident by

theor. 15 of the Parabola, where it is proved, that if An, At

be any two lines terminated at the curve, and 1¥, HE parallel
to the axis; then is EF parallel to the tangent ac.

177. Otherwise, without the Horizontal Range.

Draw rq perp. to a6, and qp perp. to the horizontal
p]gne AF, meeting the inclined plane in x; take AE = 44k,

® This time, with 30° elevation, is just equal to the time of
perpendicular ascent, with the same velocity v.
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draw EF parallel to A@, and 71 parallel to AP or pe; so shall
Al be the range on the oblique plane. For am = 4ap,
therefore EH is parallel to F1, and so on, as above.

Otherwise.

178. Draw pg making the angle arg = the angle car;
then take A¢ = 4ag, and draw c1 perp. to AH. Or, draw
gk pcrr. to AH, and take a1 = 4ak. Also kg will be equal

he

to cv the greatest height above the plane.
For, by cor. 2, art. 164, a» ac AG 4cI;
and by sim. triangles, ar ac A Gr,
or - - - AP . AG .. 44q . 4c1;

therefore Ac = 44g; and by sim. triangles, a1 = 4ak.
Also, gk, or Le1, is = to cv by theor. 13 of the Parabola.

179. Corol. 1. 1f Ao be drawn perp. to the plane a1, and
Ar be bisected by the perpendicular sto; then with the
centre o deseribing a circle through A and p, the same will
also pass through ¢, because the angle Gar, formed by the
tangent Al and AG, is equal to the angle arg, which will
therefore stand on the same arc ag.

180. Corol. Q. If there be given the range a1 and the ve-
locity, or the impetus, the direction will hence be easily
tound thus: Take ak = 1a1, draw kg perp. to AH, meetin,
the circle described with the radius ao in two points ¢ an
g; then ag or pq will be the direction of the piece. And
hence it appears that there are two directi®is, which, with
the same impctus, give the very same range A1.  And these
two directions make equal angles with A1 and Ar, because
the arc Pg is equal the arc ag. They also make equal angles
with a line drawn from A through s, because the arc sq is
equal the arc sg.

181. Corol. 3. Or, if there be given the range ar1, and the
direction ag; to find the velocity or impetus.  Take ak =
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+AI, and erect kg perp. to an, meeting the line of direction
in ¢; then draw gp making the £ aqr = ¢ akg; so shall
Ap be the impetus, or the altitude due to the projectile
velocity.

182. Corol. 4. The range on an oblique plane, with a
given elevation, is directly proportional to the rectangle of
the cosine of the direction of the piece above the horizon,
and the sine of the direction above the oblique plane, and
reciprocally to the square of the cosine of the angle of the
plane above or below the horizon.

For, put ¢ = sin. £ ga1 or Arg,
€ = cOs. £ gAH oOr §iD, PAg,
C = cos. £ IAH or sin. akd or akg or agp.
Then in the triangle apq, c: 5:: AP ag;
and in the triangle akg, c:c:: Aq Ak;
theref. by composition, c*:c8: AP AK = ‘AL

So that the oblique range a1 = -Z—'i- x 4ar.

183. The range is the greatest when ak is the greatest;
that i1s, when %¢ touches the circle in the middle puint s;
and then the line of direction passes through s, and biscets
the angle formed by the oblique plane and the vertex. Also,
the ranges are equal at cqual angles above and below this
direction for the maximum.

184. Corol. 5. 'The greatest height v or Ay of the pro-
_— . 5 .
Jectile, above the plane, is equal to o %A Aud therefore

it is as the impetus and square of the sine of dircction above
the plane directly, and square of the cosine of the plane’s in-
clination reciprocally.
For - c(sin. agPr) : s(sin. ARPg) :: AP : Ag,
and ¢ (sin. AZ(/) : s (sin. Kkag) :: ag: kg,
theref. by comp. c:: 8¢:: ar: ky.
185. Corol.‘ The time of flight in the curve av1 is =
2s

— ./%, where 1g = 16", feet. And therefore it is as the

3
velocity and sine of direction above the plane direetly, and
cosine of the plane’s inclination reciprocally. For the time
of describing the curve, is equal to the time of falling freely

%
through c1 or 4kg or t—%— x Ar. Therefore, the time being
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as the square root of the distance,
2 2 AP . .
Vig:i— Jar:: 1" /5, the time of flight.
v e _rg

SCHOLIUM.

18G. From the foregoing corollaries may be collected the
following set of thcorems, relating to projects made on any
given inclined planes, either above or below the horizontal
plane. In which the letters denote as before, namely,

cos. of direction above the horizon,

cos. of inclination of the plane,

sin. of direction above the planc,

the range on the oblique plane,

the time of flight,

the projectile velocity,

the greatest height above the plane,

the impetus, or alt. due to the velocity v,
32; feet. Then,

es 4a 2es B 4c

o

Sxemzwaon
Wt lion

,
3

R = — = —V" = —H.
c? cg s 8
st sV SR g
H= a4 = 77— -_— = =T
Qac: 4c 8
C 2c
o) —_ o _ p— g__ —_— ]
g = C \’2” =95 T = 3 V/38H
s sv SR u
T == VirT Toe = Vige = Viy
¢ & 28C 28¢ =5

And from any of these, the angle of direction may be found.

187. Geometrical constructions of the principal cases in
projectiles in a non-resisting medium, flow readily from the
properties of the parabola; and in many cases those con-
structions suggest simple modes of computation. The fol-
lowing problems will serve by way of exercise.

1. Given the impetus and elevation ; to find, by construc-
tion, the range, on a horizontal plane, th& greatest height,
and thence the time of flight.

2. Given the impetus, and the range, on a horizontal

lane ; to find, by construction, the elevation, and the greatest
height. :

3. Given the elevation, and the range on a horizontal

lane; to find, by construction, the impetus, the greatest
Eeight, and tlicnce by computation, the time.
4. Given the impetus, the point and direction of projection,
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-to find the place where the ball will fall upon any plane given
in position.

5. Given the impetus and the point of projection, to find
the elevation necessary to hit any given point; and to show
the limits of possibility. Both construction and mode of
computation are required. ‘

PRACTICAL GUNNERY.

188. WE have now given the whole theory of projectiles,
with theorems for all the cases, regularly arranged for use,
both for obligue and horizontal planes. But, before they
can be applied in resolving the several cases in the practice
of Eunn:{y, it is necessary that some more data be laitrduwn,
as derived from good experiments made with balls or shells
discharged from cannon or mortars, by gunpowder, under
different circumstances. For, without such experiments and
data, those theorems can be of very little utility in real

ractice, on account of the imperfections and irregularities
in the firing of gunpowder, and the expulsion of balls from
guns, but more especially on account of the enormous re-
sistance of the air to all projectiles made with any velocities
that are considerable. As to the cases in which projectiles
are made with, small velocities, or such as do not excecd 200,
or 300, or 400 feet per second of time, they may be re-
solved tolerably near the truth, especially for the larger
‘'shells, by the parabolic theory, laid down above. But, in
cases of great projectile velocities, that thcory is quite in-
adequfite, without the aid of several data drawn from many
and good experiments. For so great is the effect of the re-
sistance of the air to projectiles of considerable velocity, that
some of those which 1n the air range only between £ and 8
miles at the most, would in vacuo range about ten times as
far, or between 20 and 30 miles.

The effects of this resistance are also various, according to
the velocity, the diameter, and the weight of the projectile.
So that the experiments made with one size of bal?or shell,
will not serve for another size, though the velocity should be
the same; ncither will the experiments made with one ve-
locity, serve for other velocities, though the ball be the same.
And therefore it is plain that, to form proper rules for prac-
tical gunnery, we ought to have good experiments made with
each size of mortar, and with every variety of charge, from
the least to the greatest. And not only so, but these ought
also to be repeated at many different angles of clevation,
namely. for every single degree between 30° and G0° elevation,
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and at intervals of 5° above 60° and below 30°, from the ver-
tical direction to point blank. By such a course of experi-
ments it will be found, that the greatest range, instead of
being constantly that at an clevation of 45 as in the parabolic
theory, will be at all intermediate degrees between 45 and 30,
being more or less, both according to the velocity and the
weight of the projectile; the smaller velocities and lnrger
sheﬁs ranging farthest when projected almost at an elevation
of 45°; while the greatest vcfocities, especially with the
smgller shells, range farthest with an elevation of about 30°,
or little more.

189. There have, at different times, been made certain
small parts of such a coursc of experiments as is hinted at
above. Such as the experiments or practice carried on in
the year 1773, on Woolwich Common; in which all the
sizes of mortars were used, and a:variety of small charges of
powder. But they were all at:the elevation of 45°; conse-
q}t‘:ently these are defective in the higher charges, and in all
the other angles of elevation.

Other experiments were also carried on in the same place
in the years 1784 and 1786, with various angles of elevation
indeed, but with only one size of mortar, and only one
oharge of powder, and that but a small one too: so that all
those nearly agree with the parabolic theory. Other experi-
ments have also been carriefyzn with the ballistic pendulum,
at different times; from which have been obtained some of
the laws for the quantity of powder, the weight and velocity
of the ball, the length of the gun, &c. Namely, that the
velocity of the ball varies as the square root of the char,
directly, and as the square root of the weight of ball reci-

rocally ; and that, some rounds being fired with a medium
ength of one-pounder gun, at-15° and 45° elevation, and
with 2, 4, 8, and 12 ounces of powder, gave nearly the velo-
Cities, ranges, and times of flight, as they are here set down
in the following table. But good cxperiments are wanted
with large balls and shells.

Elevation ] Velocit Time of
Powder. |~ € n | of ball. | Rau8e- | “gighe,

oz. feet. feet.

2 150 860 4100 9”

4 15 1230 5100 12

8 15 1640 6000 1 4%
12 15 1680 6700 153

2 | 45 860 | 5100 21

VvOL. 11.
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190. But as we are not yet provided with a sufficient
number and varicty of experiments, on which to cstablish
true rules for practical gunnery, independent of the parabolic
theory, we must at present content ourselves with the data of
some one certain experimental range and time of flight, at a
given mﬁle of elevation; and then, by helY of these, and the
rules in the parabolic theory, determine the like circnstances
for other elevations that are not greatly different from the
former, assisted by the following practical rules.—

191. SOME PRACTICAL RULES IN GUNNERY.
I. To find the Velocity of any Shot or Shell.

RuLEe. Divine double the weight of the charge of powder
by the weight of the shot, both in lbs.  Extract the square
root of the quoticnt.  Multiply that root by 1600, and the
product will be the velocity in feet, or the number of feet the
shot passes over per second, nearly.

Or say—As the root of the weight of the shot, is to the
root of d{mble the weight of the powder, so is 1600 teet, to
the velocity *.

IL. Given the Rangc at One Elevation ; to pind the Range at
Another Elevation.

RuLE. As the sine of double the first clevation, is to its
range; so is the sinc of double another elevation, to its
range.

III. Given the Range for one Charge; to find the Range
Jor Another Chargve, or the Charge for Another Range.

Rure. The ranges have the same proportion as the
charges; thatis, as one range is toits charge, so is any other
range to its charge: the elevation of the picce being the same
in both cases.

* In more recent experiments carried on at Woolwich, by
the Editor of the present edition, in conjunction with the select
committee of artillery officers, it has been found that a charge
of a third of the weight of the ball, gives, at a medium, a velo-
city of 1600 feet: gunpowder being much improved in its
manufacture since the time when Sir Tho. Blomficld and Dr.
Hutton made their experiments, Putting B for the weight of

the ball, and c for that of the charge, v = 1600 Vi’:—:, is now

found a good approximative theorem for the initial velocity.



PRACTICAL CUNNERY. 211

192.. ExamrrE 1. If a ball of 1lb. acquire a velocity of
1600 feet per second, when fired with 8 ounces of powder ;
it is required to find with what velocity each of the several
kinds of shells will be discharged by the full charges of
powder, viz.

Nature of the shells in inches 13l 10| 8| 61 43
Their weightinlbs. - - 196 16| 8
Charge of powder in Ibs. - 9 4 2 1 1

Ans. The velocities are . 485| 477] 462}566 566

Exam. 2. If a shell be found to range 1000 yards when
discharged at an elevation of 45°; how far will it range
when the elevation is 30° 1¢, the charge of powder being
the same ? Ans. 20612 fect, or 871 yards.

Exax. 8. The range of a shell, at 45° elevation, being
found to be 8750 feet; at what elevation must the piece be
set, to strike an object at the distance of 2810 feet, with the
same charge of powder? Ans. at 24" 16, or at 650 44/

Exax. 4. With what impetus, velocity, and charge of
powder, must a 13-inch shell be fired, at an elevation of
320 12, to strike an objcct at the distance of 325C feet ?

Ans. impetus 1802, veloc. 340, charge 4lb. 7joz.

Exam. 5. A shell being found to range 3500 feet, when
discharged at an clevation of 25° 12'; how far then will it

range at an clevation of 36° 15’ with the same charge of
powder ? Ans. 4332 feet.

Exay. 6. If, with a charge of 9lb. of powder, a shell
range 4000 fect; what charge will suffice to throw it 3000

feet, the elevation being 45° in both cases?
Auns. 61lb. of powder.

ExaMm. 7. What will be the time of flight for any given
range, at the elevation of 459, or éor the gréatest range ?
Ans. the time in secs. is 1 the sq. root of the range 1n fect.

Exau. 8. In what time will a ‘shell range 3250 feet, at
an elevation of 80? Ans. 111 sec. nearly.

Exaym. 9. How far will a shot range on a plane which
ascends 8¢ 15', and another which descends 8° 15'; the im-
petus being 3000 fect, and the elevation of the piece 32°30'?

Ans. 1244 feet on the ascent.
and 6745 feet on the descent.

- Exam. 10. Hoy much powder will throw a 13-inch shell
r2
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4244 feet on an inclined plane, which ascends 8° 15, the
clevation of the mortar being 32° 30'? '

Ans. 7:37651b, or Tlb. Goz.

Exam. 11. At what elevation must a 13-inch mortar be

pointed, to range (745 feet, on a plane which descends 8°15';

the charge 731b. of powder ? Ans. 32° 41'..

Exam. 12, In what time will a 13-inch shell strike a plane
which rises 8° 30/, when clevated 43° and discharged with
an impetus of 2304 fect 7 Ans. 14} seconds.

THE DESCENT OF BODIES ON INCLINED
PLANES AND CURVE SURFACES.—THE MO-
TION OF PENDULUMS.

193. Pror. IF a weight w be sustained on an inclined
plane am, by a power p, acting in a direction wr, parallel to
the plane. Then
The weight of the body, w, The length A,

The sustaining power r, and The height ne, and
The pressure on the plane, p,  The basc ac,
are respectively as of the plane.
For, draw cp perpendicular

to the plane. Now here are ,{2’

three forces, keeping one an- g
other in equilibrio; namely, the w7
weight, or foree of gravity, act- Of D

inf dicular to ac, or pa- ?/ Vv
raliel to Bc; thc(rowcr acting (
parallel to pn; and the pressure

rpendicular to AB, or parallel to pc: but when three forces
ceep one another in cquijbrio, they are proportional to the
sides of the triangle cnp, made by lines in the direction of
those forces, by art. 30; therefore those forces are to one
another as nc, Bp, cp. But the two triangles aBc, cBD, arc
equiangular, and have their like sides proportional ; there-
fore the threc Bc, BD, Cb, are to onc another respectively as
the three AB, BC, Ac; which therefore are as the three forces
w, P, p.

Corol. 1. Hence the weight w, power r, and pressurc
p, are respectively as  radius, sine and  cosine,
of the plane’s elevation Bac¢ above the horjzon.
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For, since the sides of triangles are as the sines of their
opposite angles, thercfore the three aB, sc, ac,
are respectively as - - sin. c, sin. A, sin. B,
oras - - - - radius, sine, cosine,
of the angle A of elevation.

Corol. 2. The power or relative weight that urges a body
. . BC .
w down the inclined plane, is = i X W or the force with

which it descends, or endeavours to descend, is as the sine
of the angle A of inclination.

Corol. 3. Hence, if there be two W
lanes of the same height, and two PN

dics be laid on them which are
proportional to the lengths of the
planes ; they will have an cqual ten-
dency to descend down the planes.
And consequently they will mutually sustain cach other if
they be connected by a string acting parallel to the planes.

Corol. 4. In like manner, when
the power r acts in any other di-
rection whatever, wp; by draw-
ing ¢pE perpendicular to the di.
rection wr, the three forces in
cquilibrio, namely, the weight w,
the power », and the pressure on
the plane, will still be respectively
as AC, ¢D, Ab,drawn perpendicular
w the direction of those forces.

194. Pror. The velocity acquired by a body descending
frecly down an inclined plane an, is to the velocity acquires
by a body falling perpendicularly, in the same time; as the
height of the plane »c, is to its length an.

For the force of gravity, both per- ’ 8
pendicularly and on the plane, is con-
stant; and these two, by corol. 2, art.
193, arc to each other as as to Bc.
But, by art. 131, the velocitics gene-
rated by any constant forces, in the
samestime, are as those forces. Thercfore the velocity down
BA is to the velocity down Bc, in the same time, as the force
on BA to the force on Bc: that is, as Bc to BA.

Corol. 1. Hence, as the motion down an inclined plane is
produced by a constant force, it will be a motion umformly
accelerated ; and therefore the laws before laid down for
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accelerated motions in general, hold guod for motions on
indined planes; such, for instance, as the following: That
the velocities are as the times of descending from rest ; that
the spaces descended are as the squares of the velocities, or
squares of the times; and that if a body be thrown up an
inclined plane, with the velocity it acquired in descending,
it will lose all its motion, and ascend to the same height, 1n
the same time, and will repass any point of the plane with
the same velocity as it passed it in descending.

Corol. 2. Hence also, the space descended along an in-
clined plane, is to the space deseended perpendicularly, in
the same time, as the height of the plane cp, to its length
aB, or as the sine of inclination to radius. For the spaces
described by any forces, in the same tine, are as the forces,
or as the velocities.

Corol. 3. Consequently the velocities aud spaces descended
by bLodies down different inclined planes, are as the sines of
elevation of the planes.

Corol. 4. If ¢p be drawn perpendicular to an; then,
while a body fulls freely through the perpendicular space
BC, another {»ody will, in the same time, descend down' the
part of the plane Bp. For, by similar triangles, - - -
BC : BD :: BA : BC, that is, as the space descended, by
corol. 2.

Or, in any right-angled triangle »pc,
having its hypothenuse Bc perpendicular
to the horizon, a body will descend down
any of its three sides, 8D, nc, pC, in the
same time. And therefore, if on the dia-
metcr Bc a circle be described, the time of
descending down any chords nv, BE, BF,
DC, EC, FC, &c. will be all equal, and cach
cqual to the time of falling freely through
the perpendicular diameter Bc.  Also the
velocities acquired in descending down the chords Bv, Br,
BF, RC, are to one another as the lengths of those chords.

195. Pror. The time of descending down the inclined
plane Ba, is to the time of falling through the height of the
plane Bc, as the length BA is to the height Be.

Draw cp perpendicular to as.

Then the times of describing sp and

BC are equal, by the last corol. Call

that time ¢, and the time of describing

BA call T. £
* Now, because the spaces described




DESCENTS ON INCLINED PLANES. 215

by constant forces, are as the squares of the times; therefore
£:71%::BD: BA.

But the three Bp, Bc, B4, are in continual proportion ;
therefore By : BA :: BC®: BAY;
hence, by equality, #:: T9:: BC?: BAY,
or - - t:T ::BC : BA.

Corol. Hence the times of descending different planes, of
the same height, are to one another as the lengths of the
plancs.

" 196. Pror. A body acquires the same velocity in descend-
ing down any inclined Ylane BA, as by falling perpendicular
through the height of the plane nc.

For, the velocities generated by any constant forees, are
in the compound rauo of the forces and times of acting.
DBut if we put

F to denote the whole force of gravity in Be,

/ the force on the plane ap, e
. . . oy o b, 'E
¢t the time of describing Be, and

r the time of descending down ab; /

then by art. 193, 1 : f :: BA @ BC; ’
and by art. 195, ¢ : 1 = Bc: pA; A C

theref. by comp. 2 fr:: 1 : L

‘T'hat is, the compound ratio of the forces and times, or
the ratio of the velocities, 1s a ratio of equality.

Corol. 1. Hence the velocities acquired, by bodies descend-
ing down any planes, from the same height, to the same
horizontal line, are cqual.

Corol. 2. If the velocitics be equal, at any two cqual
altitudes, b, 1; they will be equal at all other cqual alti-
tudes a, c.

Corol. 8. llence also, the velocities acquired by de-
scending down any planes are as the square roots of the
heights.

SCHOLIUM.

197. We may here wtroduce some usctul formulee, re-
lative to motions along inclined planes, analogous to those
already given for bodics falling freely (art. 154, 158.)

I. Let g, as before = 825 feet, s the space along an in-
clined plane whose inclination is 7, ¢ the time, v the velocity;
then

1. s = Jgtesin. i = -
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LR v =gisin. i = v(2gs sin. i) = i;
2w
gsin.i_ v’

I1. Suppose v to be the velocity with which a body =
projected up or down the plane; then, we have

4. v=v ¥ gtsin. i

S.t =y

v v

2 sin. s
Making v = o, in oqua. 4, and the latter member of equa.
5; the first will give the time at which the body will cease
to rise, the latter the space.

II1. If R be a constant resistance to motion on a horizon-
tal plane, then .

6. v=v — Rt

5.5 =vtF lgtsin.i=

T. 8=vt — Lnth = — s

where, making v = o, we find when the motion ceascs.

198. The first eight of the following problems will serve
to exemplify these theorems.

1. How far will a body descend from quicscence in 4
seconds, along an inclined plane whose length is 400 and
height 300 feet ?

2. What velocity will such a body have acquired when it
has reached the bottom A of the plane? (fig. to art. 194.)

3. Suppose Ap = pB, in what time will the body pass over
each of those portions ? .

4. How long would a body be in falling down 100 feet of
a plane whose length aAp is 130 feet, and height »c 69?

5. If AB = 90, and 1nc = 25 feet, what velocity would a
body acquire in falling through 70 feet ?

6. A body is prt}.i‘ectcd up an inclined plane, whose length
is 10 times 1ts height, with a velocity of 30 fect per second ;
in what time will 1ts velocity be destroyed, and it ceasc tv
ascend ?

7. Supposc that at the moment a body is projected up As
with the velocity acquired by falling down it, another body
begins to fall down it, where will they meet, the length of
AB being given?

8. Given ap = 90, Bc = 60 feet. And suppose two bo-
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dies to be let fall the same moment, one vertically, the other
down the plane Ba; what distance np will the latter have
moved, when the former has descended to ¢ ?

9. Ascertain, geometrically, the position of the right line
of quickest descent, from a given point to a given plane.

10. Find, geometrically, the slope of a roof, down which
rain may descend quickest.

199. Pror. If a body descend down any number of con-
tiguous planes, AB, Bc, ¢p; it will at last acquire the same
velocity, as a body falling perpendicularly through the same
height kDb, supposing the velocity not altered by changing
from one plane to another.

Produce the planes pc, cB, to
meet the horizontal line Ea pro-
duced in ¥ and 6. Then, by cor.
1, last art. the velocity at B 1s the
same, whether the body descend
through ABor rs. And therefore
the velocity at ¢ will be the same,
whether the body descend through anc or through rc,
which is also again the same as by descending through cc.
Consequently it will have the same velocity at p, by descend-
ing through the planes A, BC, €D, as by descending through
the plane ¢p ; supposing no obstruction to the motion by the
body impinging on the planes at B and c: and this again, is
the same velocity as by descending through the same per-
pendicular height xn.

Corol. 1. If the lines aBcp, &c. be supposed indefinitely
small, they will form a curve line, which will be the path of
the body ; from which it appears that a body acquires also
the same velocity in descending along any curve, as in falling
perpendicularly through the same height.

Corol. 2. Hence also, bodies acquire the same velocity b
descending from the same heif;ht, whether they descen
perpendicularly, or down any planes, or down any curve or
curves. And if their velocities be equal, at any one height,
they will be equal at all other equal heights. Therefore
the velocity acquired by descending down any lines or curves,
are as the square roots of the perpendicular heights.

Corol. 8. And a body, after its descent through any curve,
will acquire a velocity which will carry it to the same height
through an equal curve, or through any other curve, either
by running up the smooth concave side, or by being rctained
in the curve by a string, and vibrating like a pendulum:
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Also, the velocities will be equal, at all equal altitudes ; and
}hc ascent and descent will be performed in the same time,
it the curves be the same.

200. Proe. The times in which bodies descend through
similar parts of similar curves, ABc, alc, placed alike, arc as
the square roots of their lengths.

That is, the time in Ac is to the time in ac, as vac o

J/dac.
For, as the curves arc similar, they may

be considered as made up of an equal W \
number of’ corresponding parts, which are
every where, cach to each, proportional to d- .

. n
the whole. And as they are placed alike, L
the corresponding small similar parts will C

also be parallel to cach other.  But the

time of describing each of these pairs of corresponding pa-
rallel parts, by art. 194, cor. 1, are as the ~square roots off
their lengths, which, by the supposition, are as 1"Ac to y7wce,
the roots of the whole curves.  Therefure, the whole times
are in the same ratio of v/ ac to v uc.

Corol. 1. Because the axes be, be, of similar curves, are
as the lengths of the shailar parts ac, uc; therefore the times
of descent in the curves ac, ac, are as D¢ to + be, or the
sqquare roots of their axes.

Corol. 2. As it is the same thing, whether the bodies run
do®n the smooth concave side of the curves, or be made to
describe those curves by vibrating like a pendulum, the
lengths being b, pe; therefore the times of the vibration
of peanduluns, in similar arcs of any curves, are as the square
roots of the lengths of the pendulumns.

SCHOLIUM.

201. Having, in the last corollary, mentioned the pendu-
lum, it may not be improper here to add some remarks con-
cerning it.

A simple pendulum consists of a smull
ball, or other heavy body B, hung by a
fine string or thread, moveable about a
centre A, and describing the arc ¢pb ; by
which vibration the same motions hap-
pen to this heavy lﬁx(liy, as would happen
to any body descending by its gravity
along the spherical superficies cup, if
that superficies were perfectly hard and smooth. It the
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pendulum be carried to the situation ac, and then let fall,
the ball in descending will describe the arc ¢p; and in the
point B it will have that velocity which is acquired by de-
scending through ¢, or by a body falling frecly through £B.
This velocity will be sufficient to cause the {all to ascend
through an equal arc Bn, to the same height o from whence
it fell at ¢ ; having there lost all its motion, it will again be-
gin to descend by its own gravity ; and in the lowest point B
it will acquire the same velocity as before ; which will cause
it to re-ascend to c: and thus, by ascending and descending,
it will perform continual vibrations in the circumference cBp.
And if the motions of pendulums met with no resistance
from the air, and if therc were no friction at the centre of
motion A, the vibrations of pendulums would never cease.
But from these obstructions, though small, it happens, that
the velocity of the ball in the point » is a little diminished
m every vibration ; aud consequently it does not return pre-
ciscly to the same points ¢ or v, but the arcs described con-
tinually become shorter and shorter, till at length they arc
insensible; unless the motion be assisted by a mechanical
contrivance, as in clocks, called a maintaining power.

Our present investigations relate to the simple pendulum,
above described : the consideration of compound pendulums
requires the previous knowledge of the centre of oscillation.

202. Pror. When a pendulum vibrates in a circular are,
the velocities acquired in the lowest point, are as the chords
of the sami-ares described.

For, the velocity at » of a body P
that has descended through any arc
AP, 13 equal to the vclocity at P of a
body that has fallen freely through ,
the versed-sine Np (art. 199, cor. 2.) N

Hence, velocity at v after descent
through arce ap, is to velocity at »
after descent through arc A'p, as /NP to +N'p, that is
(Geom. th. 87) as chord ap to chord A'p.

=0

Corol. 1If, therefore, we would impart to a body a
given velocity, ¢, we have only to compute the height Np,

v vt o
such that Np = g = 643 foet and through the point N

draw the horizontal line Na ; then aa'v an arc (of any circle
passing through ») is one, through which when a bod{; has
fallen it will have acquired the proposed velocity. This is
cxtremely useful in experiments on collision.
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208. Prop. To investigate the ime of vibration of a pen-
dulum of given length, in an indefinitely small arc.

Now, in estimating the time of s
an oscillation in an indefinitely
small circular arc, let it be re-
collected that the excess of such
an arc above its chord, being
inoomparal:lg less than itsclf, may
be neglected; so that we may
consider the square of such an
are (like that 2? its chord, Geom.
th. 87) as equal to the rectan-
gle under the versed-sine and the
diameter.

Indeed, if instead of indefinitely small arcs we took arcs
of 40’ or 50/, and compared the respective differences of their
squares and those of their chords, we should find that the
error would not exceed the 29000dth part of eithier result.

Thus, arc? 5¢ — arc® 40 = 145444% — 116355¢
= 261799 x 29089,
while chord® 50’ — chord® 40 = 145442 — 116354+
= 261796 x 29088.

Let, then, vrs represent such a very short oscillation of a
pendulum whose length, ¢, is sr, s being the point of suspen-
sion.

Then, versin. Kp = arc? pp =

versin. Nr = arc® ar - 2/,

.o BP? — AP? Cy. .
Theirdiff. kx = —y which is the altitude through
which a body must fall to acquire the velocity at A, Putting
this value of the altitude in the usual expression for falling

Y. <
bodics, v = 4/(2gs), it becomes v = /(%8 . 1—’—‘—,2—111-)

= vE£ . (or* — ar®). This will be the velocity with
which the pendulum will describe an exceedingly minute
portion of the arc, such as aa'. )
Draw, horizontally, dv = arc vr; with dr as radius de-
scribe the quadrilateral arc dcc'e ; make da = pa, aa' = AA',
and draw ac, @'c, parallel to ra.
Then, vel. at a

=V—*‘;t. 4/ (DPY— AP?) = ‘/él: . J(dr—art)=ac \/‘éi’.
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Buat, since time of describing a space as aA' = ad/, is in-
] ' F)
versely as the velocity, or ¢ = - ve have
»

K ! l ! l
uae through AA' (or aa’) = a—a% =L,

g oev g’
. . aad _ cc
(because, by sim. tri. — =— ).

The same reasoning applies for every minute successive
I)ortion, such as aa', of the semi-arc described by the pendu-
um: and when the ball has descended from p to p, the cor-
responding arc to dr its equal is the quadrant dec'a : the ex-
pression for the time, therefore, becomes, in that case,
/= dea !  semicircum. I |
“ra ¥ g~ diam. ‘/g =V
The time of ascending through pB = rp is, manifestly,
ccllunl to the above: therefore, uftimately, the time of com-
plete oscillation through prs, is,

!
t=x "g (1).
Conscquently, the times of oscillation are as the square
roots of the lengths qf the pendulums, the force of gravity
remaining the same.
20t. ¥or the same reason that we have the above equa.
when 7 is the length of the pendulum, and g the lineal mea-

“

sure of the force of gravity, we have # = = \/-g—,, in any

other place where g’ measures the force of gravity, and 7 is
the length of the Eendulum.
onsequently, in general,

l 14
it — = o . . . (2).
8 g

If the force of gravity be the same, we have
t:t sl . o o L L (8).

It the same pendulum be actuated by diffcrent gravitating
forces, we have

1
t: ¥ :: /- V—E-:: Vg i g (4).
When pendulums oscillate in cqual times in different places,
we have
gig sl . ... L (8)

Other theorems may readily be deduced.
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,R05. If cither g or I he determined by experiment, the
c(]ua.‘ 1. for ¢ will give the other.  T'hus, if Lg, or the space
tallen through by a heavy body in 17 of time, be found, then
this theorem wil[y give the length of the seconds uluft.
Or, if the length of the seconds pendulum be obs#®ed by
cxperiment, which is the casier way ; this theorem will give
8. Now, in the latitude of London, the length of a pendu-
lum which vibrates scconds, has been found to be 39 inches;

e ( !
and this being written for 7 in the theorem, it gives = Jq—;:‘

= 1": and hence is found {g = 379 = (=2 x 395 =193:07
inches = 16'; feet, for the descent of gravity in 1"; which
it has also been found to be very exactly, by many accurate
experiments, J = jox "200064; 1o = Ix +9348.

SCHOLIUM.

206. Hence is found the length of a pendulum that shall
make any number of vibrations in a given time.  Or, the
number of vibrations that shall be made by a pendulum of
a given length., Thus, suppose it were required to find the
length of a half-scconds pendulum, or a quarter-scconds
pendulum ; that is, a pendulum to vibrate twice in a sccond,
or 4 times in a sccond. Then, since the time of vibration is
as the square root of the length,

theres?ore 1:31:: 2895 V4,

orl:}:: 89;: ?_?f
length of the half-seconds pendulum.

And 1: 2, :: 891 : 27 inches, the length of the quarter-
seconds pendulum.

Again, if it were required to find how many vibrations a
pendulum of 80 inches long will make in a minute. ere

a0
v80 : 895 :: 60" or 1 : 60\/.12; =TLy8183 = - -

41-95987, or almost 42 vibrations in a minutc.

207. For wmilitary men it is a good practice to have a

rtable pendulum, made of painted tape with a brass bob
at the end, so that the whole, except the bob, may be rolled
up within a box, and the whole enclosed in a shagreen case.
The tape is marked 200, 190, 180, 170, 160, &c. 80, 75, 70,
65, 60, at points, which being assumed respectively as points
of suspension, the pendulum will make 200,190, &c. down
to 60 vibrations in a winute.  Such a portable pendulum is

= 9} inches nearly, the
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highly useful in_experiments relative to falling bodics, the
VCTI)(:Ity of sound, &e.

For the comparison of the times of oscillation in inde-
finitely small arcs of circles, in finite arcs of circles, and in
cycloidel arcs, the student may turn to probs, 13 and 14, at
the end of this volume, and prob. 42 at the end of vol. 1.

CENTRAL FORCES. .

208. Def. 1. Centripctal force is a force which tends con-
stantly to solicit or to impel a body towards a certain fixed
pomnt or centre.

2. Centrifugal force is that by which it would recede
from such a centre, were it not prevented by the centripetal
force.

3. These two forces are, jointly, called central forces.

209. Pror. If a body, M, drawn continually towards a
fixed point, ¢, by a constant force, ¢, and projected in a di-
rection, Mn, perpendicular to oy, describe the circumference
of a circle about the centre c, the central force 7, is to the
weight of the body, as the altitude due to the velocity of pro-
jection, is to half the radius ca.

Let v be the velocity of pro- - ~.
jection in the tangent Mn, and / GO
r the radius ¢, Independently - ‘:T\\
of the action of the central force, \ €= -3 WN
the body would describe. along \B

an, during the very small time

¢, a space MN = fv, and would

recede from the point ¢ by the

quantity 1N, which may, without )
crror, be regarded as equal to oM, when the arc M1 is ex-
ceedingly small,  If; therefore, the body instead of moving
in the tangent, were kept in the circumference by the central
torce ¢, its operation in the time ¢, would (art. 130) be cqual
to I:/% and at the same time = MG. But by the nature of the

. o MI® MN© i 1 _ bt
circle M6 = 5y ==, (in an extremecly sma arc) = 5,
by the above.

Making, therefore, Lot = t( o it reduces to

|

o

b

gp.szi: . . . . (l).
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, Putting a for the altitude duc to the velocity v, since (by

2a
art. 154) 1* = 2ag, we have ¢ = -—;—‘g ; whence there re-
sults
tacgr.

pig::

Thus far, we have, in r%ality, considered only the unit of
mass; but, if we multiply the first two terms of the above
proportion by the mass of the body, the whole will still re-
main a correct proportion, and the general result may be
thus enunciated : viz.

The centripetal force of any body, if it be free, or its
centrifugal force, if it be retained to the centre ¢, by a thread
&or otherwise), is to the weight of that body, as the height

ue to the velocity v, is to the half of the radius cm.

210. Hence, it appears that, so long as y and r remain
constant, the velocity v will be constant.

211. If both members of the equation 1 be multiplied by
the mass M of the body, and we put F to represent the cen-

trifugal force of that mass, we shall have F= . In like

manner, if F' is the-centrifugal force of another body which
revolves with the velocity v’ in a circle whose radius 1s 7, we

shall have

¥ v
r:r’::—'_-: - e ®).
212. If T and T denote the times of revolution of the two
C
bodies, because v = ?%r’ and v = '—Z-:-:,r, we have
r 7
':F’::F: L e (3)

213. If the times of revolution arc equal, we shall have
F:F::r:7 . .. . . (@)
214. And,if we assume T2 : T# :: 73 : #, as in the planc-
tary motions, the proportion (3) will become
F:F e . o L L . (5)

SCHOLIUM.

215. The subject of central forces is too extensive and
momentous to be adequately pursued here. The student
may consult the treatises of mechanics by Gregory and
Poisson, and those on fluxions by Simpson, Dealtry, &c.
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We shall simply present in this place, one example connected
with pr;lcticur mechanics.

ixam. Investigate the characteristic property of a conical
pendulum applied as a regulator or governor to steam-
engines, &c.

This contrivance will b
readily comprehended from the
marginal figure, where Ag is a
vertical shaft capable of turn-
ing freely upon the sole a.
cp, ¥, are two bars which
move freely upon the centre ¢,
and carry at their lower ex-
tremities  two  equal  weights,
r, @: the bars en, er, are
united. by a proper articulation,
to the bars o, 11, which latter are
attached 10 a ring, 1, capable of
shding up and down the vertical shaft, av. When this shaft
and comnected apparatus are made to revolve, in virtue of the
centrifugal foree the balls r, @, fly out more and more from
ady as the rotatory velocity inereases: ify; on the contrary,
the rotatory Yelocity slackens, the balls descend and approach
aa. The ring 1 ascends in the former case, descends in the
latter @ and a lever connected with 1 1may be made to correct
appropriately, the energy of the moving power.  Thus, in
the steam-engine, the ring may be made o act on the valve
by which the steam is admitted into the eylinder ; 1o augment
its opening when the motion is slachening, and reciprocally
dimmish it when the wmotion is aceclerated.

T'he construction is, often, so madified that the flying out
of the balls causes the ring 1 to be depressed, and vice versa ;
but the general principle is the same. If e = rr =or
= b1, then 1, v, @, are always in some one horizountal planc :
but that is not essential to the construetion.

Now, let ¢ demote the time of one revolution of the shaft,
2 the variable horizomtal distance of cach ball from that
shaft, 7 as usual = 3-141598 : then will the velocity of each

Q

A

ball be = ::f, and (art. 209.) its centrifugal force
[ Sop— o .
(.—:‘l-) =& = ili;——L— The balls being operated upon

simultancously by the centrifugal forecand theforecof gravity,
of which one operates horizontally, the other vertically, the
vOL. 1L Q
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resultant of the two forces is, evidently, always in the actual
position of the handle ¢p, cv. TItfollows therefore, that the
ratio of the gravity to the centrifugal force, is that of cos.
IcQ to sin. 1cq, or that of the vcrticg\ distance of @ below ¢
to its horizontal distance from aa. Call the former d, the
latter being x:

driy

thend:x:: g 7

}3
theref. -éi— = _‘f and ¢ = %/ il = 1'1078+ - d.
drx W g

Hence, the periodic tune varies as the square root of the
altitude of the conic pendulum, let the radius of the base be
what it may.

Hence, also, when 1ca = 1cp = 45Y, the centrifugal furce
of each ball is equal to its weight.

ON THE CENTRES OF PERCUSSION,
OSCILLATION, AND GYRATION.

216. The Centre of Percussion of a body, or a system of
bodies, revolving about a point, or axis, is that point, which
striking an immoveable object, the whole mass shall not in-
cline to cither side, but rest, as it were, in equilibrio. without
acting on the centre of suspension.

17. The Centre of Oscillution 1> that point, in a body
vibrating by its gravity, in which if any body be placed, or
it the whole mass be collected, it will perform its vibrations
in the same time, and with the same angular velocity, as the
whole body, about the same point or axis of suspension.

218. The Centre of Gyration is that point, in which if
the whole mass be collected, the same angular velocity will
be generated in the same time, by a given force acting at any
place, as in the body or system itself.

219. The angrular motion of a body, or system of bodies,
is the motion of a line conneeting any point and the centre
or axis of motion; and is the same in all parts of the same
revolving body.  And in different unconnected bodies, cach
revolving about a centre, the angudar velocily is as the ab-
solute velocity directly, and as the distance from the centre
inversely 5 so that, if their absolute velocities be as their radii
or distances, the angular velocities will be ¢qual.
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€20. Pror. Tofind the centre of percussion of a body or
system of bodies.

Let the body revolve about an axis
passing through any point s in the line
SGo, passing through the centres of gra-
vity and percussion, ¢ and 0. Lct mMN
be the section of the body, or the planc
in which the axis sco moves. And con-
ceive all the particles of the body to be
reduced to this plane, by perpendiculars
let full from them to the plane: a su
position which will not affect the centres
¢, 0, nor the angular motion of the body..

Let 4 be the place of one of the particles, so reduced ;
Join sa, and draw ar perpendicular to as, and aa perpendi-
cular to s¢o: then ar wih be the direetion of A’s motion as
it revolves about 5 and the whole mass being stopped at o,
the body a will urge the point », forward, with a force pro-
portional to its quantity of matter and velocity, or to its
matter and distance {from the point of suspension s; that is,
as A . sAa; and the efficacy oll this force in a direction per-
pendicular to so, at the point v, is as A . sa, by similar tri-
angles; ulso, the effect of this force on the lever, to turn it
about o, being as the length of the lever, is as A. sa . po =
A.5a.(SO—SP) = A.S¢.80 —A.Sa4.SP=A.S8a.S0
— a.sa®  Inlike manner, the forees of v and ¢, to turn
the system about o, are as

B.sb.s0 = p.su<, and
¢ . s8¢ . S0 — C.scdy &

But, smee the forees on the contrary sides of o destroy
one another, by the definition of this foree, the sum of the
positive parts of these quantities must be cqual to the sum
of the negative parts,
that is, A . s¢ .50 +B.8b.s0o + ¢ . sc.50, & = - -

ALJSA‘+ B .sB F e .scl e and
l A.8AY+ B . st + C . sedy &e.
enee S0 = e +n.80 + c.se &
which 1s the distance of the centre of percussion below the
axis of motion,

And here it must be observed that, if any of the points
A, b, &e. full on the contrary side of s, the corresponding
product A . sa, or B . s, &c. must be made negative.

221. Corol. 1. Since, by art. 105, A + B + ¢, &c. or the
body & x he distance of the centre of gravity, sc, (33 =a.

Q ~ -
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sa + B .80 4 c . sc, &c. which is the denominator of the
value of so; therefore the distance of the centre of percus-
A .SA% { B.sB! + C.sc &
sa x body &
222. Corol. 2. Since, by Geometry, theor. 36, 37,
it 1s sAY = 56 4 GA? — 256G . ¢4,
and sB® = s6¥ + GR? 4 250 . cb,
and sct = s6! 4+ aci 4 26 . ac, Ke.;
and, by cor. 5, art. 101, the sum of the last terms is nothing,
namely, — ¢ . 6a + &6 . b + 26 . e Qoo = g
therefore the sum of the others, or A . sa* 4 n.spt &e. -
is = (A + B&c) .56+ A.6AY+ B. 6B 4+ ¢.cct &
or = b.sG' 4+ A.GA' 4+ B.GB* 4 C.GC° Xy
which being substituted in the numerator of the foregoing
value of so, gives
b.sc% 4 a.6a% + n.on’ t ke
b . su ’
GA* + B .GBY 4+ ¢ ult &
b.sG ’

$O =
or s0 = &G +

223. Corol. 3. Hence the distance of the centre of per-
cussion always exceeds the distance of the centre of gravity,
A.GA' 4 3. 6B e

b.ec )
A.GAY + B.6B° K.

the body & ’
that is s . Go is always the same constant quantity, where-
ever the E::nt of suspension s is placed ; sinee the point ¢
and the lies A, B, &c. arc constant.  Or co is always
reciprocally as sG, that is ¢o is less, as sG is greater; and
consequently the point o rises upwards and approaches to-
wards the point ¢, as the point s is removed to the greater
distance; and they coincide when sG is infinite.  But when

s coincides with @, then co is infinite, or o is at an infinite
distance.

and the excess is always co =

224. And hence also, s¢ . 6o =

225. Pror. If a body 4, at the distance sa from an axis
assing through s, perpendicular to the plane of the paper,
made to revolve about that axis by any force acting at »
in the line sp, perpendicular to the axis of motion: it is re-
quired to determine the quantity or matter of another body,
@, which being placed at p, the point where the force acts, it
shall be accelerated in the same manner, as when A revolved
at the distance sa ; and consequently, that the angular velo-
city of a and a about s, may be the same in both cases.
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ANGUOLAR MOTION.

By the nature of the lever, sa :sp:: /'

> .

sP . .
o /; the effect of the force f; acting at v,

on the bodyat a3 thut is, the force facting at
r, will have the same dleet on the body a, as

sp . . . P
the foree .c;.;\'f’ acting directly at the point a.

But as asr revolves altogether about the axis at s, the abso-
lute velocities of the points A and s, or of the bodies A and
@, will be as the radii sa, sp, of the circle described by them.
Here then we have two bodies a and @, which being urged

directly by the forces fand Z;. f; acquire velocities which are

as sr and sa. And since the motive forces of bodies are as
their mass and velocity : therefore - - - -

sP sA?
—f:f::A.sa:Q.sp,andsPi: SAY.: A Q=-—a,
SA slln.

which therefore expresses the mass of matter which, being
placed at p, would receive the same angular motion from the
action of any force at », as the body a receives. So that the
resistance of any body A, to a force acting at any point p, is
dircctly as the square of 1its distance sA from the axis of mo-
tion, and reciprocally as the square of the distance sp of the
point where the foree acts. .

226. Corol. 1. Hence the force which accelerates the point
. . . . 8P*
P, is to the force of gravity, us‘-{—-gri tol, or as f . sp®
to A . SAS
227. Corol. 2. If any number of bodies A\L

A, B, ¢, be put in motion, about a ﬁ)_:ed

axis passing through s, by a force acting

at r; the point p will be accelerated in oo

the same manner, and consequently the °/ J \C@
whole system will hav the same angular B

velocity, if instcad of the bodies a, B, ¢,

placed at the distances sa, sB, sc, there be substituted the

B S€%e; these being collected into the poi
» 5 55:C3 these being cgllected into the point

.  SA®
bodies —aA
st
p. And hence, the moving force being £ and the matter
A . SA% +- B, SB® + C . sC?

spt

moved being therefore



W0 DYNAMICS.

J.ospe . . .
- is the accelerating force ; which
A.SA + B.SB! + C.SC* & '

therefore is to the accelerating force of gravity, as /. s¢¥ to
A.SA° 4+ B. sB: + C. sc

228. Corol. 8. The angular velocity of the whole system

of bodies, 1s as - J - .s!" . For the abso-
SAY 4+ B.SB 4 €. sCt

lute velocity of the point p, is as the accelerating foree, or

directly as the motive foree f; and inversely as the mass

A . sa® &e.

s l-ﬂ

cit{ directly, and the radius se inversely ; therefore the an-
gular velocity of », or of the whole system, which is the same

. S - sp
thing, is as TS TN se T o se

229. Pror. To determine the centre of oscillation of any
compound mass, or body Mx, or of any system of bodics
A, By €, &c.

Let MmN be the plane of vibration, to which let all the
matter be reduced, by letting fall perpendiculars from every
particle, to this plane. Let
G be the centre of gravity, -
and o the centre of oscilla- 7
tion; through the axis s AR 2 R s

draw sco, and the horizon- //

: but the angular velocity is as the absolute velo-

tal line sg; then from cvery A
particle A, B, ¢, &c. let fall L
perpendiculars aa, Ap, Bb, Bg, NS

B -G
cc, cr, to these two lines; and / o / \
join sa, sp, sc: also, draw M/ I L
cm, on, perpendicular to sg. | /0 ' l N
Now the ll?:rccs of the weights ‘ C
A, B, ¢, to turn the bady >< .
about the axis, are A . sp, B . .
sg, — ¢ . sr; therefore, by -
cor. 3, art. 228, the angular

A.Sp + B.Sqg—C.sr

motion generated by all these forces is A SATER anigC.sa”

Also, the angular veloc. any particle p, placed in o, gencrates
. sm __sn, sm

. . . .p
systen its weight, 1s — s or
in the system, by 1t ght, 750 502 T G s

cause of the similar triangles sam, son.  But, by the pro-

be-




CENTRE OF OSCILLATION. 231

blem, the vibrations are performed alike in both cases, and
therefore these two expressions must be equal to each other,
) sm A.SP 4+ B.SYg —C.sr
that is, .= (A ~~]-, -~ —-——— and hence
BG . SO A . SAY 4 B . SRET s
s A . SAY 4+ B . SB - C L sC
§0 = == X —- -
SG A.Sp+ B.s¢g— C.S8r
But, by cor. 2, art. 105, the sum A . sp + B .8g —c.67r =
(A + B + ¢) . sm; therefore the distance so = - - -
A.SA*+DB.sB*+cC.sc? A.S8A*+ B.sB? 4 cC.sc?

s6 . (A +B + ¢) T A.sa+B.sb + c.sc
by art. 107, which is the distance of the centre of oscillation
0, below the axis of suspension ; where any of the products
A . sa, B . 8b, must be ncgative, when a, b, &c. lic on the
other side of's. 8o that this is the same cxpression as that
for the distance of the centre of percussion, found in art. 220.

Hence it appears, that the centres of percussion and of
oscillation, are in the very same point. And therefore the
properties in all the corollaries there found for the former,
are to be here understood of the latter ; and 1t will be neces-
sary to mark them carefully, as they are of great practical
utility.

230. Corol. 1. If p be any particle of a body ¥, and 4 its
distance from the axis of motion s; also G, o the centres of
gravity and oscillation. Then the distance of the centre of
oscillation of the body, from the axis of motion, is - - -

sum of all the pd

T s¢ x the body &

231. Corol. 2. If b denote the matter in any compound
body, whose centres of gravity and oscillation are ¢ and o;
the body p, which being placed at r, where the force acts as
in the last proposition, and which receives the same motion

SG . SO

from that force as the compound body b, is ¢ = — el b.
For. by corol. 2, art. 222, thisbody pis= - - - -
A.SA* + B» . B Cc .sct
sr: be-s¢ But, by corol. 1, art. 221,
s@ 80 .h=4A 8A% + B . 8B* 4+ ¢ . sc?; therefore
5G . 8O
p=—— .0

SP
SCHOL1UM.
232. By the method of Fluxions, the centre of oscillation,
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for a regular body, will be found from cor. 1. But for an
irregular one; suspend it at the given point; and hang up
also a simple pendulum of such a length, that making them
both vieratc, they way keep time together, Then the
length of the simple pendulum is equal to the distance of
the centre of oscillation of the body, below the point of sus-
pension.

233. Or it will be still hetter found thus: Suspend the
hody very freely by the given point, and make it vibrate in
very small arcs, counting the number of vibrations it mahes
n any time, as a minute, by a good stop wateh ; and let that
number of vibrations made in a minute be called vz Then

e
shall the distance of the centre of oscillation, be so == !—l::,o
inches.  For, the length of the pendulum vibrating seconds,
or 60 times in a minute, being 39, inches; and the lengths
of pendulums 1 eing reciprocally as the square of the number
of vibrations made in the same time 5 therefore - - - -

14 a() N85
n': 60°:: 393 : 00" x 39 = ! 1'O&'JO: the length of the pen-
nn nn
dulum which vibrates » times in 2 minute, or the distance
of the centre of oscillation below the axis of motion.

Or, so = 89¢ ¢, in inches, ¢ being the time of one oscil-
lation in a very small arc.

234. 'T'he foregoing determination of the point, into which
all the matter of a body being collected, it shall oscillate in
the same manuer as before, only respeets the case in which
the body is put in motion by the gravity of its own particles,
and the point is the centre of oscillation : but when the body
is put in motion by some other extrancous force, instead of
its gravity, and made to rotate instead of oscillate, then the
poiot is (fiﬂ'cr(-nt from the former, and is called the Centre of
Gyration; which is determined in the following manner:

235. Pror. Todetermine the centre of gyration of a com-
pound body or of a system of bodies.

Let & be the centre of gyration, or N
the point into which all the particles a, \ \
B, ¢, &c. being collected, it shall re- / '\
ceive the same angrular motion from a A / ‘ i )
force £ acting at r, as the whole systemn / /G ,’
reccives. | B R

Now, by cor. 3, art. 248, the angu- \ 0 ¢
lar velocity generated in the system by \

. Sp “~-

the force £, s as -—
Sy A.SA® 4+ B.sB® &e.
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and by the same, the angular velocity of the system placed
S8

{(A+8B+cl&c). sk

pressions equal to each other, the equation gives

i o= ohotA tl;':i C{—L - 5 , for the distance of the

centre of gyration below the axis of motion.

in x, is : then, by making these two ex-

236. Corol. 1. Because A . 542 {-p.sn* &e.=Sc.s50.w,
where ¢ is the centre of gravity, o the centre of oscillation,
and w the weight of the body A+ B + ¢ &c.; therefore sr: =
sG . so; that is, the distance of the centre of gyration, from
the point of suspension, is a mean proportional between thosc
of gravity and oscillation.

237. Corol. 2. If p denote any particle of a body w,
at d distance from the axis of motion ; then sgr?
sum of all the pd:
body w

Or, if ¢ be put for sr, the distance of the centre of gyra-
tion from the point of suspension, w¢? = A . SA* {- B. 8B’
1 ¢.sc” 4 &c¢. = sum of all the pd-.

SCHOLIUM.

238. By mecans of the theory of the centre of gyration,
and the values of ¢ thenee deduced in the note to prop. 2,
chap. xi. vol. iii. the phaenomena of rotatory motion become
connected with those of accclerating forces: for then, if a
weight or other moving power »r act at a radius r to give
rotation to a body, weight w, and dist. of centre of gyration
from axis of motion ="p, we shall have for the accelerating
foree, the expression

ry?

f_' l.,.z:_*_we'.’,’
and consequently for the space descended by the actuating
weight or power p, ina given time ¢, we shall have the usual
formula
s = L./gt%
introducing the above value of £
239. For applications of these formulie and their obvious

modifications, as they are exceedingly useful in rotatory mo-
tions, the student may solve the following problems.
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Problems illustrative of the DPrinciple of the Cemtre of
Gyration.

1. Suppose a cylinder that weighs 100lbs. to turn upon a
horizontal axis, and imagine motion to be communicated by
a weight of 10lbs. attached to a cord which coils upon the
surface of the cylinder: how far will that weight descend in
10 scconds ? Aus. 268:055 f.

. 2. Bequirced the actuating weight such that when attached
in the same way to the same cylinder, it shall descend 162,

. Isw .
feet in 3 seconds. p o= — (.
g’l‘“—-s -

3. Another cylinder, which weighs 2001bs. is actuated in
like manner by a weight of 30lbs.  How far will the weight
descend in 6 scconds ? Ans. 15346 feet.

4. Suppose the actuating weight to be 80 pounds; and
that it descends through 48 feet in 2 seconds, what is the
weight of the cylinder ? Aus. 205, 1bs.

5. Suppose a cylinder that weighs 201bs. to have a weight
of 30lbs. asuating it, by means ot a cord coiled about the
surface of the cylinder; what velocity will the descending
weight have acquired at the end of the first second ?

Ans, 245

6. Of what weight will the axis be relieved in the case of

the last example, when the system is completely in motion ?
Ans. 22!1bs.

7. A sphere, w, whose radius is three feet, and weight
5001bs. turns upon a horizontal axis, being put in motion
by a weight of 201bs. acting by means of a string that goes
over a wheel whose radius is half a foot. How long will the

weight, p, be in descending 50 feet ? Ans. 331"
8. Of what weight will the axle be relicved as soon as
motion is commenced ? Ans. 22 1bs.

9. If in example seventh the radius of the wheel be equal
to that of the sphere, what ratio will the accelerating force
bear to that of gravity ?

10. A paraboloid, w, whose weight is 200lbs. and radius
of base 20 inches, is put in motion upon a horizontal axis
by a weight p of 15lbs. acting by a cord that passes over a
wheel whose radius is 6 inches. ~ After » has descended for
10 seconds, suppose it to reach a horizontal plane and cease
to act, then how many revolutions would the paraboloid
make in a minute?
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BALLISTIC PENDULUM.

240. Pror. To explain the construction of the Ballistie
Pendulum, and show its use in determining the velocity with
which a eannon or other ball strikes it.

The balhstic pendulum is a heavy block
of wood MmN, suspended vertically by a strong
horizontal iron axis at s, to which it is con-
nected by a firm iron stem. This problem
is the application of the preceding articles,
and was invented by Mr. Robins, to deter-
mine the initial velocities of military pro-
jectiles; a circumstance very useful in that
science ; and it is the best method yet known
for determining them with any degree of
accuracy.

Let ¢, 1, o be the centres of gravity, gyration, and oscil-
lation, as determined by the foregoing prnpositi s; and let
P be the point where the ball strikes the face o”hc pendu-
lum ; the momentum of which, or the product of its weight
and velocity, is expressed by the force £ acting at p, in the
foregoing propositions.  Now,

Put p = the whole weight of the pendulum,
5 = the weight of the ball,
sG the distance of the centre of gravity,
so the distance of the centre of oscillation,
SR = x/fo the distance of centre of gyration,

. - . O,
sp the distance of the point of impact,
- -

the velocity of the ball,
that of the point of impact »,
chord of the arc descri{;acd by o.
By art. 235, if the mass p be placed all at r, the pendu-
ium will receive the same motion from the blow in the point

r: and as sr® : sR?:: . Se — g2 t. 236)
; 1SBTIIp 5. P OT TP OF e, (art. 236),

AR ANy R

o n

the mass which being placed at p, the pendulum will still
receive the same motion as before. Here then are two

- : 0 .
(uantities of matter, namely, b and %p, the former moving

with the velocity v, and striking the latter at rest ; to deter-
mine their common velocity #, with which they will jointly
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rrrm\cd forward together after the stroke.  In which ease,
v the law of the impact of non-clastic bodies, we hav.

(o . bii + o,
":',-‘l’ b:D u, and therefore v = — bizé {d ¢ the ve-

locity of the ball in terms of u, the velocity of the point p,
and the known dimensions and weights of the bodies.

But now to determine the value of %, we must have re-
course to the angle through which the pendulum vibrates;
for when the pendulum descends again to the vertical posi-
tion, it will have acquired the same velocity with which it

gan to ascend, and by the laws of falling bodies, the velo-
city of the centre of oscillation is such as a heavy body
would acquire by freely falling through the versed sine of
the arc described by the same centre 0. But the chord of
that arc is ¢, and its radius is 0; and, by the nature of the
circle, the chord is a mean proportional between the versed

sine and diameter, therefore 20: ¢ : ¢ go—,thc versed sine
of the arc dcscribed by 0. Then, by the laws of falling bodics
cc

4/161-‘1 :’!’%
point o in descending through the arc whose chord is ¢,
20 ci 2

where a = 16 ', feet: and theretore o : ¢ 1t ¢/ ki v o
[0

(Y
2a . .
::82;  /—, the velocity acquired by the

which is the velocity u, of the point ».
Then, by substituting this value for %, the velocity of the

ball, before found, becomes v = f’l_l_;;l_:,’_ol_)_ X ¢ _274 So
that the velocity of the ball is directly as the chord of the arc
described by the pendulum in its vibration,

SCHOLIUM.

241. In the foregoing solution, the change in the centre
of oscillation is omitted, which is caused by the ball lodging
in the point . But the allowance for that small change,
and that of some other small quantities, may be seen in my
Tracts, where all the circumstances of this method are treated
at full length.

For an example in numbers, suppose the weights and
dimensions to be as follow : namely,
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p =570lb.  Then
6 = 180z.11drbii -+ gop N

= 1'13!“). bio 1131 x 94 x 847
g= 78;_— mnc. ]8'73

1181 x 94314781 x 84} x 570

0 = 847 inc. 12 = 656-56,
= 7-065 feet ~
. . 2a 32 193
i = 945 inc. — = = = .
c = 18";3 inc. And / 0 ‘/7'065 v 42-39 21337

Therefore 656-56 x 21337, or 1401 feet, is the velocit‘y,
per second, with which the ball moved when it struck the
pendulum,

242. When the impact is made upon the centre of oscil-
lation, the computation becomes simplified.

In that case, since the whole mass, p, of
the pendulum, may be regarded as concen-
tered at o, and the ball, b, strikes that point,
we shall have br = (b + p)'; v being the
velocity of the ball before the impact, and
! that of the ball and pendulum together,
after the impact.  Now, if the centre of
oscillation o, after the blow, describes the
arc 00, before the motion is destroy ed, the
velocity o will be equal to that acquired by
tailing through the versed sine vo, of the
arc 00’ or angle s to the radius so.  But, if the time ¢ of a
very minute oscillation of the pendulum be known or in-
ferred from that in an ascertained are (vol. iii. p. 857), we
have (art. 233), so = 39!£? inches = 325¢2 feet.

IHence vo = so nat. versin s,
= 8:260+.¢: versin s,
and (art. 154) v = (614} X 3:R004£ versin s)
= 14-48:286¢ ./ versin s.

Conseq. v = @ +bp)v' = b-;-p . 14-48286¢ \/versin ».

This mode of computation, with a slight and obvious
change, applies to qu. 48 of the Practical Exercises in Na-
tural Philosophy.

OF HYDROSTATICS.

243. Hyprostarics is the science which treats of the
pressure, or weight, and cquilibrium of water and other
fluids, especially’those that are non-clastic.
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244, A fluid is clastio, when it can be reduced into a less
bulk by compression, and which restores itself to its former
bulk again when the pressure is removed; as air.  And it
is non-clastic, when it is not compressible or expansible, as
water, &c.

245. Pror. If any part of a fluid be raised higher than
the rest, by any force, and then left to itsclf’; the higher
parts will descend to the lower places, and the fluid will not
rest, till its surface be quite even and level.

For, the parts of a fluid being easily moveable every way,
the higher parts will descend by their superior gravity, and
raise the lower parts, till the whole come to restin a level or
horizontal plane.

Corol. 1. Hence, water that communi-
cates with other water, by mcaus of a close
canal or pipe, will stand at the same height
m both places. Like as water in the two
legs of a syphon.

Corol. 2. Tor the same reason, if a fluid
gravitate towards a centre; it will dispose
itself into a spherical figure, the centre of
which is the centre of force.  Like the sea
mn respect of the carth.

246. Pror. When a fluid 1s at rest in a vessel, the hase
of which is parallel to the horizon ;s equal parts of the base
are cqually pressed by the fluid.

For, on cvery equal part of this base there is an cqual
column of the f{lid supported by it.  And as all the colunins
arc of equal height, by the last proposition they are of equal
weight, and therefore they press the base equally ; that is,
cqual parts of the base sustain an equal pressure.

Corol. 1. All parts of the fluid press equally at the same
depth.  For, if a plane parallel to the horizon be conccived
to be drawn at that depth ; then the pressure being the same
in any part of that plane, by the rrup«)aition, therefore
the parts of the fluid, mstead of the plane, sustain the same
pressure at the same depth.

Corol. 2. The pressure of the fluid at any depth, is as the
depth of the fluid. For the pressure is as the weight, and
the weight is as the height of the fluid.

Corol. 3. The pressure of the fluid on any horizontal sur-
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face or plane, is equal to the weight of a column of the fluid,
whose base is equal to that plane, and altitude is its depth
below the upper surface of the fluid.

247. Pror. When a fluid is pressed by its own weight,
or by any other force ; at any point it presses equally, in all
directions whatever.

This arises from the nature of fluidity, by which it yields
to any force in any direction. If it cannot recede from an
force applied, it will press against other parts of the fluid in
the direction of that force. And the pressure in all direc-
tions will be the same: for if it were less in any part, the
fluid would move that way, till the pressure be equal every
way.

Corol. 1. In a vessel containing a fluid ; the pressure is
the same against the bottom, as against the sides, or even
upwards at the same depth.

Corol. 2. Hence, and from the
last proposition, if ascp be a
vessel of water, and there be taken,
in the base produced, nE, to repre-
sent the pressure at the bottom;
joining aE, mnd drawing any pa-
rallels to the base, as ¥6, ni; then
shall P. Fepresent the pressure at
the depth ae, and 1 the pressure at the depth a1, and so
on; hecause the parallels - FG, HI, ED,
by sim. triangles, are as the depths Ag, A1, AD:
which are as the pressures, by the proposition.

And hence the sam of all the ra, 11, &c. or the area of the
triangle ADE, 1s as the pressure against all the points ¢, 1,
Nc. that is, against the line an.  But as every point in the
line ep is pressed with a force as bE, and that thence the
pressure on the whole line ¢p is as the rectangle £p . nc,
wlile that against the side is as the triangle ADE or 2pa . DE;
therefore the pressure on the horizontal line vc, is to the
rressure against the vertical line pa, as nc to Lpa. And
Lcnce, if the vessel be an upright rectangular onc, the pres-
sure on the bottom, or whole weight of the fluid, is to the
pressure against onc sidc, as the base is to half that side.

“herefore the weight of the fluid is to the pressure against
all the four upright sides, as the base is to half the upright
surface.  And the same holds true also in any upright vessel,
whatever the sides be, or in a cylindrical vessel.  Or, in the
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«cylinder, the weight of the fluid is to the pressure against
the upright surface, as the radius of the busc is to double the
altitude.

Also, when the rectangular prism becomes a cube, it ap-
pears that the weight of the fluid on the base, is double the
pressure against one of the upright sides, or half the pressurce
against the whole upright surface.

Corol. 3. The pressure of a fluid against any upright
surface, as the gate of a sluice or canal, 1s equal to half the
weight of a column of the fluid whose base 1s equal to the
surface pressed, and its altitude the same as the altitude of
that surface. For the pressure on a horizontal base cqual
to the upright surface, is cqual to that column; and the
pressure on the upright surface, is but half that on the base,
of the same arca.

So that, if & denote the breadth, and  the depth of such
a gate or upright surface; then the pressure against it, is
cqual to the weight of the fluid whose magnitude is 1hod: =
taB. ap. Hence, 1f the fluid be water, a cubie foot of
which weighs 1000 ounces, or 62} pounds; and it the depth
AD be 12 feet, the breadth an 20 feet; then the content,
or 1AB. ap% is 1440 feet; and the pressure is 1440000
ounces, or J0000 pounds, or 40 tons weight nearly.

248. Propr. The pressure of a fluid on a surface any way
immersed in it, whet‘wr perpendicular, or horizontal, or ob-
lique, is cqual to the weight of a column of the fluid, whose
base is equal to the surface pressed, and its altitude equal o
the depth of the centre of gravity of the surface pressed below
the top or surface of the fluid.

For, conceive the surface pressed to be divided into inuu-
merable sections parallel to the horizon; and let s denote
any one of those horizontal sections, also d its distance or
depth below the top surface of the fluid.  'Then, by art. 246,
cor. 3, the pressure of the fluid on the scction is equal to the
weight of ds; consequently the total pressure on the whole
surface is equal to all the weights ds. But, if & denote the
whole surface pressed, and g the depth of its centre of gra-
vity below the top of the fluid 5 then, by art. 108, 43 is cqual
to the sum of all the ds.  Consequently the whole pressure
of the fluid on the body or surface &, is equal to the weight
of the bulk &g of the fluid, that is, of the column whose base
is the given surface &, and its height is g the depth of the
centre of gravity in the fluid.

249. Prop. The pressure of a fiuid, on the base of the
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vessel in which it is contained, is as the base and perpendi-
cular altitude ; whatever be the figure of the vessel that con-
tains it. .

If the sides of the base be upright, so that
it be a prism of a uniform width throughout,
then the case is evident; for then the base
supports the whole fluid, and the pressure is
Jjust equal to the weight of the fluid.

But if the vessel be wider at top than bot-
tom ; then the bottom sustains, or is pressed
by, only the part containcd within the up-
nght lines ac, bp; because the parts aca,
Bpb are supported by the sides ac, Bp;
and those parts have no other effect on the
part abpc than keeping it in its position, by
the lateral pressure against ac and 4p, which
does not alter its perpendicular pressure downwards, And
thus the pressure on the bottom is less than the weight of
the contained fluid. :

And if the vessel be widest at bottom ; then
the bottom is still pressed with aweight which
is equal to that of the whole upright column
abpe.  For, as the parts of the fluid are in
cquilibrio, all the parts have an equal pressure
at the same depth ; so that the parts within cc
and dp press cqually as those in ¢, and there-
fore equally the same as if the sides of the vessel had gone
upright to « and 8, the defect of fluid in the parts aca and
Db being cxactly compensated by the downward pressure
or resistance of the sides Ac and Bp against the contiguous
fluid. And thus the pressure on the base may be made to
cxceed the weight of the contained fluid, in‘any proportion
whatever. ’

So that, in general, be the vessels of any figure whatever,
regular or irreﬁ'ular, upright or sloping, or variously wide
and narrow in different parts, if the bases and perpendicular
altitudes be but cqual, the bases always sustain the same
pressure. And as that pressure, in the regular upright
vessel, is the whole column of the fluid, which is as the base
and altitude ; therefore the pressure in all figures is in that
same ratio.

Corol. 1. Hence, when the heights are equaly the pressures
are as the bases. And when the bases are equal, the pres-
sure is as the height. But when both the heights and bases
are equal, the prossures are equal in all, though their con-
tents be ever so different.

VOL. 11, "
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Corol 2. The pressure on the base of any vessel is the
same as on that of a cylinder, of an equal basc and height.

Corol. 3. If there be an inverted sy hon, i
or bent tube, ABc, containing two different

fluids ¢p, app, that balance cach other, or
rest in equilibrio; then their heights in the
two legs, AF, ¢, above the point of meeting, 4
will be reciprocally as their densities. ,

For if they do not meet at the bottom, the I .
part BD balances the part 5, and thercfore
the part cp balances the part a3 that is, the
weight of cp is equal to the weight of ak.
And as the surface at p i1s the same, where
they act against each other, thereforec AE: cp  density of
¢p : density of AE.

So, if cp be water, and A¥ quicksilver, which is near 14
times heavier; then ¢p will be = 14AE: that is, 1 AE be
1 inch, c» will be 14 inches; if AE be 2 inches, cp will be
28 inches; and so on. :

250. Pror. If a body be immersed in a fluid of the same
density or specific gravity; it will rest in any place where
it s put.  But a body of greater density will sink ; and one
of a less density will rise to the top, and float.

The body being of the same den-
sity, or of the same weight with the
like bulk of the fluid, will press the
fluid under it, just as much as if its
space were filled with the fluid itsclf.
The pressure then all around it will
be the same as if the fluid were in
its place; consequem]{ there 18 no
torce, neither upward nor down-
ward, to put the body out of its
place. And thereforc it will remain
wlerever it is put.

But if the body be lighter; its pressure downward will be
less than before, and less than the water upward at the same
depth ; therefore the greater force will overcome the less, and
push the body upward to a.

And if the body be heavier than the fluid, the pressure
downward will be greater than the fluid at the same depth ;
therefore the greater force will prevail, and carry the body
down to the bottom at ¢.

Corol. 1. A bOdﬁ immersed in a flvid, loses as much
weight, as an equal bulk of the fluid weighs. And the fluid
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gaing the same weight. Thus, if the body be of equéll den-
sity with the fluid, 1t loses all its weight, and so requires no
force but the fluid to sustainit. If it be heavier, its weight
in the water will be only the difference between its own
weight and the weight of the same bulk of water; and it re-
quires a force to sustain it just equal to that difference. But
it'it be lighter, it requires a force equal to the same difference
of weights to keep it from rising up in the fluid.

Corol. 2. The weights lost, by immerging the same body
in different fluids, are as the specific gravities of the fluids.
And bodies of equal weight, but different bulk, lose, in the
same fluid, wei Lts which are reciprocally as the specific
gravities of the Iivodies, or dircctly as their bulks.

Corol. 3. The whole weight of a body which will float in
a fluid, is equal to the weight of as much of the fluid, as the
immersed part of the body displaces when it floats. For the
pressure under the floating body, is just the same as so much
of the fluid as is equal to the immersed part; and therefore
the weights are the same.

Corol. 4. Hence the magnitude of the whole body, is to
the magnitude of the part immersed, as the specific gravity
of the fluid, is to that of the body. For, in bodies of equal
weight, the densities, or specific gravities, are reciprocally as
their magnitudes.

Corol. 5. And because, when the weight of a body taken
in a fluid, is subtracted from its weight out of the fluid, the
difference is the weight of an equal bulk of the fluid; this
therefore is to its weight in the air, as the specific gravity of
the fluid is to that of the body.

Therefore, if w be the weight of a body in air,

w its weight 1n water, or any fluid,

s the specific gravity of the body, and

s the specific gravity of the fluid;
thenw — w:w::s:8, whicﬁ proportion will give cither of
those specific gravities, the one from the other. :

Thus 8 =

s, the specific gravity of the body ;

W—w

and s = ws, the specific gravity of the fluid.

w
So that the specific gravities of bodies, are as their weights
in the air directly, and their loss.in the same fluid inversely.

Corol. 6. And .hence, for two bodies connected togcther,

or mixed together into one compound, of different specific
R 2
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graviffes, we have the following equations, denoting their
weights and specific gravities, as below, viz.

i1 = weight of the heavier body in air,
h = weight of the same in water, )
= weight of the lighter body in air, . e
= weight of the same in water, S“ §spec. gravity ;
= weight of the compound in air,
= weight of the same in water,

w = the specific gravity of water. Then,

$its spec. gravity;

00 S~

:( Jitsspec. gravity ;

Ist, (1 — h)s = Hu, From which cquations may be
2, (. — I)s = rw, found any of the above quantities,
3d, (v — ¢)f'=cw, m terms of the rest.

4th, n + L =g, Thus, from one of the first three
Sth, A + I =g, cquations, is found the specific gra-
6th, .'_;_4. -:_z—-’c— vity of any body, as s = I%,l)y

dividing the absolute weight of the
body by its loss in water, and multiplying by the specific
gravity of water.

But if the bodv 1 be lighter than water; then 7 will be
negative, and we must divide by L 4+ Z instead of L —/, and
to find I we must have recourse to the compound mass ¢ 3 and
because, from the 1th and 5th equations, L — / = ¢ — ¢ —

Lw
(c—e¢)y —(u—~4h)
the absolute weight of the hight body, by the difference be-
tween the losses in water, of the compound and heavier body,
and multiply by the specific gravity of water.  Or thus,

H — h, therefore s = that is, divide

S/ . .
s = _Yr_ as found from the last equation.
cs — nf”

Also if it were required to find the quantities of two
ingredients mixed in a compound, the 4th and Gth equations
would give their values as follows, viz.

—8)s s=1)s
H = (‘[—-2—(:, and . = (--l») Cy
=9/ TS
the quantitics of the two ingredients 11 and L, in the com-
pound c. And so for any other demand.

Pror. To find the specific gravity of a body.

251. CASE 1.— Whken the body is heavier than water : weigh
it both in water and out of water, and take the difference,
which will be the weight lost in water. Then, by corol. 6,

art. 256, s= nlivb, where B is the weight.of the body out of
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water, b its weight in water, 5 its specific gravity, and w the
specific gravity of water. That is,
As the weight lost in water,
Is to the whole or absolute weight,
So is the specific gravity of water,
To the specific gravity of the body *.
Examrrr. It a picce of stone weigh 101b, but in water
only G1lb, required its specific gravity, that of water being
1000°? Ans. 3077.
252. Caskir.— When the body is lighter than water, so that
it will not sink : annex to it a piece of another body, heavier
than water, so that the mass compounded of the two may
sink together.  'Weigh the denser body and the compound
mass, scparately, both in water, and out of it; then find how
much cach loses in water, by subtracting its weight in water
from its weight in air; and subtract the less of these re-
mainders from the greater.  Then say, by proportion,”
As the last remainder,
Is to the weight ot the light body in air,
So 1s the specific gravity of water,
To the specific gravity of the body.
That 1s, the specific gravity is ¢ = L
i 5} ali T (c—c)=—(u—4h)"

by cor. 6, art. 250.

Examrre. Suppose a piece of elm weighs 151b. in air;
and that a piece of copper, which weighs 18lb. in air and
161b. in watcer, is affixed to it, and that the compound weighs
Glb. 1 water; required the specitic gravity of the elm ?

Ans. 600.

Q53. Casc nL—»For a_fuid of any sort.—Take a picce of
a body of known specitic gravity 5 weigh it both in and out
of the fluid, finding the loss of weight by taking the differ-
cnce of the two; then say,

As the whole or absolute weight,

Is to the loss of weight,

So is the specific gravity of the solid,
To the specific gravity of the fluid.

That is, the spec. grav. w = % by cor. 6, art. 250. *

ExaMPLE. A piece of cast iron weii:,hed 8461 ounces in
a fluid, and 40 ounces out of it; of what specific gravity is
that fluid ? Ans. 1000.

* In the Lectures on Natural Philosophy, in the Royal Mil.
Academy, Coates’s Hydrostatic steelyard is employed for this
purpose. It is an improvement upon the one described in Gre-
gory's Mathematics for Practical Mcn.
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R54.. Pror. To find the quantities of two ingredients in
a given compound.

Take the three differences of every pair of the three spe-
cific gravities, namcly, the specific gravities of the compound
and cach ingredient; and multiply cach specific gravity by
the difference of the other two.  Then say, by proportion,

As the greatest product,

Is to the whole weight of the compound,
So 1s each of the other two products,

To the weights of the two ingredicnts.

That is, 1 = &/ = 9° (s —J)s
=9

DY Ak
the other, by cor. G, art. 230.

ExaMrLe. A composition of 112lb. being made of tin
and copper, whose specific gravity is found to be 8784 re-
quired the quantity of each ingredient, the specific gravity
of tin being 7320, and that of copper 9000 ?

Answer, there 1s 100ib. of copper ¢
and conscequently 12ib. of tin. §

= the one, and L =

in the composition.

SCHOLIUM.

255. The specific gravities of several sorts of matter, as
found from experimients, are expressed by the numbers an-
nexed to their names i the following Tables.

TABLES OF SPECIIIC GRAVITIES.

8OLIDS.

Platina - - 20,722|Bar Iron - - ,7I88
Gold, pure, hammered 19,562 Pure Cornish Tin - 7,291
Guinea of George I11. 17,629 Do hardened - 7,299
Tungsten - - 17,600|Cast Iron - - 7207
Mercury, at 32° Fahr. 13,598 Zinc - - - 6,862
Lead - - 11,352 Antimony - - 6,712
Palladium - - 11,300 Tellurium - - 6,115
Rhbodium - - 11,000 Chromium - - 5,900
Virgin Silver 10,741 'Spar, heavy - 4,430
Shilling of George I11. 10,534 Targon of Ceylon - 4,416
Bismuth, molten - 9,822 Oriental Ruby - 4.283

Copper, wiredrawn 8,878|Sapphire, Oriental - 3,994
Red Copper, molten 8,788 Do. Brazilian - 8,131
Molybdena - - 8,611Oriental Topaz - 4,019
Arsenic - - 8,308|Oriental Beryl - 3,549
Nickel, molten - 8,279 Diamond from 3,501 to 3,531
Uranium 8,100 English Flint-Glass 8,329
Stecl - from 7,767 to 7,816 Tourmalin' - - 8,155
Cobalt, molten - 7,81%'Asbestus - - 2,996
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Marble,fme_n. Campan 2,742 Alabaster 1,874
’arian - 2,§37 A‘lum 1,720
Norwog‘mn - 2 4'2.8 (:u;l).a], opaque - 1,140
- (f;rwn, Egyptian2,668Sodium - - 973
Emeral - 2,7'75|0ak, heart of, - 950
Pearl - - 2.752|Gunpowder, about - 937
Chalk, British 2,T84Ice - - . 930
Jasper - 2,710/Potassium - - 866
ﬁorzli\l o i - 3,28(: Ige;;ch 852
ock Crysta - 53 As 815
English Pebble - 2,619|Apple-Trce 793
Limpid Feldspar - 2,564Orange-Wood 705
Glass, green - - 2,642|Pecar-T'ree 661
—_ lv; ntle - - Q,Hf):ZyLind(-n-’l‘ree 604
ottle - - 2738 Cypress - 598
Porcelaine, I(J!\illa . %,3?:5 Cedar 561
———— Limoges 2,311 550
Native Sulphur o 2,033 Poplar 380
Ivory - - 1L,917Cork 240
L1QUIDS.
Sulphuric Acid - 1,841, 0live Ol - -~ 915
Nitrous Acid - 1,550 Muriatic Ether - 874
WaterfromtheDead Scal,240.01l of Turpentine - 870
Nitrie Acid - - 1,18 Liquid Bitumen - 848
Sca-Water - - 1,026!Alcohol, absolute - 792
Milk - - - 1,030 Sulphuric Yther - 716
Distilled Water - 1,000 Air at the Earth’s Surface,
Wine of Bourdeaux 994 about - - 12

Burgundy Wine - 991

#_* Since a cubic foot of water at the temperature 40°
Fahrenheit, weighs 1000 ounces avoirdupois, or 62} pounds,
the numbers in the preceding Tables exhibit very nearly the
respective weights of a cubic foot of the several substances
‘tabulated.
25}? Pror. To find the magnitude of any body, from its
weight.
§ As the tabular specific gravity of the body,
Is to its weight 1n avoirdupois ounces,
So is one cubic foot, or 1728 cubic inches, .
To its content in feet, or inches, respectively.
Exam. 1. Required the content of an irregular block
of green marble, which weighs 1 cwt. or 112Ib?
Ans. 11606 cubic inches.
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Exam. 2. How many cubic inches of gunpowder are there
in ]1b. weight ? Ans. 201 cubic inches nearly.
Exam. 3. How many cubic fect are there in a ton weight
of dry oak ? Spec. grav. 925. Ans. 881¢% cubic feet.
257. Pror. To find the weight of a body from its mag-
nitude.
As one cubic foot, or 1728 cubic inches,
Is to the content of the body,
So is the tabular specific gravity,
T'o the weight of the body.

Exanm. 1. Required the weight of a block of marble,
whose length is 63 feet, and breadth and thickness each 12
feet; being the dimensions of one of the stones in the walls
of Balbeck ?

Ans. 683.2, ton, which is nearly equal to the burden of
an East-India ship.

Exay. 2. What is the weight of 1 pint, ale measure, of
gunpowder? Ans. 19 oz. nearly.

ExaM. 3. What is the weight of a block of dry oak,
which mcasures 10 feet in length, 3 feet broad, and 2} feet
decp or thick * Ans 1335331b.

BUOYANCY OF PONTOONS.
GENERAL SCHOLIUM,

258. The principles established in art. 250 have an in-
teresting application to military men, in the use of pontoons,
and the buoyancy by which they become serviceable in the
construction of temporary bridges.  'When the dimensions,
magnitude, and weight of a pontoon are known, that weight
can readily be deducted from the weight of an cqual bulk of
water, and the remainder is evidently the weight which the
pontoon will carry before it will sink.

Pontoons as usually constructed, are prisms whose vertical
sections are equal trapezoids, as exhibited in the marginal
figure.

Suppose AB = L A_x
cp =1 b - H
Al =Kl;=-;;(L—I)=8

Cl =D =T

B

Uniform width of the pontoon = &: all in feet and parts.
‘Suppose also cL = d, depth of the part .immersed; w =
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weight in avoirdupois pounds of the water displaced; and c
= 62!1bs. weight of a cubic foot of rain water. Then, by
the following expressions, which are left for the student to
investigate, d may be found when w and the rest are given,
and w may be found when d and the rest are given; also the
maximum value of w.

l. w= bc1l(/+ ‘!;)

2. w when a max. = bev (2 + 8) = tbep (L + 1)

; _ p/w Ip /D
sa= 3G +%m)] -2

Ex. 1. Given aB =21} feet, cp = 17} feet, c1 = 2 feet,

b =] feet. Required the weight of the pontoon and its
load, when it is immersed to the depth cw of 1. fect.

Ans. 8287 11bs. nearly.

Ex. 2. Suppose the weight of such a pontoon to be 9001bs.

what is the greatest weight it will carry 2 Ans. 12014 % Ibs.

Ex. 3. Suppose the weight of the above pontoon and its

load to be 6000Ibs. how deep will it sink in water ?
Ans. 1-08872 f = 13:064 inches.

HYDRAULICS OR IIYDRODYNAMICS.
259. Hydraulies or Hydrodynamics is that part of me-
chaniecal science which relates to the motion of fluids, and the
forces with which they act upon bodies against which they
strike, or which move in them.

T'his is a very extensive subjcct; but we shall here give
only a few elementary propositions.

260. Pror. If a fluid run through a canal or river, or
pipe of various widths, always filling it; the velocity of the
fluid in different parts of it, AB, cp, will be reciprocally as the
transverse scctions in those parts.

That is, vcloc. at A : veloc. -
at c::cp: aB; whereanand ==E
cb demote, not the diameters
at A and B, but the areas or
sections there.

For, as the channel is always equally full, the quantity of
water. running through as is equal to the quantity runnin
through cp, in the same time; that is, the column throug
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AB is equal to the culumn through op, in the same time;
of AB x length of its column = cp x length of its column ;
therefore AR : cD :: length of column through ¢bp : length
of column through aB.” But the uniform velocity of the
water, is as the space run over, or length of the columns;
therefore as : cp :: velocity through cp : velocity through
AB.

261. Corol. Hence, by observing the velocity at any place
AB, the quantity of water discharged in a second, or any
other time, will be found, namely, by multiplying the section
AB by the velocity there.

But if the channel be not a close pipe or tunnel, kept
always full, but an open canal or river; then the velocity n
all parts of the section will not be the same, because the
velocity towards the bottom and sides will be diminished by
the friction against the bed or channel ; and therefore a me-
drum among the three ought to be taken.  So, if the velo-

city at the top be - 100 feet per minute,
that at the bottom - 60
and that at the sides - 50

3)210 sum;

dividing their sum by 3, gives 70 for the mean velodity,
which is to be multiplied by the section, to give the quan-
tity discharged in a minute: and in many cases still greater
accuracy will be necessary in determining the mean,

262. Pror. The velocity with which a fluid runs out by
a hole in the bottom or side of a vesscl, is equal to that which
is generated by gravity through the height of the water above
the hole; that 15, the velocity of a heavy body acquired by
falling freely through the height ab.

Divipk the altitude aB into a great
number of very small parts, eachbeing 1,
their number a, or a = the altitude an.

Now, by art. 246, the pressure of the
fluid against the hole B, by which the
motion is generated, i1s equal to the
weight of the column of fluid above it,
that is the column whose height is aB
or a, and base the area of the hole 5. 'Therefore the pres-
sure on the hole, or small part of the fluid 1, is to its weight,
or the natural force of gravity, as ¢ tol. But, by art. 127,
the -yelocities generated in the same body in any time, are as
those forces ; and because gravity generates the velocity 2 in
descending through the small space 1, therefore 1 : @ :: 2 : 2a,
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the velocity generated by the pressure of the columa of fluid
in the same time. But 24 is also, by corol. 1, art. 132, the
velocity generated by gravity in descending through a or as.
That 1s, the velocity of the issuing water, is equal to that
which is acquired by a body in falling through the height an.

The same otherwise.

The momenta, or quantities of motion, generated in two
given bodies, by the same force, acting during the same or
an cqual time, are equal. And the force in this case, is the
weight of the superincumbent column of the fluid over the
hole. Let then the one body to be moved, be that column
itself, expressed by ak, where a denotes the altitude as, and
k the area of the ﬁ'ole; and the other body is the column of
the Huid that runs out uniformly in one second suppose,
with the middle or medium velocity of that interval of time,
which is §/v, if v be the whole velocity required.  Then the
mass 1hr, with the velocity v, gives the quantity of motion
th x v, or the?, generated in one second, in the spouting
water: also g, or 32} feet, is the velocity generated in the
mass ah, during the same interval of one second; conse-
quently ah x g, or ahg, 1s the motion generated in the
column «k in the same time of one second. But as these
two momenta must be equal, this gives JA1* = ahg: hence
then »¢ = 2ag, and v = (/2ag, for the value of the velocity
sought; which thercfore is exactly the same as the velocity
generated by the gravity in falling through the space a, or
the whole height of the fluid.

Tor example, if the fluid were air, of the whole height of
the atmosphere, supposed uniform, which is about 51 miles,
or 27720 feet = a. Then /2ag = 2 /(27720 x 16.5) =
1335 feet = o the velocity, that is, the velocity with which
common air would rush into a vacuum.

263. Corol. 1. The velocity, and quantity run out, at dif-
ferent depths, are as the square roots of the depths. For the
velocity acquired in falling through B, is as +/aB.

264. Corol. 2. 'The fluid spouts out with the same velocity,
whether it be downward or upward, or sideways; because
the pressure of fluids is the same in all directions, at the
same depth. And therefore, if mn adjutage be turned up-
ward, the jet will asoend to the height of 5::: surface of the
water in the vessel. And this is confirmed by experience,
by which it is found that jets really ascend nearly to the
height of the reservoir, abating a small quantity only, for the
friction against the sides, and  some resistance from the air
and from the oblique motion of the fluid in the hole.
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265. Corol. 8. The quantity run out in any time, is equal

! - . -
toa column or prism, whose base is the arca of the hole, and
its length the space deseribed in that time by the velocity
acquired by falling through the altitude of the fluid. And
the quantity is the same, whatever be the figure of the ori-
fice, if 1t is of the same area.

‘Therefore, if a denote the altitude of the fluid,

and A the area of the orffice,

also 'g = 16, feet, or 193 inches:
then 24 /lag will be the quantity of water discharged in a
second of time ; or nearly 8.'-4# a cubic feet, when « and A
are taken in feet.

So, for example, if the height @ be 25 inches, and the
orifice & =1 square inch; then 2k / Lag =2 /25 x 193 =
139 cubic inches, which is the quantity that would be dis-
charged per sccond.

SCHOLIU M.

266. When the orifice 1s in the side of the vessel, then‘the
velocity is different in the diflerent parts ot the hole, being
less in the upper parts of it than in the lower.  However,
when the hole 1s but small, the difference is inconsiderable,
and the altitude may be estimated trom the centre to obtain
the mean velocity.  But when the orifice is pretty large, then
the mean velocity is to be more accurately computed by
other principles, given in the next proposition.

267. It is not to be expected that experiments, as to the
quantity of water run out, will exactly agree with this theory,
both on account of the resistance of the air, the resistance of
the water against the sides of the oritice, and the oblique
motion of the particles of the water 1 entering it.  For, it
is not merely the particles situated immediately in the column
over the hole, which enter it and issue forth, as it that column
only were in motion; but also particles from all the sur-
rounding parts of the fluid, which is in a commotion quite
around ;-and the particles thus entering the hole in all direc-
tions, strike against each other, and 1mpede one another’s
motion : from which it happens, that it is the particles in the
centre of the hole only that issue out with the whole velo-
city due to the entire hecight of the fluid, while the other
particles towards the sides of the orifices pass out with de-
creased velocities; and hence the medium velocity through
the orifice, is somewhat less than that of a single body only,
urged with the same pressure of the superincumbent column
of the fluid. And cxperiments on the quantity of water
discharged through apertures, show that &e quantity must
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be diminished, by those causes, rather more than the fourth
part, when the orifice is small, or such as to make the mean
velocity nearly c?lual to that in a body falling through £ the
height of the fluid above the orifice. If the velocity be taken
as that due to the whole altitude above the orifice, then in-
stead of the arca of the orifice, the area of the contracted
vein at a small distance from it must be taken. Sec Gre-
gory’s Mechanics and Bossut’s Iydrodynamique.

268. Experiments have also been made on the extent to
which the spout of water ranges on a horizontal plane, and
compared with the theory, by calculating it as a projectile
discharged with the velocity acquired by §escending through
the height of the fluid. For, when the aperture is in the
side of the vessel, the fluid spouts out horizontally with a
uniform velocity, which, combined with the perpendicular
velocity from the action of gravity, causes the jet to form
the curve of a parabola. Then
the distances to which the jet will
spout on the horizontal plane Be,
will be as the roots of the rect-
angles of the segments ac . cB
AD . DB, AE. EB. For the spaces
BF, BG, arc as the times and hori-
zontal velocitics ; but the velocity
is as 1/Aac; and the time of the
fall, which is the same as the time
of moving, is as .’cn; therefore the distance BF is as
+’ac. cn . and the distance ne as  /ap . be.  And hence,
if two holes are made cquidistant from the tep and bottom,
they will project the water to the same distance; for if Ac=
£, then the rectangle ac . cn is equal the rectangle AE . EB:
which makes BF the same for hoth. Or, if on the diameter
AB a semicircle be described ; then, because the squares of
the ordinates cH, pI, EE are cqual to the vectangles Ac . En,
&c.; therefore the distances BF, BG are as the ordinates cH,
p1. And hence also it follows, that the projection from the
middle point b will be farthest, for p1 1s the greatest or-
dinate. ‘

These are the proportions of the distances; but for the
absolute distances, it will be thus. The velocity _thmuﬁh
any hole ¢, is such "as will carry the water horizonta ?r
through a space equal to 2ac in the time of falling through
Ac: but, after quitting the hole, it describes a parabola, and
comes to F in (tlbe time a body will fall through cr; and
to find this distance, since the times are as the roots of
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the spaces; therefore +/ac : cn :: 8Ac : 8 V/AC . OB =
2cH = BF, the space ranged on the horizontal plane. And
the greatest range Bc = 2pI, or 2ap, or equal to An.

And as these ranges answer very nearly to the experi~
ments, this confirms the theory, as to the velocity assigned.

269. Pror. [fa notch or slit £n in form of a parallelogram,
be cut in the side of a vessel, full of water, Ap ; the quantity
of water flowing through it, will be 2 of the quantity flowing
through an equal orifice, placed at the whole depth ¢, or
at the base GH, in the same time; it being supposed that the
vessel is always kept full.

For the velocity at GH is to the velo-
city at 1L, as v EG to +/EI; that is, as
GH or IL to IK, the ordinate of a para-
bola ExH, whose axis is Ec. Therefore
the sum of the velocitics at all the points
1, is to as many times the velocity at ¢,
as the sum of all the ordinates 1K, to the
sum of all the 1L’s; namely, as the area
of the parabola EcH, is to the area Ecur; that is, the
quantity running through the notch Ln, is to the quantity
running through an equal horizontal arca placed at cu, as
EGHKE, to EGHF, or as 2 to 3; the arca of a parabola being
% of its circumscribipg parallelogram.

Corol. 1. The mean velocity of the water in the notch, 1s
cqual to 3 of that at cu.

“orol. 2. The quantity flowing through the hole 16HL, is
to that which would flow through an cqual orifice placed as
low as GH, as the parabolic frustum IGHK, is to the rectangle
16uL. This appears from the demonstration.

OF PNEUMATICS.

270. PxeumaTics is the science which treats of the pro-
perties of air, or clastic fluids.

271. Pror. Air is a fluid body; which surrounds the earth,
and gravitates on all parts of its surface.

Tﬁese properties of air are proved by exgerience.—-—That
it s a fluid, is evident from its easily yielding to any the
least force impressed on it, without making a sensible re-
sistanoce.

But when it is moved briskly, by any means, as by a fan
or a pair of bellows; or when any body is moved ver
briskly through it; in these cases we become sensible of 1t
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as a body, by the resistance it makes in such motions, and
also by its impelling or blowing away any light substances.
So that, being capable of resisting, or moving other bodies,
by its impulse, it must itself be a body, and be heavy, like
ai)l' other bodies, in proportion to the matter it contains; and
therefore it will press on all bodies that are placed under it.

Also, as it is a fluid, it spreads itself all over on the earth ;
and, likc other fluids, it gravitates and presses every where
on the earth’s surface.

272. The gravity and pressure of the air
are also evident {from many expcriments.
Thus, for instance, if water, or quicksilver,
be poured into the tube Acg, and the air be
suﬁ{:l’-ed to press on ity in both ends of the
tube, the flaid will rest at the same height in
both legs: but if the air be drawn out of one
end as i, by any means; then the air press-
ing on the other end a, will press down the
fluid in this leg at B, and raise it up in the other to o, as
much higher than at B, as the pressure of the air is equal
to. I'rom which it appears, not only that the air does
really press, but also how much the intensity of that
{)rva.sure is cqual to. And this i1s the principle of the

arometer.

273, Pror. The air is also an clastic fluid, being con-
densible and expansible : and the Jaw it observes is this, that
its density and clasticity are proportional to the force or
weight which compresses it.

‘T'his property of the air is proved by many experiments.
Thus, it the handle of a syringe be pushed nward, it will
condense the inclosed air into less space, thereby showing its
condensibility.  But the included air, thus condenseci is
felt to act strongly against the hand, resisting the force com-
pressing it more and more; and, on withdrawing the hand,
the handle is pushed back again to where it was at first.
Which shows that the air is elastic.

274. Again, fill a strong bottle half full of
water ; then insert a small glass tube mto
it, putting its lower end down near to the
bottom, and cementing it very close round
the mouth of the bottle. T.-Ken, if air be
strongly injccted through the pipe, as by
-blowing with the mouth or otherwise, 1t
will pass through the water from the lower
end, ascending igto the parts before occu-
pied with air at B, and the whole mass of
air become there condensed, because the
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water is not compressible into a less space. But, on removing
the force which injected the air at a, the water will begin
to rise from thence in a jet, being pushed up the pipe by the
increased elasticity of the air B, by which it presses on the
surface of the water, and forces it through the pipe, till as
much be expelled as there was air forced in; when the nir at
B will be reduced to the same density as at first, and, the
balance being restored, the jet will cease.

275. Likewise, if into a jar of water
AB, beinverted an empty gf’nss tumbler
cp, or such-like, the mouth downward ;
the water will enter it, and partly fill
it, but not near so high as the water in
the jar, compressing and condensing
the air into a less space in the upper
parts ¢, and causing the glass to maic a
sensible resistance to the hand in push-
ing it down. Then, on removing the hand, the clasticity of
the internal condensed air throws the glass up again. All
these showing that the air is condensible and clastic.

276. Again, to show the relation of the
elasticity to the condensation: take a long A
crooked glass tube, cqually wide throughout, K
or at least in the part 8o, and open at a, but
close at the other end . Pour in a litde
uicksilver at a, just to cover the bottom to
the bend at ¢p, and to stop the communica-
tion between the external air and the air in
Bp. Then pour in more quicksilver, and g B
mark the corresponding heights at which it gf i
stands in the two Jegs: so, when it rises to 4J
H in the open leg ac, letit rise to Ein the €
close one, reducing its included air from the
natural bulk 8D to the contracted space Bk, by the pressure
of the column He; and when the quicksilver=stands at 1 and
K, in the open leg, let it rise to Fand ¢ in the other, reducing
the air to the respective spaces ®F, BG, by the weights of the
columns 1f, xg. Then it is always found, within moderate
limits, that the condensations and clasticities are as the com-
pressing weights and columns of the quicksilver, and the
atmosphere together.  So, if the natural bulk of the air np
be compressed into the spaces sE, BF, B, which arc 3, 3, |
of BD, or as the numbers 3, 2, 1; then the atmosphcere,
ther with the corresponding columns e, If, xg, are also
found to be in the same proportion reciprocally, viz. as §, 1,
1, or as the numbers 2, 3, 6. And then He = 1A, 1f = a,
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and kg = 84; where ais the weight of the atmosphere. Which
show that the condensations are directly as the compressing
forces. And the elasticities are in the same ratio, since the
columns in ac are sustained by the elasticities in sb.

From the foregoing rincipﬁ;s may be deduced many use-
ful remarks, as in the following corollaries, viz.

277. Corol. 1. The space in
which any quantity of air is con- A
fined, 1s rocipruc-afly as the force E A
that compresses it.  So, the forces - <
which confine a quantity of air in bt
the cylindrical spaces ag, B, co, B--
are reciprocally as the same, or T
reciprocally’as the heights Au, 8D,
¢p.  And therefore if to the two
{)erpendicular lines pa, pH, as asymptotes, the hyperbola 1xr
e deseribed, and the ordinates a1, 3k, cL be drawn; then
the forces which confine the air in the spaces ac, BG, ca,
will be directly as the corresponding ordinates  ar, Bk, CL,
since these are reciprocally as the abscisses AD, BD, CD,
by the nature of the hyperbola.

Corol. 2 All the air near the earth is in a state of com-
pression, by the weight of the incumbent atmosphere.

Corol. 3. The air is denser near the ecarth, than in high
places; or denser at the foot of a mountain, than at the top
of it.  And the higher above the earth the less dense it is.

Corol 4. The spring or elasticity of the air, is equal to
the weight of the atmosphere above it; and they will pro-
duce the same effects: since they always sustain and balance

.each other.

‘orol. 5. If the density of the air be increased, preserving
the same heat or temperature, its spring or elasticity i~ also
increased, and in the same proportion.

Corol. 6. By the pressure and gravity of the atmosphere,
on the surface of fluids, the fluids are made to rise in any
pipcs or vessels, when the spring or pressure within is de-
creased or taken off.

278. Pror. Heat increases the elasticity of the air, and
cold diminishes it. Or, heat expands, and cold condenses
the air.

This property is also proved by experience.

Thus, tie a bladder very close with some air in it; and
lay it before the fire: then as it warms it will more and more
distend the bladder, and at last burst it, if the heat be con-

VOL. II. s
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tinued, and increased high enough. But if the bladder be
removed from the fire, as it cools it will contract again, as
bttore.  And it was on this principle that the first air-bal-
loons were made by Montgolfier: for, by heating the air
within them, by a fire bencatli, the hot air distends them to
a size which occupies a space in the atmosphere, whose weight
of common air exceeds that of the balloon.

Also, i a cup or glass, with a httle air in it, be inverted
into a vessel of water; and the whole be heated over the fire,
or otherwise; the air in the top will expand till it fill the
glass, and expel the water out ot it ; and part of the air itself
will tullow, by continuing or micreasing the licat.

Many other experiments, to the same eftect, might be ad-
duced, all proving the properties mentioued in the proposi-
tion.

SCHOLIUN.

R79. So that, when the force of the elasticity of air is con-
sidered, regard must be bad to its heat or temperature ; the
same quantity of air being more or less elastic, as its heat is
more or less.  And it has been found, by experiment, that
the elasticity is increased by the 435th part, tor each degree
of heat, of which there are 180, between the freezing and
boiling hcat of water, in Fahrenheit’s thermometer.

N. B. Water expands about the . 7 . part, with cach
degree of heat. (Sir Geo. Shuckburgh, Philos. | rans. 1777,
p- 560, Xc.)

Also, the
Spec. grav. of air 1'201 or T} 1\\'hcn the barom. i1s 29+5,
water 1000 | and the therm.is 55°
mercury 18592 s which are their mean heights
in this country.
" 000 17
Or thus, ::‘:!:rgg’-]‘:)lﬂ(])' “whien the baron. s 50,

. and thermometer 55,
mercury 13600 }

280. Pror. 'The weight or pressure of the atmosphere,
on any base at the canihy’s surface, is equal 1o the weight of
a column of quicksilver, of the same base, and the height of
which is beiween 28 and 31 inches.

This is proved by the barometer, an instrument which
meusures the pressure ol the air, and which is described
Lelow (art. 302). For, at some scasons, and in some places,
the air sustains and balances a column of mercury, of about
28 inches: but at other times it balances a column of 29, or
30, or near 31 inches high; seldom in the extremes 28 or
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81, but commonly about the means 29 or 30. This varia-
tion depends partly on the different degrees of heat in the
air near the surface of the earth, and partly on the commo-
tions and changes in the atmosphiere, from winds and other
causes, by which it is accumulated in some places, and de-
pressed in others, being thereby rendered denser and heavier,
or rarer and lighter; which changes in its state are almost
continually happening in any one place. But the medium
state is commonly about 29} or 30 inches.

281. Corol. 1. Hence the pressure of the atmosphere on
every square inch at the earth’s surface, at a medium, is very
near 15 pounds avoirdupois, or rather 142 pounds. For, a
cubic foot of mercury weighing 18600 ounces nearly, an inch
of it will weigh 7-866 or glmost 8 ounces, or ncarly half a
pound, which is the weight of the atmosphere for every inch
of the barometer on a base of a square inch; and therefore
30 inches, or the medium hecight, weighs very near 141
pounds.

282. Corol. 2. Hence also the weight or pressure of the
atmosplierc, is equal to that of a column of water from 32
to 35 feet high, or on a medium 83 or 34 feet high. For,
water and quicksilver are in weight nearly as 1 to 13-6; so
that the asmosphere will balance a column of water 13-6
tilnes as high as one of quicksilver; consequently

136 times 28 inches = 381 inches, or 312 feet,
13:6 times 29 inches = 39% inches, or 32 feet,
136 times 30 inches = 408 inches, or 34 feet,
13-6 times 81 inches = 422 inches, or 85 fect.

And hence a common sucking pump (art. 292) will not
raise water higher than about 33 or 34 feet.  And a siphon
will not run, if the perpendicular height of the tep of it be
more than about 33 or 34 feet (art. 201).

283. Corol. 3. If the air were of the same uniform density
at every height up to the top of the atmosEhcro, as at the
surface of the carth ; its height would be about 5% miles at
a medinm. For, the weights of the same bulk of air and
water, are ncarly as 1:222 to 1000; therefore as 1-222:
1000 : : 832 feet: 27600 feet, or 51 miles nearly. And so
high the atmosphere would be, if it were komogencous, or
allFof uniform density, like water. But, instead of that, from
its expansive and elastic quality, it becomes continually more
and more rare, the farther above the carth, in a certain pro-
portion, which will be treated of below, as also the method

of measurina heichts by the barometer, which depends on it.
52
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284. Corol. 4. From this proposition and the last it fol-
lows, that the height is always the same, of a komogeneous
atmosphere above any place, which shall be all of the uni-
forn density with the air there, and of equal weight or
pressure with the real height of the atmosphere above that
place, whether it be at the same place, at different times,
or at any different places or heights above the earth; and
that height is always about 5% miles, or 27600 feet, as abave
found. For, as the density varies in exact proportion to the
weight of the column, therefore it requires a column of the
same height in all cases, to make the respective weights or
pressures.  Thus, if w and 2 be the weights of atmosphere
above any places, b and d their densities, and u and £ the
heights of the uniform columus, of the same densities and

3

. W
weights; then 1 x D = w, and b x d = w: therefore 5

. w .
or H is equal to q o h: the temperature being the same.

285. Pror. With regard to the atmosphere, at different
heights above the earth, this law obtains that when the heights
increase in arithmetical progression, the densitics decrease in
geometrical progression.

Let the indefinite perpendicular  line  ar, “l'
erccted on the earth, be conceived to be divided
into a great number of very small equal parts,
A, B, ¢, D, &eo forming so many thin strata of
air in the atmosphere, all of ditferent density,
gradually decreasing from the greatest at a:
then the densty of the seveial strata a, B, ¢,
p, &ec. will be In geometrical progression de-
creasing.

For, as the strata a, n, ¢, &c. are all of cqual
thickness, the quantity of matter in cach of them, is as the
density there; but the density in any one, being as the com-
pressing force, is as the,weig]nt or quantity of ali the matter
from that place upward to the top of the atmosphere ; there-
fore the quantity of matter in each stratum, is also as the
whole quantity from that place upward. Now, if from the
whole weight ut any place as b, the weight or quantity in the
stratum B be subtracted, the remainder is the weight at the
next stratum ¢ ; that is, from each weight subtracting a part
which is proportional to itself, leaves the next weight; or,
which is the same thing, from each density subtracting a part
which is proportional to itself, leaves the next density. But




DENSITY OF THE ATMOSPHERE. 261

when any quantities are continually diminished by parts
which are pro_portiona] to themselves, the remainders form a
series of continued proportionals: consequently these den-
sities are in geometrical progression.

Thus, if the first density be b, and from each be taken

. . N | m
its nth part; there will then remain its 5 part, or the .

part, putting m for n — 1; and therefore the series of den-

.. ] m m: wm' m .

sities will be b, —p,—p,- ,p, -, D, &c. the common ratio
n Cni ' m

of the serics being that of 2 o m.

SCHOLIUM.

286. Because the terms of an arithinetical series, are pro-
portional to the logarithms of the terms of a geometrical
series : therefore different altitudes above the earth’s surface,
are as the logarithms of the densities, or of the weights of
air, at those altitudes.

So that, if’ p denote the density at the altitude 4,

and d - the density at the altitude a;
then a being as the log. of v, and @ as the log. of d,

e . D

the dif. of alt. A —a will be as the log. » — log. d, or log. - I
B (

Aud if A = 0, or b the density at the surfuce of the carth ;

. . . D
then any altitude above the surface «, is as the log: uf'-d—.

. D, . .
Or, if general, the log. of PR the altitude of the oue

pIacc above the other, whether the lower place be at the sur-
face of the carth, or any where clse.

And from this property is derived the method of deter-
mining the heights of mountains and other eminences, by the
barometer, which (art. 302) is an instrument that measures
the pressure or density of the air at any place. For, by taking,
with this instrument, the pressure or density, at the toot of
a hill for instance, and again at the top of it, the difference
of the logarithms of these two pressures, or the logarithm
of their quotient, will be as the difference of altitude, or as
the height of the hill ; supposing the temperatures of the air
to be the same at both places, and the gravity of ajr not
altered by the different distances from the earth’s centre.

287. But as this formula expresses only the relations be-
tween different altitudes with respect to their densities, re-
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oourse must be had to some experiment, to obtain the real
altitude which corresponds to any given density, or the
density which corresponds to a given altitude. And there
are various experiments by which this may be done. The
first, and most natural, is that which results from the known
specific gravity of air, with respect to the whole pressure of
the atmosphere on the surface of the earth. Now, as the alti-

tude ais always as log. -:—;— ; assume ) so thata =k X log. —:;—

where 4 will be of one constant value for all altitudes; and
to determine that value, let a case be taken in which we know
the altitude a corresponding to a known density d; as for
instance, take a = 1 foot, or 1 inch, or some such small al-
titude; then, because the density n may be measured by the
pressure of the atmosphere, or the unitorm column of 27600
feet, when the temperature is 5305 therctore 27600 feet will
denote the density p at the lower place, and 27599 the less
27600
% l()g. m;
v — A 43420448
Ty = %X 793600

density dat1foot aboveit ; consequently 1 =/
which, by the nature of logarithms, is nea

= =——— ncarly; and hence &2 = 63551 feet; which gives
63551 " : BrVes,
for any altitude in gencral, this theorem, viz. @ = 63551 x
D Y M

log. —, or = 63551 x log. - feet, or 10592 x log. —-
g - " m ? 5

fathoms: where a1 is the colummn of mercury which is equal
to the pressure or weight of the atmosphere at the bottom,
and m that at the top of the altitude «; and where M and m
may be taken in any measure, cither feet or inches, &ec.

288. Note, that this formula is adapted to the mean tem-
perature of the air 55°.  But, for cvery degree of tempera-
ture differcat from this, 0 the medium between the tem-
peratures at the top and bottom of the altitude a, that alti-
tude will vary by its 435th part; which must be added, when
that medinm exceeds 359, otherwise subtracted.

Note, also, that a colunm of 30 inches of mercury varies
its length by about the 415 part of an inch for every degree
of heat, or rather ;' of the whole volume.

289. But the formula may be rendered much more con-
venicnt for use, by reducing the factor 10692 to 10000, by
changing the temperature proportionally from 55°; thus,
a4 the diff. 592 is the 18th part of the whole factor 10592 ;
and as 18 is the 21th partof 435 ; thereforc the correspond-
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ing change of temperature is 24°, which reduces the 55 to
310, 8o that the formula is, a = 10000 x log.—:’i:- fathoms,

when the temperature is 31 degrees; and for every degree
above that, the result is to be increased by so many times its
435th part.

290. Taking, instead of the logarithms, the first term of

. . . - n .
the logarithmic scries, we have 55000 . oy for the altitude

in feet: B and b, being the heights of the barometrical co-
lumns observed at the bottom and top of the hill.  "This
formula is for the mean temperature 53°, and is casily re-
membered because the cffective figures of the co-efficient are
also 33.  The reductions for any other temperature are the
same as in the logarithmice rule.

Exam. L. To find the height of a hill when the pressure
of the atmosphere is equal to 29 68 inches of mercury at the
bottom, and 23°88 at the top; the mean temperature being
50°? Ans 1378 feet, or 750 fathoms.

Exay. 2 o find the heght of a hill when the at-
mosphere weighs £9°45 inches of mercury at the bottom,
and 26-82 at the top, the mean temperature being 80 ?

Aus. 2885 feet, or 397! fathoms.

Exam. 8. At what altitude 1s the density of the atmo-

sphere only the 4th part of what it 1s at the carth’s surface ?
Ans. G020 fathoms.

By the weight and pressure of the atmosphere, the effect
and operations of pneumatic cagines may be accounted for,
and explamned ; such as siphons, pumps, barometers, &ec. ;
of whicll it will be proper here to give a brief description.

OF THLE SIPHON.
201. A Siphon, or Syphon, is any

bent tube, having its two legs cither of
equal or of unequal length.

If it be filled with water, and then
inverted, with the two open ends
downward, and held level in that
sition; the water will remain suspems):ci
in it, if the two legs be equal. For
the atmosphere wilfg press equally on &
the surface of the water in cach end, & Nt
and support them, if they are not more than 84 feet high;
and the legs being equal, the water in them is an ecxact
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counterpoise by their equal weights; so that the one has na
Jpower to move more thau the other; and they are both sup-
ported by the atmosphere.

But if now the siphon be a little inclined to onc side, so
that the orifice of one end be lower than that of the other;
or if the legs be of unequal length, which is the same thing;
then the equilibrium is destroyed, and the water will all fe-
scend out by the lower cnd, and rise up in the higher.
For, the air pressing equally, but the two ends weigglin
unequally, a motion must commence where the power 1s

atest, and so continue till all the water has run out by the
ower end. And if the shorter leg be immersed into a vessel
of water, and the siphon be set running as above, it will
continite to run till all the water be exhausted from the
vessel, or at least as low as that end of the siphon.  Or, it
may be set running without filling the siphon as above, by
only inverting it, with its shorter leg into the vessel of water 5
then, with the mouth applied to the lower orvifice A, suck
out the air; and the water will presently follow, being foreed
up into the siphon by the pressure of the air on the water in
the vecsel.

If a siphon be fixed in a vessel of water capable of rota-
tion upon a verucal axis, and the orifice be lateral instead of
at the r)?)ttom of the pipe, the reaction may be advantageously
employed as a motive force.  This is the principle of Mr.

Busby’s Hydraulic Orrery.

OF THE PUMP.

202, Tnrre are three sorts
of pumps: the Sucking, the
Lifting, and the Forcang Pump.
By the tirst, water can be raised
only to about 33 feet, viz. by
the pressure of the atmosphere ;
but by the others, to any height ;
but then they require more ap~
paratus and power.

The annexed figure represents
a common sucking pump. AB
is the barrel of the pump, being
a hollow cylinder, made of me-
tal, and smooth within, or of
wood for very common pur-
poses. cp is the handlc, move-
able about the pin E, by moving
the end ¢ up and down. bDF
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an iron rod turning about a pin b, which connects it to the
end of the handle.  This-rod is fixed to the piston, bucket,
or sucker, Fa, by which this is moved up and down within
the barrel, whicg it must fit very tight and close, that no air
or water may pass between the piston and the sides of the
barrel; and for this purpose it is commonly armed with
leather. 'The piston is made hollow, or it has a perforation
through it, the orifice of which is covered by a valve n
opening upwards. 1 1s a plug firmly fixed in the lower part
of the barrel, also perf'orateﬁ, and covered by a valve k
opening upwards.

293. When the ()ump is first to be worked, and the water
is below the plug 1; raise the end c of the handle, then the
piston descending, compresses the air in 1, which by its
spring shuts fast the valve x, and pushes up the valve =,
and so enters into the barrel above the piston. Then put-
ting the end ¢ of the handle down again, raises the piston
or sucker, which lifts up with it the column of air above it,
the external atmosphere by its pressure keeping the valve u
shut: the air in the barrel being thus exhausted, or rarefied,
is no longer a counterpoise to that which presses on the sur-
face of the water in the well; this is forced up the pipe, and
through the valve k, into the barrel of the pump. Then
rushing the piston dowh again into this water, now in the
»arrel, its weight shuts the lower valve k, and its resistance
forces up the valve of the piston, and enters the upper part
of the barrel, above the piston.  Then, the bucket-being
raised, lifts up with it the water which had passed above its
valve, and it runs out by the cock L; and taking off the
weight below it, the pressure of the external atmosphere on
the water in the well again forces it up through the pipe and
lower valve close to the piston, all the way as it ascends,
thus keeping the barrel always full of water.  And thus, by
repeating the strokes of the piston, a continued discharge is
made at the cock L.

294. There is a farther limitation of the operation, than
that which relates to the 33 feet. If the elastic force of the
air within the tube joined to the weight of water in the tube
equal the pressure of the atmosphere, the water cannot rise
in the pump. To prevent this, the product of the stroke of
the piston into 33 must always exceed the square of half the

reatest altitude of the piston above the su:?ace of the water
in the well. Otherwise diminish the diameter of the sucking-
pipe proportionally. -
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OF THE AIR-PUMP.

295. NEaRLY on the same principles as the water-pump,
is the invention of the air-pump, by which the air is drawn
out of any vessel, like as water is drawn out by the former.
A brass barrel is bored and polished truly cylindrical, and
exactly fitted with a turned piston, so that no air can pass by
the sides of it, and furnished with a proper valve opening
upward. Then, by lifting up the piston, the air in the close
vessel below it follows the piston, and fills the barrel; and
being thus diffused through a larger space than before, when
it occupied the vessel or receiver ouly, but not the barrel,
it is made rarer than it was before, in proportion as the ca-
pacity of the barrel and receiver together exceeds the re-
ceiver alone. Another stroke of the piston exhausts another
barrel of this now rarer air, which again rarefies it in the
same proFortion as before. And so on, for any number of
strokes of the piston, still exhausting in the same geometri-
cal progression, of which the ratio is that which the capacit
of the receiver and barrel together eaceeds the receiver, tiﬁ
this is exhausted to any proposed degree, or as far as the na-
ture of the machine is ca )abll" of performing ; which happens
when the elasticity of the 'mclu(s)ecd air is so far dimimu‘md,
by rarefying, thatit is too feeble to push up the valve of the
piston, and escape.

296. From the nature of this exhausting, in geometrical
progression, we may casily find how much the airin the re-
ceiver is rarcfied by any number of strokes of the piston; or
what number of such strokes is necessary, to exhaust the re-
ceiver to any given degree. Thus, if the capacity of the
receiver and barrel together, be to that of the recciver alone,
aﬂs‘ ¢ to r, and 1 denote the natural density of the air at first;

en

r . .
c:r::1: < the density after 1 stroke of the piston,

r r .

cirii_ the density after two strokes,
” 7 .

c:7::—: —, the density after three strokes,

>}

&ec., and %:—, the density after 7 strokes.
So, if the barrel be equal to 4 of the recédiver; thenc: r:
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65:4; and ;7 = 0-8* is = d the density after » turns. And

if # be 20, then 0-8% = 0115 is the density of the included
air after 20 strokes of the piston; which being the 867 part
of 1, or the first density, it follows that the air is 86,7, times
rarefied by the 20 strokes.

297. Or, if it were required to find the number of strokes
necessary to rarefy the air any number of times; because
"
Z—,— is = the proposed density d; therefore, taking the loga-
. 3 .d
rithms, n x log. —f =log.d, and n = l—l:—_—éin, the number
of strokes required. So if r be 4 of ¢, and it be required
to rarefy the air 100 times : then ¢ = '5 or “01 ; and hence
log. 100
L5 — 1.4
air will be rarefied 100 times.

n = = 20} nearly. So that in 20} strokes the

OF THI DIVING BELL AND CONDENSING
MACHINE.

298. On the same principles too depend the operations
and cffect of the Comﬁ'nsiug Engine, by which air may be
condensed to any degree, instead of rarefied as in the air-
pump. And, like as the air-pump rarefies the air, by ex-
tracting always one barrel of air after another; so, by this
other machine, the air is condensed, by throwing in or
adding always one barrel of air after another; which it is
evident may be done by only turning the valves of the pis-
ton and barrel, that is, making them to open the contrary
way, and working the piston in the same manner; so that,
as they both open uEward or outward in the air-pump, or
rarefier, they will both open downward or inward in the con-
denser.

299. And on the same principles, namely, of the com-
ression and elasticity of the air, depends the use of the
f)iving Bell, which is a large vessel, in which a person de-
scends to the bottom of the sea, the open end of the vessel
being dowmward ; only in this case the air is not condensed
by forcing more of it 1nto the same space, as in the condens-
ing engine ; but by compressing the same guantity of air into
a fess space in the bell, by increasing always the force which

compresses it,  °
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800. If a vessel of any sort be inverted into water, and
‘pushed or let down to any depth; then by the pressure of
the water some of it will ascend iuto the vessel, but not so
high as the water without, and will compress the air into less
space, according to the difference between the heights of the
internal and external water ; and the deunsity and elastic force
of the air will be increased in the same proportion, as its
space in the vessel is diminished.

So, if the tube cE be inverted, and pushed down into
water, till the external water excced the internal, by the
height aAB, and the air of the tube be reduced to the space
cp; then that air is pressed both by a co-
lumn of water of thcvxei ht an, and by the
whole atmosphere which presses on the
upper surface of the water ; consequently
the space cp is to the whole space ck, as
the weight of the atmosphere, is to the
weights both of the atmosphere and the
column of water aB. So that, if an be
about 34 feet, which is equal to the force
of the atmosphere, then ¢p will be equal

i1ci; but if A» be double of that, or
68 feet, then cp will be jcE; and so on. And hence, hy
knowing the depth AF, to which the vessel is sunk. we can
casily find-the point b, to which the water will rise within
it at any time. For let the weight of the atmosphere at
that time be equal to that of 34 feet of water; also, let the
depth AF be 20 feet, and the length of the tube cE 4 feet:
then, putting the height of the internal water bk = =z,

itis 34+ aB:34::cE:cCp,

thatis 34 + AF — DB : 34 :: CE : CE — DE,

or 54 —x:34::4: 4 — x;
hence, multiplying cxtremes and mecans, 216 — 58z + x*
= 186, and the root is z = /2 very nearly = 1-414 of a
foot, or 17 inches nearly; being the height pE to which the
water will rise within the tube.

301. But if the vessel be not equally
wide throughout, but of any other
shape, as of a bell-like form, such as
is used in diving; then the altitudes
will not observe the proportion above,
but the spaces or bulks only will ac-
cord with that proportion, namely, 34
+ AR : 84 :: capacity CKL : capacity
cai, if it be common or fresh-water;
and 38 + AB : 33 :: capacity CXL:

A
G
B
¥
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capacity cHI, if it be sea-water. From which proportion,
the height pE may be found, when the nature and shape of
the vessel or bell ckL are known.

OF THE BAROMETER.

302. Tue Barometer is an instrument for measuring the
pressure of the atmosphere, and elasticity of the air, at any
time. It is commonly made of a glass tube, of ncar 3 feet
long, close at one end, and filled with mercury. When the
tube is full, by stopping the open end with the finger, then
inverting the tube, and immersing that end with the fin
into a bason of quicksilver, on removing the finger from the
orifice, the fluid in the tube will descend into the bason, till
what remains in the tube be of the same weight with a co-
lumn of the atmosphere, which is commonly between 28 and
31 inches of quicksilver ; and leaving an entire vacuum in
the upper eng of the tube above the wmercury. For, as the
upper end of the tube is quite void of air, there is no pressure
downwards but from the column of quicksilver, and there-
fore that will be an exact balance to the counter pressure of
the whole column of atmosphere, acting on the orifice of the
tube by the quicksilver in the bason. ~The upper 3 inches
of the tube, namely, from 28 to 31 inches, have a scale at-
tached to them, divided intoinches,
tenths, and hundredths, for mea-
suring the length of the column
at all times, by observing which
division of the scale the top of the
quicksilver is opposite to; as it
ascends and descends within these
limits, according to the state of the
atmosphere.

The weight of the quicksilver
in the tube, above that in the ba-
son, is at all times cqual to the
weight or pressure of the column
of atmosphere above it, and of the
same base with thetube; and hence
the weight of it may at all times
be computed ; being nearly at the
rate of half a pound avoirdupois
for every inch of quicksilver in
the tube, on every square inch of
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/bage ; or more exactly it is .22, of a pound on the square inch,

for every inch i the altitude of the quicksilver weighs just
+251b, or nearly % a pound, in the mean temperature of 55°
of heat. And consequently, when the barometer stands at
30 inches, or 21 feet high, which is nearly the medium or
standard height, the whole pressure of the atmosphiere is
equal to 141 pounds, on every square inch of the base: and
so in proportion for other heights.

Barometers are now constructed so as to be susceptible of
convenient motion from place to place without derangement ;
thus facilitating the pneumatic method of determining the
heights of hills, &c.

OF THE THERMOMETER.

803. Tas Thermometer is an instrument for measuring
the temperature of the air, as to heat and cold.

It is found by experience, that all bodies cxpand by heat,
and coutract by cold : and since the expansion 1s, to a certain
extent, uniform, the degrees of expansion become the mea-
sure of the degrees of heat. Fluids are more convenient for
this purpose than sohds : and quicksilver or mercury is now
most commonly used for it. A very fine glass tube, having
a pretty large hollow ball at the bottom,
is filled about half way up with quick-
silver : the whole being then heated
very hot till the quicksilver rise quite
to the top, the top is then hermeticall
sealed, so as perfectly to exclude aﬁ
communication with the outward air.
Then, in cooling, the quicksilver con-
tracts, and consequently its surface de-
scends in the tube, till it come to a
certain point, correspondent to the tem-
perature or heat of the air. And when
the weather becomes warmer, the quick-
silver expands, and its surface rises =
in the tube; and again contracts and
descends when the weather becomes
cooler. So that, by placing a scale of 10
an{v divisions against the side of the
tube, it will show the degrees of heat
by the expansion and contraction of
the quicksilver in the tube ; observing
at what division of the scale the top of

RN IR




BAROMETRICAT. ADMEASUREMENTS. 71

the quicksilver stands. The method of preparing the scale,
as used in England, is thus :—Bring the thermometer into
the temperature of freezing, by immersing the ball in water
just freezing, or in ice just thawing, the latter is best, and
wark the scale where the mercury then stands, for the point
of freezing. Next, immerge it in boiling water; and the
quicksilver will rise to a certain height in the tube; which
mark also on the scale, for the boiling point, or the heat of
boiling water. 'T'hen the distance between these two points,
is"divided into 180 equal divisions, or degrees ; and t{:g like
cqual degrees are also continued to any extent below the
freezing point, and above the boiling pont. The divisions
are then numbered as follows, namely, at the freezing point
is set the number 32, and consequently 212 at the ioiling
point ; and all the other numbers in their order.

This division of the scale is comtonly called Fahrenheit's.
According to this division, 55 is at the mean temperature of
the air in this country; and it is in this temperature, and in
an atmosphere which sustains a column of 80 inches of quick-
silver in the barometer, that all measures and specific gravi-
ties are taken, unless when otherwise mentioned ; and in this
temaperature and pressure, the relative weights, or specific
gravities of air, water, and quicksilver, are as

12 for air, these also are the weights of a cubic
1000 for watcr, g foot of each, in avoirdupois ounces, in
13600 for mercury ; € that state of the barometer and ther-
mometer.  For other states of the thermometer, each of
these bodies expands or contracts according to the following
rate, with each dearee of heat, viz.

Air about - i part of its bulk,

Water about % part of its bulk,

« Mercury about %, part of its bulk,

Another division is that of 100 equal degrees between the
freczing and -the boiling points, the 0 or zero being at the
former. This is called the centigrade thermometer. It is
now very cominon to put Fahrenheit’s division on the left of
the tube, and the centigrade division on the right.

ON THE MEASUREMENT OF ALTITUDES BY
THE BAROMETER AND THERMOMETER.

304. From the principles laid down in arts. 286 to 289,
concerning the measuring of altitudes by the barometer, and
the foregoing descriptions of the barometer and thermometer,
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. e may now collect together the precepts for the practice of
such measurements, which are as follow:

First. Observe the height of the barometer at the bottom
of any height, or depth, intended to be measured ; with the
temperature of the quicksilver, by means of a thermometer
attached to the barometer, and also the temperature of the
air in the shade by a detached thermometer.

Secondly. Let the same thing be done also at the top of
the said height or depth, and at the same time, or as near
the same time as may be. And let those altitudes of baro-
meter be reduced to the same temperature, if it be thought
nccessary, by correcting either the one or the other, that is,
augment the height of the mercury in the colder tempera-
ture, or diminish that in the warmer, by its ', part for
every degrce of difference.of the two.

Thirdly. Take the difference of the common logarithms
of the two heights of the barometer, corrected as above if
necessary, cutting off 3 figures next the right hand for
decimals, when the log-tables go to 7 figures, or cut off only
2 figures when the tables go to 6 places, and so on; orin

neral remove the decimal point 4 places more towards the
right hand, those on the left hand being fathoms in whole
numbers.

Fourthly. Correct the number last found for the difference
of temperature of the air, as follows: take halt’ the sum of
the two temperatures, for the mean one; and for every de-
gree which this differs from the temperature 31°, take so
many times the ;- part of the fathoms above found, and
add them if the mean temperature be above 819 but subtract
them if the mean temperature be below 31°; and the sum or
difference will be the true altitude in fathoms: or, being
multiplied by 6, it will be the altitude in feet.

Exam. 1. Let the state of the barometers and thermome-
ters be as follows; to find the altitude, viz.

Barom Thermom. ]
: attach. | detach. Ans. the alt. is
Lower29-68 57 57 720 fathoms.
Upper25-28 43 42

Exam. 2. To find the altitude, when the state of the ba-
rometers and thermometers is as follows, viz.

Barom T'hermom. , .
. attach. | detach. Ans. the alt. is
Lower29-45 38 31 409 %, fathoms,
Upper26-82 41 35 or 2458 feot.
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_ This is a highly useful method within certain limits; but
is by no means susceptible of that degree of accuracy which
many have imputed to it. .

ON THE RESISTANCE OF FLUIDS, WITH
THEIR FORCES AND ACTIONS ON BODIES.

* 805. Prop. If auy body move through a fluid at rest, or
the fluid move against the body at rest; the force or resist-
ance of the fluid against the body, will be as the square of
the velocity and the density of the fluid. That is, r & dv*.

For, the force or resistance is as the quantity of matter or
»articles struck, and the velocity with which they are struck.
hut the quantity or number ot particles struck in any time,
are as the velocity and the density of the fluid. Therefore the
resistance, or force of the fluid, is as the density and square
of the velocity. .

306. Corol. 1. The resistance to any plaae, is also more
or less, as the plane is greater or less; and thierefore the re-
sistance on any plane, 1s as the area of the plane a, the den-
sity of the medium, and the square of the velocity. That
1, R & adv®.

307. Corol. 2. If the motion be not perpendicular, but
oblique to the plane, or to the face of the bodv; then the
resistance, in the direction of motion, will be diminished in
the triplicate ratio of radius to the sine of the angle of in-
clination of the plane to the direction of the motion, or as
the cube of radius to the cube of the sine of that angle, So
that R @ advis®, putting | = radius, and s = sine of the
angle of inclination cas.

For, if AB be the plane, ac the A . _C
dircction of motion, and Bc perpen- i
dicular to ac; then no more particles
mcet the plane than what meet the
perpendicular, Bc, and thercfore their
number is diminished as A to BG or
as 1 to s. But the force to each par- ) .
ticle, striking the plane obliquely in the direction ca, 1s also
diminished as AB to Bc, oras 1 to s: therefore the resistance,
which is perpendicular to the face of the plane 1s as 1° to s°.
But again, this resistance in the direction perpendicular to
the face of the plane, is to that in the dircction ac, gy the
parallelogram aof forces, as aB to Bc, or as 1 tos.  Conse-

vOL. 11. T
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quently, on all these accounts, the resistancc to the plane
when moving perpendicular to its face, is to that when
moving obliquely, as 13 to &, or 1 to §3. "That is, the resist-
ance in the direction of the motion, is diminished as 1 to &°,
or in the triplicate ratio of radius to the sine of inclination.

308. Pror. The real resistance to a plane, from a fluid
acting in a direction perpendicular to its lfizce, is equal to the
weight of a column of the fluid, whose base is the plane, and
altitude equal to that which is due to the velocity of the mo-
tion, or through which a heavy body must fall to acquire
that velocity.

The resistance to the plane moving through a fuid, is the
same as the foree of the fluid in motion with the same velo-
city, on the plane at rest.  But the foree of the fuid in mo-
tion, 1s equal to the weight or pressure which generates that
motion; and this is equal to the weight or pressure of a
column of the fluid, whose base is the area of the plane, and
its altitude that which is due to the velocity.

309. Corol. 1. If a denote the area of the plane, v the
velocity, u the density or specific gravity of the fluid, and
1g = 16 feet, or 193 inches. Then, the altitude due to

. . T? T any’
the velocity v being 5-, therefore ¢« x n x ;- = ——
~5 ~5 ~8

will be the whole resistance, or motive force =,

810. Corol. 2. If the direction of motion be not perpen-
dicular to the face of the plane, but oblique to it, in any
angle, whose sine is s. Then the resistance to the plave will

any's®
be .

28

811. Corol. 8. Also, if w denote the weight of the body,

whose plane facé a is resisted by the absolute force r ; then

. R . anv's®

the retarding force f, or - will be P
312. Corol. 4. Aud if the body be a cylinder, whose face
or end is a, and radius 7, moving in the direction of its axis ;
because then & = 1, and a = #7%, where » = 3:141593; then

mvirt - 72
o2 will be the resisting force R, and 2w
ing force f.

313. Corol. 5.- This is the value of the resistance when
the end of the cylinder is a plane perpendicular to its axis,
or to the direction of motion. But were its face an elliptic

the retard-
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section, or & conical surface, or any other figure every where
e;lually inclined to the axis, or direction of motion, the sine
of inclination being s; then, the number of particles of the
fluid striking the face being still the same, but the force of
cach, opposed to the direction of motion, diminished in the
duplicate ratio of radius to the sine of inclination, the resist-
TRrivte?
2s

. 314. Pror. The resistance to a sphere moving through a

fluid, is but half the re-istance to its great circle, or to the
end of a cylinder of the same diameter, moving with an equal
velocity.

Let arEr be half the sphere, moving A g

in the direcion ck6. Describe the para- i
holoid A1EKB on the same base. Let any
particle of the medium meet the semicir-
cle in ¥, to which draw the tangent Fc, Ci
the radius Fc, and the ordinate Fin. Then
the force of any particle on the surface at
T, 1s to its force on the base at n, as the B
square of the sine of the angle ¢, or its
equal the angle rcn, to the square of radius, that is, as RF®
to cF . Therefore the force of all the particles, or the whole
fluid, on the whole surface, is to its force on the circle of the
base, as all the ur: to as many times c#?. But cF?is = ca’
== AC. Chy and ur’ = AH . uB by the nature of the circle:
also, AH . HB : AC . CB:: HI : CE by th. 2, parabola ; consc-
quently the force on the spherical surface is to the force on
its circular base, as all the u1’s to as many cg’s, that is, as
the content of the paraboloid to the content of its circum-
scribed cylinder, namely, as 1 to 2 (th. 18, parab.)

815. Corol. Hence, the resistance to the sphere is R =
™y T » being the half of that of a cylinder of the same dia-~

meter. For example, a 9lb. iron ball, whose diameter is
4 inches, when moving through the air with a velocity of
1600 feet per second, would meet a resistance which is equal
to a weight of 182;1b. over and above the pressure of the
atmosphere, for want of the counterpoise behind the ball.

ing force n would be

T2
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*OF THE WEIGHT AND DIMENSIONS OF
BALLS AND SHELLS.

Tue weight and dimensions of Balls and Shells might be
found from the problems given under the head of specific
gravity. But they may be found still easier by means of the
experimental weight of a ball of a given size, from the known
proportion of similar figures, namely, as the cubes of their
diameters, or like linear dimensions.

PROBLEM .
Zo find the Weight of an Iron Ball, from its Diameter.

An iron ball of 4 inches diameter weighs 9lb. and the
weights being as the cubes of the diameters, it will be, as 64
(which is the cube ot 4) is to 9 its weight, so is the cube of
the diameter of any other bali, to its weight. Or, take 2, of
the cube of the diameter, for the weight. Or, take } of the
cube of the diameter, and | of that again, and add the two
together, for the weight.

Exas. 1. The diameter of an iron shot being 6-7 inches,

required its weight ? Ans. 4:2-2041b.
Exam. 2. What is the weight of an iron ball, whose dia-
meter is 5-5 ¢ inches ? Ans. 24b. ncarly.

PROBLEM 11.
T'o find the Weight of a Leaden DBall.

A leaden ball of 1 inch diameter weighs 3 of alb. ; there-
fore as the cube of 1 is to 2, or as 14 1s to 3, so is the cube
of the diameter of a leaden fmll, to its weight.  Or, take
of the cube of the diameter, for the weight, nearly.

Exasm. 1. Required the weight of a lcaden ball of 66
inches diameter ? Ans. 61-60Glb.

Exam. 2. What is the weight of a leaden ball of 5:30
inches diameter ? Ans. 32lb. nearly.

Exaum. 3. How many shot, each J!; of an inch diamcter,
. may be made out of 10lb. of lcad ? Ans. 2986667.

PROBLEM I1I
To find the Diamcter of an Iron Ball.

Multiply the weight by 73, and the cube root of the pro-
duct will be the diameter. -
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Jixam. 1. Required the diameter of a 421b. iron ball ?
Ans. 6685 inches.
ExaM. 2. What is the diameter of a 24lb. iron ball ?
Ans. 5°54 inches.

PROBLEM 1V.
To find the Diameter of ¢ Leaden Ball.

Multiply the weight by 14, and divide the product by 3;
then the cube root of the quoticnt will be the diameter.
Exam. 1. Required the diameter of a 64lb. leaden ball ?
Ans. 6-684 inches.
Exas. 2. What is the diameter of an 8lb. leaden ball ?
. Ans. 3343 inches.

PROBLEM V.
To find the Weight of an Iron Shell.

Take 2; of the difference of the cubes of the external and
internal diameter, for the weight of the shell.

‘I'bat iy, from the cube of the external diameter, take the
cube of the internal diameter, multiply the remainder by 9,
and divide the product by 64.

EExam. 1. The outside diameter of an iron shell being 12:8,
and the inside diamcter 9°1 inches; required its weigﬁt?

Ans. 188-9411b.

Exam. 2. What is the weight of an iron shell, whose ex-
ternal and internal diameters arc 98 and 7 inches ?

Ans. 84;1b.

PROBLEM VI.
To find how much Powder will fill a Shell.

Divide the cube of the internal diameter, in inches, by
573, for the lbs. of powder®.

* This and the following are only approximative rules, founded
upon the supposition that, at 8 medium, 30 cubic inches of gun-
powder weigh a pound. Of 18 different kinds of gunpowder
used in the Royal Laboratory, Woolwich, the weights vary from
581b. loz. to 491b. 130z. per cubic foot, and the specific gravi-
ties, conscquently, from 929 to 727. The specific gravity of
French gunpow«ft':r usually lics between narrower limits ; viz.
those of 941 and«897.
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‘Exam. 1. How much powder will fill a shell whose in-

tetnal diameter is 91 inches ? Ans. 18%1b. nearly.
ExaM. 2. How much powder will fill a sheéll whose in-
ternal diameter is 7 inches ? Ans. 6lb.

PROBLEM VII.
To find how muck Powder will fill a Rectangwiar Box.

Find the content of the box in inches, by multiplying the
length, breadth, and depth altogether. ‘{cfn divide by 30
for the pounds of powder.

Exam. 1. Be%t;red what quantity of powder will fill a
box, the length being 15 inches, the breadth 12, and-the
depth 10 inches ? Ans. 60lb.

Exay. 2. How wuch powder will fill a cubical box whose
side is 12 inches? Ans. 5731b.

PROBLEM VIII.
To find how much Powder will fill a Cylinder.

Multiply the square of the diameter by the length, then
divide by 382 for the pounds of powder.

Exax. 1. How much powder will the cylinder hold,
whose diameter is 10 inches, and length 20 inches ?

Ans. 52}1b. nearly.

Exam. 2. How much powder can be contained in the

cylinder whose diameter is 4 inches, and length 12 incheaﬁ)

Ans. 5.3.1b.

PROBLEM xx.j
To find the Sizc of a Shell to contain a given Weight of
* Powder.
Multiply the pounds of powder by 57-3, and the cube
root of the product will be the diameter in inches.
Exam. 1. What is the diameter of a shell that will hold

13:1b. of powder ? Ans. 91 inches.
Exam. 2. What is the diameter of a shell to contain Glb.
of powder ? Ans. 7 inches.

PROBLEM X.
To find the Size of u Cubical Box, to contain a given
JW’cigM of Powder. T
“Multiply the weight in pounds by 30, and the cube root
ofthe produét will be the side of the box in inches.
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Exam. 1. Required the side of a cublcal box, to hold 501b.

of gunpowder ? Ans. 11-44 inches.
Exam. 2. Required the side of a cubical box, to hold
400lb. of gunpowder ? Ans, 22:89 inches.

PROBLEM XI.

T'o find what Length of a Cylinder will be filled by a given
'chight qu Gunpowder. Siled by g'.

Multiply the weight in pounds by 382, and divide the
])roduct by the square of the diameter in inches, for the
ength,

Exam. 1. What length of a 36-pounder gun, of 63 inches
diameter, will be filled with 12Ib. of gunpowder?

. Ans. 10-314 inches.

Exawn. 2. What length of a cylinder, of 8 inches diameter,
may be filled with 201b. of powder ? Ans. 11! § inches.

OF THY PILING OF BALLS AND SHELLS.

Iron Balls and Shells are commonly piled by horizontal
coursus, cither in a pyramidical or in a wedge-like form ; the
base being cither an cquilateral triangle, or a square, or a
rectangle.  In the triangle and square, the pile ﬁ]nishcs ina
single ball ; but in the rectangle, it finishes in a single row
of balls, like an edge.

In triangular and square piles, the number of horizontal
rows, or courscs, is always equal to the number of balls in
one side of the bottom row. And in rectangular piles, the
number of rows is cqual to the number of balls in the breadth
of the bottom row. Also, the number in the top row, or
edge, is onc more than the difference between the length and
breadth of the bottom row. A rule or two on this subject
have been given in the first volume: the substauce of them
is repeated here, with a few additional rules.

PROBLEM I.
To find the Number of Balls in a Triangular Pile.

Multiply continually together the numnber of balls in one
side of the bottom row, and that number increased by 1,
also the samc number increased by 2; then ; of the last

product will be the answer. .
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Thatis, i . (» + 1) . (» + 2) is the number or sum;
where » is Jle number in the bottom row. ‘ ‘

_Exawm. 1. Required the number of balls in a triangular
pile, each sille of the base containing 30 balls? Ans. .

Exau. 2. How many balls are in the triangular pile, each
side of the base containing 20 ? Ans. 1540.

. PROBLEM IL.
To find the Number of Balls in « Square Pile.

Muliiply continually together the number in one side of
the bottoin course, that number increased by 1, and double
the same number increased by 1; then { of the last product
will be the answer.

Thatis, ! n. (n + 1) . (2u + 1) is the number.

Exawm. 1. How many balls arc in a square pile of 30 rows 2
Ans. 9455.
Exaum. 2. How many balls are in a square pile of 20 rows ?
As. 2870.

PROBLEM 11I.
To find the Number of Balls in a Rectungular Pile.

From 3 times the number in the length of the base row,
subtract one less than the breadth of the same, multiply the
remainder by the sawe breadth, and the product by one more
than the same; and divide by 6 for the answer.

That is, £ 5.(6+1) . (80 —=b + 1) is the number;
where Zis the length, and b the breadth of the lowest course.

Note.—1In all the piles the breadth of the bottom is equal
to the number of courses. And in the oblong or rectangular
pile, the top row is one more than the difference between the
length and breadth of the bottom. :

Exau. 1. Required the number of balls in a rectangular

ile, the length and breadth of the base row being 406 and.
5? : Ans. 4960.

Exam. 2. How many shot are in a rectangular complete
pile, the length of the bottom course being 59, and its breadth
7?7 . Ans, 11060.

Y

rROBLEM IV,
Ta find the Number of Balls in an Incomplete Pite.
From- the number in the whole pile, considered as com-
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plete, subtract the number in the upper pile which is want-
1ng at the top, both computed by the rule for their proper
form ; and the remainder will be the number in the frustum,
or incomplete pile. <

Exam. 1. To find the number of shot in the incomplete

triangular pile, one side of the bottom course being 40, and
the top course 20 ? . Ans. 10150.

Exawm. 2. How many shot are in the incomplete triangular
pile, the side of the base being 24, and of the top 8?

Ans. 2516.

Exasx. 8. How many balls are in the incomplete square
pile, the side of the base being 24, and of the top 8?

Ans. 4760.
Exam. 4. How many shot are in the incomplete rectan-

ular pile, of 12 courses, the length and breadth of the base
ﬁeing 40 and 207 Ans. 6146.

OF DISTANCES BY THE VELOCITY OF
SOUND.

Frow various experiments recently made, with great care,
by the present editor of this volume, it has been found that
sound flics through the air uniformly at the rate of about
1110 fect per sccond, when the air is quiescent, and at a
medium temperature. At the temperature of freezing, or a
little below, the velocity is 1100 feet; at the temperature of
75°, on Fahrenheit’s thermometer, the velocity is about 1120.
The approximate vclocity under different temperatures may
be found, by adding to 1100, La{f a foot, for every degree,
on Fahrenheit’s thermometer, above the freezing point.
The mean velocity may be taken at 370 yards per second ;
or a mile in 4% seconds.

ence, multiplying any time employed by sound in
moving, by 370, will give the corresponding space in yards.
Or, dividing any space in yards by 870, will give the time
which sound will occupy in passing uniformly over that
space.

If the wind blow briskly, as at the rate of from 20 to 60
feet per second, in the direction in which the sound moves,
the velocity of the sound will be proportionably augmented :
if the direction of the wind is opposed to that of the sound,
the difference of their velocities must be employed.

Note.—The time for the passage of sound in the interval
between secing the flash of a gun, or lightning, and hearing
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the report, may be observed by a watch, or a emall pendulum.

Or, it may be observed by the beats of the pulse in the wrist,
counting, on an aver