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PREFACE.

IN the following pages an attempt has been made to present,
the elements of the Calculus in a way that will appeal to
comparatively immature students. The reasoning is based
essentially on the graphical representation of a function, and
it is hoped that students who have obtained a firm grasp of
the meaning of such representation will be able to gain, with-
out serious difficulty, a right apprehension of the meaning of
a differential coefficient. I have deliberately abstained from
crowding the book with diagrams, because I assume that
before the student begins the study of the Calculus he will
be quite familiar with the methods of graphing the ordinary
functions and will have reached the stage at which he can
at once form a mental picture of such graphs. From the
educational point of view the graph is not so much an end
in itself as an aid to the comprehension of the variation of
a function.

In all practical applications of the Calculus the consider-
ation of a differential coefficient as the measure of a rate of
variation is of the utmost importance, and this aspect of a
differential coefficient can be very readily understood by
any one who is familiar with graphical work. The only
satisfactory way, however, by which the conception of a
rate can be adapted to practical uses is, in my judgment,
the method of limits; I have therefore used that method
throughout the book.
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The first eight chapters treat of algebraic functions alone.
and they contain many of the simpler applications of the
Calculus; the chapter on Graphical Integration may, if
desired, be taken up as soon as these chapters have been
mastered. The discussion of the circular and exponential
functions will probably be found distinctly harder; bug
long experience has convineced me that the difficulties are
due not to the nature of the Calculus but to the student’s
imperfect knowledge of trigonometry. It seems to me that
a student who has not a firm grasp of the Addition Theorem
should postpone his study of the differentiation and integra-
tion of circular functions till he has obtained that grasp;
the Theoremn is absolutely necessary for many of the most
important applications of trigonometry and is, after all,
very easy to understand and apply.

I have included a short discussion of the Fourier Series,
because of the numerous applications it is now receiving in
elementary work; in the sections that treat of the decom-
position of an empirical function I have given a solution,
due to Professor Runge, which seems to me to be thoroughiy
practical. .

It may seem to many that I have tried to build on too
slight a foundation of elementary mathematics. I am weli
aware that a thorough knowledge of the Calculus can only
be obtained by those who have had a broader training in
the elements of mathematics than I assume in my readers;
but I have for several years given courses on the Calculus
to large classes of evening students and I have found that
it is quite possible to do much good work on the lines
followed in this book. A student, however, who wishes to
profit by the course laid down must work many of the
examples in the various sets of Exercises: the principal
results in differentiation and integration must be as familiar
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as the multiplication table, and the best way of acquiring
that familiarity is by working numerous examples. The
time required for this purpose is by no means so great as
many people suppose ; in any case, that familiarity must be
acquired if the Calculus is to be the instrument and not the
master of the student.

In conclusion I desire to tender my cordial thanks to
several friends who have encouraged me in the production
of the book: to Mr. P. Bennett, Mr. W. A. Lindsay, Mr. P.
Pinkerton and Mr. A. T. Simmons for very efficient help in
proof-reading ; to Mr. J. Dougall and Mr. J. Miller for the
solutions of the examples; and to Sir Richard Gregory
for his most helpful advice at all stages of the progress of
the book. I must also thank the printing staff of Messrs.
MacLehose for the excellence of their share of the work.

GEORGE A. GIBSON.

To this reprint 1 have added a chapter on Maclaurin’s
Theorem and Differential Equations.  In the treatment of
Maclaurin’s Theorem my object has been to make the
student familiar with its more useful applications rather
than to exercise him in rigorous mathematical proof ; for
the beginner it is more important to be able to expand
a function and to test whether the series is convergent than
to prove the conditions under which an expansion is pos-
sible.  The types of Differential Equations discussed are
such as occur most frequently in everyday work ; special
attention is given to linear equations of the second order

with constant coefficients. It is hoped that the Note on
G.1.0. A2



vin PREFACE.

Partial Differentiation will be of some use to elementary
students who have wisdom enough to extend their reading
beyond the bare minimum of Engineering Physics.

For the collection of Miscellaneous Exercises I am in-
debted to Dr. John M‘Whan, Lecturer in Mathematics in
this University; I am also indebted to him for a careful
revision of the MS. and the proofs of the new matter.

Tur UNIVERSITY,
Grasaow, September, 1916.
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CHAPTER 1
LNTRODUCTION.

1. Graphs. In the following pages the processes of
differentiation and integration are so closely connected with
the graphical representation of functions that it seems
proper to begin with a short reference to graphical methods.
These methods, however, have in recent years been so
widely adopted, even in elementary teaching, that a very
brief reference to them will be sufficient. In this chapter
we summarise the more important properties of a graph
and explain the meaning of various technical terms that
are constantly used.

If pairs of numbers are chosen at random and the points
plotted which have these numbers as coordinates, there
will be no orderly arrangement among the points: they
will be scattered all over the diagram. If, however, the
coordinates are connected by an equation the case is altered;
the points will now be arranged in a manner that suggests
a detinite curve on which they all lie. This curve is called
the graph of the equation while, in reference to the curve,
the equation is called the equation of the graph. Other
phrases are often used to express the connection between
the equation and the graph. Thus, the equation is said to
be represented by the graph, while the graph is said to be
given by the equation; the curve is, so to speak, the
geometrical counterpart, or picture, of the equation.

In graphical work a point is specified by its coordinates,
and the pcint is said to be given when its coordinates are
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v is now said to Le expressed explicitly as a function of z, while, so
long as the equation is not solved for g, it is only dmplicitly expressed
as a function of a; in the unsolved form of the cquation y is said to
be an dmplicit function of x, while in the solved form it is said to be
an explicit function of x.

The equation also defines 2 as a function of y, namely,

Ty—3
r=g——,
Hy—4
as may be seen by solving the equation for . Both functions are
[ractional functions of their arguments.

Ezample 2. A stone is thrown vertically upwards with a velocity
of V feet per second ; assuming that the resistance of the air may be
left, out of account, express the distance travelled in a given time as a
function of the time.

Suppose that in ¢ seconds the stone has risen s feet above the point
of projection ; then it is shown in books on mechanies that

s=Vt—4g2%,
where ¢ is a constant, equal to 322 approximately. The distance
travelled is therefore a function of the time; since the time ¢ enters
into the expression of the function in the second aud no higher degree,
the distance s is a quadratic function of the time ¢.

The velocity » at time ¢ is a linear function of the time, hecause

v=1"—gt.
In this example s, ¢, » are variables ; 1”, g are constants.
bRt} b

Ezxample 3. A point moves in a circle of radius 5 with its centre at
the origin of coordinates; express the ordinate of the point as a
function of its abscissa.

Let x, y be the coordinates of the point in any one of its positions ;
then 224 y?=20,......... R e (1)
and therefore Y=A(5—2%). ieiiiiiiiiiii (i1)

To express y fully, we must remember that the root may be either
positive or negative ; the symbol /(25 - 2%) is two-valued, namely, is
either +,/(25—-2% or —.(25—-2%. The + sign goes with points
above the x-axis, the — sign with points below that axis.

Equation (i) defines y implicitly as a function of 2. Tt often
happens, as in this case, that there correspond two (or more) values
of the function to any one value of the argument. We must, of
course, restrict ourselves to one of these values at a time ; we may in
fact consider ¥ to be made up of the two functions

y=-+J(20-2%) and y= - /(25— 2?),
each of which is single-valued, that is, has only one value of y for any
one value of 2.

It is also to be noted that y is only defined for values of 2 from
x=-5 to x=>5. For values of z greater (numerically) than 5 the
values of y are imaginary.
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4. Inverse Functions. As we have seen in §3, example 1,
an cquation between © and y not only defines y as a
function of z but also defines x as a function of . Two
functions thus defined by one equation are said to be
inverse to each other. Thus, as another example, the
cquation y=u?, when solved for z, gives w=J/y, and there-
fore defines two functions which are inverse to each other,
namely the cube and the cube root.

A function and its inverse are represented by the same
graph, but when the inverse function is not single-valued
carc must be taken to select the proper part of the graph
when considering the inverse function.  We shall return to
this matter when we come to discuss the differentiation of
the inverse cireular functions.

5. Gradients. The coefficient a of « in the equation

Y=aZ+b .o 1)
is called the gradient (sometimes, the slope) of the straight
line given by the equation.

The following ways of interpreting the gradient are
important.

Geometrically, the x-axis being supposed horizontal and
the y-axis vertical, the gradient « measures the rate at which
the line rises or falls.

When « is positive, the line has a right-hand upward
slope ; a point rises as it moves to the right along the line.

) Y
Y Na
5 R
Q / P X
P R
b C >
, M N X
0 M N X 0 g
Fig. 1. Fig. 2.

In Fig. 1 the gradient is 04/CO or RQ/PR; the rise RQ
is @ times the horizontal advance I’R.
When « is negative, the line has a right-hand downward
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slope ; a point falls as it moves to the right along the line.
In Fig. 2 the gradient is AO/OC or RQ/PR ; the fall RQ is
—a times the horizontal advance PI.

When a=0 the line is horizontal. The greater « is
(numerically) the greater is the angle the line makes with
the horizontal ; when the angle is 90° the gradient is said
to be infinite.

Trigonometricully, the gradient « is the tangent of the
angle which the line makes with the xz-axis.

When the line has a right-hand downward slope (Fig. 2),
the angle may be taken to be the negative angle XCB or
the obtuse angle XCA; tan XUB and tan XCA are both
negative. In graphical work it is usually better to take
the angle of the gradient as negative in this case.

Algebraically, the gradient « measures the rate at which
the function wx+ b varies as o varies.

If x increases from any value «; to the value 2,4, then
y changes from ax,+b to «(x,+/)+0b; the increase of y is
ah, that is, @ times the dncrease of x The increasc of
wx+b is thus always in simple proportion to the increase
of x, and the linear function is therefore called a uniformly
varying function of its argument; the rate at which the
function changes is constant and equal to a. If « is nega-
tive, 1/ decreases as x increases; a decrease is considered to
be a negative increase.

The gradient of any straight line which is at right angles
to the line given by equation (1) is —1/a.

6. Increments. As a point moves from P to @ along the
line AB (Figs. 1, 2) the amount MN or PR by which the
of the point changes is usually called the increment of .
When « takes the increment MN or PR, y takes the
increment RQ; in Fig. 2 the step RQ is negative and the
increment is expressed by a negative number.

In all cases the gradient of a straight line is obtained by
dividing any increment of the ordinate by the corresponding
increment of the abscissa. When the quotient is positive,
the ordinate increases as the abscissa increases; the function
represented by the ordinate is then an increasing function of
its argument. When the quotient is negative, the ordinate
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decreases as the abscissa increases; the function repre-
sented by the ordinate is then a decreasing function of its
argument.

7. Average Gradient. Rates. 'The gradient of a straight
line is the same for every portion of it, long or short. 1f,
however, we take two points P and @ on a curved line
(Fig. 3) and divide the increment R which y takes, as a
point moves along the curve from P to @, by the corre-
sponding increment PR of w, the quotient obtained will
manifestly depend on the positions both of P and of (.
We must therefore consider what is meant when we speak
of the gradient of a curved Jine.

v} Q

7

P,
—
O| M N X
Fig. 3.

The increment of the ordinate of a point which moves
from P to Q is the same whether the point travels along
the arc PQ or along the chord P@; hence the gradient of
the chord P(), namely RQ/PR, is called the average gradient
of the arc Q. When @ is very close to P, the direction of
the chord PQ will differ very hittle from that of the tangent
PT to the curve at P; the closer @ is to I’ the less does the
direction of the chord PQ differ from that of the tangent
PT. The gradient of the tangent PT' is therefore taken as
the gradient of the curve at P.

If MP, NQ denote two values of the function represented
by the curve (Fig. 8), then the gradient of the chord I’Q
measures the average rate at which the function changes as
its argument changes from OM to ON. (It is easy to see
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that if, as the argument changes from 0J to ON, the
function were to change at the uniform rate RQ/PR it
would receive the increment RQ, which is the increment it
actually takes.) Just as the gradient of the tangent I’T is
taken as the gradient of the curve at I’, so the gradient of
the tangent PT is taken as the rate at which the function

is changing when its argument is equal to O, the abscissa
of P.

A rate of change is the ratio of two amounts of change. When one
magnitude is a function of another, any increase in this other magni-
tude will produce an increase, or a dccrease, in the function ; the
ratio of the change in the function to the corresponding change in the
argument is the number which has been defined as the average rate
of change for that change of the argument.

For the linear function ar+b, the average rate of change is the
same whatever be the value, z, say, from which the argument changes,
and whatever be the amount, 4 say, by which the argument changes ;
the ratio of the two amounts of change is always «, and therefore
the linear function is one which changes at a constant, or uniform,
rate.

In general, however, the average rate of change of a function
depends both on the value of the argument from which the change
begins and on the amount by which the argument changes. When
the amount by which the argument changes is very small, the average
rate will clearly give a good approximation to the rate at which the
function is changing for that value of the argument from which the
change begins; the smaller the change in the argument the better
will ﬁe the measure of the rate.

A rate of change, then, always implies two variables; an inde-
pendent (change causing) variable, or argument, and a dependent
variable, or function. The rate of change of the function is a rate
“with respect to” or “relative to” its argument ; for brevity, how-

" ever, the phrase specifying the independent variable is often omitted.
When the argument is specified, such phrases as “the r-rate of
change,” “the z-gradient,” “the t-rate of change,” “the z-gradient”
are often employed, according as the argument is 2 or &

In calculating gradients we shall usually suppose the
abscissa (or argument) to increase algebraically; in other
words, the increment of the abscissa will be taken to be
positive. The sign of the corresponding increment of the
ordinate (or function) will show whether the ordinate
increases or decrcases for this increment of the abscissa.
There is, of course, no reason except that of convenience
for choosing the increment of the abscissa to be positive.
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) Exmnple 1. Find the average gradient of the graph of y=a2
(i) as z increases from 2 to 2+5, (ii) as x increases from 2 to 24 A.

(i) When »=2, y=4, and when 2=25, y=625. The increment of
x is 0'5, and the corresponding increment of y is 2:25. Therefore,
(252—2¢ 225

g5-2 T 05 Y
(ii) When x=2+4 y=(2+4A)%. Therefore,

@Ay -22_ dh+h*_
@rhy—g = & TR

Example 2. Find the average gradient of the graph of y=22, (i) as
z increases from —2 to — 15, (ii) as @ increases from — 2 to —2+4A.

(1) In this case the increment of » is — 1°5--( - 2), that is, 0'5 ; the
c<)1~1'€5})onding increment of y is (—19)2—(-2)% that is, —175.
Therefore,

av. grad. =

av. grad. =

~ 175
05
(ii) The increment of z is (—2+/4)-(-2), that is, A; the cor-
responding increment of v is (—2+4)?—(-2)% that is, —4k+A%
Therefore, —4h+h?

av. grad. = =4 +h.

av. grad. = ~35.

Note that the increment is always calculated by sub-
tracting the value from which the variable changes from
the value to which it changes.

Erample 3. What is the average rate at which the function 162
changes, (i) as ¢ changes from 2 to 24/ ; (ii) as ¢ changes from -2 to

~2+h?
16(2+%) ~16(2)?

(i) av. mte=—(2-+k)_2 -=64+416%;
.. 16(-2+24)° - 16(-2)?
(ii) av. rate= ((_2+l/2)_(:(2) ¥ —64+164A.

Let 1622 be the number of feet a stone falls in ¢ seconds ; then the
increment of 16¢% as ¢ increases from 2 to 244 (namely, 644+ 1642),
is the distance in feet which the stone falls during the fraction 4 of a
second succeeding the first two seconds of its fall. The quotient of
this increment by the corresponding increment A of ¢ measures the
average velocity during the interval; the average velocity is there-
fore 64+ 164 feet per second.

8. Turning Points. Maxima and Minima. The simplest
way of studying the properties of a function is often by
examination of its graph. Suppose a point to start from
A and to move along the curve ABC... (Fig. 4), and con-
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sider in the first place how the ordinate changes during the
motion of the point; the variation of the function 1s, of
course, represented by the variation of the ordinate.

As the point moves from A4 to B it rises, and the ordinate
increases; when the point passes B it begins to descend,
and the ordinate begins to decrcase. The point B is called
a turning point of the graph, and the ordinate at B, namely
B'B, is called a turning value of the ordinate; by analogy,
the value of the function represented by BB 1s called a
turning value of the function.

As the point moves further along the curve it continues
to descend till it reaches D, but on passing D it begins to
ascend. D is therefore another turning point of the curve,

Y

A O]

and D'D a turning value of the ordinate, or of the function
which the curve represents.

Other turning points are F, H, L, N, P.

The ordinate at B is greater than any other ordinate
near it and on either side of it; the value of the ordinate
at B is therefore said to be a maximum. At D, on the other
hand, the ordinate is less than any other ordinate near it
and on either side of it; the value of the ordinate at D is
therefore said to be a minimum.

The ordinates at F, L, and P are maximum ordinates;
those at H and N are minimum ordinates.

The meaning just given of the words “ maximum” and
“minimum ” is that usually assigned to them in mathe-
matics. A maximum ordinate is not necessarily, though it



VARIATION OF THE GRADIENT. 11

sometimes is, the greatest ordinate of the curve; an ordinate
is a maximum if 1t is greater than any other ordinate near
it and on either side of it. A maximum may even be less
than a minimum ordinate; thus L’L is a maximum ordinate
but it is less than the minimum ordinate D’D.

For the values of « corresponding to the arcs 4B, DF, ...
the function is said to be an increasing function; as z in-
creases from 04’ to OB, or from O’ to OF’, the value of
the function increases. On the other hand, for the values
of 2 corresponding to the arcs BD, FH, ... the function is
sald to be a decreasing function; as x increases from OB’ to
0D, or from OF" to OH’, the function decreases. A turning
value of a function is a value at which the function either
ceases to increase and begins to decrease, or else ceases to
decrecase and begins to increase.

9. Variation of the Gradient. Point of Inflexion. We
shall now consider how the gradient of the curve varies,
and in this discussion we shall think of the gradient at
any point of the curve as the (trigonometrical) tangent
of the angle that the tangent to the curve at the point
makes with the z-axis, which we suppose to be horizontal.

Let us first make clear what is meant by the angle that
a tangent makes with the a-axis. By the angle between
a tangent and the z-axis we mean the acute angle between
the tangent and the positive direction of the z-axis. If we
suppose the line AB in Figs. 1, 2 to be the tangent to a
curve at the point P then, in both figures, the angle that
ADB makes with the x-axis is the angle XCOB or its equal,
the angle RP(Q. In Fig. 2, however, 4B has a right-hand
downward slope and the angle XCB is megative; the
gradient, which is equal to tan XCB, is also negative.

Another point to be attended to is this, that we are
concerned not merely with numerical but with algebraical
increase. When the angle XCUB is negative so is tan XOB;
as XCB increases numerically, the gradient tan XCB
decreases algebraically. In other words, when a line has
a right-hand downward slope, the greater (numerically) the
a,}l;xgle of the slope the less (algebraically) is the gradient of
the line.
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Let us now suppose that, as a point moves along the
curve AR ... (Fig. 4), the tangent is drawn to the curve at
each position of the moving point, and let us notice how
the gradient of the tangent changes. It will be convenient
to think of a moving line accompanying the moving point;
when the point is at - we shall suppose the line to coincide
with the tangent at 4 and, as the point moves along the
curve, we shall suppose the line to move with it in such a
way as to coincide always with the tangent to the curve
in each position of the moving point.

As the point moves from A to B the angle of slope
is positive but decreasing, and therefore the gradient is
positive and decreasing; the moving line rotates clockwise.
At B the moving line is horizontal and the gradient is zero.
As the point moves from B to C the angle of slope is
negative and increasing mumerically, but the gradient,
being now negative, is still decreasing algebraically ; the
moving line continues to rotate clockwise.

When the point passes C, the angle of slope begins to
decrease numerically and therefore (since the angle of slope
is negative) the gradient begins to increase algebraically;
the moving line now rotates anticlockwise. At ), therefore,
the gradient ceases to decrease and begins to increasc;
the gradient has a turning value at C, and this value is a
minimum. .

As the point moves from C to D the angle of slope
decreases numerically and the gradient increases alge-
braically; the moving line rotates anticlockwise. At D
the moving line is horizontal and the gradient is zcro. As
the point moves from 1) to E, the angle of slope is now
positive and increasing and the gradient, which is now also
positive, continues to increase; the moving line also con-
tinues to rotate anticlockwise.

When the point passes E, however, the angle of slope
and the gradient begin to decrease while the rotation of
the moving line again becomes clockwise. At E therefore
the gradient ceases to increase and begins to decreasc; the
gradient has a turning value at Z, just as it has at C, but
at & the turning value is & maximum.

Proceeding in this way, we see that turning values of the
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ﬁradient occur at f, G, y, K, M. At G the moving line is
orizontal.

Definition. A point on a curve at which the gradient
has a turning value is called a point of inflexion, and the
tangent at a point of inflexion is called an inflectional
tangent.

It will be noticed that at a point of inflexion the curve
crosses the tangent; the character of the curve near a
point of inflexion is shown more clearly in Fig. 5.

A

a b

Fig. 5.

We may further note that the portion ABC of the
graph (Fig. 4) is convex upwards, while the portion CDE
18 concave upwards. So long as the gradient is a decreasing
function, the curve is convex upwards, while so long as
the gradient is an increasing function the curve is concave
upwards. The point where the change from convexity
to concavity takes place is a point of inflexion.

10. Continuity. In tracing curves from their equations
the student must have observed, that mear their turning
points the ordinate usually changes very slowly, and that
at the turning points the gradient is zero. It is, however,
quite possible to have a turning point near which the
ordinate does not change slowly and at which the gradient
is not zero. The point P (Fig. 4) is such a point.

From the graphical point of view, a curve which has a
sharp peak like P is simple enough; but, as a matter of
fact, no curve given by an ordinary equation such as we
shall deal with ever shows such peaks. The occurrence of
a peak is usually associated with a discontinuity of the
gradient. We shall refer very briefly to the question of
continuity.

In all ordinary functions (except, it may be, near a
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limited number of values of the argument) a small change
in the argument produces only a small change in the
function. This property is rveflected in the graph; the
graph as a rule forms a continuous, uninterrupted line.
Suppose, however, that we consider the variation of the
gradient of Fig. 4. As a point moves along the curve the
gradient changes steadily till the point approaches P; as
1t approaches £ the gradient is positive, but when it passes
through P the gradient suddenly becomes negative. The
gradient passes from a positive to a negative value, jumping
over (so to speak) a whole series of values. In mathematical
language the gradient is said to be discontinuous at P.

The ordinate of the curve, on the other hand, is con-
tinuous all along the curve; in passing from any one value
to any other value, from 4’4 to Q'Q say, it takes once at
least every value between A’4 and @'Q). and it makes no
jump anywhere.

1t will always be assumed that every variable is a con-
tinuous variable. This assumption implies (i) that a small
increment of the argument of a function produces only a
small increment of the function, and (ii) that as the variable
changes, say from « to b, it assumes once at least every
value between a and b.

11. Notation for Functions. A function of a variable is
often denoted by enclosing the variable in a bracket and
prefixing a letter; thus, f(z), F(z), ¢(x) denote functions
of . The letters f, F, ¢ are functional symbols, not multi-
-pliers: the symbol f(x) must be taken as a whole and
means simply “some function of x,” the context or an ex-
plicit statement determining which particular function is
meant. For different functions occurring in the same in-
vesfligation different functional symbols must, of course, be
used.

f(a) means “the value of the function f(z) when z has
the value a,” or “ the value of the function f(z) when « is
replaced by a.” Thus, if f(z) denotes the function

20— 3x—4,
then fO)=—4, f(2)=-2, f(—2)=10,
fla)=2x2—3x, —4, flx,+h)=2(x,+k2—3(x,4+h)—4.
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The beginner should note that an accent or a suffix
attached to the functional letter indicates a different
function from that denoted by the same letter without the
accent or suffix ; thus, f(z), f'(z), fi(z) denote three different
functions. An accent or suffix is often used to indicate
that, though the function whose letter bears the accent or
suffix is a different function, yet it has some special con-
nection with the function denoted by the same letter
without an accent or suffix.

12. Notation for Increments. If P is the point (z,, y,)
and @ the point (z,, ¥,) then, as a point passes along the
arc PQ, the = of the point changes from 2, to «,, and the
difference z,—z, (not @, —a,) has becn called (§6) the in-
crement of z; similarly, ,—v, is the increment of y. We
shall frequently have occasion to deal with increments, and
it is convenient to have a notation for them. We may,
if we please, denote w,—x; by a single letter, say &, and
y,— ¥, by a single letter, say &; then

Ty—xy=h, xy=x,+h; y,—y, =k, y,=vy,+k
The coordinates of @ (those of P being z,, ¥,) are now
z,+h, y,+k, and the gradient of the chord PQ is k/h.

There is, however, a more suggestive notation for an
increment, namely, the letter § or A* prefixed to the value
of  or y from which the increment begims: thus, §r, or
Az, ¢y, or Ay, The symbol dz;, pronounced “delta x,,”
must be taken as @ whole; ¢ is not a multiplier. The
square, cube, ... of dx, are written (dr,)?, (éx,)?, .- .

In this notation the gradient of the chord PQ 1s dy,/dz,.

We shall now work some examples; after reading these,
the student should try Exercises 1. 1t is necessary for him
to be quite familiar with the notation.

Ezample 1. If f(x)=2>-3x+1, find the value of 7(0), 7(1), /(~1),
and write down f(a+4) in ascending powers of 4.

J(¥) means the expression or function #*—3x+1; f(0) means the
value of f(z) when x=0. Hence

£(0)=0-0+1=1.

* 5 and A are the forms in the Greek alphabet of the small and capital d,
the first letter of the word ¢* difference.”
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Similarly, fM=1-3x1+1:= -1,
and JC-D=(-1)y'-3x(-1)+1=3.
Again, to find f(a+4) veplace @ in f() by a+4 ; therefore
Sla+h)y=(a+h)-3(«+1)+1
=u®+Buh+ 3ul? + 77 = B — 3N+ 1.
Arranging in ascending powers of 4, we find
fla+h)y=a®-3a+14+3(a?~1)h+3ul>+ 7%
The terms independent of 4 are simply f(a); we may therefore write
fla+h)y=F(a)+3(a>= 1)/ + 3al?+ 1>
How could we show, without caleulation, that the terms independent

of & must be f(a)?

Erample 2. 1f F(a)=22?-3r-4, find the gradient of the chord
joining the points on the graph of F(z) whose abscissae are 1 and 15,
F(1)=-5 and F(15)=-4.

Incr. of abscissa=16-1=0'5; incr. of ordinate= —4—(-5)=1.
incr. of ord. 1
Hence grad. = incr. of abs. 05 2
Erample 3. If F(x)=21%-3r-4, find the gradient of the chord
joining the points on the graph of F(x) whose abscissae are x; and
&+ 8.
F(x)=222-3z,—4,
Fx 4 8x)=2(x;+6r))%— 8(x,+0x,) — 4
=22 —3x — 4+ (42, — 3) Sy +2(82y)?
=F(z))+ (4x; — 3) 8, +2(8ey )%
The increment of ghe ordinate, corresponding to the increment &r,
of the abscissa, is Fi(x,+ 8z,) - F(z,) or, in the notation of increments,

8F(x)). Now
SF(x))=F(z,+8x;) — Fxy))= (42 - 3)Sr; +2(8x)%

and therefore grad.= S—]gif‘—) =4r; - 3+20z,.
1

Ezample 4. If in Example 3 we give to 8z, in succession the values
1, 0'1, 001, what are the successive values of the gradient ?

If P is the point whose abscissa is x;, and @ the point whose abscissa
is x, +8x,, the question is equivalent to this: what are the gradients
of the three chords obtaine by joining P to the three positions of @?
The third position of § is very close to P, and therefore the gradient
of P@ in this case must be very nearly equal to the gradient of the
tangent at P,

To obtain the required values, we have merely to substitute 1, 01,
001 for 8z, in the expression for the gradient. We find

4z, -1, 4x,-2'8, 4x,-2:08.
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Ezample 5. If y=logx find the valuo of 8y,/8z, when z,=20 and
8z,=2, 1, 0, using four-figure logarithms.

8r;=2, 8y, =log 22 —log 20, g}l=0.—0;’lg=0'0207,
1
0212
Sey=1, §y,=log 21 —log 20, %{{;‘:9—91“1—=00212,
1

8y, _ 00108
> 8z, 05

Sy =05, 8y,=log 20'5 - log 20, =00216.

When the value of x is large, say £=>500, and the values of 8z are
small integers or proper fractions the four-figure tables are not
sufficiently accurate to show the relative magnitudes of the gradients.

EXERCISES. 1.
1. If f(2)=b22-"Tx+2, calculate £(0), f(1), /(2), /(—1). Show that
S +8x) =1 () + (102 - T) 8y 4-5(S2) )%
2. If f(x)=a%+a+2+1, caleulate f(0), f(3), /(—4%). Show that
Sy +8x) = f(2) + (B2 422, + 1) 8y + (Bry + 1) (82)2 + (3 )
3. If I(2)=32242r~1 write down F(azx+0), F(2?), F(2*)
4, If f(x)==sina, the angle bLeing measured in degrees, calculate
J(0), f(30), f(475), 7(90).
5. If f(x)=3 sinx+4cosa, the angle being measured in radians,
caloulate (03, /(r/2), £(x), F(D, F(05),
6. If F'(x)=logx show that

F)+ F)=Frx), F@)=Po)=rF(Z).

Calculate the gradient of the chord joining the points (x,, ) and
(2, +8xy, ¥, +06y,) on each of the curves given by equations 7-14.

7. y=3r 8. y=azx+b. 9. y=ax*+br+tc.
10. y=w2'+ b +er+d. 11. y=1/a2
12, y=logr. 13. y=10~ 14, y=10"=

15. Calculate §y,/8x;, when y=sinz, for the following values of
ay and &z ; the angle is measured in radians.

(i) 2, =0'5236 ; 8, =00524, 0:0349, 00175 ;
(i) 2, =2'3090 ; 8r;=00524, 0-0349, 0-0175.
16. The same problem as in example 15 for y=cos z.
17. The same problem as in example 15 for y=tan z.
G.1.C. B
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18. If f(z)=a+ b2+ cz* show that f(—z)=f(z).

[When f(~z)=f(x), the function f(x) is said to be an even function
of its argument. The simplest case of an even function is a rational,
integral function which contains only even powers of its argument.]

19. If f(»)=ax+bzr*+cx’ show that f(—z)= —f(»).

[When f(—z)= — f(x), the function f(x) is said to be an odd function
of its argument. The simplest case of an odd function is a rational,
integral function which contains only odd powers of its argument.]

20. State which of the following functions are even, and which

odd: sinz, cosz, tanwx, cosecz, secx, cotx, 10*4+10-% 10*-107%
(10 -107%)/z.



CHAPTER IIL
DIFFERENTIATION OF POWERS. MAXIMA AND MINIMA.

13. Tangent to a Curve. The ordinary conception of the
tangent to a curve at a point P on it is probably this:
the tangent is a straight Iine which meets the curve at P
but which, if turned ever so little about P as a pivot, will
again cut the curve near P.  We shall put this conception
in a slightly different form which will lead to a method of
calculating the gradient of the tangent, and therefore of
drawing the tangent itself.

Suppose the tangent PT at the point P (Fig. 6) to have
been drawn, and consider its relation to any sccant PS
drawn through P and a neighbouring point @ on the
curve. We do not assume that we know how to draw

S

Fig. 6.

the tangent; we merely make a hypothetical construction
for the sake of the argument. We can, however, always
draw a secant; we merely have to take a point @ on the
curve distinet from P and to join PQ.

Now, if @ is very near to P the angle TPQ will be very
small, and the position of the secant PS will differ very
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little from that of the tangent PI. TFurther, we can draw
through P a secant that will make as small an angle as
we please with P1'; because we can take @ as close to P as
we please and, so long as @ is distinet from P, no matter
how close to it, we can draw the secant P’S. (This last
statement corresponds to the property of the tangent PT,
that the rotation of PT through any angle, however small,
will cause it to cut the curve again near £.)

The tangent P71 is thus the line that limits the position
of the secant Q) as ¢ approaches I—limits in this sense,
that the angle 7°Q becomes small as  gets near to P and
can be made as small as we please by taking ¢ close enough
to P. Hence we may define a tangent as follows:

Definition. The tangent at a point P> on a curve is a line
PT such that the angle TPQ between PT and the secant
PQ, through P and a neighbouring point ¢ on the curve, is
small when @ is near to £ and can be made as small as we
please by taking @ near enough to P.

The following examples show the practical nature of the
definition.

Example 1. Show how to draw the tangent at the point 2°(2, 4) on
the parabola y=a2

Let OM=2, MP=4; let @ be a point near I’ on the curve and draw
PR parallel to the x-axis to meet the ordinate NQ at £ (Fig. 7).

Y Q
-
P R
\
0 /0 M N X
Fig. 7.

Calculate the gradient RQ/PR of the secant ¢ ; we have
NQ=0N2=(2+MN2=4+4MN+ MN?
RQ NQ-MP
and therefore L=y =4+ MN.
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Now, the closer @ is to P the less is the line #V; further, by taking
N close enough to M, that is, by diminishing the length of J/.V far
enough we can bring ¢ as close to P as we like. But the smaller ¥V
becomes, the more nearly docs the gradient 2:Q)/ P/ become equal to 4.

Draw, then, through 2 the straight line 2’7 whose gradient is 4.
P7 will be the tangent at P; because, the gradient of /°7 is 4, the
gradient of F¢) is 4+ MN, and we can take ¢ so close to /7> that the
ditference between these two gradients, namely MV, shall be as small
as we please. In other words, we have found a line °7 such that the
angle 7'/°Q can be made as small as we please by taking ¢ near enough
to £?; therefore P7 is, by definition, the tangent at P.

Ezxample 2. Find the gradient of the tangent at the point (2}, 7,)
on the parabola y=a%
In Fig. 71et I’ be the point (xy, 7,) and @ the point (v, + 0z, 7,4+ 8,) 5
then the gradient of the secant /”) 1s given by the equation
I _(atbnfon
dry oz i+ 8y

Now, when € is close to P the increment dz;, which is equal to MN,
is small, and by making 8r; small enough we can bring ¢ as close to
£ as we please. Let P7 be the line through /> whose gradient is
or,.

PT is the tangent at P; because, the gradient of 1’7" is 2r, the
gradient of PQ 18 2r,+38x;, and we can take @ so close to £ that the
ditference between these two gradients, namely 8ry, shall be as small
as we please. The gradient of the tangent at (25, 7,) is therefore 2r,.

14. Gradient of a Curve. By the gradient of a curve at
a point P on it is meant (§7) the gradient of the tangent
at P; it will, of course, except when the curve is a straight
line, vary from point to point on the curve* The definition
of a tangent given in §13 leads, as the examples worked
in that article show, to a simple method of finding the
gradient.

The process for obtaining the gradient of the tangent at
P is the following :

First, we find the average gradient of the arc PQ (§7).

Secondly, we find the number to which the average
gradient tends as the difference &z, between the abscissae
of P and @ becomes smaller and smaller. In most cases,
as in the examples of §13, this number is evident when
dl,/8x, has been reduced to its simplest form.

*It may be well to warn the beginner that the word “‘curve” includes
straight lines as well as curved lines.
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As another example, find the gradient at the point P on the graph
of f(x), where f(#)=2°+a%*+2+1, the abscissa of P being x,.
In this case (Exercises 1. 2)
S(@y+82y) = flz1) =By + 22, + 1) 82y + (32, +1)(82) + (8 'y
and therefore the average gradient of the arc @ is

8‘—78(—;“5‘—) =302+ 22, + 1+ Bx; +1) 8z + (82)%
‘1

The terms containing 3x; and (8x,)* can clearly be made as small as
we please by making 8z, sufficiently small. In other words, @ can be
taken so near to P that the angle between P@ and the line through
P whose gradient is 3r2+ 22, +1 shall be as small as we please. The
gradient of the tangent at /”is therefore 3x,%+2.r,+1.

15. Limits. The process by which we pass from the
gradient 8y,/dx, of the secant PQ to the gradient of the
tangent at P is called the method of limits. When Jy,/dx,
is equal to 2x,+dz,, the gradient of the tangent, namely
21, 18 said to be “the limit of the gradient 2z, + dx, for dx,
approaching zero as its limit.”

It might seem at first sight as if we were merely taking
a roundabout way of saying that 2,4z, is equal to 2,
when dz, is equal to zero; but it is not so. Let us see how
we found the average gradient 2x,+6x,; we obtained it
from the equation

8y, __ 2x,dx, +(dx,)*

=2z
3z, 5, @+ Oy e (1)

Now, 2z, + dx, is obtained from the fraction by dividing
its numerator and denominator by dz,. This division 1s
possible provided dJx, is mot zero, and not otherwise;
division by zero is expressly excluded from the operations
of algebra.* We cannot take a single step in our work if
we suppose dr, to be zero; graphically, we should have
only one point P and not two points P, @ through which
to draw a straight line.

If the student reads §13 over again he will see that we
nowhere assume that ¢ ever coincides with P; rather, we

* 1t is surely a violation of common sense to perform a division on the
express understanding that the divisor is not zero and then to assume that

we are at liberty, after the division has been effected, to make the divisor
zero. Such a proceeding is a mere juggling with symbols.
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base our definition of a tangent on what seems to be a fair
view of the ordinary conception of a tangent. PT will be
the tangent at P provided we can show that the angle
7' PQ becomes as small as we please by taking @ sufficiently
near to P.

In equation (1) we have a quantity éx, which we suppose
to take smaller and smaller values, tending towards zero,
in other words, dx, is a variable which tends to zero. The
quantity 2x;+ 8z, tends, as dz; tends to zero, to the definite
value 2, ; this statement means simply that we can take
dr, so small that 2z, + éz, (and therefore also dy,/dx,) shall
difter from 2, by as little as we please. The technical
form of this last statement is “the limit of 2, + da; is 2x,
when the limit of da, is zero.”

The variable which, in this process of finding the limit,
acts as the independent variable, namely dx;, may tend to
some other number than zero as its limit. For example,
the equation 22—

=X+a
€r—u +

is an identity so long as « is different from a. If we
suppose z equal to a the fraction takes the form 0/0, and
this is a mere symbol without definite meaning. On the
other hand, the fraction has a definite limit when z tends
towards « as its limit. For, the equation has meaning and
is true so long as z is different from a, and by taking x
near enough to @ we can make x4« (and therefore also
the fraction) as nearly equal to 2a as we please. The limit
fof the fraction, when @ approaches « as 1ts limit, is there-
ore 2.

16. Definition of a Limit. Notation. We shall now give
a formal definition of a limit.

Definition. When it is possible to make the argument of
a given function so nearly equal to a definite number «
that the function will differ from another definite number
4 by as little as we please, that difference remaining as
small as we please when the argument is taken still nearer
to @, then A is called the limit of the function for the
argumient tending to (or converging to, or approaching) a
as s limit.
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The notation for a limit is the letter I., or the first three
letters of the word limit, namely lim. The statement that
a function y of @ has . for its limit, when « has « for its
limit, is represented thus:

Ly=4 when Lz=q,
or, more usually, Ly=A4.
xr=a

This last equation is read “the limit of » for z eyual to
ais A" it must be remembered, however, that the phrase
“the hmit ... for  equal to «”is a mere contraction for
“the limit ... for & converging to « as its limit.”

In this notation we have, for example,

1 Gatdn)i—a? aioe?_

; =2r;; L= ---=2a
8x,=0 Oy z=ma L — &

It may happen that the argument becomes infinite, that
is, becomes and remains greater than any assigned number
N, no matter how large N may be. We thus have such
eases as the following :

1
L =0 L tan“.z::f,
1m0l

e 2
5 7

spnert o et
21— 8T +3 Lon NIERE

Practically, the only theorem for working with limits
that we shall need is this: when the limit of dz, is zero the
linit of 4 xdx, is also zero, where A is finite and either
does not contain éz; at all or, if it does contain dx;, remains
finite as dxz; tends to zero.

The theorem hardly requires proof, but we may give a fornal
demonstration. To show that the limit of A8r, is zero when the limit
of 8y is zero, we must show that we can take 4, so small (not equal
to zero, but only so nearly equal to zero) that 4d.; will be as small as
we please. Suppose, for example, that we want to have A8z, less
than 1/108.  If A4 itself varies with 8z let 4’ be its greatest numerical
value for any of the values that dr; takes. Then, to make A8r, less
thian 1/10% we need only take 8 less than 1/410%; this choice of S,
is possible because, since the limit of 8z; is zero, we can take Or, as
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small as we please. Note that unless 4 is zero we cannot make Adx,
zero, because zero is not a value that 8z, takes in the process.

Example 1. Show that

(AR =22 g0
L

3 —
Wohave 2T g00 4 kot k=20t + Gat ).

The term (3z+4)k can be made as small as we please by diminisling
% ; the limit, when % converges to zero, is therefore 322

Ezxample 2. What is the value of (z2+x — 2)/(22%+2 — 3) when z=1?
When =1 we find that

24z-2 1+1-2_0
22 +x -3 2+1-37 0

Nearly every beginner says that the symbol we have obtained for
the fraction represents 1, probably because a fraction whose numerator
and denominator are equal is equal to 1. But such a conclusion
implies that the numerator and denominator are not zero. What
then ¢s the value of the fraction when w=1% The correct answer is
that the fraction has not any value; this does not mean tkat the
fraction has the value which is called “ nothing,” but that its value is
not defined. 'The symbol 0/0 has in itself no meaning whatsoever.

The fraction has, however, a definite frmiz when & converges to 1 as
its limit. For, both numerator and denominator contain the factor
-1 and, so long as x is different from 1, we may divide them both
by z—1. Hence, if z is not equal to 1,

2 4r—2 (z=1)(z+2) _ z+2
27 +x-3 (z—-1)Qr+3) 2043

The fraction (z+2)/(22+3) is equal to 3/5 when x=1, and can be
made as nearly equal as we please to 3/5 by making x sufficiently
nearly equal to 1; therefore its limit for x converging to 1 is 3/5, the
same as its value when x is equal to 1. The given fraction is equal to
(z+2)/(2x+3) so long as z is not equal to 1; therefore the given
fraction may be made as nearly equal as we please to 3/5, by taking x

sufficiently nearly equal to 1. “In other words, the limit of the given
fraction is 3/5.

17. Gradient of the Graph of Powers of z. We shall now
find the gradient when ¥ or f(x) is of the form
azt+bat1q-can =24 L fhxAl e (1)

The abscissa of the point P at wnich the gradient is cal-
culated is «; and that of the point Q, near to P, is a,+éz,.
G.LC. ‘B9



26 INTRODUCTION TO THE CALCULUS.

(i) Take first the case y=jf(z)=2% The average gradient
of the arc PQ is

Sy, f(x + o)) — f(z;) _ (xl—{-axl)*—wl
Sz, o, i,
‘When the fraction is reduced we find

gyl 822+ 3,0, + (82, = B, 2+ (3, + &,)6,

and therefore the gradient at P is
L s =L {3m12+(311+6:c Yox,}=3x% ......(2)
x1=0 1 G.rl
(ii) Let y=f(x)=a", where n is a positive integer.
Here  f(a,+ dx,)=(z,+ dx,)"
="+ nx," dxr,+ A(Sx,)) .. .(3)
where 4 contains «, and dz, and their powers ; the thlrd
term of the binomial expansion contains (8x;)% the fourth
term contains (Jx;)® and so on, and therefore every term
after the second contains the second power of dr,. We

now have
8y, _ (@ 48z, =y

= n-1
S, Sz, =nz," 1+ Adxy, oueenen o (4)
and therefore the gradient at P is
L o L (nap 14 A8z) =@t e (5)

8x;=0 6501 8x;=0

We wil: assume that this result holds also when = is
fractional or negative; a complete proof will be found in
the author’s Calculus, § 57.

(ii1) Let y=f(z)=0aa®+bx*+cx+d. In this case
flx,+ 8x) = a(x, + dx,)*+ b(x, + 6x,) +c(z, + dx,) +d,
f(@,+ 8x)) —f(z,) = (3az,* + 2bx, + ¢)d,
+ Baz, +b)(6x, )2+ v (S, ),

S _ S, + 20, + o+ (Sa, + b+ ade, oz, .(6)

oz,
and therefore the gradient at P is
L Y8022 4 22 40 e (1)

8r;=0 8
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When there are more terms the process and results are
similar.

Notice that the constant ferm d does not appear in the
gradient, but that the constant factors a, b, ¢ remain as
factors. The geometrical reason for the absence of d from
the gradient is obvious.

The reasoning is the same whatever particular value of
x, such as o, we take. If we use the phrase “ gradient of
the function” instead of “ gradient of the graph” we may
state the results we have obtained as follows:

grad. of #*=3x%; grad. of a"=mnam-1,......... (a)
grad. of ax?+bx?+cx+d=3az*+2bx+c;...... (B)
and for the function (1)
grad. of ax®+ b1 4cxr 24 .. 4 lr4l
=nax '+ (n—1bx" 24 n—2)ca™ 34...+k. ...(C)

Lrample. Write down the gradients in the following cases :
(i) 2%, (i) 32%— 422+ 5x+7, (i) 32¥ 45275
The results are :
(i) grad. of at=4x3;
(ii) grad. of 32 —4x¥+5r+7=922-8x+5;
(iii) grad. of 3% +52 ¥ =1x 327} +H(=1x ¥

— 8y Y 5,8
=3z fa e,

18. Derivatives. Differentiation. The gradient is itself
a function of the argument z and it has received various
names; as. “the derivative of y or f(x) with respect to «,”
“the differential coeflicient of y with respeet to @, “the
derived function of y with respect to x.” The phrase
“a-derivative” may be used instead of “derivative with
respect to x.”

Of course when the argument is not z but some other
variable, say ¢ or w, the derivative is a t-derivative or a
u-derivative. The argument need not be named when it is
quite clear what it is.

The process of finding the derivative is called differentia-
tion ; to differentiate a function means to find its derivative.

There are several notations for the derivative. A very
simple one is a capital D (the first letter of the word)
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prefixed to the function; thus, Dy, Df(x), D(3x?+2x—1).
When the argument has to be specified it is placed as a
suffix to D; thus, Dy, Dy.
A more common notation is that which represents the
derivative as a fraction ; thus,
dy df(z) d(3z*+2x—1)
dr' “de’  dr )

This notation is suggested by the quotient of the incre-

ments, namely g% The symbol %l% must for the present

be taken as a whole; we shall afterwards (§22) assign

a meaning to the symbols dy and dx. When the function

consists of several terms the derivative is sometimes

written thus:

i(3x2+2x-—l)

dx '
d

In this form the symbol dz (which must be taken as a

whole, just as the form dy/dr must be taken as a whole)
is equivalent to the other symbol D,.

Lastly, when the function is represented by the symbol
f(@), or F(x), the derivative is often indicated by putting
an accent over the functional letter; thus, f'(x), F'(x).

To indicate thevalue of a derivative for a particular
value of i, the following notations are used :

[Dyles 2] F(@

The last of these is specially convenient.

The diversity of names and notations 13 apt to perplex
the beginner, but they are all in use and have their own
advantages. It is best therefore to master them at once;
the difficulty is after all more apparent than real.

We shall now work some examples, but we note specially
the following results, proved in § 17.

I. To find the derivative of 2" multiply by the index n
and then subtract 1 from the index n (§ 17, A).

I1. The derivative of the sum of two or more terms is
equal to the sum of the derivatives of the terms (§ 17, B, ¢).
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IILI. A constant term in the function does not appear in
the derivative. We may say that the derivative of a constant
is zero.

IV. A constant factor of a term remains as a factor of the
corresponding term in the derivative (§17, B, ¢).

The following result is often uscful :

V. D(ax+b)"=na(ac+b)*-1. In words, to find the de-
rivative of the n™ power of the linear function ax+0,
multiply by the index = and by the coefficient « and then
subtract 1 from the index n» (see example 5 below).

Erample 1. Find the derivative when y=jf(r)=4x%—8z-".

Dy=D(42*-8x—-T)=8x—8; or, f(x)=8x—-8.

The gradients of the graph for the values 0, 1, 2, —1 of x are given

by the equations
J(O)=-8, f()=0, f(2)=8, f(-1)=-16.

When x=0, the tangent has a right-hand downward slope of 8 in
1; when 2=1, the tangent is horizontal ; when x=2, it has a right-
hand upward slope of 8 in 1; when 2= -1, it has a right-hand down-
ward slope of 16 in 1. (Compare Fig. 8.)

Fig. 8.

Note. To draw the tangent at P when its gradient is
=38, move to the right one forizontul unit, then downwards
8 wertical units; or, move to the right one-tenth of the
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horizontal unit; then downwards eight-tenths of the vertical
unit, ete, and join P to the point so found. In drawing
the tangent attention to the scales of the figure is necessary.

. . .. 2 3 4
—_ P I W R
Ezxample 2. Differentiate y =5+ et N
Write y= w422 —3utparE
then %:gﬁﬂ— 1)2072 — (- 2)30-3+(— §)4a¥
1 1 1 1
=82¥ -2—54+6—-10—
§ PRt !

2. 6 10
=3 Jr—-t——
IV 220 a8\ JaT

The student should make sure that he knows the working rules of
indices. A common blunder is to add 1 when the index is negative,
making, for example, Dx~2 equal to — 227! instead of —2r-3

A frequently occurring result is that of the derivative of \/z';

Y% NS T
D(Jxr)y=Dx*=%z N

Ezample 3. Find dp/dv when (i) pr=_C, (ii) pp*=C.

@) p=5=00 Pm(-1)0rt=-3;

5 9
2

(ii) p=—(i=C'v‘7; dp_ —yCp-v-l= —_Z(_y..
oY v v

d v+1

Example 4. 1f s=¥1—}g2%, find ds/dz.

(_1‘5... v t
@~ I

Example 5. If y=(ax+ b)Y, find dy/dz.

Here Y1+ 8y ={a(zy + 8x)) + b= { (ax; + b) + adz,}",
so that 1+ 8y =(ax;+ b)* + n(axr, + b)*adr; + 4 (57,)%
and therefore, exactly as in § 17 (4),

g'z t =na(az,+b)" 1+ A8z,

Hence g‘g= d_(a_'f[:_b).’:=na(ax+ by L,

The result of this example is very useful ; it holds for all values of
®. As particular cases we have, for instance,

D@Br+22=2x3(3zr+2)=18r+12.

. _ 2
DJ(4z~Ty=D(4x~T) =} x 4(42-"7) t@“——fy



EXERCISES. II. 31

We can verify the first of these by expanding the square ; thus,
Br+20=92+12r+4; D(922+12x+4)=18z+12.

Faample 6. Find a function of # whose derivative is 22—z +1.

To solve this little problem, we must remember the rules of
differentiation. If after differentiation, the index of x is 2, then before
differentiation it must have been 3; but in differentiating 2° we
multiply Ly 3, and therefore we must put in the factor 1. Thus to
get 2% we differentiate 2% Similarly to get 2, we differentiate 422
and to get 1 we differentiate ». Hence

I —d2%+
is a function whose derivative is 22 —2+1, as may at once be tested
by differentiation ; this function is called an integral of z*—2+1 and
the process of finding it is called integration. Integration is taken up
in Chapter V., but the student will find it to be good practice in
differentiation to go through the inverse process of integration.

If any constant term, C say, be added to the function found above,
this new function will still have 22— x+1 as its derivative (§18, II1.).
The function containing this constant is called the general integral
For the present, the constant term need not be added to the integral.

Evample 7. Write down the integral of (i) xlﬁ’ (ii) /.

We find (i) Integral of i_2=lnt. of r 2= —271= —}:

=2, /2%

Test the results by differentiating the functions obtained ; thus,

3
Y

(ii) Integral of /r=1Int. of a:%’=§;r

EXERCISES. IL

Write down the derivatives of the functions of 2 in examples 1-30.

1. Ho 2. Sa+7. 3. 42

4. 4x%-10. 5. Ta?—12x+6. 6. 3+1lx—22%

7. 38 —4a?—x+1. 8. 3-222+44°-0a2t 9. (x+1)(r+2).
10. (Br-2)(2r+3). 1L (c+D(r+2)(x+3). 12. (ar+b)(cx+f).
13, 24 14 e 15, dz+3-2

x J x
16. az+b+l, 17, 3L g ey,
19. (2e+1y. 20. (1 -2t 21. (3-a)
1 1 1

Ly B x % sy
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1 . 1
25. (3 - 2.1‘?)2'- 26. \/ (Z.Z‘ + 3). 27. ;\_/(TZ—L‘_-I:-T;)-
a%— 42245 a®— 42245+
N2 —3x). z — -— .
V@ -3n) B — 30—y

Differentiate with respect to the variables ¢, u, » the functions
31-40.

720 720 4
— 2. e T e TG e -
81. 10¢-3¢ 2. 38— 3. o
1
2 / —_ —_—
35. a+bt+ctt 36. J/(Bu—4). 37. JGa=3)
38. 3u(u—Db). 39, at+b+5 40. Jp

Integrate with respect to  the functions 41-50, testing the results
in each case by differentiation.

41, 32%+x-1. 42, 2+1- —.,~ 43, 2%+ ‘—17,. 44, —1,—.
a 2x= N
2 3 (' 9 oNe
45. J—l - _T‘i = 46. (.l‘ + 1)‘. 47, (3Jf+ 2)%
1 1 1
18, (Br+2)F 49. (B 2y 50. sy +9

19. Rates. Variation of a Function. Before reading this
article the student should giance again over §8; the
substance of that article will now be presented in a “more
definite form: the results obtained from inspection of the
figure will be expressed in terins of numbers.

When « increases from @, to a;+dx;, the function
f(x) changes from f(x;) to f(x;+dx,); the change in the
function is therefore

S+ b)) —f(x), that is, fGr)).

The average rate at which f(x) changes, as x increases
from x; to CC1+0.’I'1, is &f(: [1)/8.L1 When f(z) is represented
by a graph this average rate is the gradient of the ehord
2L’Q of the graph, where P is the pomt on the graph whose
abscissa is 2, and @ the point whose abscissa is i, + ;.
(See §7.)

The gradlent of the tangent at P, that is, f'(z)) is the
number which measures the rate at which f(x) is changing
when « is equal to ;. (§7.)
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In order therefore to find out how a function f(zx) changes
as « increases from one value, « say, to another value b, we
have merely to examine the value of its derivative J (@) for
the values of @ from w=a to z=0. We go on to show that
the mere sign of f/() gives much information.

When f(x) is positive, the tangent has a right-hand
upward slope as the graphic point P moves to the right it
also rises, and the value of the ordinate or function increases
algebraically. (If the poiut P is below the z-axis a rise of
P means that its ordinate decreases numcnca]ly but, since
the ordinate is negative, this means that it increases
algebraically.)

When f(z) is negative, the tangent has a right-hand
downward slope ; as P moves to the right it also falls, and
the value of the ordinate or function decreases algebraically.

Hence, the sign of the derivative f'(x) tells whether the
function f(x) is increasing or decreasing. To test how f(x)
changes as « increases from any value, @ say, we first cal-
culate F(@). 1 f(a) is a positive number, then f(x)
Increases when 2 becomes greater than «; but if f(«) is a
negative number, then f(x) decreases when « becomes greater
than «. If we suppose 2 to become less than «, then
f(x) will decrease when f'(«) is positive, but will increase
when f'(«@) is negative.

We have still to consider the case for which f(z) is zero.
When f(2)=0, the tangent is horizontal ; the rate at which
P is rising or falling, for those values of z that make f'(x)
vanish, is zero, and £’ is for the moment stationary. The
value of the function is also said to be stationary; in most
cases a stationary value is a turning value.

Hence, to find the turning values of a function f(x) we seek
those values of = that make f'(r) equal to zero. For the
method of deciding whether the turning value is a maxi-
mum or a minimum, sce the following examples and § 21.

Lrample 1. If f(x)=4r*—8c—7, trace the variation of the function
FEAN increases fl‘()ll] —wto 4+,

We have T ()=8(r~1).

If # < 1, then 8(«—1) is negative, Therefore for every value of z
less than 1 the derivative is nemtwe, so that as x Increases from — w0
to 1 the function steadily decreases ; ; f(2) decreases from +o to —11
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If x> 1, then 8(x—1) is positive. Therefore for every value of 2
greater than 1 the derivative is positive, so that as z increases from
1 to +o the function steadily increases; f(2) increases from —11
to 4.

If x=1, the derivative is zero. Therefore f(1) is a stationary value
of the function, obviously a minimum value.

These conclusions agree with the character of the graph of the
function (Fig. 8, p. 29).

Evample 2. Graph the function f(x) where

J(@)=22"- 922120424 coiiiiiiiiiiiiin (1)

Find f'(x) and express it in factors ; we have :

F@)=6a- 181226 (- 13— (¥7)’ }
or, since 4/17=4'123 approximately,
F(@)=6(@+0DB)@ = 3B56). cevverreereeereenrnann. (2)

The derivative f'(x) is zero when o= -056 and when =356
the corresponding values of f(x), namely f(~056) and f(3:56) where

F(~0:56)=2755, F(356)= — 4255,
are stationary values of the function.

Fig. 9.

‘We must now examine the sign of f'(x) as x varies from --o to
+o. Since a product changes its sign when one of its factors changes -
sign, we see from (2) that f’(r) can only change sign when x passes
through the values —0'56 and 356 ; these two values of z guide us
in tracing the sign of f'(z).
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If x < =056, that is, if 2 is negative and numerically greater than
056, both factors of f'(x) are negative and therefore f'(z) is positive.
Hence as « increases from —o to —056 the function f(z) steadily
increases and the tracing point of the graph steadily rises; since
f(—w)=—o, the tracing point rises from the extreme low left to
the point (—0°56, 27°55).

If # > —056 but < 356, the first factor of f'(x) is positive, the
second factor is negative and therefore f'(r) is negative. Hence as »
increases from —0'56 to 3:56 the function f(x) decreases from 2755
to —42:55. The stationary value f(—056) is therefore a marimumn
value.

If x > 3'56, both factors of f'(x) are positive and therefore f"(2) is
positive. Hence as o increases from 356 to + the function f(r)
increases from —4255 to +w. The stationary value f(3'56) is a
minimum value.

We now know fow f(x) varies through its whole course. To show
the use of the gradient in actually plotting the graph, we have
marked in Fig. 9 certain points and have drawn short lengths of the
tangents at these points. To complete the graph within the range
indicated, we must join the points by a smooth curve and see that
this curve touches the line at each point. It will be observed that
the curve practically coincides with the tangent for a considerable
distance on each sidy:a of the point of contact. The following values
are shown :

x -Ql —161-1{-056| 0 1 15 2 i 3 856 4 |; 451 5 | 50
| !
—f—— | — | i —

S(x) | -4| 15 | 252755 24 5 =T =20 ; ~39| -42°55 -40| -380:. -11]185

| ! | i
v_.}_ — - : ——— i
f’(z)i 48 | 285 | 12 0 =120 -24| =250 —24 | =12 0 12 285 48 i 05
| | | | H

Frample 3. Find the point of inflexion on the graph of the
function discussed in example 2.

A point of inflexion on a curve is one at which the gradient has a
turning value (§9). Now, if the tabulated values of f(r) are
examined it will be seen that they decrease from 48, when 2= —2,
to —25'5, when =15, and then increase to 70'5 when x=50. The
gradient has therefore a turning value at or near the point for which
r=15.

To test the matter definitely, let us for the moment choose a new
functional symbol for the gradient, say G'(x); then

G(z)=f"(v)=62*—18x—12.

The turning value of the function G(x) is obtained by finding the

value of # for which the derivative G'(x) vanishes ; but
G'(2)=D(622-18x—12)=12x—18,

and_therefore G'(r)=0 when x=18/12=15. When x=1% the

gradient G'(x) is a minimum ; because ¢'(z) is negative when @ < 15
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and positive when 2> 1'5. In other words, the gradient is a de-
creasing function so long as z is less than 15, and an increasing
function so long as z is greater than 1'5; the value of the gradient
when = is equal to 15 must therefore be a minimumn.

We thus see that the point for which x=15, that is, the point
(1'5, —7°5) is u point of inflexion on the graph of f(2); but we have
obtained the additional information that the graph has no other poiut
of intlexion, be :ause the gradient has only one turning value.

20. Derived Curve. In the last example we have used a
new functional symbol for the gradient f'(x). The gradient
is a function of x, and we shall find 1t convenient for the
present to use a special functional letter, such as @, to
denote the gradient.

In plotting the graph of f(x) it is convenient to employ
a single letter, ¥y say, to represent the ordinate. We may
similarly employ a single letter, z say, to represent the
ordinate of the graph of G(z); the expression for the
gradient being known, we may plot it just as we plof any
other function of «.

Definition. The graph of the derivative of a function
f(x) of @ is called the derived curve of the function f(.r).

We thus obtain for any function f(z) two curves; one is
the graph of the function itself and the other is the graph
of the derivative of the function. In plotting the two
curves the z-seale should be taken the same for both; the
scale for the ordipates will usually need to be different.
The ordinate of the derived curve will be proportional to
the gradient at the corresponding point of the graph of
the function.

For example 2, § 19, we shall have the equations
y=f(@)=202=92>— 120 +24,............... 1)
z=G@)=f(x)=02"—18c—12. ............. (2)

The turning point of the graph of (2) is the point of
inflexion of the graph of (1).

The graph of (2) will show clearly the various changes in
the gradient of the graph of (1); it will in fact represent
the variation described in §9. When the ordinate z is
positive, the ordinate ¥ is increasing ; when 2z is negative, y
18 decreasing ; when z is zero, y is stationary.

This graphical method of tracing the variation of the
gradient is often useful.
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21. Maxima and Minima. The values of  that make
f(x) a maximum or a minimum are (§19) the roots of the
equation f(2)=0; but it may quite well happen that a
value of # which makes f'(x) vanish does not make f(x) a
maximum or a minimum. For example, if f(a)=a% then
f(x)=32* and vanishes when z=0; but f(x) is neither a
maximum nor a minimum when x=0. The origin is a
point of inflexion.

It is often troublesome to test whether a root of the
equation f(x)=0 does actually make f(x) a maximum or a
minimum. A straightforward, though often tedious,
method is the following: let @ be a root of f(x)=0 and
I a small positive number; caleulate f(a), f(a—1L), fla+1).
The values found will show at once the nature of f(a).

The best method is to examine the stgns of f(«—1L) and
fla+h). It f(a—I)is positive and f(a+h) negative, then

(a) is a maximum; if f'(«—7n) is negative and f(a+1)
positive, then f(a) is a minimum. (See also §24, example 2.)

In many eases, however, the nature of the problem shows
whether & maximum or a minimum exists, and then the
value of x that makes f'(x) vanish will give the solution.

Erample 1. 1If f(r)=42"—- 27245, find the turning values.
F(£)=1222— 27 =12(2+1'5)(z - 1'5)

and f'(#)=0 when = —1'5 and when 2= +1'5.

‘We now test these values.

First Method. 'Take 2=0'5; then
F(=15)=32; f(=15-058)=/(-2)=27; f(-15+0b)=7(—-1)=28,
and thercfore /(- 15) or 32 is a smarinum ;

FAb)=-22; fAH-00)=F(1)=—18; f(1'5+0D)=F(2)= —-17,
and therefore f(1°5)=—22 is a minmtmum ; (—~22 is alyebraically less
than either —18 or —17).

Second Method. Tt is only the sign of f'(x) that we need ; there is
no necessity for calculating the value. We suppose 4 to be small and

positive,
F(=15 =By =1z{~)(~3—1)=12( = )(=)= +,
J(=1542)=12()(=3+A)=12(+)(-)=—.
Hence as x changes from —15-/% to —15+4, the derivative
changes from + to —, and therefore f(z) changes from an increasing
to a decreasing function. f(—1'6) is therefore a maximum value

of f(z).
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Again,

FAB=R)=123-1)(~H)=12(+)(-)= -,
F (U5 +R)y=12@+ k) (k) =12(+)(+)— +.

In this case f'(x) changes from — to +, and therefore f(1'5) is a
minimum value of f(z).

Note. The value —15 of a makes f(x) a maximum, or gives a
maximum value of f(z); it is f(—1'5) (that is, 32), that is the
maximum, ot —1'5 as the beginner often says.

Erample 2. If f(x)=3xt—823+6a2—10 find the turning values.

S (r)=1223- 2422+ 120 =122 (2 - 1)*,
so that f'(x)=0 when =0 and when x=1.
Now, J(=2)y=12(=A)(=h=1)=12(=)(+)= —,
FO=120) (= 1P=12(+)(+)=+.
Hence £(0), which is equal to — 10, is a minimum.
Again,  f(1=2)=12(1 = A) (- A =12(+)(+)= +,
L A+)=12(0+A)(RP=12(+)(+)= +.

In this case f'(z) does not chunge sign as x increases through the
value 1; f(z) 7ncreases as x increases from 1—~4 to 1 and continues to
increase as x increases from 1 to 144 The point on the graph of
f(x) for which x=1, namely (1, -9}, is a point of inflexion. We
can confirm this by finding the points of inflexion on the graph of f()

Let G'(x) be the gradient ; then ¢/(z)=/f"(r)=122% - 24r>+ 12

G (r)=362%— 48 +12=36(x - })(r - 1).

When o=}, ¢(x) is a maximum, and when =1, G'(x) is a minimum.

Hence the points (1, —25%"),(1, —9) are points of inflexion on the
graph of f(.c).

Lrample 3. Find the greatest (right, circular) cone that can be
inscribed in a sphere of radius Z2.

A

Fig. 10.

Let ABE (Fig. 10) be a section of the cone by a 1)la.ne through its
vertex 4 and the centre O of the sphere. The volume of the cone
is 3w BC?. AC.
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Let OC=x; then AC=R+x and BC?=R2—2% The volume is
therefore

3;(m—xZ)(1c+x)=’§’(R=*+mx- Ra?— %),

and, since 7/3 is a constant, the volume will be a maximum when the
expression in the bracket is a maximum. The problem therefore
becomes : if f(x)= R+ Rz — Rx*— 27, find the maximum value of f(z).

We have f(x)=R-2Rx—3x2=(R+x)(R - 3x),
and f'(¢)=0 when x= — I and when x=}ZR.

The value z= — I makes f(z) equal to 0; the value }R makes f(z)
a maximum. It is, in fact, obvious that there must be a maximum,
and it can only be the value given by x=1R. The maximum cone
has the volume 327 R%/81 or 1-24/3.

Note that for the maximum cone

sin BAC=1//3 and L BAC=35° 16"

Ezample 4. Find the maximum value of the curved surface of a
cone inscribed in a sphere of radius /2.

The curved surface (Fig. 10) is #BC. AB and, in the notation of
example 3, is equal to

(2= 22— 2?) + (R + 2)%} or mf QR)( R+ RP*x — Rx? — 23).

Now, since we are only concerned in this case with positive
quantities, the curved surface will be a maximum when #ts square is a
maximum. But the square is 27°,2f(x), where f(x) has the same
meaning as in exanple 3. ITence, the factor 272/l being a constant,
the curved surface will be a maximum for the same value of z,
namely 3£, as in example 3; the maximum value is 8x/t?/3,/3 or
484122

EXERCISES. IIL
Note. The cylinders and cones referred to in the examples are
right circular cylinders and cones.

Find the turning values, stating their nature, arnd the points of
inflexion on the graphs of the functions 1-18.

1. 1041562 —3a2 2. 2z+3)(5b—x).
3. £-3r+2. 4. 45°5-15224+122-2.
5. 2% —322—122+10. 6. 32'—8x3—6x24+24xr—11.
7. 324t—423-10. 8. 25—baxt+5224-10.
9. (1+a)X1—a?). 10. 231 —2x)%
11. (z—1)(z—2)(z-3). 12. z(9-22).
13. 2%9 - 2?). 14. A(9—2?).
15. (22%243r+18)/a. 16. (2+z+2)/(z—1).

17, (20%+322 4 8)/22. 18. (728—302°+ 1122 —8)/a2,



40 INTRODUCTION TO THE CALCULUS.

19. Show that the altitude of the cylinder of maximum volume
that can be inscribed in a sphere of radius £ is 2/2/,/3.

20. Show that the curved surface of a cylinder inscribed in a
sphere of radius & is a maximum when the altitude of the cylinder
is /2. L.

21. Show that the altitude of the cylinder of maximum volume
that can be inscribed im a cone, whose altitude is A and the radius of
whose base is £, is }A.

22. Show that the curved surface of a cylinder inscribed in the
cone of example 21 is a maximum when the altitude of the cylinder
is 34

23. A cylinder is to be constructed and its total surface is to be
4 square inches; show that the altitude of the cylinder of greatest
volume that satisfies the condition is twice the radius of its base.

[Let the altitude of the cylinder be 7 in. and the radius of its base
2 1n.; then its volume is w2?y cub. in. sud its total surface 2ray +2mra?
sq. in. But, by the given condition,

2wy +2mat=A,
so that rxy =4(4 - 2r>?), mriy=3%(dxr—2m2").

The problem therefore reduces to that of finding the maximum
value of 3 (dz—27r2%).]

24. The strength of a rectangular beam varies as the product of
the breadth and the square of the depth of the beam ; find the breadth
and depth of the strongest rectangular beam that can be cut from a
cylindrical log, the diameter of whose cross-section is d inches.

25. From a rvectangular sheet of tin, the sides of which are a and &
inches, equal squares are cut off at each corner and a box with open
top is formed by turning up the sides. Find the side of the square
80 that the hox may have maximum content.

26. If x+y=4£, a constant, find the maximum value of 2% all the
quantities being positive.

Prove from your result that

L\ o\ [ 5 : h\6
GV <CEys every?)

unless x/3=1y/2 or a=>b, in which case there is equality.
27. The same problem as in example 26 for 25/% Deduce

r 53/)’3 (x+?/>3' . <5r1+3b>3
(3)(3 <{7g7) 5 V<" g

unless z/5=y/3 or a=b, in which case there is equality.
What would you infer the inequalities deduced from 2™y to be ?



CHAPTER IIL
DIFFERENTIALS. HIGIHER DERIVATIVES.
22. Differentials. In Fig. 11 let OM =2, MP=y=f(z),

MN=PR=x, )=dy and let the tangent PI cut NQ at
T PR is parallel to MN.

Y Q
L~
T
P R
Al
o M N X
Fig. 1L

The gradient of the curve at P is RT/PR, and its value
is the value of dy/dx or f(x) when x=0M.

Now suppose that a point moves along the curve 4P,
but, when it comes to I’, suppose it to proceed, not along
the arc PQ but along the tangent P7. The increment of
the ordinate of the moving point is, on this supposition,
not RQ or §y but RT. This hypothetical increment of ¥ is
called the differential of ¥ and is denoted by dy (or df(z),
when f() is used in place of y); the symbol dy must, like
dy, be taken as a whole.

We thus have

Sy =actual increment of the function y=E@Q,

dy = differential of the function y = RT.
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The hypothetical increment of the independent variable
« is the same as the actual increment MAN or §z; we may
therefore write dx, the differential of z, in place of 6, thus
securing a symmetrical notation.

. RT dy d
Sinee F@=pr=go= id(:_)
we deduce Ay =df(@)=f" ()AL, «ccvevrierenerenennn. 1)

so that f(x) is the coefficient of the differential du; hence
the name “ differential coeflicient.”

From (1) we see that the differential of a function f(:) is
equal to the derivative f(x), multiplied by the differential dx
of the independent variable .

For example,
A(x?)=2xdzr ; d@™)=nzx""dxr; dB22—2+4)=(6x-1)dx.
Instead of the brackets, a point is often used when the function
contains only one term : thus, d. 2% d.2" The notation da? without
bm;kets or point, is usually taken to mean (drx)? that is, the square
of d.
When the indepcndenb var iahle is, say, ¢ or u we hru )

d. =20t A= dz:-ﬂ A= 1) = (3% — 1)dlu.
a\

23. Approximations. In the definition of dx there is no
limitation as to its magnitude ; we may choose dx of any
size we please but,"'when d has been chosen, the magnitude
of dy becomes definite because dy=f'(x)dz. In practice,
however, dz (and therefore also dy) is usually supposed to
be small; when d.c is small, dy is a good approxzimation to
the value of dy, as will now be proved.

Let the value of 8y,/8z; in § 17 be examined ; it will be
seen that in every case it consists of two terms, namely (i)
the derivative, (ii) a term of the form Adx,, We therefore
have, for any value of x, an equation of the form

67/_f(x)+A6Jc

Multiplying by dx we find, since dz=dz and f'(x)dr=dy,
Sy =f'(x)dx+ A(dz)*=dy+ A(dx)
Now, the fractional error involved in replacing dy by dy
is (Sy —dy)/dy.
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But $¥—9y_ A(dx)? _ A
Sy  f(w)ydx+A(dz)? f(x)+ Adx
If, therefore, dx is small the fractional error will usually
be small, because 4 and f(«) are usually finite quantities.
Of course, in all approximations it 1s, as a rule, the
fractional and not the absolute error that is of importance.
If then y=f(x) and y+dy=f(x+dx) we have as
approximate equations, when dx is small,
f@+dx)—f(x)=8y=dy=f(x)dz, ............ @)
SEtda)=f(x)+f(x)dz, .cocevenaeenn. (2)
where, it will be noted, the term in (dz)? does not appear.
Geometrically, RQ (Fig. 11) is approximately equal to
RT when MN 1s small.

Erample. Let f(z)=2%; then dy=f"(2)dr=2zdz.

If =2 and dz=0-1, then dy =04, §y=0-41.

If =2 and dzr=0-01, then dy=0-04, §y=00401.

When dx=01 the absolute error in taking dy for 8y is 001, the
fractional error is 1/41 and the percentage error about 23.

When dr=001, these errors are respectively 00001, 1/401 and
about }.

The errors involved in taking f(x)+f(z)dr in place of f(z+dx) in
the two cases are 001, 1/441, 0-23 and 00001, 1/40401, 00025 respec-
tively.

Examples 26-29 of Exercise IV. should be noted.

X dzx.

A very useful case of (2) is obtained by putting f(x)=2";

writing & for de we find when % is small
(@+hyr=ar+nxe Ve covoiiiiiiiiiin. 3)

The approximate values given by equations (1), (2), (3)
may be called first approximutions to Sy, f(x+dx), (x+ k)"
respectively.

As a method of approximation, the principle of rejecting
squares and higher powers of small quantities, such as di
is supposed to be, is of great importance. It may be noted,
as a hint that can often be turned to good account, that
in finding the limit of Jy,/dx, we may at the outset reject the
squares and higher powers of Jz,, for the simple reason that
these have no influence on the limit. Thus, in §17 (3) the
terms denoted by A(dz,)* might have been rejected at the
start; because in equation (4) they appear as Adx,, and the
limit of Adz, is zero. Terms such as A(x,)* are sometimes
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said to be neglected as being “infinitely small” in com-
parison with those retained ; but this phraseology is apt te
mislead the beginner, especially when associated with a
doctrine of different kinds of “nothing.” For a more
detailed treatment of this matter, see the author’s Calculux,
§§ 86, 87.

24. Higher Derivatives. The derivative of a function
y of x is usually itself a function of # and therefore has a
derivative. Thus, if y=a* then Dy =4x*; but D (4«®)=12x",
that is, the derivative of the derivative of z* is 1222 The
function D(4x®) or 12x? is thercfore called the second deri-
vative of z*. Similarly, D(12x?), that is 24x, is called the
third derivative of z* and so on. D(x*) may now, for
distinetion, be called the first derivative of a*.

The notation for the higher derivatives is modelled on
the notation for indices. Thus,

the first  derivative of y is Dy ;

the second .......cocoveieeennnn. D(Dy),  written D?y;
the third ... D(D2%y), ......... D3y
the nth ...l D(D-1y), ......... Dmy.

The suffix z, ¢,... is inserted when the argument has to
be specified ; thus, D2y, D%y ... D32y, Dfy ....

In the d/dx notation thesc derivatives are written thus:

Y ? dy d? d*y
U= g = s D= g =
and so on.

The accent notation is also used; thus f”(x) mecans the
Ynd derivative of f(x), /(x) the 3rd derivative and so on.
The nth derivative is f™(x), the » being put in brackets.

The student should note examples 2 and 3.

Example 1. If y=ar*+bax3+cx?+dr+e find the first four deriva.
tives of y.

Dy or 7 g‘ =4a2®+3ba?+2cr+d ;
a2y
2 Y o422 . .
D% or =12 +6br+2c;

>y diy
3 Y e924ar4+6b: D or - —=94q.
D3 or d ;=24ax+6b; Dy or aa 4o,



HIGHER DERIVATIVES. 45

Since D%y is a constant, the 5th and all higher derivatives are in
this case zero.

Evample 2. If f'(x)=0 when r=aqa, show that f(a) will be a
maximum value of f(x) provided f”(a) is a negative (not zero)
number, but that f(«¢) will Le a minimum value of f(z) provided
f'(«) is a positive (not zero) number.

Let A be a swmall positive number, then, provided f”(«) is not zero,
the function f”(r) will have the same sign when x is equal to a— 4 or
to a+4A as it has when & is equal to «; because the three values of
J'(©) cannot differ much from each other.

Now, 7'(a) is a maximum value of f(x) if, and only if, the gradient
j'(x) is positive when x=a--%4 and negative when x=a+hk Hence,
as x increases from a—-4% to a+4, the function () decreases
(algebraically), and therefore (§ 19) the derivative of f'(x) must be
negative. But the derivative of f'(z) is f"(2), and therefore, as
increases from a—#4 to a+#h, f'(r) must be negative ; that is, ”(a)
must be negative.

In the same way the other part of the theorem is proved ; f'(x) is
now an increasing function.

If /"(a)=0 the reasoning fails; it will be a good exercise to show
precisely where it fails.

We have here obtained a test for a maximum or minimum that is
sometimes useful. :

Thus, in § 21, example 1, f'(x)=242. Now,

F(~15)=—36, f'(1°5)=36,

o that f(—1) is a maximum and f(1'5) a minimum value of f(x).

Ecample 3. Show that the abscissae of the points of inflexion on
the graph of f(x) are the roots of the equation f”(2)=0.

At a point of inflexion the gradient f'(z) has a turning value (§ 19,
example 3); therefore the abscissa of such a point must make the
derivative of f7(x) equal to zero, that is, it satisfies the equation

")y =0.
/ '[“)» be certain that a point of inflexion is present, the test that f'(x)
has a turning value should be applied.

EXERCISES, 1IV.
Write down the differentials of the functions 1-13.

1. 2r+3. 2. av+b 3. 3a*+1. 4, az®+b.
5. P44, 6. ri4a 7. at-zxt
8. 3ri-4r+T. 9, ar’+br+e. 10. /.

1

L b b
11. T 12. (I'l.-+x;'". 13. ax +$'—,,
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‘Write down functions of which the functions 14-25 are the
differentials.

14, zdx. 15, (z+1)da. 16. (3x+1)%d.
1 & 18 & 19. .
a® Jx .
dv ar dv
20. e 21. GHIF 22. Jorn
1 £-2
2. (wi2+ ) 24 2% 25, 3’%‘.@.

26. If f(x)=3r%—2-3 find the first approximation to f(x+du).

One root of 322 -2 —3=01is 1'18 approximately ; calculate a better
approximation. Sec Newton’s Rule, page 218.

ELet 118 +4 be the root; then f(1'18+4%)=0. But, since 4 is

small, JQ18+74)=7(1"18)+,(1'18)4,
so that S18)+F (1118)h=0, k= _;giig

Now, f(1'18)= —00028, f'(1:18)=608, so that A=0-00046 and the
root is 1'18046. Note that in § 22 we may if we please suppose dz to
be negative, for @ may be taken on the other side of 2’.]

27. The equation 3.3 — 42 —5=0 has one real root which is, approxi-
mately, equal to 1'5 ; find a better approximation.

28. The real root of the equation 34%+45r—40=0 is 2'13 approxi-
mately ; find a better approximation.

29. One root of the equation 2®—422—72r+424=0 is 2'18 approxi-
mately ; find a better approximation.

30. Show that equation (2), § 23, may be written in the forms
(@) F(H)=F(@)+G-a)f (a),
(il) /(@) =7(0)+1'(0).

Illustrate by graphs.

Apply § 23 (3), or Example 30, to prove the approximate equations
in Examples 31-36 ; test the approximations in any way you can.

3L J(1+x)=1+4x 32, JA+a?)=1+Le2
z P SOl
33. 'x/(a"'""'):s/“'l'ﬂi 4. Jp +.T)—-p+2p.
1 1 22
B TSy
3. 1 1 »

N N A
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Write down the second and third derivatives of the functions 37-48.

37. 3a2—5br+7T. 38. 1024 - 15434+ 1222 482 - 5.
1 1 1 1
39. ;;' 40. 3.'2‘ 41. m 42. (.Jj _"_ 1)‘
e d 1
43. ax+b+;+;2- 4. J= 45. NS
4. = 47, 22(a—a. 48. 2(a—z).

Find the points of inflexion on the graphs of the functions 49-53.

49, 228 -7x+3. 50. 4a3—27x45. 51. bad+4a?—-3x+2.
52. (z+1)(x+2)(x+3). 53. 2% (a—a)%

54. Show that (with the usual disposition of the axes) the graph
of f(z) is concave upwards for all values of » that make f”(z) positive,
but is convex upwards for all values of z that make f”(2) negative.

(Se= § 9.)



CHAPTER 1V.

APPLICATIONS TO MECHANICS. FURTHER THEOREMS
ON DIFFERENTIATION.

25. Applications to Mechanics. The gradient at a point
P on the graph of a function ¥ or f(x) measures the rate at
which the function increases with respeet to a, for the
particular value of « which is the abscissa of P (§19).
The characteristic word for expressing a rale is pen
Thus, if the gradient of a road is 1/20 the road rises
1/20th of the vertical unit per unit of horizontal advance,
or 1 vertical unit per 20 horizontal units. Again, the
speed of a train may be 30 wmiles per hour; the rate at
which the velocity of a falling body is accelerated is
32 units of wvelocity (feet per second) per second, and
SO on.

In algebraical language, if, as {he independent variable
inereases from x to « 4 dx, the function increases from 7 to
y+dy then Jdy/dx measures the averuge rate at which
increases for the increment §x; the Limit of y/dx (which
is denoted by dy/dx) measures the rate at which 4 increascs,
for the value « of the independent variable. If y is, for
example, a number of square inches and z a number of
seconds, then dy/dx means “so many square inches per
second ”; if # denotes a number of degrees of temperature,
then (y being a number of square inches) (1'1//079' means “so
many square inches per degree of temperature,” and so on.
The student should accustom himself to thinking of this
meaning of a derivative.

We shall now take some examples.
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Example 1, Velocity, Acceleration, Force. At time ¢ (seconds)
from a chosen instant, a particle of mass m (pounds), which is moving
along a straight line, is at the distance x (feet) from a fixed point O on
the line. 1f the velocity of the particle is » (feet per second), the
acceleration a (feet per second per second) and the force acting on it
F (poundals), express » ¢nd a as t-derivatives, and write down the
equation connecting F, m, a.

The velocity at time ¢ is the rate at which the distance 2 is increasing.
When ¢ incrcases to t+38¢ let a increase to x+8x; of course, if x
decrcases the increment Sz is negative. The average velocity during
the interval 8¢ is 8z/8¢; and the velocity at time t, from which the
interval 8t begwns, is the limit of 8z/6¢ for &8¢ converging to zero.

dr .
Therefore v = Dexeeeiiiiiiiiiiniiiiiii (1)
(To save needless multiplication of symbols we have not taken a
value ¢}, as we did in finding derivatives ; we suppose for the moment
that ¢ has some definite value and we hold that value fixed while
finding the limit. The process is identical with that adopted before.)
Aga, suppose that during the interval 6z the velocity takes the
increment v ; then 8v/3¢ is the average rate of increase of o, that is
the average acceleration, during that interval. Hence
dy  d*r .
a—('{z _;23')'- s iaeseseitiaatessiisasttertattenans (l])

Newton called » the fluxion of x, and a the fluxion of » or the second
ﬂuxion of z; x and v he called the fluents. His notation for a fluxion
is a dot placed over the fluent ; thus,

V=T A=V=L0 cerereniiieciierniieieneaaians (iii)

This notation is still used frequently in mechanics when the time is
the independent variable.

By the second law of motion, the force F (poundals) in the direction

of motion is the time-rate of change of the momentum mw. Therefore

Lrample 2. Pressure at a point in a fluid. Let the pressure
exerted on either side of a plane area, s square inches, drawn in a
fluid be p pounds ; the average pressure per square inch over the area
is therefore p/s. If Pis a point within the area, the pressure of the
fluid a¢ £ is the limit of p/s as the area s tends to zero, the point />
being always within the area. The pressure at a point is thus a rate
of pressure, and is expressed as so many pounr{s per square inch ;
instead of  pressure at a point” the phrase “ the inteusity of pressure
at a point” is frequently uscd.

Erample 3. Elasticity of volume of a fluid Tet p (pounds
per square inch) be the intensity of pressure and » (cubic inches) the
volume of unit mass of a fluid, p being a definite function of ». When

G.I.C. ~
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p increases by &p let v increase by &v; if &p is positive, d» will be
negative. The quotient —8»/v is called the mean compression, and
the limit of the quotient of the increment of pressure by the mean
compression produced is called the elasticity of volume of the fluid.
Hence the elasticity of volume is

oo ( _8\_ 7 _,Op_ _,dp
51,L=06‘p'< ’v)_avéo 08;_ vdv'

When (i) pr=_C, (ii) pv¥=C we obtain (§ 18, Example 3) (i) p, (ii) yp
for the elasticity of volume.

FExample 4. If W is the work done in stretching a rod or string
from its natural length @ to the length ¢+, find Jd W/da, assuming
Hooke’s law to hold.

The quotient z/a is called the wnital extension, and by Hooke’s law
the force F required to produce that extension is proportional to it,
so that F'= Ez/a where £ is a constant. When « has become 2+ 8 let
the force be F'+8F and the work done W+8W. The work done, §11,
in increasing z by 8z will lie between Féz and (£ +38F)8x; hence
8 W/8x lies between Fand F+3/. But when 8z converges to zero so
does 8F, and therefore

aw xd
ar = F= ba.

It is easy to verify that W=3}FEi2/a=}rF; the work will be
expressed in inch-pounds if x is given in inches and # in pounds.

It will be noticed that (#+ 8#) 8z differs from Fér by the product
8F .8z ; but, when we divide by dx and then take the limit, the term
8F will disappear. In this and similar cases, then, we might reject
the product oF.0r at the start and take 81V equal to Fox, the
differential of W. In practice this rejection is usually made to begin
with ; this procedure simplifies the work and neglects nothing though it
rejects something !

26. Additional Theorems of Differentiation. We shall now
consider some cases of differentiation to which the results
given in § 18 are not immediately applicable.

I Function of a Function. Suppose ¥ =(a*—z+1)
The base (z*—x+1) of the power is neither 2 simply nor a
linear function of x, and therefore the derivative of y can
not be obtained either by rule I. or by rule V. of §18. In
a case like this we proceed as follows: put a single variable,
u say, for the base (z2—z+1); y then becomes a function
of u but, through w, is a function of @. The two equations

y=ub, u=a?—z+1
express y as a function of a function of .
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Now, we can calculate dy/du and dw/dx; how are these
two derivatives connected with dy/de? The answer is that
dy/dzx is equal to their product, as may be proved thus:

When z takes the increment dx let w take the increment
Su, and when w takes the increment dw let y take the
increment Jy; to the increment dz of «, therefore, cor-
responds the increment dy of y. But, by ordinary algebra,

Sy 9y du
de ou” oz’
and therefore, taking the limit of each member of the

equation for dx (and therefore also du) converging to zero,
we deduce dy dy y du ()
G S du K@ e
The theorem (A) 1s clearly quite general. To calculate
dy/du we must of course express y in terms of u.
Frample 1. Find dy/dr when y=(2?— 2+ ]),’.
As above, 3/=u"11, u=at-x+1;
dv du , - x—
%l_:;if'— x c—f,i—l =3u b (2e— 'I):-———Q—T-——-1 T
X w o ax 2(11.2 —a+ 1)2
With a little practice the substitution of » can be done mentally ;
thus, D@2 -a?)t =3 (2 - a?) T x 2o=a/(a? - a?)?.

Lwample 2. An important application of (a) occurs in mechanics.
Using the notation of § 25, example 1, we have

oo _dv dr_do o
Tdt T drTdt da” " da
But, dot_d.o? dv_ydv
dr dv " dx dz
so that 3L p e i@ d@me?)
P a=} dr’ F=ma=4m dv ~  dzr
] Equation (iv) of § 25, example 1, may therefore be put in the two
orms
‘ __d(mv) - _ d(Fm?) .
F———(E-«» ......... @(iv); Fmrv—da—-—. ............... (iva)

_In (iv) F is expressed as the time-rate of change of momentum; in
(ivu) as the space-rate (rate per unit of distance) of change of kinetic
energy. (The kinetic energy is $mov2)



52 INTRODUCTION TO THE CALCULUS.

In the same way as theorem (A) is established we prove

dy 9% _; or &1 W W
(—ﬁxa}-—-l or dy——l.dx. ................ (A1)

Theorem (A’) has a simple graphical interpretation which
the student should find. (Take dy/dx as the gradient of
the graph of y and use the trigonometrical interpretation
of the gradient, § 5.)

II. Derivative of a Product. Let w and v be functions of
z. When « takes the increment dz, let w take the incre-
ment du and v the increment dv. Then the increment
J(uv) of the product wv is

S(uv)=(u+ du)(v+ dv)—uv=réu+udv+du X dv.

ov  du

Therefore, 22 v u — X v
ox 6w+ éx  ox o,
d(uv) du dv
so that, e DU
ax Vi tl&x (®)
.. w . du C .
because the limit of ;S: “xdvis S x 0, which is zero.
ox dx
F K H
53 (udv) Suxdv)
D C G
v (uv) (vdu)
A— “°w 6—~51¢~>E
Fig. 12.

Fig. 12 gives a geometrical interpretation. The differential vdu. is
equal to the rectangle B¢, the differential udv to the rectangle DK,
and the differential d(uv) is equal to the sum of BG and DA.

The increment §(uv) of the rectangle AC (or wv) differs from the
differential d(uv) by the rectangle C// which is equal to du x dv.

If u, » are the lengths, in inches say, of the sides of a rectangular
plate ABCD when the temperature of the plate is 2 degrees, then
d(ur)/dz is the rate, in square inches per degree, at which the area is
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expanding ; du/dr and dv/dx are the rates, in inches per degree, at
which the sides are expanding.

If there are more than two factors, say u, v, w, we may
extend theorem (B) by applying it twice; thus, first con-
sider vw as forming one factor and we find

D(uvw)=D(w.vw)=vwDu+uD(vw).

But D (vw)=wDv+vDw,
s0 that D(uvw)=rwDu +uwwDv+uvDw. ............ (B)

If we divide both members of (8") by wwrw we obtain

D(uvw) Du  Dv i Daw
ww  w v w

a form which is easily extended to any number of factors.

Erample 3. Differentiate (2x+3)\ /(22— 2 +1).

DRe+3)/ (2t -z+1)=J(22 ~2+1) D(20+3) + (22 + 3) D /(a2 — 2 +1)
=J/(@?-2+1)xX 2+ (22 +3)x 22— 1)/2 /(22 - v+ 1)
=82+ 1)2J/(#* -z +1j,

the value of D/(2®-2+1) being taken from example 1. To lessen

the chance of mistakes in complicated differentiations, a derivative

that cannot be at once written down should be worked out separately
and then inserted.

ITI. Derivative of a Quotient. Let the quotient be u/v and
write the quotient as a product, namely uv-1; then by (B)

(l(;L/z.P)=cl(QLv'1)= du d(v-?)

d dr =V gt
But G D_d@h dv_ _de_1dv
de — dv dx v de— ~ Rdx

Substituting and reducing, we find
u\ vDu—uDv
D< ) = e eeriee e, (©)
Lrample 4. Differentiate (Ta2— 3+ 1)/(r*+ 20+ 4).
D(’m-? ~ 3241 ) _ (@2 +20+4)(142 = 8) - (7° - Ba + 1)(20+2)
¥+ 2r4-4 (22427 +4)
172t B4r—14

\'4

9

HE A ]

When the deénominator is a power it is better to express the
quotient as a product and to use (5) and (a).
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The following example is of a type that is of great
use in integration. The process is that of changing the
independent variable.

Example 5. leen dy —r,J(ﬂ+1) find du where u=a2+1, ex-

pressing the value in terms of u. Deduce the integral of xy/(2*+1).
By (4), (a), di/ d?/ de_dy  du

-—-—- du dx " dx

dx du
by ar _
ecause T 1+ s

dy

Hence,

—/——Z\/(.zl+l) 2z =34J(x2+1)=4%/u.

The integral with respect to « of $./u is §1ﬁ}, as may be tested by
differentiating with respect to «. Therefore y= gﬁ, so that, replacing
« by a2+-1 we find y= ;(12+1)7 The student should test that the
a-derivative of } (1‘2+1)’ is x/(x?+1).

The next example shows how to find the gradient of a
curve when the coordinates are expressed in terms of a
third variable as is so often the case 1 mechanics.

Frample 6. If x and y are both functions of a third variable ¢,
show that dy dy  dr
=
We can apply (4) and (a); for y is a function of ¢, and ¢ is a
function of x, since x is a function of ¢. Therefore

dy _dy <% dt __(Zz_dr
de dt dt " dt
Or, we may use differentials. If ¢t takes the increment d¢ then the
differentials dy, dx are given by
d;,_‘i’dt dr-‘f’”

Dividing dy by dwr, we obtain the xesult stated.

EXERCISES. V.

1. The horizontal and vertical coordinates (z, ) of a moving point
are, at time ¢, £=400¢, y=300t— 16~
Find the horizontal and vertical components (i) of the velocity, (ii)
of the acceleration of the point. Find also the highest point of the
path and give the direction of motion of the point (tlmt is, give the

gradient of the path) at time z. In what direction is the pomt moving
when =071
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2. The same problem as in example 1 when
z=Ut, y= V-39’
3. A point is moving in a circle of radius a, and at time ¢ the radius

to the point makes an angle 6 with a fixed radius. If » is the speed
and o the angular velocity of the point, show that

_a6
T dr
Express in symbols the tangential acceleration of the point.

V= wa.

4. If N is the number of lines of force passing through a circuit,
state in words the meaning of —d¥/dt, ¢ denoting the time at which
the number of lines is V.

5. Express in symbols the statement that the electromotive force £
is the sum of two terms of which the first is the product of the
resistance It and the current €, and the second is the product of the
self-inductance L and the time-rate of increase of C.

Differentiate the functions 6-47.

6. J(a2—1). 7. J(1—a?). 8. J(22+ad).

9. J(a?—x?). 10. J(B2*+5). 11. /(5 —3a%).
12, \/(ax®4-b). 13. J(b—ax?). 14, J(2*+22-3).
15. J/(3x2—4x+5). 16. J/(5+42x-32%). 17. J(ax?+br+e).

1 1 1
18. Sy 19. N 20. U5t - 10546y
1 32
21. N(CTEET eSS 22. Y(a2+1). 23. 3(ax3+b).
1 1
e a1y 2 Y(aw +b+oy
26. (ax+0)(Ax*+ Br+C). 27. (2% 4-4x+23)(a? —4x+3).
28. (x+1)(x+2)(x+3). 29. (v —-1)*(3z+4)%
30. (ax+D)*(cx+d)™ 31. (ax+0)(A2?+ Bx+ C)
32, (1 —a2). 33. (20 +3)/(22 4+ 4).
34, (a+x)/(a?—zP). 35. (ax+b)/(Adx*+ D).
36. (Ba+4)%/(22 432 —2). 37. Jilxr+3)(x—2)}
3r+4 axr+b r+1 %
38. br+6 3. +d 40. 2247 41 2241
1+3r—2a? (Bx+2)2 x

42. 24+ 5r+ 2% 43. Qe —a2’ 44. JE+1y

. (Z51) 6 () a T
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48. At time ¢ seconds the three conterminous edges of a rectangular
parallelepiped are «, v, w feet vrespectively ; find the rate at which the
volume 1s increasing. Of which of the formulae in § 26 does this
example furnish an illustration ?

49. The radius of a circle is incrcasing at the rate of 2 feet per
minute ; at what rate is (i) the circumference, (ii) the area, increasing
when the radius is 10 feet ?

50. If the radius of a circle is increasing at the rate of v fect per
minute, at what rate is the area increasing when the radius is & feet ?

51. The radius of a sphere is growing at the rate of » feet per
minute ; at what rate is (i) the surface, (i1) the volume, growing when
the radius is x feet ?

52. A vessel in the shape of a right circular cone, with vertex
downwards and axis vertical, is being filled with water; the inflow
of water is at the uniform rate of 12 cubic feet per minute. At what
rate is the surface of the water in the vessel rising when its depth
18 (1) 10 feet, (ii) x feet, the height of the vessel being 20 feet and the
radius of its circular top 10 feet ?

53. A reservoir has plane sloping sides and ends; its top and
bottom are horizontal rectangles of sides 24 and 16 feet, and 12 and
8 feet respectively, and its depth is 40 feet. If water flows into it
at the uniform rate of 30 cubic feet per minute, at what rate is the
surface rising when the depth of water is 10 feet ?

Maxima and Minima.

Find the maximum and minimum values of the functions 54-61 ;
a is a positive constant.

54, a /(25 —a%). 55. (a+x)J(a*—x?). 56. a'(x+1).
x . xr r24+r+1
5 v 8. iy 8.
r
60 2 qopeia 6. (a+a)Vle=2).

62. The stitfness of a rectangular beam varies as the product of
the breadth and the cube of the depth; find the breadth and depth
of the stitfest rectangular beam that can be cut from a cylindrical log,
the diameter of the cross-scction being d inches.

63. Given the ozl surface of a cone, show that when the volume
ix a maximum the sine of half the vertical angle will be }.

64. Assuming that the brightness of a small surface A vavies
inversely as the square of the distance » from the source of light and
directly as the cosine of the angle between 7 and the normal to the
surface at A, find at what height above the centre of a horizontal
circle of radius @ an electric light should be placed so that the
brightness at the circumference may be greatest.

65. If the intensitics of two sources A, B of light be o3 b® respec-
tively, find the point on the line 42 at which the brightness is least.
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Change of the Independent Variable.

In examples 66-75, find :’%, expressing its value in terms of u;
w

deduce the value of g in terms of 2. Show that example 75 includes
the others as particular cases.

66. S”’/A(L +D(22 422 42) ; u=22422+2.
67. 7 =20+ 3)(@t+ 30— u—at+30-2.
68. gz=.r\/(3 -2%); u=3-2%

69. g'g=x~/(ax'~’+b); u=ax?+b.
T

71. (1’/ J(Q?*:tllx+]) ; u=22—dr+1

2. (]7/ \/(azn:_;;zb+ L); u=axr?+br+c.

73. fl,{_—m /(@B +b); w=ax3+b.

74, ..-_=(2ax+b)((t.r'-'+bz‘+c)"; u=ax?+ bzt
7. 9=l @P /@) u=f (@)

O.1.0.

og



CHAPTER V.
INTEGRATION OF POWERS.

27. [Integration. Suppose we know the gradient at
every point of a road with no turns in it, and also the
height of one point of the road above a datum line: we
can then, it is clear, draw a contour or trace of the road,
and show the height of any point on it above the datum
line. Stated geometrically the problem is simply: given
the gradient at every point of a plane curve and also the
coordinates of one point on it, find the equation of the
curve.

Consider the case in which the gradient is given by the equation
Dy=344c—2% iviiiiiiiiiiiiiiiiiiaininnn, 1
and the curve goes thropgh the point (2, 9).

The first question is, Can we find a function which will, when
differentiated, give 3+4z—-2°? From what we know of differentiation
we can say that 3z + 2x%— 407 is such a function (test by differentiating
-it) ; but, bearing in mind that a constant term of a function does not
appear in its derivative, we see that, if a constant term be added to
the function just found, the function so obtained will also have
3+“4v—z?as its derivative. Hence we put

Y=32+4+22 =LA+ C eeiiiiiini (2)
where C is any constant.

For different values of (' the equation (2) will give different values
of 7 when x=2. To solve the problem, we must choose ¢ so that
#=9 when =2 that is, equation (2) must be true when r=2 and
¥=9. Hence

9=64+8-54+C; O=-3%

y=3r4+2 - 33— . 3)

golves the problem completely. The only tests needed are (i) that it
gives for Dy the value in (1), and (ii) that 1t is true when =2 and y=9.

and the equation
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The process by which the problem has been solved
reduces, mere algebra apart, to finding a function which
has a given function as its derivative, and is called Integra-
tion. Any function whose derivative is equal to a given
function 1s called an integral of the given function. When
any constant term, C say, is added to an integral of a
function the resulting function is also an integral; it is
called the general integral, and C is called the constant of
integration. Thus 3123, 32%+1, 12°—2 are integrals of a?;
12?4+ ( is the general integral of a2

The variable part of an integral is usually called the
indefinite integral, or simply “the integral.” Thus 3a® is
the integral of ?; Ja2®+1, Ja®—2 are particular cases of
the genceral integral obtained by giving C the values 1, -2
respectively.

The notation for the (indefinite) integral of a function

F(x)is J.F (x)dx;

read, “the integral of F(z)dx.” . The differential dz

indicates the variable of integration, namely 2, and the joint

symbol j...da: means “integral of ... with respect to x.”

The function to be integrated, F(x), is called the integrand.
We thus have, for instance :

(i) j(3+4x—x2)dx=3x+2;v2-—-~},w3; (ii) I(l +t)dt=t+ 1%

The test of the correctness of integration is simply
Derivative of Integral = Integrand,

< o I | = Fla
or, in symbols, &d:[jF (m)(la,.] =F(z).

The student will find that his progress will be more rapid if he
actually tests his results by differentiating them than if he contents
himself with looking up the Answers. Thus the integral in equation
(ii) is correct because

gi (t+42*)=1+t=integrand.
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28. Integration of Powers. If 7 is not equal to —1 we

have (§18 1),
n+1
Ixndx = e, (1)

In words: to integrate ™ when 2 is not —1, add 1 to
the index m and then divide by the index so increased.
More generally, when n is not —1, we have (§18, V.)

TESIP .(la)

The form (1a) occurs so often that it should be committed
to memory. The ax+0b is a linear function of x and the
integral contains a, the coefficient of x, in the denominator.

The above rule fails when n= —1; we state here, so that
the results may be used in working problewms, that

j(ax+b)ndx =

1 . 1 -,
L—tdx =logex ; J. —i:b iloge(a,x +b) e (2)

1jz is, of course, the same as -1 These results are proved
in §()1 log, z is the Nupierian logarithm of z (§ 61).

When the integrand is a fraction the symbol dz is often
written in the num(mtor thus

jd_”_ _L Pi’i_l r
BT Ju T

It is evident from the rules of differentiation, that the
integral of the sum of two or more terms is equal to the
sum of the integrals of the terms; thus,

j(3 + 4z —2¥)de = j3<1x + j4xdac - jw%l:c
=3+ 2%~
Also a constant fuctor may he written outside the
integral sign; thus

j%c?dx = 4]9:%;6 = 4;4:3 ; Ia:ﬂ"d.v = aj.a;"dw.

The constant of integration is not usually inserted when
finding indefinite mtetrrals but it must always be added
when a problem is bcmﬁ dlscussed
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Example 1. The acceleration of a particle of mass m which is
moving in a straight line is constant, equal to g ; if, at time ¢=0, its
velocity is 1 and its distance from a fixed point O on the line «, find
its position at time 2.

Let & be its distance from O at time 7 ; then by § 25, example 1 (ii),

d’r
EF S eieeann Geeetesersartttaioartnaaninnn (])

This equation is called “ the diflerential equation of motion.” Now
integrate with respect to ¢ ; therefore
_de
T dt
When ¢=0, v= T, so that the constant ("= T and we get

v =gt+C.

dx
=-=gt+ V. ... e el (2
V=", =gtt @)
Integrate again ; therefore
=g+ 1t 4+ "

where ¢’ is a constant. DBut when t=0, 2=a and therefore ("=a.
The distance of the point from O at time ¢ is therefore

o=%g+ Vt+a. ..coovniiiiiiiniiinninnn (3)
The kinetic energy £'is cqual to 4me?; we have, combining (2) and (3),
L= m?=3m T2 +mg(@—a). cccccvvvinivininnnn.. *)
Equation (4) may be obtained by equation (iv a), p. 51 ; for
(j[{f =F=mg ; I=mgx+constaut ;

when ¢t=0, 2=, IZ=3m 1% so that the constant is $m "2 —mgaq, giving
equation (4).

Frample 2. Integrate (82°+3)/(2.:41).
By division we find

81343 0

B R
847 +3
Qr+1

where log (22+1) means the Napierian logarithm of 2r+-1.

SrF1°

therefore, dr=423 -2+ v +log (2rv+1)

Note.  Unless the contrary is stated the symbol “log” is
now to be understood as meaning the Napierian logarithm.

Example 3. Integrate (br —7)/(x+1)(22-1).

Express the fraction as the sum of two simple fractions, that is,
resolve the fraction into its partial fractions. Since the fraction is a
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proper fraction (that is, a fraction whose numerator is of a lower
degree than its denominator) we write

52 -7 A B

and find the values of 4 and B that make this equation an identity.
The simplest method is the following. Clear of fractions ; we find

br—T=A4Qxr-1)+B(@+1). ..ccooiiniiiniiinnnn (ii)
Equation (ii) is an identity, and is therefore true for every value of x
First, choose x so that £4+1=0, that is, = —1; we thus obtain

—H-T7=4(-2-1) or 4=4.
Next, choose x so that 2r —1=0, that is, z=1% ; therefore
3-7=B(G+1)or B=-3.

Sor—T7 4 3
H =T
ence FFD(Er—1) 241 -1
br—7
and —————dr=4log(x+1) - §log(2x—-1).

(x+1)(2x-1)

When the fraction is Zmproper (that is, when the degree of the
numerator is higher than that of the denominator) we first express
the fraction as the sum of an integral function and a proper fraction,
and then resolve the proper fraction into its partial fractions.

For example,

223 — 322 - 262 + 58 3r—-2
D N -= 2-7" - 5 + 'T*"w_ ;
224 —12 x*+r—12
3r—2 1 2

and e B S T
i —12 .7:~—3+.1r+4

so that the givea improper fraction is equal to

1 2
Y ST T
2z )+.r—- 3+.2‘+4
of which the integral is
2% — b +log(r—3)+2log(z+4).

Ezample 4. Show that
[5msates (550)
We have w3 (7rarra)
and therefore the integral is
Qla {log(x - a) - log(x+«)} or i log (z . a)'

z+a
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Integration, like all inverse operations, is essentially a
tentative process; it is only a comparatively small number
of functions whose integrals can be expressed in terms of
ordinary funections, and much practice is needed for the
acquisition of facility. In this book, however, we deal only
with simple cases, and we shall indicate as they occur the
more important algebraic and trigonometric theorems that
are useful in handling integrals. Here we note the methods
of examples 2, 3, 4 The division in example 2 and the
resclution into partial fractions in examples 3 and 4 reduce
the functions to forms that are immediately integrable,
that is, that can be integrated by applying a standard result.
The standard results obtained up to this stage are given
in §28 (1), (1a) and (2); as we proceed we shall add to
these standard forms. TFor a full discussion of partial
fractions the student must refer to a text-book of algebra.

The following cxamples are very easy but the student
will do well to try most of them, simply to gain mechanical
dexterity; when he comes to practical work he must not be
hampered by imperfect knowledge of the use of his tools.

EXERCISES. VL

Integrate the functions 1-50 :

1. 1 2. . 3. x+1
4, 2r+1. 5. 3r+3i. 6. ar+b.
7. br2-3r+4. 8. (z—1)(z—-2). 9. 2r-1)(x-2).
10. ari4+dbr+c. 11. (ax+0)(dx+B). 12 z-25
13, 3+5r+27~3¢% 14, aa*+bx’+cr+d. 15, /.
1 1 1
16. NS 17. e 18. pres
1 1 r+2
19, - . — PRl el
9 41 20. ) 21 o
29 r+2 23 322 —2r+1 2% ar*+br+e
- . PR R
25. (2 3, . A..I,m,. 22+ 3).
9. (2z+1) 26 @i+ 1) 27. J(22+3).
28 — 1 . Jaz+0). SR
NETEE)) 29. J(az+D) 30 T th
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31. 511‘3 32, 3;1;2.;. 33. “;;}

4. 2 3p, LHIIZATED g 22 ;ﬁﬁ’f%
37. ;i?l-—1' 38 5l 39. :L.‘._Tg.

40. EI-‘JT 9 41. 33_}:—7[=3@%7/3) - 42 11"4
0 L U hemy P ey
46. (Ti’-”a)l(}u‘—‘b)‘ 4 s B e O
B oy 0 ey

Solve the differential equations 51-55, determining the constants of
integration so as to satisfy the condition stated in each case.

51. Dy=6-3r; y=0 when =0.

52. Dy=ax+0b; y=c when x=0.

53. Dy=x—2*; y=1 when 2=1.

54. Dy=r—-1/z*; y=2 when x=1.

55. D*=x+1; »=0, Dy=1 when x=0.

56. At time ¢ the conTonent velocities of a point parallel to the
coordinate axes are given by the equations

((lt,;= Feosa, {({{1‘/:__ Vsina—gt;
if the point is at the origin when ¢=0, find the values of x and y at
_time £,
57. At time ¢ the component accelerations of a point parallel to the
coordinate axesare given by the equations
0, =

find the coordinates of the point at time ¢ given that, when ¢=0,

o dy ...
=0, y=0, == Tcosa, —;;=1Vsina
AT ' dt

58. A particle of mass m is moving in a straight line; when its
distance from a fixed point () on the line is z, the force acting on it is
— kmx, where £ is a positive constant. If the kinetic energy £ is zero
when =« find the valuc of £ in any other position of the particie.

59. If in example 58 the force is —km/a® find £, given that £ is
zero when # is infinite.
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The equations 60-63 occur in the theory of the bending of beams, y
measuring the deflection of the beam. Integrate the equations,
subject to the conditions stated. Find in each case the maximum
value of #.

60. EIT,=3 W3 L=2); y=0, V=0 when x=o.

61. L'I({-I/— —-4We; y=0 when 2=0, j =0 when x=4L.

62. Elfl:'/z: —dw(Le—2*; y==0 when £=0 and when x=L.

63. L'I’{ ]/—K— tw(Lr—2%); y=0, fl‘ZuO when 2=0, and A is a

dw
constant to be determined by the condition that =0 when x=L.

29. Change of Variable. When a function is not im-
mediately integrable, it can frequently be reduced to a
form that is nmnodla,t(,ly integrable by a change of the
variable of integration. This aid to integration is of the
utmost importance.

The method of changing the variable has been illustrated
in example 35, § 26, p. 54

Suppose we have to integrate a3 /(22+1) ; let

Y= f xJ(x*+1)dx, so that (%%z.r~/'(l'2+l)‘

Now let u=2%+1; then, by § 26, example 5,

dy

‘-llw—l,\/u, so that y= /‘{,\/udu-——du

and therefore fa:J(.‘L‘Z +1)de=y=1("+ 1)8»,

when % is replaced by its value in terms of .

L

The process thercfore consists in choosing a new variable
u, calculating dy/du and then ev: dhmfmrr the w-integral,
the variable u being finally replaced by its value in terms
of the original var mblc

We may now state the process in general terms.  Given

_—_JF(m)d;r, .......................... (1)

so that d” = F(x).
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Choose a new variable u, and from the equation between
w and x calculate da/dw ; then
dy _dy dx .
T d A= F()d .................... (2)

Express F(x) dz/du in terms of u alone, so that dy/du
becomes a function of w; writing equation (2) in the
integral form, we obtain

J.F(*c) T (3)

From (1) and (3), the integralsin which are equal though
differently expressed, we have

j F(x)dx= jvff'(a:)d—m duw.

Hence the rule: In the given integral replace dzx by m du
calculate ; and express the new integrand, F'(x)—— da‘) in terms

of 1, alone.

It may be possible to evaluate the u-integral; when the
evaluation has been effected, the variable must be replaced
by its value in terms of the omcruml one.

Example 1. Integrate af(x?+1).
Write, = [ o= [0,

241 du

Let u=x24+1; therefore
de_, dv_ 1 » dr 1
TR0 =

Y du 27 FAldu 2u
and —)—Izdu« fdit—-ilogu—-%lng(r'+])

In practice it is usually simpler to work with differentials, that is,
to express dr in terms of du, as in the following example.
_w=2dr
(222 — 8 +5)
Let ©u=222—-82x+5; then
du=(4r—-8)dx; (z-2)dz=}du;

J(EZ-—?;;’?—')) } ‘@‘Wu 1J/(2x% - 82 +-5).

Ezxample 2. Evaluate

and
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Ezxample 3. Integrate z%/(x+2).
Let 2+2=u?; then
dr=2udu ; J(z+2)=u; 2?=ut—4u?+4

and f.z",,/(.r+ 2)dw=f(u‘—-4u’+4)u. 2udu

: 2[(7@6 — 4ut+ qu?)du

=20}t — 4ub+4ud)
293

105 (15u* — 84u?+140).

Putting for « its value (z+2)¥ we find for the value of the integral
185 (1522 - 242 +32)(2+2)%,
or 155 (162° + 627 — 162 4 64) /(2 +2).

The chief difficulty in these examples lies in the choice
of the new variable; experience alone gives facility, but an
attentive consideration of the substitutions suggested in
Exercises V. 66-75 may help the beginner. Note, for
instance, that in example 2 above (x—2)dz is, but for a
constant factor, the differential of 222—8x-+5. The linear
substitution indicated in Exercises VII, example 25 will
frequently be useful.

EXERCISES. VIIL
Integrate the functions 1-22.

_r 2 r+a ar+b
Tttt " 2t 2ax+ b7 T ax?+2br+c
4. 2J/(3-2%. 5. %—i—ﬂ—) 6. z/(ax®+b).
ax+b
T @may@-teetl) B G rabarey
9‘ sz/ (‘z‘3 - 1)‘ 10. Gz—_%‘az)fz.
273 7 -3z
el P 12. @ -TacTToy
13. A Mz +1). 14. (2w +5)/(x+3).
z3
1. Jeot 16. B J(art+b).

17. 2"Naz™+ D)™, 18. [F(TF (2).
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19. f(x) (This is the special case of example 18 when n=~1.)

f@y

20. 22 (a2 +1). 21, —% . 22 —% ..
et (z+ 1)t (az+ D)t

23. Show that, if u=1, [ 3 and then evaluate

(r+ 1)} (1 +u)t
the integral

du— = 2dr /._:’.-1:__, - /__JJ__= —du ),
Clent Tl ) ool

24, Integrate 1 /(.r'l-)-a“)% by the substitution w=a?/2%

25, Integrate 1/(a? +4,r+5)% by first putting w=r+2 and then
v=1/u’

[The substitution v=a2+2 reduces 2?+4r+5 to ¥¥41, in which the
variable occurs only in the second power; the quadratic +*+4r+5
becomes the pure quadratic w*+1. Any quadratic can be reduced to
a pure quadratic by a linear substitution; for

B\2 72 ) _
a.z"~’+b.z:+c=a<.r+—’-) te—o- =au‘+—4—ec~—i
2a 4a 4a
if w=x+8/2a. This reduction of the quadratic is often useful.]

26. Integrate 1/(2+2ux +0)%.
[Use the linear substitution v=x+a.]



CHAPTER VI.
AREAS. DEFINITE INTEGRALS.

30. Areas. Newtonian Method. Let CPD (Fig. 13) be
the graph of a function F(x);

O0A=a, AC=F(«); OM =z, MP=F(z).

Y D
S_‘Q/—\‘\

K
IR

F C

E

7

[o} A M N B X
Fig. 13.

Let z denote the area AMPC; this area may be thought
of as being generated by a variable ordinate, which sets out
from the position 4 and moves to the right. 2z is thus a
function of  which is zero when x=«. To calculate z we
first tind dz/d:c.

First, let every ordinate be positive. When 2 takes
the increment du(=JMN) the area z takes the increment
dz(=area MNQP). Draw PR, SQ parallel to MN. Then
MNQP is equal to the rectangle MNRP, together with the
arca PR@Q which is less than the rectangle PRQS; thercfore

dz=MP x §z+(a quantity less than RQ x ),

g—; = MP+(a quantity less than RQ).
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When éx converges to zero so does RQ, and therefore
g—g=MP=F(m)=ordinate at &...ool(A)

The differential dz is equal to F(x)dx, the rectangle
MNRP.

o A M N B X
3
P
« R\_/o
5Q
Y
Fig. 14.

Secondly, suppose the ordinates to be negative (Fig. 14).
The product MP3x is now negative ; we make the conven-
tion that, when the ordinates are negative and the increment
dxr positive, the area shall be reckoned negative. We then
get the same value for dz/da as before; but it must be re-
membered that the area is an algebraical quantity (see § 31,
examples 1 and 2).

z is therefore that function of 2 whose derivative is
F(x), and which is equal to zero when ax=a; in other
words, z is that integral of F(x) which is zero when z=q.

For definiteness, let F(x)=44Tx—a?; then
Z=j(4+705-x‘-’)dw+C=4¢c+-§m2—~}5x3+0’. ...... 1)

Also, 0=4a+la*=%*+C; C=—(4a+7la>—1a%, and
thercfore
z=4w+ x5t =1t —(da+Ta?— 1a®). ............(2)

If OB=b, the area ABDC is the value of z when z=5;
therefore the area ABDC is equal to

4D+ 152 — 30% — (4a+ 32— 3a%). cvnererrnnen(3)



AREAS. DEFINITE INTEGRALS. 71

31. Definite Integrals. There is a special notation for
the integral that is equal to the area A BDC, namely

b
I G o o Y7 (4)

read, “the integral from « to b of (4472 —2a?)dx.”

The function denoted by the symbol (4) is called a
definite integral; « and b are called the limits of the integral,
« being the lower limit and b the upper. (The word “limit”
here means merely “ value of the variable of integration at
one end of its range”; “end-value of the variable.” This
use of the word must not be confounded with the other
technical meaning defined in § 16.)  The distance or interval
ADB, equal to b—a, is called the range of integration.

By comparing equations (1) and (3), § 30, we sec that the
value of the definite integral (4) may be obtained by the
rule: Find the indefinite integral of 447z —x%; then
replace x by b, the upper limit; next replace x by a, the
lower limit; finally subtract the second result from the first.

In finding the definite integral it is needless to add the
constant C to the indefinite ihtegml, because it disappears
in the subtraction.

In general, if f(x) is the indefinite integral of F(x), that
is, if Dy (x)= F(x) we have

J':F(w)dm _ L;(x)]; FBY=f(@ vrreererennes (8)

The function in brackets is the indefinite integral, and
@, b on the right of the bracket are the limits; the symbol,
taken as a whole, is a compact and convenient method of
representing the rule for evaluating the integral.

The following examples should be carefully studied.

Ezxample 1. Find the area between the graph of 23— 32242, the
Z-axis, and the ordinates at #=0 and z=2.

The required area is
x‘ 2
[(ﬁ—3x2+2.r)dt=[z—.z“+x“ =0-0=0.
~ 0

The reason for this apparently absurd result is, that from r=0 to
r=1 the ordinates are positive, while from x=1 to x=2 they are
negative. The first part of the area therefore is positive, and the
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second part negative ; it happens that these two parts are numerically
equal. The separate areas are

[(@-ar2de=); [(2-s:2420)dr=0-}= -4
<1

Before he tries to calculate an area, the student should
always sketch, however roughly, the graph of the function.

Example 2. Show that fF(x)dx-: —j;b F(x)dr.
By eauation (), if F(z)=Df(x),
[Fode=[ @] =r@-ry=-[7@ ] = " F(z)d.

Hence, we may interchange the limits of an integral if at the same
time we change the sign of the integral.

Geometrically internreted, this result means that the arca traced out
bg' an ordinate moving from the position =04 to the position z=a is
of opposite sign to the area traced out when the motion is from x=a to
z=>b. 1t is very important to observe that the sign of an integral
depends not only on the sign of the integrand F(r) but also on
the relative (algebraic) magnitude of the limits @ and b; even if
F{x) is positive the integral will be negative when the lower limit is
greater trl)um the upper. Thus,

f] Y ‘1-3 1 a .
A 2%dr= 3 2:3,»—3:—3.
b c b
Ezample 3. Prove L I(x)dr= l I(z)dr+ | F(x)dzr.
The arca represented by the integral on the left is the sum of the

areas represented by the integrals on the right, so that the equation is
correct.

Example 4. What is the value of a definite integral when the two
limits are equal ?

The value is zero, because the ordinate does not move and no arca
is generated.

Erample 5. Show that /: bF’(x)dz= /: bI”(u)du,.

Each integral represents the same area, because the graph is the
same whether the abscissa is denoted by x or by .

Otherwise, if F(x)= D, f(x) then F(u)=D,f(u) and cach integral is
equal to f(b) - f(a). Hence,

A definite integral is a function of its limits and not of the variable of
integration.

The area AMPC (Fig. 13) may be denoted by either of the integrals

oM oM
z-_~/; F(x)dz or z=‘£ F(u)du.
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Here OM is the abscissa of the final position of the generating
ordinate. We may, if we please, put @ for OM but ¢his x is not the
same as the z in F'(2)d.c ; as will be seen later (§ 33) I'(x)dr is rather
a type of a series of terms than a single term,

By §30 (a), (L ‘dr=F(s); henee
L [ F(x)de=F(z), —-—f Fu)du=F(z).
Example 6. Evaluate f (z+1)/(x=2)dz by the substitution

r—2=u’

(x+1)/(2—2)dr, when expressed in terms of u, becomes (2u* + 6u%)du.
Now, what range of values does u take as 2 increases from the lower

limit 2 to the upper limit 64 When 2=2 the equation x —2=u" gives

w=0, and when 2=6 the same equation gives «=2; so that, as x in-

creases from 2 to 6; » increases from 0 to 2. The lower limit for the

new integral is therefore 0 and the upper 2. Hence

¢ 2 25 o
2r+1 r—2)d == Qut4Gut)du=| — - +2u% | =284,
, 7 | @ 14 6ut)d -:)’ 3 4
K i o

Note. When changing the variable in a definite integral,
it is not neeessary to replace the new variable in the result
by its value in terms of the old, provided we choose the
limits of the new integral, as we have done, to correspornd
to the limits of the old; the new lower corresponds to the
old lower and the new upper to the old upper.

The following example is important.

Lrample 7. Prove fJ(n“ — 2 de=1r/(a? - 27 +{’; sin-! (g)

In Fig. 15 04, OB are two perpen-
dicular radii of a c1rde of radius «; O =ur,
M P=(a*~2Y), the angle BOL= 0 radians
and sin ¢=r/a.

Now,

area OMPD = A01IP+ scetor BOP
= Lo (u?—a? )—{— - \1!1“(1‘)
¢

Decause
sector LOP= 10 and @=sin1(z/a).
But, the area is also le}u(\vntul by the

integral , « %
=z

therefore f Ma? = a?)yde =3z, /(a® - 22) +

(%)
By example 5, the derivative of this inte «rml 18 /(a?-—-.?), so that
the indefinite integral j J(a? - %) dx has the value stated
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32. Interpretation of Area. The interpretation of the
area 2z will depend on the nature of the quantities repre-
sented by the abscissa and the ordinate. The interpretation
is most readily made by considering dz, which is equal to
MP xdx; of course, z and dz represent the same kind of
quantity. The following are typical cases.

If OM or x represents time and MP or F(x) velocity,
then dz represents wvelocity X time, or distance; the area
AMPC represents the distance gone in the time represented
by AM.

If OM represents time and MP acceleration, then dz re-
presents acceleration X time, or wvelocity; the arca AMPC
represents the velocity gained in the time represented by
AM.

If OM represents the distance a force moves its point of
application and MP represents the force (the direction of
the force being constant and always that in which its point,
of application moves), then dz represents force x distance,
that is, the work done by the force; the arca AMDPC re-
presents the work done by the force in moving its point of
application through the distance represented by AM.

As regards scales, if 1 inch for abscissae represents, say,
5 seconds and 1 inch for ordinates a velocity of 10 feet per
second, then 1 square inch of area will represent a distance
of 10x 5 or 50 feet. If 1 inch for abscissae represents 10
feet and 1 inch for ordinates a foree of 50 1bs,, then 1 square
inch of area will represent 10 x50 or 500 foot-pounds of
work ; and so on.

It F(x) is the derivative of f(x) the area AMPC is
flx)—f(a); in other words, the area between the graph of
F(z), the z-axis, the fixed ordinate F(a) and the variable
ordinate F(x) is equal to the variable ordinate f(x)
diminished by the fixed ordinate f(a). The increase of
the area is thus equal to the increase of the ordinate f(x).
If the fixed ordinate F(a) is so chosen that f(a)=0
(for example, if

F(@)=A+Br+Cz% f(x)=Ax+1Bx?+ 1023
and ¢ =0, then f(a¢)=0) the arca is equal to the ordinate
f(x); in any case, the area only differs from the ordinate
f(x) by a constant. The graph of f(x) is called, from this
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consideration, the integral curve of the graph of F(x). (See

Chapter XIV.)

EXERCISES. VIIL

Calculate the definite integrals 1-25.

1 f‘dx.

5. qr”dx.
— -
8. f :(x—x’)dx.
3 dr
m [
8
14. l Jadz.
't drx
1. [ Ty
20. ,.: (j—;»
> dr
23. b 2Ty

2. f(2x+3)dx. 3, [ i(3-—.1:)dx. 4 f_ s,

5 5
6. _[ (6+82—3a%)dr. T. [ (648~ 3%,
0 J-8

*dr

xt’

9.

12. [ 2('2.v+3)2dx.
60

15. [ Ve+2)de
* dx

18. ﬁ.;’/(7x-@-_l~)'
S dr

21 f iy

'ode
u [ %

3
10. [ .‘jf
¢ dr
18 Loty
4
16. j_z
dx
0 [
v odx
2. | ooy
(odx
25. | o

Evaluate by appropriate substitutions the integrals in Examples

2. [r S +o)dr 2. [wy@-aYdr 2. [ “rd(a? - 2%)dzx.

26-34.
¢ axdx
29. m-
39 [ * ady
< (z+1 )’aJr

33, fz-if—

30. '[ zdz

a2+x2

‘1.2_,_9)3.

* 23dzx
3L JGoTy

4. [(+22-1)J(@-N)ds.

35. Find the area lLounded by the parabola y=5+6x—2?% the
positive parts of the coordinate axes and the ordinate at x=5.

36. Trace the curve y=x—23 from =0 to x=1, and find the area
between it and the a-axis.

37. Trace the curve y=u%?-23 from xr= -1 to »=1, and find the
area between the curve, the z-axis and the ordinates at a= —1 and

r=1.

38. Find the area between the parabola y=az?+br 4 ¢, the 2-axis
and the ordinates at = —4 and z=A.
If y has the values y,, ¥, ¥, respectively when x has the values
— A, 0, & calculate the values of «, b, ¢ in terms of y,, ¥,, 73, £, and
show that the area is 34 (y; +y3+4%,)-



76 INTRODUCTION TO THE CALCULUS.

39. If y,, ¥, y; have the same meaning as in example 38, and if
y=ar’+br*+cr+g, show that the area is JA(y, +y,+4y,).

[Note that the area is 2-—]1'(1)1ﬂ+3g), so that only the values of b and ¢
need be calculated.] 3

40. Show that the area bounded by the parabola z®=4axr aund the
double ordinate through the point (b, ¢) on it is 4 be.

41. Tind the area between the hyperbola ay=c? the z-axis and
the ordinates at x=a and x=0», assuming a and b to be both positive
and « less than b.

42. Find the area between the curve y=#/2" the z-axis and the
ordinates at x=x; and r=ua,, assuming that » is greater than 1, and
that x;, 2, are both positive and x; less than x,.

If 7y, y, are the values of ¥ when x has the values ay, x, respectively,
show that the area is (r;7, —vyy,)/(n —1).

43. Find the area between the curve y =a2"/c"~!| the z-axis and the
ordinates at o=, and x=ux,, assuming that = is greater than 1, and
that 2, x, are both positive and . less than z,.

1f y has the values y,, y, respectively when x has the values @), 2,,
show that the area is (&, — 2y9,)/(n +1).

44. Find the area between the curve y=c%a? the r-axis and the
ordinates at #=1 and =5 (b >1). To what value does the area
tend when & becomes infinite ?

45. Find the area of the ellipse x%/a2+72/b*=1.

[Use the integral proved in § 31, example 7.]

46. Prove

’ J(2ar -2 dr=4(x - a)J(2ar - 2?) 4 a? sill“(f—(_;(-l >

[Put =z -« and then use § 31, example 7.

Or, take /(2axr—z?) as the ordinate of a circle, referred to a
diameter and the tangent at one end of it as coordinate axcs.]
47. Evaluate the following integrals :

i | (=34 dv—a?)dr; (i) [ “r (=3 +4v— at)da;
‘b .
(iit) L Ji—ab+(a+b)x -2 dr; (iv) [‘br\/{ —ab+(a+b)x— 2%} dr.
48. Deduce from § 31, example 7, that
—d sin~1 <Z) = o f» ar =qin"<'—7->.
de” a)  J(@t -ty ) J(ut-at)y " a

49. Show that the area bounded by a curve, the y-axis and the
lines y =a, y =0, parallel to the z-axis, is given by
b

xdy.
[If z denote the area FCIA (i*‘igs. 13, 14) prove dz/dy=KP=uz.]

50. Find the area between the parabola y?=4ax, the y-axis and the
line y=Ah.



CHAPTER VIL
INTEGRAL AS LIMIT OF A SUM. SIMPSON’S RULES.

33. The Definite Integral as the Limit of a Sum. There
is another point of view from which the definite integral
may be considered ; to illustrate it, we take the following
problem.

A straight line AB (Fig. 16), of length «, is divided into » equal
parts and each part is multiplied by the square of the distance from 4
of that end of the part which is nearest A ; find the sumn of the a
products, and the limit of the sum when » becomes infinite.

Let M N be one of the parts, A being the 7** point of division ; then
AM=rafn, MN=a[n and AM*. MN, the term of the sum arising from

2
the part MN, is (L“) . ;1;
n
The sum required, S say, is therefore

2 Qa\2
S=02x'-"+<i“) ~a+('—‘-‘) Ly
n n

n

n ”n
ra\? a (fn— 1)(1] 2 g
+(7{) : ;'*‘---’*'{T[ EPSITRTIR ¢))
The sum (1) is written more compactly thus :
r=n-1 2
§= N <r_a) B
= = \T oS TIETOR PP TP PP ©)

The symbol Z, read “sigma,” is the Greeck form of capital §; the

whole symbol, read “sum of ’;_(:)~ < from =0 to r=n—1," is to be
n

interpreted as meaning that we are to ‘make r equal successively to
0,1,2,...n~1 in the expression (5‘3‘)2 ¢ and then add the terms so
obtained. n n
It is proved in any text-book of Algebra (and is easily verified) that
124224324 .+ (n~1)2=}(n—1)n(2n—1).
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3

But S={12+22+32+...+(n—1)2}><f;s’
i ST IR
so that S_%(n—l)n(2n—1)><m—‘§ l‘ﬂ*'ﬁ ?

and therefore the limit of § when 2 becomes o is 142

Suppose now that each part, as M4, is multiplied by the square of
the distance from A of that end of the part which is furthest from A,
as AN?; we find instead of (2)

, _"Trra\? a a3
S=,‘;(7) A D@ A X @)
and the limit of §" when n becomes @ is 3a® the same value as before.

It is worth noting that we shall obtain tke same limit if we take, for
each part, the distance from A of any point in that part; because if,
for example, L is any point between J/)and N the quantity 4L will
lie between A M? and A N? and the sum will therefore lie between S
and &'. Since § and S’ have the same limit, the new sum will also
have that limit.

We shall now obtain the above limits in a different way.
Let AM=x, AN=xz+dx; then de=MN=a/n, and (2),

(3) become
r=a-afn z=a
S= > a¥w..oiin, (4); S'=D 2% e (5)
=0 z=aln

It is to be understood that the values to be given to z in
(4) and (5) are the distances from A4 of the successivd points
of division; in (4) the first value of = is 0 and the last
AA,_ ,=a—a/n, while in (5) the first value of & is
AA,=a/n and the last AB=a. In eachterm dx=a/n.

Now draw, with 4 as origin and 4B as z-axis, the
‘parabola #=z?% and at the points of division of AB raise
the ordinates. Complete, for each part into which AB is
divided, the two rectangles, such as MNRP, MNQS (Fig. 16).

We now interpret the sums (2), (8) or their equivalents
(4), (3) geometrically.

The sum (4) is the sum of the inmer rectangles, such as
MNRP; because when z=A4AM we have z*=MP and
x28zx=rect. MNRP, and a similar interpretation holds
for every term in (4).

The sum (5) on the other hand is the sum of the outer
rectangles, such as MNQS; because in this case a part such
as MN is multiplied by AN?Z and therefore, for the part
MN, 2%6x=AN?. MN=NQ.MN =rect. MNQS.
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Obviously the sum of the inner rectangles is less, and the
sum of the outer rectangles greater, than the area ABDP
bounded by the curve, the z-axis and the ordinate BD.
Hence S<area ABDP<S . .cccovvvvvvennnnnne.. (6)

D7D

A A A, A, M N KB
Fig. 16.

Now, the difference 8'—S is simply the sum of the
rectangles such as PRQS; this sum is, as may be seen by
sliding each small rectangle horizontally into the rectangle
A,_BDD, equal to that rectangle. But rect. 4,,_,BDD" is
equal to u’jn, because BD=a? and A,_,B=a/n; so that
S'~S=a?*/n. Hence when n becomes infinite, the limit of
S§’—8 is zero.

Again, the differences, area ABDP—S and S —area
ABDP, are each less than 8 —8, so that when n becomes
infinite the limit of each of these differences is zero; in
other words, the limit both of S and of & is the area
ABDP.

Therefore, expressing the area as an integral,

z=a-an @ z=a
L > 2%z=|a%dz=L 3 2%z ............. (N
n=w =0 0 n=0w r=a/n

Since the value of the integral is a3, we find the same
result as before.

As before, it is plain that, so far as the limit is concerned,

. We may suppose z in the typical term %0z to be the
distance from 4 of any point in MN.
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The definite integral thus appears as the limit of a
certain sum, and this mode of viewing it is of great
importance in various applications, as we shall see. The
passage from the sum to the integral has been effected
by considering the factor (ra/n)* (or x?) of the term
(-’g) . % (or x%6x) as the ordinate of a curve, and the term
itself as the area of a rectangle which is approximately
equal to a strip of the area between the curve and the
a-axis. Since we suppose all the functions we deal with
to be representable by a graph, the method applies to all
cases,

By considerations that are essentially identical with
those adduced in this particular case (a full discussion will
be found in the author’s Calculus, § 131) we can arrive at
the general theorem which may be stated thus.

In Fig. 13, § 30, let MP =F(x), MN = dx, then

x=b
area ABDC= >, F(x)dx approximately ............ /8)
x=b
= > F{x--8x)dx approximately ...... )]
b
=I F(z)dz exactly.

In this case, the statements x=«, 2 => attached to X are
meant to indicate the values of z for the two bounding
ordinates; this meaning is slightly different from that
adopted above, but is convenient.

In (8) the typical term F(x)dx is MP.MN, the area of
MNRP, while in (9) the typical term F(zx+dzx)dr is
NQ.MN, the arca of MNQS; so far as the lLimit 4s
concerned, the rectangle corresponding to the strip MNQP
may have for its altitude MP or NQ or any ordinate
between MP and NQ. The T indicates for (8) the sum of
the inner rectangles and for (9) the sum of the outer.

The origin of the symbol [ ...dz for integration will now
be obvious; [ is a form of the letter “s” and dx is the
representative of dx.
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The method of defining an integral as the limit of a sum
is due to Leibniz; the method followed in §§ 30, 81 is that
of Newton.

34, Volumes. In Fig. 13, §30, let the curve CPD make
-a complete revolution about the x-axis; the curve thus
traces out a surface. The section of the surface by any
plane perpendicular to OX, the axis of revolution, is a circle.
We wish to find the volume intercepted between the sur-
face and the planes through A and B perpendicular to OX.

Let V be the volume intercepted between the planes
through A and M perpendicular to OX, and let 6V be the
increment, of volume for the increment MAN or éx of z.
Then &V is greater than the cylinder traced out by rect.
MNRP but less than that traced out by rect. MNQS,

therefore SV > #MP2. 6z but §V < xNQ2. Sz,
so that §V/dx is greater than 7MP? but less than =NQ@Z

Hence %15: M P?=r(ordinate at a)2% ............. )

The volume required is the integral of #MP? from a to b,
just asin § 31 the area is the integral of MP from a to b.
We may also use the method of §33. The volume

clearly lies between
z=b z=b
2 xMP25x and 2 7 NQ*zx;

but the limit of these sums is the same for both, namely

j-bryzdx. .............................. (2)

As a rule we need onlyuconsider one of the inequalities
for §V and proceed thus:
x=b

. b
vol.=>7 o MP2. §x approximately ; vol.= j TMP3dz.

Example. Find the volume of a sphere of radius R.
The equation of the generating semi-circle is
MP=y?=R?~ 22
and therefore the volume is / ’

f_ ';r(m-xz)dx= |:7r<lcﬂx- ?)];=53’—'R=.

Examples will be found in Exercises IX.
a.LC. D
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35. Arcs of Curves. Areas of Curved Surfaces. When
the distance between two points P, @ on a curve is small,
the arc PQ and the chord PQ are nearly equal. We assume
as an axiom, that when @ tends to P as its limiting posi-
tion the quotient (arc PQ-chord PQ) tends to unity as its
limit.

Let the arc CP (Fig. 17), measured from some point C,
be denoted by s and let s or arc PQ be the increment of s
due to the increment dz or MN of . Then

(chord PQ)*=PR?*+ RQ*=(Sx)*+(Sy)> ..ev.n.. 1)
The limit of (chord PQ/dz) is the same as the limit of

88/8x ; because
chord PQ _chord PQ és
ox  arcPQ Sz
and the limit of (chord PQ+arc PQ) is unity. Divide (1)
by (dz)? and take the limit; therefore

(%)2 =1+ (2—1]—7:;/:)‘ or ds?=dx?+dy? ............ 2

When dx=MN or PR, then if NQ meets the tangent at
P at T, dy=RT, and

PI*=PR'+ RT?=dxz*+dy2

B T/
Y Ny
R
c
/
ol A M N X
Fig. 17.

The second equation in (2) shows that ds=DPT. Thus,
80 far as the limit is concerned, the chord 7@, the arc Q) and the
vortion P1' of the tangent can be substituted for each other.
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If PT makes the angle ¢ with the z-axis, then ¢ = . RPT,
and we have the values
tan ¢ = d ,cos¢ d ,smq{;—;zé ............ (3)

If P is the position at time ¢ of a point moving along the
curve CP, its velocity v is

(Ss ds
V= s:Lo SETgp e 4)
The component velocities are
dx ds ds
q= 0S ¢, dt dts1n¢ ............... (5)

s is given by the lntegml

s='[\/{1+(f§”) }oh, ................... (6)

but there are very few curves whose length can be ex-
pressed by means of the ordinary functions.

Let S denote the superficial area of the surface traced
out by the revolution of the are CP about OX (Fig. 17),
and let 88 be the increment of S due to the increment &z
or MN; 88 is the arca traced out by the are PQ, but in
finding the limit of 6S/8x we may take either the chord ’Q
or PT instead of the arc PQ.

The area of the surface of the conical frustum traced out

by PQ is w(M P+ NQ). PQ; therefore

§§ =x(MP+NQ). IiQ: T(2MP+ RQ)g—;,
g§—2TMP a_Or dS___,TMP ds. .. ..............(7)

Note that dS=2xyds, not 2wydz.

Erample. Find the area of a spherical cap of height 4.
If the radius of the sphere is 2 the ordinate of the generatlug circle is

y=MP= (R~ z°.

dy -z ds _ { dy
de ™~ J(R2=22)° ?.%‘\/ 1+ ) JI?-—::"

(—:iﬁ—‘za-}{[’é =2rR.

S= /' 9w Rdz=2mRh.
R—h
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The area is thus equal to the curved surface of a circular cylinder
of height % and of radius equal to that of the sphere.
Examples will be found in Exercises IX., 14-17.

36. Simpson’s Rules. In many cases a function is given
by its graph and not by an analytical expression; even
when the expression is known it is often impossible to find
the indefinite integral of the function. We shall investigate
a method for calculating an approximate value of the
integral of the function when a limited number of the
ordinates of the graph is known; the integral is repre:
sented as an area.

’

/B'(C/ ™
' N
i ‘
4 I EA I £ B 4 I CA N B
2| (%] %] [Pe| |7
ABC M
Fig. 18.

In Fig. 18 let ¥, 4, ¥, ... be the values of the ordinates
AA’, BB, CC,... respectively,and suppose the distances A5,
BC, ... between consecutive ordinates to be equal, each
distance being equal to k.

Now, we can determine the constants «, b, ¢ in the
equation

y=azx*+bx+c,........... e (1)

so that the parabola represented by (1) shall pass through
any three given points. We shall therefore assume that
the three points 4’, B, ' lie on a parabola; if the points
are not very far apart the assumption is usually near
enough to the truth.

Let B be taken as origin, and BC, BB’ as axes of z and ¥y
respectively ; then A4’, B, C" are the points (—#,y,), (0, v,),
(h, y5). The abscissa of A" is —h because B4 is negative.
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The equation (1) is referred to the axes just chosen, and we
apply 1t to calculate the arca ACC’A4".

'l
Area ACC'A’ =I (ax®+bx+c)dx= 2gh(uh2 +3¢). ...(2)
~h

Since the points A", B, C" lie on the curve given by (1),
wc have
y,=al*=bh+c, y,=c, y,=ak?+bh+c,
and therefore, solving for ¢ and al? (the value of b is not
needed), we find c=vy, ah?*=1(y,+y;—2y,). Inserting
these values in (2) and reducing, we obtain
area ACC'A"=1h(y,+ys+4Y,). coovveninnni. 3)

Equation (3) expresses the arca in terms of v, ¥,, ¥, I,
so that the area can be calculated when these four quantities
are known.

If the equation of the curve A’B'(Y is actually, and not
merely approximately, of the form (1), then the value (3)
18 exact.

The student may prove, precisely as has been done for equation (1),
that if the assumed equation is

y=az*+bx*+cx+d
we get the same expression (3) for the area.

We can now generalise the result (3). Suppose the area
AMM’A’ to be divided into an even number, 2n, of strips
by an odd number, 2n+41, of equidistant ordinates. The
formula (3) may be applied in succession to the n double
strips. If S is the sum of the 7 expressions we find,
S=3h(y+ys+du) + 30 (us+ys+4y)+ ..

F+ 3 (Yon -1+ Yout1+ 4Y2n)
=3 {y1+yonir+2(ys+ys+ -+ Yan-1)
+4 (Yot Yt Yy} o (4)

Formula (4) is known as Simpson's Rule ; it may be stated
thus:

Let the area be divided into an even number of strips
by equidistant ordinates; find (i) the sum of the extreme
ordinates, (i1) twice the sum of the other odd ordinates,
(ii1) four times the sum of the even ordinates; add the
three sums thus obtained and multiply this total sum by
one-third of the common distance between the ordinates.
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Though the rule has been proved for areas it is of course
applicable to any definite integral, because the integrand
can always be represented by the ordinate of a curve. An
important case is that of the mensuration of solids: in this
case y,, Yy ... are the areas of equidistant sections.

Equation (3) includes many of the most important
formulae of mensuration; in Exercises I1X. several of these
are stated.

Ezxample. Calculate rﬂ

I S
Let 2n+1=11, A=01, y=1/x. Then y,, ¥y ¥3... ¥ are the values

of y when x has the values 1, 1'1, 1'2,... 2 respectively. An easy
calculation gives

Yi+yu=1D, ys+ys+y: +yp=2"7281746,
Yo F Vst Yo+ Ys+10=3"4595394, §=0'693150.
The exact value of the integral is log, 2, that is, 0°693147.

EXERCISES. IX.

1. The volume of a right circular cone is one-third of the base
multiplied by the height. (Compare examples 3, 4.)

2. If the area, S, of a section of a surface by a plane perpendicular
to the r-axis is a function of « show, by the same reasoning as in § 34,
that the volume between two planes perpendicular to the r-axis is

J Sd, the integral being taken between proper limits.

3. Show that the \l'olume of any cone is one-third of the base
multiplied by the height.
[If % is the height, A the base and S the section distant x from the
.vertex, then S : 4 =az*:A%]
4. Tf the areas of the ends of the frustum of any cone are 4 and
B, and the height of the frustum /, show that the volume of the
frustum is 1h{d + J(AB) + B}
[Complete the cone and let the height of the cone needed for this
be A, ; then if h;=/+ A, =height of completed cone, we have
A l?t=DB:ht=Nsay; A=My? B=Ak?;
vol. of frustum =}(Ah,2 — M) =1 (hy— Ry) (M 2+ Moyhy+ AALD),
which gives the result, since k=h, - h;, A =Ah?% B=Ah,%]
5. A reservoir has plane sloping sides and ends; the top and
bottom are horizontal rectangles of sides a, b and o, V' respectively
and the depth is 2. Show that the volume is

d{ab+a'd' +(a+a)(b+ 1)}
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6. The volume of a spherical cap of height 4 is wh?(R - }4), the
radius of the sphere being 1.

[The volume is f k-n-(Rz-x?)dx ; see example of §34.]
k-h

7. A prolate spheroid is the surface generated by an ellipse which
revolves about its major axis; an oblate spheroid is the surface
generated by an ellipse which revolves about its minor axis. If the
major and minor axes are 2o and 2b respectively show that the volume
of the prolate spheroid is iwab? and of the oblate §7a?h.

8. The tore or anchor-ring is the surface generated by a circle
which revolves about an axis in its plane, the axis not intersecting the
cirele (though it may be a tangent to it). If a is the radius of the
circle and ¢ the distance of its centre from the axis, show that the
volume of the tore is 2m%a?c.

[Let the equation of the circle be 22+ (y —c¢)?=a? the z-axis being
the axis of revolution and the y-axis passing through the centre of the
cirele. If OM =z and if the perpem{iculur to the z-axis from A/ cut
the circle at /; and /’,, then

MP =y, =c—J(a*=2%), MPy=y.,=c+./(a*—2?),
vol.=2 ["1.—(_72‘3 -y Hdr=8mc [a (a2 — 2 dr.
Jo o
The integral is the area of a gquadrant of a circle and therefore equal
to tmrat)

9. The volume intercepted between the plane through x=7,
perpendicular to the z-axis, and the paraboloid generated by the
revolution of the parabola »*=4ar about the x-axis is 2wrah?

10. If, in example 2, S=az?+br+c and if the values of & are
S}, 8y, S, respectively when x has the values — 4, 0, 4, show that the
volume ¥ bounded by the surface and the sections ), S5 is given by

V=1h(S,+ 8;+4S,).
_ [This is the form of Simpson’s Rule for a solid corresponding to that
in § 36, equation (3), for an area.)
11, Apply example 10, that is Simpson’s Rule, to obtain the values
in examples 1, 3, 4, 5, 6, 7, 9.

12. If & is the head diameter, d, the bung diameter, and % the
(tlﬁpth lof a cask, show that when the curve of the cask is a parabola

e volume is T 2 :

'1—,2,‘{‘11""2‘122"140 (dy— )}

‘When the upper and lower halves of the cask are equal frustums
of a paraboloid of revolution, the greatest bases being joined in the
middle of the cask, show that the volume is

g/, (d2+d,2).

[A paraboloid of revolution is the surface generated by the
revolution of a parabola about its axis ; see example 9.]



88 INTRODUCTION TO THE CALCULUS.

13. If y=az®+bs®+cx+g, and if the values of y are 1, ¥y, ¥s Vs
respectively when z has the values — 34, — 34, 44, 4, show that the
area bounded by the graph of g, the z-axis and the extreme ordinates

Y15 s 18 iy +ya+ 3 (vt}

[In this case the areﬁ i di\:ided(/illto 3 strips by equidistant
ordinates, the common distance being % ; the result may be extended
as in §36. The rule obtained from this result is known as Simpson’s
Second Rule ; but it is not much used.]

14. Show that for the semi-cubical parabola ay?=1z3

ds 9z 8a 9r\? 8a
Z () =5 (E) e

the arc s being measured from the origin.
15. Show that for the parabola y?=4aux,

oy (142) (),

and that the surface of the portion of the paraboloid of example 9 up
to the plane there mentioned is

L
[ 4r Ja J(x+a)de= 5317'— {a}-“(a +}L)% —a?.
16. Show that for the parabola y =2%/p
ds 42 2%
i \/<1 +}7) =1 +—pT approx.,
2.5
s=x+ 3p? approx.,

the arc being measured from the vertex.
Show also that the length of the arc from the vertex to the point
(b, ¢) is approximately . ot
b+3 b

1Since (b, ¢) is on the parabola, c=0%/p or p=0>?%c; putting b for 2
and b%/c for p in the value found for s, we get the result. This
approximation to the arc is often used in mechanics.]

17. Show that for the ellipse 2%/a®+ »?/b*=1, e being the eccentricity,
so that b=a/(1 - ¢%), ds  J(a?—er®)
dz” J(@®— %)
and that the surface of the prolate spheroid (example 7) is

2./0“ 2wy % dr=4m/(1 - ez)./:./((ﬁ —e%rt)dx
= 2m2{1 —e 4 J(1 -

a a a2
[Note that .L’ J(a? — e*x?) dor = eﬁ V(; - 1‘2) dx
and apply example 7, § 31, where a has to be replaced by afe.]

sin~le
e



CHAPTER VIIL
APPLICATIONS TO MECHANICS.

37. Centroids. First Moments. We now consider some
applications to Mechanics and begin with centroids.

It is shown in works on Mechanics that the z-coordinate,
z say, of the centroid of » particles of masses m;, m,, ... my
situated at points whose x-coordinates are x,, @, ... Zn
respectively, is given by the equation

ME + MLy + ...+ Mylly  ZME
my+my+...+my, Zm’

There are similar expressions for ¥ and z, the y- and the
z-coordinates of the centroid.

The centroid of a volume, area or line is the centroid of
a mass of unit density occupying the volume, area or line.

Other names in common use for the centroid are: centre
of inertia, centre of gravity. The sum Zma is often called
the first moment of the masses.

To see how integrals replace sums, take a very simple
case.

5:

Example 1. TFind the centroid of a thin straight rod of uniform
density and thickness.

Let the length AB (Fig. 19) of the rod Le a and the mass of unit
length A ; then the total mass M of the rod is Aa.

A ed . B
Fig. 19.

Divide 4B into n equal parts, of which PQ is one. Let AP=z
PQ=20x; then the mass of PQ is Asz.

G.I.O. D2
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If we suppose the mass of P@ to be concentrated at P, the moment
of the mass of PQ about A4 will be z.A8x; while if we suppose the
mass of PQ to be concentrated at @, the moment about A will be
(r+8x)A8z. We may assume the moment to be greater than z. A8z
but less than (z+8z)Adz.

If z is the distance of the centroid from 4 the moment of the whole
mass M about 4 is Mz. Hence

Mi> So\dz, but Mz < S (z+82) Aoz,
=0 z=0

But when the number n of the Ii)a.rts, such as P, into which the
rod is divided, becomes infinite each of these two sums converges to
the same limit (§ 33), namely the integral from 0 to a of rAdr;

therefore _ [a
Mz= ‘L‘ rAdz=3}Aa’=3}Ma,
so that z=4a.

In this and similar cases it is sufficient to consider only
one of the inequalities and to write

Mz =Zx\éx approx.; Mz= rw)\da:.
0

In practice the differential dx is frequently used instead
of the increment éx; we shall however adhere meantime to
the notation of inerements.

Ezample 2. Find the centroid of a thin plate (or lamina) of
B p uniform density and thickness, the plate having
Q the shape of a quadrant of a circle.

Let « be the radius of the plate and o the
mdss of unit area; then the mass & of the plate

is imra’.

ivide the plate into narrow strips like ¥ ¥Q.P
(Fig. 20); we may suppose the mass of the
strip to be concentratecr at the middle point
of MP.
o MN A Let OM=2, MN =38z, MP=y=,/(a*-2%). The

Fig. 20. mass of the strip may be taken as oydr and

the moment of this mass about 04 is 4y.0y8z or 30y?6xz. Hence
v is given by

x=a a
My =3 4oydx approx.; My= 4[: 3oyldx.
x=0
But y2=a?— 2%, and therefore by integration

a 4
M= [Yo(ate- gzs)l =low=froat. 3%

so that J=

8

since M=}mroa’
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Tn the same way, or from symmetry, we see that Z=4a/3r.

The student may show that the integral is the same if we suppose
the elementary mass to be oV¢.MN, concentrated at the middle
point of N@.

Example 3. Prove the following theorems :

(i) If an arc of a plane curve revolves about an axis in its plane
which does not intersect it, the surface generated by the arc is equal
to the length of the arc multiplied by the length of the path of the
centroid of the arc.

(ii) If a plane area revolves about an axis in its plane which does
not intersect it, the volume generated by the area is equal to the area
multiplied by the length of the path of the centroid of the area.

Y
PQ
D
C
H[ K
o) A MN B X
Fig. 21.

Take OX (Fig. 21) as the axis of revolution and let €' be the point
on the closed curve CPDI/ nearest OY, and D the point furthest from
OY. Denote by », any ordinate MP of the arc CPD, by y, any
ovdinate M1 of the arc CHD, by s, the arc CF and by s, the arc CH,
8s; and 8s, being the increments P@Q and HA respectively of these
arcs. The lengths of the ares CPD, CHD may be denoted by /,, I,
respectively.

The ordinates 37}, Yy Y3 of the centroids of the arcs CPD, CHD and
the closed curve C/’1)H are given by the equations

_ 7 ~ (1g _ ' (13
ll.'%:l idsy, 123/2"’./“ Yodsy (51*'5::).’/:;:]u ?/1d31+L Yodsy
But the area of the surface generated by the arc CPD is (§ 35)
b
8;=2m 1: RN

which by the first of the above integrals is equal to 27%,l,, that is, to
the distance 27, travelled by the centroid of CPD multiplied by ¢,
the length of the arc CPD.
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Similarly the theorem is proved for the arc CHD and for the closed
curve CPDH.

Next, to find the ordinate 7 of the centroid of the area bounded by
the curve CPDH, we may take the strip HAQPF as the element of
area and suppose it concentrated at the middle point of HP. The
area of the strip is (y; ~,) 8z approximately, where OM =z, MN =24z,
and the moment of the strip about 0X is

31+ )71~ y) 8z, that is, $(y,% - ;") 8.
0B
Therefore ¥ xarea CPDH= { $(y,2—y,)d.
Y04
But the volume generated by the area is equal to the integral

multiplied by 27 (§ 34), that is, equal to 2wy xarea CPDH.
These theorems are usually known as the Theorems of Pappus.

Example 4. If the centroid of a plane area S lies on the x-axis,
show that |ydS taken over the area is zero.

If the area is divided into » small portions, of which 8§ may be
taken as a type, and if y is the ordinate of any point in &S, then the
moment of gg about the z-axis is # S approximately and the moment
of the area S is Zy38S approximately, where the summation 2 includes
all the n portions like §S’. The moment of the area is the limit of
2y 88 when » becomes infinite and each of the portions converges at

the same time to zero. This limit is denoted by the integral f yds.
But if y is the ordinate of the centroid of the area we have
5= [yas.
If the centroid lies on the z-axis then ¥=0, and therefore the
integral is zero. :
Conversely, when f ydsS is zero the centroid lies on the z-axis.
~ Similarly, if we take 8V as an element of volume the y-coordinate of
the centroid of the volume V is given by
Vy= f ydav,
where the integration extends throughout the volume V.
As a rule double integration (§ 70) is required for the evaluation of
ydS8, but in simple cases double integration can be avoided. Thus,

in example 2, §S=y 8z and only simple integration is needed ; similarly,
in example 3, 88 =(z,; — y,) 8.

38. Centres of Pressure. The intensity of pressure (§ 25,
example 2) at the depth « feet,in a heavy liquid of uniform
density p pounds per cubic foot, is (p,+px) pounds per
square foot, p, being the intensity of pressure at the free
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surface. In our examples p, will be neglected, since the
effect of p, can be easily estimated without integration; p,
contributes to the thrust on any plane area, S square feet,
the amount p,S pounds, this force acting at the centroid of
the area.

The thrust on one face of a plane area, S square feet in
extent, placed horizontally at the depth x feet, is simply
pxS pounds acting at the centroid of the area. If the area
is not horizontal the intensity of the pressure is different at
different depths. To find the thrust on the area S in this
case divide the area into m small portions, the area of one
portion being 8S. If the depth of any point in S below
the free surface is « feet the thrust on S is approximately
pxéS pounds, and the thrust on the whole area S is
approximately ZpxdS, the summation X including all the n
elements §8. The limit of ZpxdS, when n becomes infinite
and each element &S converges to zero (that is, the integral

pxdS) is the thrust on the arca S.

To find the point in the area, called the centre of pressure,
at which this thrust, or resultant pressure-force, acts take
moments about two lines in the plane of the area as in the
following examples.

S AT Ty oot ol
—_ - — - - — -
_—— - x —_——— - -
{— = — — - - —-
—-_"P Q_— -
it S - -
T e St
Fig. 22

. Example 1. Find the centre of pressure of a rectangle whose plane
18 vertical, one side being parallel to the free surface.

Let ABCD (Fig. 22) be the rectangle ; AB=a, AD=b; h the depth
of 4B below the surface, to which 4B is parallel.
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Divide the rectangle into narrow strips by lines parallel to 4B, and
let AP=x, PR=38x. The area PQSR=88=adzr; the thrust on PQSR
is p(h+x)adr approximately, and therefore the thrust P on the area

ABCD is >
P= ["p(h+z)ade=pabh-+ bpat?

Let = be the depth below AL of the centre of pressure and take
moments about 4 8. The moment about 4B of the thrust on PQSR
is z.p(h+x)adz, and therefore the moment about AB of the thrust
on ABCD is

lbx .p(h+x)adzr, or pa'/o-b(h.t+x2)dx,

which is equal to 3pabh + Ypal’.
But this is equal to P x z, the moment of P about AB. Hence we find
3pab’h+Ypab® _bh+Eb*
pabk+1pab® — 2h+b°

If AB is in the surface of the liquid, 2=0 and z=32b.
1t is obvious that the centre of pressure also lies on the line through
the middle point of 4B parallel to AD.

z=

Ezample 2. Find the centre of pressure of a triangle ABC, the
base BC being in the surface of the liquid and the plane of the triangle
being inclined to the vertical at the angle 6.

Let M (Fig. 23) be the middle point of BC; it is easy to see that
the centre of pressure lies in 4. Let AD be perpendicular to BC,
P@ and S parallel to BC, DE vertical, L EDA=.

BC=a, DA =+t ; the perpendicular distance from BC to PQ is « and
from P@Q to RS is 8z.

PQ=%(/L —1); area of PQSR=%(& - z)8z approx.
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The intensity of pressure along @ is px cos § and the thrust on the
strip QSR may be taken to be

pxcos O x %(h—x)&r, or eg%?—s-—a(lzx—.rz)Sz.

Hence the thrust 2 on the triangle ABC is
K
7 ’=&(;:)—§—Q jo (hx — 2%y dr=3}pakicos 6.
Next, take moments about BC; the moment of the thrust on PQSR is
. PE (ke ase,
and therefore the moment of the thrust on the triangle ABC is
Pa28 " ha2 — 2%y do =y palicos 6.
The distance z from BC of the centre of pressure is therefore
z= 1, pakicos O+ }pakicos =1h.
The centre of pressure is therefore the middle point of 4A/; its
position is independent of the inclination 6.
39. Moments of Inertia or Second Moments. If », 7, ...

r, are the distances from an axis OR of m particles of
masses M, My, ... M, respectively, the sum

mr24myrt . Fmari=Emr? L (1
is called the moment of inertia of the set of particles
about OZ.

The moment of inertia of a continuous body is obtained
by supposing it to be divided into a large number n of
small pieces and tinding the limit, for » becoming infinite
while each of the n pieces converges to zero, of the moment
of inertia of the m pleces. The sum (1) is then replaced by
an integral. 1f dm,, dm,, ... are the masses of the small
pieces and 7, 7, ... the distances from the axis of any
point in the masses dm,, dm,, ... respectively, the moment
of inertia about the axis is the limit of Zr*¢m and is given
by the integral

ridm
taken between proper limits.

, If the total mass of the system is M, and if k is chosen sc
that Mi2=Zmr2, or Mk2= j.v-zdm,

the quantity %, which is of the nature of a length, is called
the radius of gyration of the system about the axis.
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We shall suppose the bodies treated to be of uniform
density. When the density is taken equal to unity the
masses may be treated as volumes, areas, or lines; in this
case the moment of inertia is often called the second moment
of the volume, area, or line about the axis.

The symbol 7 is generally used to denote a moment of
inertia; if M is the mass of the system and % the radius of
gyration about an axis, then I= Mk? for that axis.

The work of finding moments of inertia is greatly
simplified by the following theorems; the proofs are very
simple (see any text-book of Mechanics).

Theorem 1. If OX, OY, OZ are three rectangular axes,
and if 7, I,, I, are the moments of inertia about OX, 07,
0Z respectively of a plane lamina lying in the plane XO0Y,
then

I=I,+1,

Theorem 2. If I is the moment of inertia about any
axis OR, Iz the moment of inertia about a parallel axis
through the centre of inertia @, @ the distance between the
two axes, and M the total mass of the system, then

IR=IG+IVIG2.

Erample1. A thin straight rod of uniform density about an axis
through one end perpendicular to the rod.

Let AB (Fig. 1Y, p. 89) be the rod, and take the same notation as in
§ 37, example 1. The mass of £@ is A8z and the moment of inertia of
this element may be taken to Le 2%2. A8xz. Hence for the moment of
inertia 7 of the rod we have

I= f *#hdr=3\ad=} Ma?,
0

so that F2=1}a? k=0'577a.

The moment about an axis through the middle point of the rod
perpendicular to the rod is ysMa? as may be proved either by in-
tegration or by Theorem 2.

Erample 2. A uniform rectangular lamina about an axis through
its centre parallel to one side.

Let the lamina be 4 8CD (Fig. 22, p. 93) and let the axis be parallel
to AD; AB=a, AD=5b. Divide the lamina into narrow strips like
PQSR ; if dm is the mass of QS the moment of this mass is, by
exal;)}jll; 1, f5a?ém. The moment of the whole mass Af is therefore

. M.

Similarly, the moment about an axis through its centre parallel to
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AB is &b2. M, and therefore the moment about an axis through its
centre perpendicular to its plane is, by Theorem 1,

15 (a?+ ) M.

The moment of a uniform rectangular parallelepiped (a brick or
cuboid) whose edges are a, b, ¢ about an axis through its centre parallel
to an edge, the edge ¢ say, is

T (@®+0) 4,
where M is the total mass of the parallelepiped. To prove this result,
divide the parallelepiped into thin slices by planes perpendicular to
the edge ¢. The moment of a slice is

13 (2% + b%) x (mass of slice),
so that the required moment is & (a®+ 6%) M.

Eyample 3. A uniform circular lamina, of radius @ about a diameter.

Let X’0X be the diameter, ¥'OY the perpendicular diameter and
I, I,, I, the moments about OX, OY, OZ respectively, where 0Z is
perpendicular to the plane of the lamina. It is clear, from symmetry,
that I, =7, and therefore (Theorem 1) /,=47,.

To find 7, divide the Jamina into narrow concentric strips. The
mass Om of the strip bounded by circles of radii # and z+ 8z may be
taken as 2roxdzr, where o is the mass of unit area of the lamina. The
distance from OZ of each point of the strip may be taken as z, so that
the moment of &m is 22. 2woxdx or 2woa’dx. Hence

1= ﬁ “roadde = jroat=} Ha?
where ¥ is the mass of the lamina. Therefore 7,=}Ma? and k=3}a.

Ezample 4. A sphere of uniform density about a diameter.

Divide the sphere into thin slices by planes perpendicular to
the diameter. The mass m of a slice distant z from the centre of the
sphere is mp(a?—2?)8x, where p is the density and a the radius of the
sphere, and dx the thickness of the slice. The moment of this circular
lamina about the diameter of the sphere is, by example 3, 4 (a*— z2)dm,
that is }wp(a?—2%)28z. Hence for the moment of inertia / we have

I=tmp [(@ - a2z =Ymp. Yo = g2t
where M =4mrpa3, the mass of the sphere.

Ezxample 5. Bending moment.

In the usual theory of the bending of beams the intensity of stress
at any point of a section of the beam, made by a plane perpendicular
to its length, is of the form Ex/R where R is the radius of curvature
of the curve into which the beam is bent, £ is a constant, and 2 is the
distance of the point from a line in the section called the neutral axis.
The stress across a small section 84 containing the point is £z84/R;
this stress may be resolved into a force Ex84/R acting at a point in
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the neutral axis, and a couple Ez?54/R. Summing these over the
area A4 of the section we find as the resultant of the stresses :

(i) a force, %Ex&:{ ;  (ii) a couple, %23’&4.

For pure flexure the force is zero, and therefore Tz84 is zero;
the centroid of the section will in this case lie in the neutral axis
%§37, example 4). The stress thus reduces to a couple EI/R, where

(=22%84) is the second moment of the area 4 about the neutral axis.
This couple is equal numerically to the bending moment of the applied
forces. K[ is called the flexural rigidity of the beam.

40. Work done by an Expanding Gas. Suppose the gas
to be confined in a long rigid cylinder closed at one end
and fitted with a piston which is free to slide, the cross
section of the cylinder being constant, equal to S square
feet. Let the intensity of pressure be p pounds per square
foot.

The work, §W say, done by the gas in pushing out the
piston a small distance éx feet is, approximately, pSézx foot-
pounds. But Sér is equal to Jv, the increment of the
volume ». Hence §W=pdv approximately; taking the
limit for Jv converging to zero we find

%E)—V=p, or dW=pdv. .........ooonn. (1)

The work done in.increasing the volume from v, to v, is,
in foot-pounds, -

W= j PAV. oo, (@)

If the gas is compressed from volume v, to volume v,
the integral (2) gives the work required to produce the
compression.

Equations (1) and (2) hold whatever be the form of the
containing vessel, the walls being flexible in whole or in
part; but the proof need not be given here. The work
done is represented by the area between the graph of p,
the v-axis, and the ordinates to the v-axis at v, and v,

The three equations connecting p, v, and the absolute
temperature T are.

@) Z=cy; (i) pu=0y; (i) por=0y
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Equation (ii) holds for isothermal expansion, equation
(iii) for adiabutic expansion. The constants C,, C, C, are
different from one another.

For air at 32° F. or 493° absolute temperature, » heing
the volume in cubic feet of one pound of air and p the
pressure in pounds per square foot, we have

C,=5318, C,=26220, 5=1404.

These values are taken from Prof. Ewing’s treatise on
the steam-engine* ; the absolute temperature is obtained by
adding 461 to the Fahrenheit temperature.

Ezample 1. One pound of dry air at volume v, and (absolute)
temperature 7, expands adiabatically to volume v,; find the work
done and the change in temperature.

By equation (2), since pv¥=(;, we have

e [*Cag, 1 (O O
“_-/.-, ;de—y_l<vly_l vzv-l)‘ .................. c)
If we put p,»,Y for Cs in each of the fractions in (3) we get
v-1 v 1
W:ﬂ”i‘-{l_(f‘ }=ﬁ.1,J1__]_ ............. 4
r-1 v2> y-1U w-tY )

where R=u,/x,, the ratio of expansion.
If in the first of the fractions in (3) we put pvY for C,, and in the
second pyv,Y for C; we find

__ 1 /oo pwy?\ _ pio—pev,
W= )—/:T ( Fra i 1> __._7.__1__. .................. (5)

If 7, is the temperature at volume v, we have pyw,=Cir,, by (i);
also pé:,: Ci7; and therefore by (5) * s

= O =) ;
W= ST i (6)
Suppose T, =661(200" F.) and v,=2v, ; then from (4) and (8), since
p1v;= Oy, we have
W=21240, 7, -1,=161.

The work done is therefore 21240 foot-pounds, and the temperature
has fallen 161° ; the temperature has fallen from 200° F. to 39° F.

If the air at 39° F. were compressed adiabatically to half the volume
the work required to produce the compression would be 21240 foot-
pounds, and the temperature would rise to 200° F.

* The Steam-Engine and other Heal-Engines. By J. A. Ewing. (Cam-
bridge : University Press.)
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Example 2. 1f the expansion described in example 1 is isothermal,
find the work done.
In this case pv=C_, and equation (2) gives
W= fﬁz% dv=C)log. (?) =P 10ge B wevivniiieninn (7)
' X

Suppose 7, =500(39° F.), #,=2v, so that =2 ; then

W=153-18 x 500 x log, 2="53"18 x 500 x 06931 =18430.
The work done in this case is therefore 18430 foot-pounds.

EXERCISES. X.

1. Show that the coordinates of the centroid of a plane lamina of
uniform density in the shape of a quadrant of an ellipse whose axes
are 2a, 2b are given by

r=4a/3r, y=4>b/3r.

2. Find the centroid of a uniform right circular cone the area of
whose base is 4 and whose height is 4.

[The centroid clearly lies on the axis. Take a section perpendicular
to the axis at the distance » from the vertex ; the area of the section
is 224 /A% and the mass of the slice of thickness 6. is pz2482/h% p being
the density. Take moments about an axis through the vertex parallel
to the section ; then

h 2
Mr= fo e P A demplid s 3= 1h)

3. Show that the centroid of the arca bounded by an arc of the
parabola y?=az, the z-axis and the ordinate at the point (&, £) is
given by F=3h, y=31k

4. ACB is a semi-circle of radius £; O is the middle point of the
diameter 4B, and C is the middle point of the arc 4B. Show by the
theorems of Pappus that the centroids of the arc and the area lie on
. OC at the distances from O given by

- 2R - 4R
=" for the arc; I=5 for the area.

5. Show that the surface of the tore (Exercises IX., 8) is 472ac,
and that the volume is 2%’

6. A triangle ABC has its vertex 4 in the surface of a liquid and
has its base horizontal ; A is the middle point of the base BC. Show
that its centre of pressure is at H where AI/=3AM.

7. One of the parallel sides AB of a trapezium ABCD is in the
surface of a liquid; if AB=a, DC=b, and if the perpendicular distance
between AB and DC is %, show that the centre of pressure lies on the
line joining the middle points of AB and DC, and that its perpen-
dicular distance from AB is

a+3b 4
a+2b 2
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Deduce from this result the position of the centre of pressure (i) of
a parallelogram with one side in the surface, (ii) of a triangle with its
base in the surface, (iii) of the triangle of example 6.

8. In examFle 1 of § 38 show that, when £ is large compared with
b, the centre of pressure all but coincides with the centroid of the
rectangle.

9. If in example 1 of §38 the depth of the centroid of the
rectangle A BCD is 4, and the depth of the centre of pressure y, and if
the rectangle is lowered so that the new depths of the centroid and
the centre of pressure are £, and z respectively, show that
Ryt =kl y
z=-*-——J—1%

hy

10. A plane area S is immersed vertically in a liquid so that the
depth of the centroid & of the area is 4 ; show that the depth y of
the centre of pressure is given by

hySy=h2S+1,

where [ is the second moment of the area about the horizontal
through @.

Apply the result to show that the equation of example 9 holds for
any p?ane area, z and 4, having the same meaning as in that example.

Find the moments of inertia in the cases given in examples 11-19,
the density being supposed uniform and the mass being 3 in each case.

11. A circular lamina of radius a, about a tangent.

12. A circular lamina of radius a, about an axis through a point on
its circumference perpendicular to its plane.

13. A sphere of radius «, about a tangent line.

14. A sphere of radius a, about an axis distant ¢ from its centre.

15. A rectangular lamina of sides a, b, about an axis through the
iniddle point of the side a perpendicular to its plane.

16. A right circular cylinder whose height is 2 and whose cross
section has a radius a, (i) about the axis of the cylinder, (ii) about a
diameter of one of its circular ends.

17. A hollow circular cylinder, about the common axis of the two
bounding surfaces, the inner and outer radii of a cross section being
a and b respectively.

18. A right circular cone whose height is % and whose base has
a radius «, (i) about its axis, (ii) about an axis through its vertex
perpendicular to the axis of the cone.

19. A triangular lamina of height £, (i) about its base, (ii) about an
axis through its vertex parallel to its base.

20. Show that the flexural rigidity (the stiffness) of a beam of

rectangular cross section is proportional to the product of the breadth
and the cube of the depth.
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21. The pressure of one pound of saturated steam at 347° F. is
130 Ib. per sq. in. and the volume is 344 cub. ft. Find the work done
in an adiabatic expansion that doubles the volume, and the fall in
temperature. (y=1135.)

22. Find the work done in suddenly compressing one pound of
dry air, originally at 32° F., to three-quarters of its original volume ;
state also the temperature immediately aftor compression.

23. One pound of dry air at volume », pressure p, and (absolute)
temperature T, is subjected to the following process: (i) it expands
isothermally to volume w, taking in heat and doing work; (ii) it
expands adiabatically from volume v, doing work at the expense of
its internal energy, till its volume has become v; and its temperature
T, ; (iii) it is compressed isothermally at temperature 7, from volume
v, work being spent on the gas (or negative work being done by the
gas) till its volume has become »,, v, being on the same adiabatic as 2, ;
(iv) it is compressed adiabatically till its volume has become ». Find
the total work done by the gas, the work done during compression
being considered negative ; show that the work is represented by the
area bounded by the two isothermals and the two adiabatics.



CHAPTER IX.

DIFFERENTIATION OF DIRECT TRIGONOMETRIC
FUNCTIONS.

41. Trigonometric Limit. When an angle is small, say
less than 5°, the sine of the angle is approximately equal to
the number of radians in the angle. Even for an angle of
10°, the error in taking the number of radians for the sine
is just a little greater than 4 per cent. For,

10 degrees=01745 radians, sin 10°=01736,
0-0009
01736

In the language of limits, this fact is expressed as
follows: if @ is the number of radians in an angle

percentage error = %100 =052.

We shall show that this limit is equivalent to another
limit already assumed (§35), namely that
the limit of the quotient (chord-=are) is
unity when the arc converges to zero.

Let the radius 04 (Fig. 24) of the \
circular arec A B be 7, and let the angle AOB
be 0 radians ; then, o B

chord AB=2rsin 6, arc AB=7. Fig. 24.
But sin 6=2sin 16 cos {0, and therefore
chord 4B 2sinl6 sind 1
arcAB © 0 0 Xcosif
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Now, when the arc 4B converges to zero, the angle 8
also converges to zero and cos 6 converges to unity.
Hence, if the fraction (chord 4B--arc AB) converges to
unity, so does sin 6/6.

The discussion is made rather simpler by taking the angle 40B

to be 26; in this case the fraction (chord AB-+arc 4B) is equal to
sin 6/6.

If D is the number of degrees in the angle AOB, then

@0 sinD_  sinf
T "D 180 6 °

sinD
and therefore DI:O D= 130" cerernsenrerssesaecnsns(2)
. tanf sinf_ 1
Again, 8 - 8§ X cos 0
and therefore Ltane=1. errrenreeinecsssnsassnened(3)
=0 e

NoTE. Unless the contrary is expressly stated, angles
are measured in radians.

If the student is to do satisfactory work in differentiating and
integrating circular functions he must be quite familiar with the
formulae for sin (A4 + B) and cos(4 + B). The following modifications
of these formulae are important :

sin 4 —sin B=2sin}(4 — B) cos §(4 + B),
cos A —cos B=2sin}(B— A)sin (4 + B),
sin? A=4(1 — cos 24) ; cos? 4=4%(1+cos 24).
Ezample 1. Prove
. 2sin (38z) " 2sin (3adz) _
(1)&1;0——-————81' =1, (u)SzI;o e =a.
In (i) put @ for 18r; then 6 tends to O when &r tends to O, and
therefore . :
L, 2sin (38) _ 1, 8o 9=1.
sz=0 O o=0 0
In (ii) put 6 for 3adz ; then, as in case (i),
2sin (Jadz) sin
L — ¥ ——=TLax—ps—
8z=0 Sz v=0a 0

=aXl=a.
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Ezxample 2. Prove

. sinar a ,.. tanazr a
O L Gty DL s
We have sinar_sinar_ br _a

sin bz ax snbz b

When z converges to zero the first and second factors each converge
to 1, while the third factor is constant ; the limit is therefore a/b.

Tn the same way equation (ii) is established.

When z is small we may, as an approximation, replace sinar or
tan ar by ax; the error involved in the approximation, even if the
angle be as large as 10° is only a little greater than 4 per cent. and
1 per cent. respectively. On the other hand, when seeking the limit
for & converging to zero, of the expressions

sinar tanar sin ar

Tbr 0 bs  tanbe
we may at once, without affecting the {imit, replace the sine and the
tangent by the angle. Thus,

sinar sinar ax

bx ar bz’
the limit of the first factor on the right is unity, and therefore the
limit of sin ax/bx is the same as that of ax/bz.
Similarly, in example 1 (ii), we may proceed thus:
2 sin (1adx) 2 x ladzx
Se L =— St
dx=0 X dx=0 -z

=2x3a=a.

42 Derivatives of the Circular Functions. The angle
occurs so frequently in the combination az+b that
the student should be familiar with the derivatives of

sin(axz+40), cos{ax+1), tan(ax+b) as well as those of sinz,
cosz, tanx. Before reading the proof he should note the
remarks at the end of example 2, § 41.
I. Dysinx=cosx; Dysin(ax+b)=a cos(ax-+h).
D,sinz= L sin(z+dx)—sin
8z=0 ox

2 sin(3éx) cos (x4 18x)
8x=0 &13
2 X $Sx X cos(x+ }dx)

am0 6%
= L cos(z+ Ldx)

sz=0

-

e

=cosx;
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D.sin(az+b)= L sin[a(z 4 8x) tﬁ]—sin(ax—{-b)
8x=0
2 sin(}adz)cos(azx+ tadx+b)
—8::—- dx
2 X }adx X cos(ax+ 3adzr+b)
P oz
=a cos(ax+Db).

5

t"

The value of D sin(ax+0) may also be found by using §26(a)
Thus, let ¥=ar+b; then y=sin (az+b)=sin u, and

((Z Z:: X g—l—t-cosu x a=a cos (ax+0b).
II. Dycosx= —sinx; Dgcos(ax+b)= —asin(ax-+h).
Dycosr= L cos(z+dx)—cosw 1 cosa—cos(x+dr)
Sr=0 de sx=0 ox

But  cosz—cos(z+ dx)=2sin({x)sin(x+ 1 Sx),
and the rest of the proof is the same as for the sine. Inm
the same way the value of D, cos(ax+b) is obtained.
11I. Dy tanx=sec2x; Dy tan (ax+4b)=asecZ(ax+Db).
tan(xz 4 dx) — ta_n_m

Dytan o= stioh —— o
__ v sin(x+8x) cos x —cos(x+dx) sinw
e 8 cos(x +dx) cosz
sin & 1

Tsem0 6x T cos(x+dx)cosw

=secx.

T costz
We leave it as an exercise to the student to prove that
IV. Dxcosecx= — cosecxcotx.
V. Dysecx=secxtanx.
VI Dycotx= —cosec2x.

Note. If the angle z is not # radians but z degrees, the
factor 2 sin(4dz)=+ dx converges to 7/180; ther efore

D, sinz = T\T)mq x, Dycosw= — msm x, Dianzxc= msec’a}.
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It is the occurrence of the factor #/180 that makes the use
of degrees cumbrous in differentiation and integration.

The following exercises are very simple, but the beginner
will do well to try most of them in order to fix in his
memory the values of the derivatives just obtained. A
careful inspection of the process and results will often give
useful hints for integration.

EXERCISES XI.

Differentiate with respect to x

1. sin 2« 2. cos2r. 3. sin(2x+5).

4. cos(2x+D5). 5. sin(3-2). 6. cos(3-x).

7. sin($z+}m). 8. cos(3zx+1w). 9. sin(3-2x).
10. cos(3-2x). 11. sin5(z—4r). 12. cos5(z—4m).
13. sin 2 (z+2) W cos®(wte). 15 sin T (4b)
16. cos 2(1;—'(;5' +b). 17, sin 2rcosa. 18. cos2rsina.
19. sin ma cos nz. 20. sin mzsin n. 21. tan (3z—4).
22. cot(3z—4). 23. cosec (2x - 3). 24, sec(3r-2).
25. rsina. 26. 2 cosz. 27. asina.

28. z?cosz. 29. xsinz+cos . 30. sinzr—rcos.
3l. lz+}sin 2z 32. 4x—}sin 2. 33. #sinz+y%sindz.
34. {Gcos3r—Fcosz. 35 tanw-—a 36. rtanz.
37, oz 38, 57 39, losinz
zr z 1+sinx

40. I-cosz 41 iﬂll' xr—cosx 42, sin 4z ]

1+cosx sin @'+ ¢cos & 1—cosx
43. 2cosx+2xrsin x —x?cosx. 44. sin 2r — 2x cos 2.

43. Worked Examples. We shall now work one or two
examples, illustrating various points.

Erample 1. If y—sin?(3z+4), find %.

Here y is a power of a function of x; denote the base of the power,
nawely sin(3z+4), by a single letter », and then apply §26 (a).
Thus y=u? u=sin (3z+4).

%=%‘% X %:21& x 3 co8 (3r+4)=6sin (3x+4) cos (3x+4).
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Similarly we find, for instance, the derivative of cos®z.
y=u3 u=cosz.
d—i=3u’ X (—sinz)= -3 cosrsin .
After a little practice, the actual substitution of « will be found to
be unnecessary. Thus
D coszr=3 cos’r x (—sin )= — 3 cos%r sin ,
D tan?r=2 tan x x sec’r =2 tan x sec’z.

Ezample 2. Find the a** derivative of sin (azx+b).

Dsin (ax+b)=acos(ar+b)=asin (a.r+b+g> .......... (1)
because cos A =sin (4 +3r).
Similarly,
D?*in (ax+b)=a Dsin (ax+b+g> =a2sin (a:v+b+‘lg>,

D%in (az+b)=a?Dsin (a.z' +b+ 2—%) =a’sin (a.r +b+ 31’—: )

The law of formation is now obvious ; for the a* derivative we find

2

The value a sin (ax +b+37) for the derivative of sin(a.xr+5) should
be noted.

Drsin (ax +b)=a"sin <a.7:+ b +7z’—r).

Ezample 3. If %=~/(a2-—ar2) and r=asin, find g'z

and express
"

its value in terms of .

LA SN dr_ s
(—i;;-,\/(a 7?)=a cos u, =acosu;

du
dy _dy dr_ T
therefore G de  du = cosu X acosu=a®cosu.
The value may be written
dy_, o,
E—L—éa (1 + cos 2u),

a form specially useful for integration.

Example 4. Find the turning values of 2sinx+sin 2.
Letf r)=2sinz+sin 2z ; then
[ (x)=2cosxr+2cos2r; f'(x)= —2sinz—4sin2a.

Now, S/ (x)=2(cos x+cos 2x)=4 cos 3—5— cos g,

and therefore f'(z) is zero when

. 3z . x
(i) cos5-=0 or (ii) cos 5=0.
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Restricting ourselves to values of x between 0 and 27, we see that
equation (i) gives, for 3z/2, the values w/2, 37/2, 57/2, and therefore,
for z, the values =[3, m, bm/3.

Next, f"(%): —2x§n4x5é—3= —-34/3,
()00 () o () o

and therefore f(w/3), which is equal to 3,/3/2 or 2598, is a maximum
and f(5w/3), which is equal to — 2598, is a minimum value of f(z).

When z=1 the value of f”(x) is zero, so that f"(z) in this case gives
no criterion. It is easy to see, however, by examining the sign of
J'(x) for values of x a little less and a little greater than w, that f'(z)
does not change sign as z increases through w. The value f(wr)is
therefore not a turning value.

The values of £ given by (ii) are m, 3 ... and do not give turning
values of f(z).

f(x) is a periodic function, with period 2=, and the turning values
are of course repeated in each periog.

Erample 5. A particle is moving in a straight line, and at time ¢
its distance & from a fixed point O on the line is given by
x=acos(nt+e);
find its velocity » and its acceleration a at any instant.

We have r=acos(nt+e€); .c....... Ceeaeanieans TR venee(l)

therefore v= % = —NaSIN(RLF€)eeeurenrienrenrnrerrnennnns (i1)
dv _d%r 2

and a= =g = ~nacos (G2 ) J N (i11)

or A= =BT e (iv)

From (iv) we see that, at any instant, the acceleration a is pro-
portional to the displacement z of the particle. The direction of the
acceleration is towards O; because when x is positive a is negative,
and when z is negative a is positive.

The motion of the particle is said to be a simple harmonic motion
equation (iv) proves that in simple harmonic motion the acceleration
is proportional to the displacement.

The acceleration is greatest (numerically) when x= +a, that ig
when n¢+e¢ is a multiple of 7 ; the velocity is then zero. The velocity
is greatest (numerically) when sin (n¢+e€)= + 1, that is, when nt+e€ 19
an odd multiple of w/2; z and a are then both zero.

Equation (1v) may be written

dr
it

This equation is called the differential equation of simple harmonic
motion; equation (i) from which it is derived by differentiation is

o diz  , i
= —n x,orgi.:,—+nx—0. ............ ceenereaanen (v)
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called, in respect to (v), the integral of equation (v). The two con-
stants a, e are the constants of integration. It will be noticed that,
whatever be the particular values of o and ¢ we get the same
equation (v).

The equation x=asin (nt+e€) gives rise to the same differential
equation (v). (Compare Exercises XII., 56 and 57).

Example 6. A point moves so that at time ¢ its coordinates with
reference to two rectangular axes are x=acosnt, y=>bsinnt; find the
gradient of its path at any instant.

d_1/__(1_1/ .dv__ _nbcosnt b
dedt T di T Trnasinnt~ a8

When =0 we have 2=a, y=0; the gradient is then infinite, so
that the point is moving in a direction at right angles to the z-axis.
Since dy/dt is positive, equal to 2b, when ¢=0 the {point is moving
upwards. When ¢=u/n the gradient is again infinite; but now
dy/dt is negative, equal to —=b, and the point is moving downwards.

When ¢t=x/2n and 37/2n the point is moving parallel to the x axis,
in the first case towards the left and in the second case towards the
right.

gBy eliminating ¢ we find the equation of the path of the point to be
a2%a?+y%/b*=1; the path is thus an ellipse. The motion of the point
is in fact compounded of two simple harmonic motions of the same
period at right angles to each other.

The equation of the line through the centre of the ellipse parallel
to the tangent at I’ (the position of the point at time ¢) is

. br wob
y= ——cotnt.
This line meets the enipse at

@ (—asinnt, beosnt) and Q'(asinnt, — b cosnt),

as may be seen by solving the equations of line and ellipse as simul-
‘taneous equations. If O is the centre of the ellipse, then

0Q=0¢' =./(a?sin®ut + b2 cos®nt).
The velocity of the point when at 2 is given by

and is therefore proportional to 0@, the semi-diameter conjugate
to OP. :

EXERCISES. XII.
Differentiate the functions in examples 1-20.

1. cos’(3z-2). 2. sin¥(4r—1). 3., cos¥(ax+bd). 4. sin"(ar+b).
5. /(sinz). 6. /(cos2z). 7. sin’zcos’z. 8. sin™x cos"z.
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9. .-, 10 1. 11, fne 12, Sin"z
sinz sin’z cos?z cos*x

13. tan®r. 14. secir. 15. tan*(az+b). 16. z’tan’s.

17. a%sinZe. 18. z?cosdx. 19. a"sin"z. 20. z"cos™r.

Find the turning points and the points of inflection on the graphs
of the functions in examples 21-28 ; only one period of the functions
need be considered. Sketch the graphs.

21. sin’z. 22. sindz. 23. sin‘z. 24. cos’z.
25. cos’z, 26. cosz. 27. tan?z. 28. tan3r.

Find the 2nd derivative of the functions in examples 29-35.
29. sin’z. 30. cosz. 31. tan’z. 32. sin5rcos 3.
33. cosbxsin 3. 34, sinmxsin nr. 35. sinmx cos nr.

Find the n** derivative of the functions in examples 36-40.
36. cos(azr+b). 37. sin’z. 38. sin3x.
39. cos’z. 40. cos’r.

41. Show that (1 +ztanx)/z is a minimum when x=cosa. Verify
from the tables that x=0739 approximately.

42. Show that sinzsin2r is a maximum or a minimum when
sin .z =,/(2/3), according as the angle z is acute or obtuse. State the
angles tc the nearest minute.

43. Show that sin2(1+cos ) is a maximum when zr==/3.

44, Show that the maximum vaiue of asinz+bcosz is+./(a?+b3),
and the minimum value —,/(a?+0%).

Solve the problem also by expressing asin z+0cosz in the form
ksin (z+6).

45. Given the length ({) of an arc of a circle, show that the segment
of which ! is the arc will be a maximum when the segment is a
semi-circle.

[If the arc subtends the angle & at the centre of the circle, the area

of the segment is
172 (1 - §‘.,“,_6>
< 0 f ) .

This expression is a maximum when §=1.]

46. A circular sector has a given perimeter ; show that when the
area of the sector is a maximum the arc is double the radius, and that
the maximum area is equal to the square on the radius.

47. From a given circular sheet of metal it is required to cut out a
sector, so that the remainder can be formed into a conical vessei of
maximum capacity ; show that the angle of the sector removed must
be 2(1 - 1,/6) = radians (about 66° 4).
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In examples 48-55 find dy/du, expressing its value in terms of 2,

48 dy___ 1 __. r=asi
" dr J(ai-g7) FTamm

3
49. %:(aﬂ—xﬁ)’ ; r=asinu.

d 1 :
50. £=m; r=a(l+sinu).
51. %=J(2ax—2""); r=a(l+sinu).

dy__
52. dz J{(z—-a)(b-a)}’ z=a cos®u+bsin’u,

53. Z—Z =/{(x—a)(b—2)}; r=acos®u+bsin*u.

3
4. ‘!‘Z= z ; T=asin%u
dzx (a— x)}
55. % !

£=m; r+a=btanu.
56. If x= A4 cosnt+ Bsin nt, show that
2

Z ., .
a—ﬁ'*'n r=0,
57. Show that each of the equations

(i) x=A cos(nt+ B), (ii) x=Csin(nt+ D),
(iii) = E cosnt+ F'sinnt,
xhere A, B, C, D, E, F are co;stants, gives rise to the equation
. iy
X tr—
proa 'z =0.

58. A particle moves in a circle of radius ¢ with constant anguiar
velocity v ; when ¢=0, the radius to the particle makes with OX the
angle e. Show that, if at time ¢ the coordinates of the particle are z, y,

z=acos(wt+e€), y=asin(wt+e).

Show also that

2
ct—iitécos (wt+e)+%sin (wt+€)= — %,

a%
e cos (wt+€)=0.

Prove from these equations that the acceleration of the particle is
constant in magnitude and is directed to the centre of the circle.

59. The coordinates of a point are given by the equations
rz=a(f—sin 0), y=a(l-cosb),
where 0 << § =2x. Show that the tangent to the locus of the point
makes with the z-axis the angle 3(w—0). Graph the locus. The
curve is called a cycloid

2
—-%—gsin(wt+e)+
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44 Series for sinz and cosx. We shall now establish

the following expressions for sinz and cos «.
. 23 a5 o 22n-1 2.2+l
smx:x——g—!-i—a———,ﬂ-l- ...j:»(zn—_l)!; error<(—272—+—m,
a2 gt o8 2n CL‘12“+2
cosx=1 _:2~'+1~!_6~Y+ ves i"(—m 5 error<m.

The signs are alternately + and —, and x; denotes the
numerical value of x; that is, z;=2 when z is positive,
but &, = —x when « is negative. The symbol n!, where n
is a positive integer, means the product of the first » natural
numbers; for example,

31=1.2.3=6, 4!=1.2.3.4=24

The proof, though somewhat artificial, is very simple and
depends on the following principle. 1f f'(x) is positive and
if f(x)=0 when =0, then f(x) is positive when 2>0; but
if f(x) is negative and if f(®)=0 when 2=0, then f(z) is
negative when 2>0.

The truth of the principle is established by § 19. Thus,
if f'(x) is positive, f(x) increases as x increases; if f(x)=0
when =0, then f(x) becomes greater than 0, that is, f(x)
is positive when @ becomes greater than . Similarly, when
J(x) decreases from 0 it becomes negative.

Note also that if a—b is positive, a is greater than b; if
a—>b is negative, « is less than b, the words “ greater ” and
“less ” meaning algebraically « greater” and “less.”

Consider the following sets of functions in which z is,
for the present, supposed to be positive.

f(@)=sinz—a, F1(x)=cosx—(1—%2),
fz(m)=8inm—< _.g_?’!) Fz(fl’)=cos:c--<1_%2+£:i!>,

. b a2 ot b
fs(x)=sma:—<x—§—!+-5—!, Fz(m)=cosx—<1——-§+z-!—m>-

We take the functions f(z), Fi(z), fix), Fyz), ... in turn
and differentiate.
() fi(x) is negative, and therefore sin z <.
G.I1.C. E
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For, Ji'(@)=cos z —1=negative quantity
because cosx<C1. Hence fi(z) is a decreasmg function:
but fi(x)=0 when =0, and therefore f(x) 1s negative
when z>0.

2
(i) F\(x) is positive, and thercfore cosz>1— C—r-

For, F/(x)= —sin z+a=positive quantity
because, by (i), sinz<(x. Hence Fi(z) is an increasing
functlon but Fy(x)=0 when =0, and thercfore Fi(x) is
positive when .B>0

3
(iii) fy(x) is positive, and therefore sin >0 —a

3r
For, [ (x)y=cosz— (1 - w;) = F (),

so that f,'(z) is positive, by (ii). Hence f,(x) is an increas-
ing function; but fy(x)=0 when £=0, and therefore f,(») is
positive when z>0.

2 4
(iv) Fy(z) is negative, and therefore cos z <1~ ar2 +1 2

O YN A P

80 that F,(x) is negative, by (iii). Hence Fy(z) is a decreas-
ing function; but Fy(x)=0 when =0, and therefore Fy(x)
is negative when x>0.
Proceeding in this way, we see that f,(x) is negative and
Fy(z) positive, so that

a:5 z‘ a8
(v) sinz < — ‘;’ BT (vi) cosz>1— 2 4" &r
We thus obtain the inequalities
m—?,<qmr<a: g'-{—,',
x? at 28

1G> eona>1- G4 G-
From these inequalities we get the approximations

. a® b
sm.z:—-x—ﬁ, error\<5 P

x* ot a8
cosxr=1 —§+1—! ; error<671.
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We may now take

. a3 b a’
fay=sina—(a~3+5-7.)

o

x® at oS a8\ |
F4(m)=°°”"<1"§’+<1':‘(T:+8‘1>

ﬁ(.L) is positive, because f,(x)=Fyx)=positive quantity.
The inequalities for sin 2 thus become

.3 03 5 7
x® b _a
T — = ,>*;1nx>ar 5, mat
while the approximation is now
3 b 7

. xX
SIMr==r— 3".‘*‘,.,\,

In the same way we ﬁnd for cosa

@
error < wr

T‘ at 2t ab o8
1=+~ <cosm<1—~—«+2ﬁ_6.,! il
at at oS z8
cosx=1— +4(, G error <y

The general equations for sinz and cosz may now be
easily established by induction, but we shall here omit the
proof.

It «x is megative, there is no change at all as regards the
cosine, because cosx 1s an even function of x and the
powers of x are all even. As regards sinx, we have merely
to interchange the %ymbo]q >, < in the inequalities. Thus,
let 2=~z where .’L1 is positive ; then

<~11n x, <Xy — + 5 ,,

r

that is, —a:+3'< Smr<—a;+ i ?,

,1.5
5 1

The approximations remain the same, z being replaced in
the error term by its numerical value x,.

so that T -5 > sin x>x —
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It will be noticed that the approximations are alternately
in excess and defect. By taking n sufliciently large the
error can be made as small as we please; because, as is
proved in example 1 below, the limit of z*/n! for » becom-
ing infinite is zero, so that when m is large the error is
small.

The approximations

sinz=x— 4%, cosx=1—1x?
are often useful; even up to an angle of 7/6 these approxi-
mations are very good, and amply sufficient for rough work.

Example 1. Show that L 'Z—‘=O.

Suppose z equal to or less than the integer m ; then
oLz z {'<£< z )"""
al m! m+1 m+2 T om!\m+1 :

But x/(m+1) is a proper fraction, and by taking n large enough we
can make {x/(m+1)}*~™ as small as we please.
Krample 2. Calculate the sine of the radian to 7 decimal places.

In the expression for sinz let x=1; we shall take each term to
9 places.

1=1 1/31=0-166 666 667
1/5!=0008 333 333 1/7!'=0000 198 413
1/9!1=0-000 002 756 1/11!1=0-000 000 025

1-008 336 089 0166 865 105

sin 1=1-008 336 089 — 0-166 865 105
<0841 470 984,

The error is less than 1/13! or 1'6x 1071 and cannot, therefore,
affect the 7 decimal. Nor will the errors {rom neglected figures in

the divisions affect the 7" decimal. Hence, the sinc of the radian is,
to 7 decimals, 08414710,

This example shows how rapidly the error decreases as n increases.

Example 3. Huyghen’s Rule for the Length of a Circular Arc.

The rule is as follows : If @ is the chord of the whole arc, and 0 the
chord of half the arc, then the length ({) of the arc is (8b—«)/3
approximately.

Let the arc subtend at the centre of the circle an angle of 8 radians,
and let the radius of the circle be 7; then (=rf, a=2rsinif,
b=2rsin}f. We now express sin46 and sin}# by means of the
series for sin z, putting » in turn equal to 46 and }6. Thus

a=2r{30-3RA 0P+ 135(E 0P — ...} e, @)

b=2r{30-3(10P+ 2o GO =i coeerercererernns (i)
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Multiply (ii) by 8 and then subtract (i); we thus eliminate 63
Therefore 3 365
81)—-a=2r{§0— m+ }’
=3l{1-6*/7680+...}.

Hence, neglecting the fourth and higher powers of 6, we find
!=(8b—a)/3. It may be shown that for an angle of 30° the relative
error is less than 1 in 100000, for an angle of 45° less than 1 in 20000,
and for an angle of 60° less than 1 in 6000.

Erample 4. Prove that L lysinz—conz
z—0 SIDx+cosx—1
If in the fraction we put #=0 we get 0/0, which is an undefined
symbol. The fraction has however a definite limit. For, replacing
sinz and cosx by the corresponding series, we see that the fraction

is equal to 14(z=3a3+...)—(1-}a%+...)
(w—3x2+..)+(1-22°+..)-1

14+1le-2a24 .,

or, PRy

1-?;.n—§5—.z'2+...’

and the limit of this fraction, when 2 converges to 0, is 1.

When an expression is not defined for a particular value of z but
has a definite limit when x converges to that particular value, it is
often convenient to ussign the limit as the value of the expression for
that value of .

EXERCISES. XITIL

1. Calculate, to 7 decimal places, the cosine of the radian.
2. Show that, if powers of x above the 7* are neglected,
3 5 1747
[Divide the serics for sin z by the series for cos.]
3. Show that, if powers of # above the 6 are neglected,
2% gt 28
345 915
4, Show that, if powers of x above the 6* are neglected,
22 Bat 6128
seer=1l+o+gr+mn
5. Show that, if powers of 2 above the 6 are neglected,
z* Tzt | 3la®
© 360 T T5120

rcosecxr=1+

6. Find a series for sinZz.
[Note that sin®v=1(1 - cos 22).]
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7. Find a series for each of the following functions :
(i) cos’r, (ii) sin®z, (iii) cosr, (iv) sin3zcosw.
Find the limits to which the functions in examples 8-11 converge,
when « converges to the value stated.

sinx —x tanxr -z
8 T —— =, a=0. 9, T2 x=0.
K r—sinx
tan nxr —ntan.r

nsin 2 —sin ar

{In example 11 put r=17—7; then when z tends to i, y tends
to 0.]
12. Show that if
A=z+sinz—4sindr, B=3+cosx—4cos4z,
then 4= — %23+ higher powers of z,
B =J;2*+higher powers of z,
and find the limit of 44/B° for x converging to 0.

; x=0. 11. <§-—.r>ta,n.r; x=z)—r.

<



CHAPTER X.

INTEGRATION OF DIRECT TRIGONOMETRIC FUNCTIONS.
MEAN VALUES.

45. Integration of Circular Functions. From the results
of differentiation (§ 42) the following integrals are deduced:

[ . [ . 1
sinadr = —cosx; |sin(ur4b)de =-— - cos(ux—40);
[ . [ 1.
cosxdr =sinz; cos(ux+b)dr = 5 sin(ax+0);
J J : (
[ . [ 1
sectedr =tanz; sec(ux+0)dr  =-tan(ax+D);
J J (2
[ N [ o 1
cosec’rdz= —cotx; |cosce?(ax+b)dr= — 5 cot(ax+Db).

We again remind the student of the necessity of making
himself familiar with the fundamental formulae of trigo-
nometry ; the difficulties of integration in elementary cases
are more frequently due to imperfect knowledge of trigo-
nometry than to the nature of the caleulus.

Frample 1. Tind the arvea between the graph of sina, the a-axis,
and that part of the graph that les between =0 and 2=
[ Ld
Arca = / sin ade= [ - cos x] =(~cosm)~(—cos ).
Jo o
But  cosw= -1, cos0=1, so that the area is 2.

Frample 2. Find the centroid (i) of a circular are, (i) of a circular
sector,

‘Let 0.4(=ad) bisect the angle BOC(=2a) and take 04 as the »-axis
(Fig. 25). ' In both cases the centroid lies on 0.1 (from symmetry).
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Let + XOP=0, arc AP=s, arc PQ=8s=a86, z=0M=acosf. The
whole arc C4B=2aa.
(i) For the arc C4B,

2aa. T= f OMds= f:az cos Bdf= I:a,2 sin 9:'1- :

-3
But I:az sin @ | =a?sina—a’sin(—a)=2a’sinae,
-G
because sin (—a)= —sina. The lower
B limit of the integral is —a; when P lies
between 4 and C the angle 6 is negative,
QP and @ increases from —a to a. Hence
- 2d%sina_asina
G S0 T a
(i1) The area of the sector PO() is $a?80,
0 and its centroid may be considered to
[e) M JA X be at ¢, where OG=%0F. The moment
about OF of this elementary sector is
therefore $0M . $a286, or }a® cos 666.
The area of the sector (OB is %«®. 2a,
or ¢’a. Hence, for the sector,

a

, a’a.z=| }a’cos df=3a’sinq,
Y 8 -a

Fig. 25. and F=pd8ma
* 3
a
H
Example 3. Evaluate £ sinzdz.

The integration of powers of sinz and cosz, when the index is a
small positive integer, is usually most easily eflected Dy expressing
the powers in terms of multiples of the angle. Thus,

sin?r=%(1 — cos 2z), cos?r=14 (1 +cos 2z),
sin®z = §sin z — }sin 3z, cos’r =} cos x + } cos 3,
sintr=4—4 cos 2z+} cos 4r, costr=3+4 cos 2r+} cos 4.
In the present case we have
T
g [

li sinfzdz= 'L’r (3— % cos 2r)dr= l}x —4sin 2x:| .

But sin2rx=0 when x=0 and when r=w/2; the value of the
integral is therefore /4.

(See also Exercises XIV., 40-42.)

Example 4. Show from graphical considerations that

(i) [r cos’zdr=0; (ii) '[r costzrdz =2 ﬁ * costrd.
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From 2=0 to zx=m/2 the ordinates of the graph of cos’z are
positive ; from x=m/2 to #== the ordinates are negative, but are
numerically equal (in the reverse order) to the ordinates from x=0 to
r=m/2. Hence the area represented by the integral is (algebraically)
zero, so that the integral in (i) is zero.

In the graph of cosir, on the other hand, the ordinates are all
positive (or zero), and their values in the range from r=x/2 to z==
are equal (in the reverse order) to their values in the range from
x=0 to x=m/2. Hence the whole area represented by the integral on
t;hehleft. of (ii) is twice the area represented by the integral on the
right.

By considering the graphs of the integrands we can often simplify
the evaluation of the integrals of trigonometric functions. (See
Exercises X1V, 22-27.)

2w
Ezxample 5. Evaluate [ sin mx sin nedz, m and n being positive
Jo
integers.
We have
sin mx sin nw=4{cos(m — n)x — cos (m+n)x}
when m and » are unequal ; but if m=n, then
sin ma sin ne=sin’ae=4(1 — cos 2nx).
Therefore, if m is not equal to »,
"o . 1(sin(m—2)r sin(m+2a)2) P
[ sin ma sin nzdzy = 74( sin (m —m)x_ sin (m +n), }] ’
Jo 2 m-—mn m+n o
=0
because both sines vanish when =0 and when 2=2r.
If m=mn, then

E . 1 sin 222\ 27w
sinmz sin nxdr=| 5\ v - ==
o 2 2n o 2

A similar method applies when the integrand is cosmz cosnz or
sinmxcosnzx. These integrals find an important application in
Fourier’s Theorem (§ 52).

Example 6. Calculate f V(a? - 2*)dz by means of the substitution
x=asin .
By § 43, example 3, we see that
/ J(a?— ) dr=13a? [(1 +cos 2u)du=3}a?(u+% sin 2u).
) ' z Ja?—a?)
a

But 3sin 2u=sin ucos u== —_

sothat [ (at-at)dr=hatsint T4} /(ad~ 29,

G.T.0. -2
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To calculate the definite integral f 1/((;2 -2%)dz, notice that u=0
0
when #=0, and v==/2 when x=a ; as x increases from 0 to a, « in-
creases from O to w/2. Hence
a H -
'l J(@? - 2h)dz=3a? L‘ (1 +cos 2u)du= Y a

The definite integral represents quarter the area of a circle of
radius a, so that the area of the circle is a2

This example illustrates a substitution that is frequently effective.
Compare Exercises XII.,, 48-55. As another illustration take the
following example :

Example 7. Calculate
We have

/' dx
JGFFdr sy
22+ 4r+13=(r+2)*+9,
and, by putting 3 tan « for r+2, we find
x4+ 4r+13=9sec’u.
Also dz=3sec’udu, so that

'[ dr _ 3sec"’udu__l_/c Cudu
@+ 4r+13)" ) Blsectu 27/ ?

the value of which is

§+g) 1 r+2

1 . 1 <
2 s u)— — tan-! S Fre
pa(utsinucos)=gatan (= 4= )95 i T 1E

‘EXERCISES. XIV.

Integrate the functions in examples 1-12.

1. sin3z. 2. sin(l -x). 3. cos(1—-2).

4 sin¥(@p). 5 cos 27 (b, 6. sin’(nz+a).

7. cos’(nx+a). 8. tan’r. 9. sin?zcosa.
10. cos’xsina. 11. tanzsec?z. 12. cotxcosectr.

Calculate the definite integrals in examples 13-21.
T, T . 2wt T, 2T
13. [ cos®zd.r. 14. L’ sm?-,j-;dt. 15. ( sm~7;(t+e)dt.
£ o b
16. /0 cos?2xdz. 17. [ "sin(nt+e€)dt. 18, / cos’zdz.
o -0

19. .l vcos‘xdx. 20. ’{: "sin 3z cos zdz. 2. f "cos 3 cos zdz.
o 0
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Prove by graphical considerations the truth of equations 22-27, n
being a positive integer.

.4 - ”
2, k) . 7,
29. [ sin"rdr= f cos™rdar. 23. [ sin"rdr=2 [ sin"zdax.
Jo (g Jo Jo

" t3 P
24. /- cos"zdr=2 ] cos"zdx, if n is even.
0 0

25. Vcos":rdxso, if 2 is odd. ‘
o

k4
2 2r 2
26. f sm"".z:da::/ cns“’"x:d.v:‘l/ sin*"rda.
0 0 []

2% %r 3
217. [ sinrdz= / cos™rdr=4%k { *sin*"rdz (% a positive integer)
Lo -~ L0
28. Establish eguation 22 by the substitution x=34r—y.
[dr=—dy; y=4r when =0, and =0 when 2=4mw. Therefore
Co

Fsin”xdz= - /,, cos™ydy = [,:C()S"]/d_l/=f‘2005".€d1‘.
. . Jo <o o

See §31, examples 2, 5].

Evaluate the integrals in examples 29-37, employing trigonometric
substitutions ; see Exercises XII. 48-55.

fa 3 a @ 5
29. L (a?— 2% dx. 30, ( 22 J(at—a%)de. 31, jo. (at—z%)dr.

e .’),‘%({.t‘ 2a " 2a xde
3 . 33. /(2axr —a?)de. 34, —_— .
32 Jo (a_x)i‘ f; N@ar =S (; A (2az — a?)
* dz v b dx
. | Jeaemr ® [Ve-oe-in 31 [l

38. Find the surface of the prolate spheroid (Exercises IX., 17) by
means of the substitution ez=asinu. Deduce the surface of a sphere
of radius a.

39. Trace the curve 0%?=a'(a®—22). (The shape is that of the
figure 8 laid horizontal.) Find the area of a loop of the curve.
40. Integrate the functions (i)-(iv), using the substitution u=sinz:
(1) sin?zcosdx, (ii) sintxzcosbzy, (iil) cosz, (iv) cosir.
[sin?x cos®x=sin?x cos?x cos # =sin?x (1 — sin?z) cos x,
fsinzx' cosPrdr= /uz(l —u¥)du=3 2%~ ub=73sin’x - Isinsx.

This substitution is effective when the integrand is sin™a cos"z and
n i3 an odd positive integer ; m may have any value.)
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41. Integrate the functions (i)~(iv), using the substitution u=cosz:
(i) cos?rsin®zy, (ii) costzsindr, (iii) sinz, (iv) sine.
[This substitution is effective when the integrand is sin™x cos"x
and m is an odd positive integer ; » may have any value.]
42. Integrate the functions (i)-(iv), using the substitution w=tan.:
(i) tan'z, (ii) tan®z, (iil) tansax, (iv) tan'z.
[tantz=tan’z.(sectr —1)=tan?z sec’2 — secx+1,
so that ftan‘xdx:«},ﬁ—u+x=?;tau3x—tanx+x.
Any even positive power of tana may be integrated in this way.

Any even positive power of cotx (or even negative power of tanu’)
may be integrated by using the substitution «=cot z.]

46. Mean Values. The arithmetic mean of n quantities
Yio Yoroor Yn 18 (Y3 + Yo+ ... +yn)/n. Now, let F(x) be any
function of x, and suppose = to vary from « to b; divide the
interval (b—«) into n equal parts, each equal to &, and let
Yy Yo --»Yn be the values of F(x) when = is equal to
a,a+h, ... a+(m—1) (or b—1L) respectively. The limit for
n becoming infinite (and therefore for & becoming zero)
of the arithmetic mean of y,, ¥,,... ¥, i3 called the mean
value of the function #(x) over the range b—a.

This mean value may be expressed as an integral ; for

Ntot A Yn _ kA Yyt Yl

- - AU 1)
since 1h=0—a. The numerator of the second fraction in
(1)is F(a)h+F(a+Mh+ ...+ F(b—1)h
-and the limit of this sum for n becoming infinite is
b
Fa)de. ccoovivniiiiinninnnan... 2)
Hence the mean value is
s 1 [ )
.ﬂ[— mjaﬁ (m)dm. ...................... (3)

Clearly the rectangle M(b—w«) is equal to the area re-
presented by the integral (2). The mean value of F(x) is
therefore the altitude of the rectangle whose base is the
interval (b—a) and whose area is equal to' that included
between the graph of F(z), the z-axis, and the ordinates at
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the ends of the interval ; we might indeed take this property
as the definition of the mean value of F(x).

Ezample 1. The mean value of the ordinate of a semicircle of
radius a is

Lo 12— D dr =T ae 0785
%ﬁ:/(a -2 )(1.10—4 a=0"78h4a.

In this case the diameter is divided into # equal parts. If however
the semi-circumference is divided into n equal parts the independent
variable is the arcaf, measured from one end of the diameter up to
the point from which the ordinate is drawn ; the ordinate is asin 6,
and this mean value is, since the interval is 7a,

x 9
if asin fadf=" a=06366a.
Ta -

In spea.kinﬁ of mean values, therefore, it is necessary to indicate
clearly the independent variable —that is, the variable whose range is,
in the arithmetical definition, divided into » equal parts.

Lxample 2. Find (i) the mean value of the ordinate, (ii) the square
root of the mean value of the square of the ordinate of the curve
y=asinnt for the range from ¢=0 to ¢=mr/n—that is, for a half period
of the function a sin nt.

For (i) we have, since 1+(w/n) is equal to »/,

n 2
r ( asin nt(lt:;a::O‘(iliGGa.
J0

3

Tor (ii) the function is y2=«?sin’x¢ ; the mean value of 32 is

x 2 X

n « o nas [ r
—f”azsux“ntdt:—‘——f " (1 — cos 2nr)dt
T Jo 27 Jo

—142
=la?

and the square root of this mean is a/y/2—that is, 0°7071a.

This latter value is sometimes called the r.M.8. (voot-mean-square)
value of the ordinate; the rR.M.s. value is of great importance in
Alternate Current Theory.

For a complete period, that is, for the range from ¢=0 to t=2x/n,
the mean value of asinnt is zero, but the r.mM.s. value is the same as
for the half period, namely «/,/2. These results are geometrically
evident.

47. Integration by Parts. In the evalvation of integrals
that do not come immediately under a standard form the
method of change of variable is often effective. There is
another method which we shall now give, but we shall not
claborate it because, for the simple cases we here discuss, it
can usually be dispensed with.
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This method of integration by parts, as it is called, is
deduced from equation (B), § 26. For the moment denote
ditferentiation by an accent and integration by a suffix;

thus . du . dv
W= u1=ju<l:1f, V=g =j'¢!dar.
In this notation, %1= u, by the definition of an integral
(§27).

Now, differentiate the product u,v; this gives
d(uw)  du, dv ,
—— = U Wy = UV UV

i dx ldx ti

Therefore, integrating, we have

wy= j.(zw +uv)de= J‘uvclw +J.u1v’d:c verernnn(1)

or juvdm =ur —jiclv'(lx. rrreereneeeneen(2)

For a definite integral we have

b b b b
[ul-v] = I (uv+u, )de= j wvdz+ j ww'de, ... (3)

h b b
J wvde = [ulv:l -—j uVde. oo (4)

The rule to be obtained from (2) is complicated in ex-
pression but is easily grasped; it is applicable when the
mtegrand is a product.

Lxample 1. Evaluate o sin zdar.

Here we might take either x or sinx as the factor to be integrated
(the w), but the integration of x raises the power, and u’ would be
more complicated than ww. Take then sinz as w. The first step is to
integrate sin # and multiply the integral of sinz by the other factor,
which is not altered till the second step.

fxsinxdx:mx(—cosm)—/(—-cosm). 1l.dz

= —rCos z'+fcos zdz

= —xcosx+sinz.
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Example 2. Evaluate f a%sin zdz.
Again take sin 2 for u.
fﬂsin rdr=z%x(—cosa)— f( ~cosz).2r.dr= —a%cosz+2 | zcoszdx.
Now apply the rule again to f 2 cos zdz ; we find
f:tr cosrdr=zxsinz — [sin 2.1.dr=xsinz+cosa.

Therefore, substituting for -/xcosa;dar the value now found, we
obtain

/ a®sinxdr= —a%cos r+2rsinr+ 2 cos x.

The following results, which are deduced by the method
of this article, “but which would take too much space to
prove, will be often of use; m and = are positive integers
(sec the author’s Culculus, §119).

(n=1)(n—3)... )
L —2)(n—4)... Xa’”""A),

™ ™
J.'sin"m dx= ['(:os" rdr=-
0 Jo 1

m

j“ sin™x cos™r dx
0

_(m—l)_(m—f%) - X(n=1){n=3)...

(m—4n)(m+ n-z)_(ﬂn_@ B (B)

where a=1 when 7 is odd, but a=7/2 when 2 is even;
B=1 unless m and n are both even, in which case B8=m/2.
Fach series of factors is to be continued so long as the
factors are positive.

. 3 1= bhm
Lrample 3. (1) / sinbrde=—1- 55 T Ey
™

[ 6.4.2 16
(i) /o cos .z,d‘z—-»,;. X 1 =5
3.1xlw =
(iit) [ sinr c«'wmb—‘G +73 g =5

3 .
Lrample 4.  Evaluate / v(a? ~ 2?)? da by the substitution a=asinu.

§3-1x3. 17 _37d®
8.6.4.22 256"

The integral =a* ’ sintu costu du=a
Jo
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EXERCISES. XV.

1. A particle of mass m describes a simple harmonic motion of
amplitude @ and period 7'; show that the mean kinetic energy for
the period 7' is half the maximum kinetic energy.

[The displacement is x=a cos(27¢/T), and the velocity is

_dv_ 2mwa . 2wt
'v—m——T sin 7 3

the kinetic energy is $mv? and therefore the required mean is

1 /(7 mma® 2mmla®
?‘,‘ﬁ émvgdt = '--Tr =‘é . "—7—,2—']

2. A particle falls freely from rest under gravity ; show that the
mean velocity with respect to the time of fall is half the final velocity,
but that the mean velocity with respect to the distance fallen is two-
thirds of the final velocity.

3. Show that in a homogeneous liquid under gravity the mean
pressure-intensity over a plane area immersed in the liquid is equal
to the pressure-intensity at the centroid of the area.

4. Find the r.M.s. value of 2 for a complete period 7' when
G) i=Tsin ({2t +a),
IR . (2wt .
(ii) ¢ =Ilsm<—;—r,- +‘11> + Izsm<4—,—7,t +a2),
(i) i=llsin(%;},f+a,) +Igsin(‘%‘+a2) +Iasin(§,71r—,t+a3),
=n [5)
Gv) i= S f,,sin(:’,’-’ff+ a)-
=t 1
5. Find the mean value for a complete period 7' of the product

X e when

@) i=Isin2-;1—-n;t, e=E'sin (%;Q_‘+B),

9
(i) i=Z;sin( 27 4o, ) +Lain(* +a),

e=Elsin<2—;r,£+B,> +Ezsin<f1—-;—,£+ﬁ2)-

6. If y=Ao+ Acosxr+ Ayco82x ...+ A cos nz
+Bsin z+ Bsin 22 + ...+ B,sinnx

find the mean value of (i) 7, (ii) 2y cos rz, (iii) 2y sin rz, as x varies from
0 to 2w, r being any positive integer.
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Evaluate the integrals 7-14 ; r is a positive integer, a is a fraction.

" 2 -
7. f x sin radr. 8. L- x sin redz. 9. f arcos rad.r.
o 0

10. j; " 2 cos rada. 11. 'g " #2cos redz. 12. .[ " 2%sin radz.
13. j; " cos az cos radz. 14. .[: "sin o sin rada.

Write down the value of each of the integrals 15-24.

15. ’; i sin®zdr. 16. Lg sin‘zdz. 17. L " sintad.
18. ﬁ " costrd. 19. j; sintedr. 20. /; 4wcosﬂ.z-algv.
21. _/; £ cos3x sintrdz. 22. ﬁ d cosbrsinfrdz.

23. [ " sin’z costrd. 24. jo ot sintrdz.

Find the values of the integrals 25-28.

25. ﬁ “ 2t f(a? — ) d. 26. f " o(2uz — 2?)d.

27. fo * 22 J(2az - 2?) da. 2. [ a8y(t-at)d.

29. Trace the curve a?y?=a*(2¢— ), @ being positive, and find the
whole area enclosed by it.

30. Find the volume of the solid generated by the revolution of the
curve a?y?=2%(2u — z) about the z-axis.



CHAPTER XL
FOURIER SERIES.

48. Trigonometric Series. \When corresponding values of
two variable quantitics are known it is often possible, by
plotting the points which have these values as coordinates
and drawing a fair curve through them, to find the equation
of the curve and thus to dctermine the gencral relation
that connects the two quantities. We shall now consider a
different form of the same problem, nmmely :—given a curve,
tind a series of harmonic curves (that is, graphs of sines
and cosines) which are such that the sum of their ordinates
for any value of the abscissa will be equal to the ordinate
of the given curve for that value of the abscissa. In other
words, the problem is to decompose a given curve into
harmonic component curves. An elementary solution of
the problemm for simple cases is given in the author's
FElementary Treatise on Graphs; in the solution we shall
‘now give, for curves whose equations are not known, the
mode of presentation is due to Prof. C. Runge (Zeitschrift
fur Mathematil und Plysik, vol. 48, 443-456) and to his
article we refer the student for fuller information.

The analysis, though very casy, will probably be felt by
the beginner to be tedious; but he should not, at the first
reading, worry himself about the proof. The practical rule
deduced from the analysis (§ 51) 1s exccedingly simple and
gives with the greatest case the required decomposition in
all ordinary cases.

We require the following theorems, proved in any text-book of
trigonometry.
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1f the angles A4, A+.B, A+2B,...are in arithmetical progression
with the common difference D, then

sin A +sin (A4 + B)+sin ({1 +2B)+ ... to » terms

=sindnBsin{d+3(n—-1)B}+sindB, ccccveiieeenn. (1)
cos . +cos (A + B)+cos (4 +2B)+... to n terms
=sindnBcos{d +3(n—1) B}+8ingD, cocceurnnnnnnen. 2)

unless B=2m, or a multiple of 27, when the sums are nsin4 and
ncos A respectively.

The following applications of (1) and (2) form the essential part of
the analysis.

Let @=2m/n, and let =, s be positive integers less than §n.
The sum to 7 terms of the series

14 cos 76 cos s6+ cos 216 cos 250 +cos 3r6 cos 350 + ............. 3)
is zero if s is not equal to r, but is 3n if s=r.
Write (3) in the form
#{1+cos(s—r)f+cos2(s- r) @+cos3(s—r) O+... to n terms}
+3{1+cos (s+7) 0+cos2(s+7) O+cos3(s+7) f+... to » terms}.

If s is not equal to » we may apply (2) to each series. For the

first series let A4 =0, B=(s—r)0,
then sin{rB=sin{n(s—7)f=sin(s—r)r=0,

while sin4B is not zero. Thus the first series is zero, and similarly
the second is scen to be zero.

If s=7r, the second series is zero, but each term in the first brackets
is 1, =0 that the sum (3) is }=.

We require also that case of (3) for which »=s=4n. In this case
(3) takes the form

1+ cos?(3n6) +cos?(2. 4n6)+cos*(3. 4nf)+... to n terms ...... 3y
=14 cos?r + cos227 + 0823w +... to n terms
=n.
Tn a similar way it may be shown that when 6=2=/n and », s are
poxitive integers less than 4z,
sin 70 sin s +sin 270 sin 256 + sin 3rfsin 3s0+...to (n — 1) terms...(4)
is zevo, if s is not equal to r, but is §» if s=7;
sin 76 cos $6 4 sin 270 cos 250 +sin 378 cos 3s0+ ... to (n — 1) terms ... (5)
is zero, both if ¢ is not equal to » and if s=7r.
To bring (4) and (5) under (1) and (2), let 4 =0.

Let us now suppose a curve to be given, the abscissae
ranging from z=0 to =27 The problem is, to determine
the values of the coefficients 4, A,, 4,,... B}, B,, ... in the
equation

y=A,+A4,cosx+ A,cos2x ...+ Acosne+ ...
+ B;sinx+ B,sin 2x+... + B,sinnz+ ..., ...(F)
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so that, for every value of = between 0 and 2w, the value
of y calculated from the equation shall be equal to the
corresponding value of y given by the curve.

The terms A4 cosxz and B;sinx are called the first, or
fundamental, harmonies; the terms A4,cos 2x and B,sin 2
the second harmonics; and, in general, the terms 4,,cos ne
and B,sin nz the »'® harmonics. When n is an odd integer
the harmonics are said to be odd; when n is an cven
integer the harmonics are said to be even.

We can always find C, and D,, or C’, and D), so that, for
every n,

A,cos nx+ B,sin ne= C,cos(nz+D,),
or, A,cos na+ B,sinne = C,sin(nze+ D) ;
but it is more convenient for the caleulations to keep the
terms as in (F).

In general, the series in (¥) is an infinite series, and
where the equation of the curve is given in the form
y=f(«) the coeflicients can be determined by integration
(§52). In many practical cases, however, the cquation of
the curve is not known. In such cases a limited number
of abscissae, @;, @,, ... is chosen, the ordinates y,, v,, ... at
X, Xy, ... are read off the graph, and the values wx;, y,, then
Xy Yy, ... inserted in (F). We thus obtain as many equations
as we please; n equations will enable us to calculate n of
the coefficients 4, 4,, 4,,... B, B,, ... and the n terms so
obtained furnish an approximate solution.

49, Twelve Equidistant Ordinates. When the number of
the cquations just referred to is large, the calculations are
laborious; but by a proper choice of the abscissae @, z,, ...
the work can be simplified. A solution that is very simple
in practice, and that is also fairly general, is obtained by
choosing 12 equidistant ordinates. In this case the interval
from 0 to 27 is divided into 12 equal parts, each part being
27x/12 or w/6. Denote /6 by 6; then the 12 values chosen

for i are 0, 6, 26, 36,...116;
the values of y corresponding to these values of 2 may be

denoted by Yo Yv Y2 Y-+ Yn
respectively.
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From these 12 pairs of values we obtain 12 equations and
tlflerefore 12 coefficients. We take as the approximate value
Y >
y =yA0+A1cos x+ A,cos 22+ A cos 3z

+ 4 cos da+ A cos 5x+ A jeos 6x
+ B,sin@ + B,sin 22+ B,sin 3z + B,sin 4x + Bgsin 52.(1)
Equation (1) may be written more compactly thus,

r=0 r=>5
y=AO+Z:1A,cos 7'm+ZJIBTsin VL. eeeeeans 1)

Now let s be any one of the 12 values of 2, and 7, the
corresponding value of ¥ ; inserting s6 for z, and y, for y
in (1), we get

Yo= A+ }ijl'A.,.cos v+ Sy Bsin b, o @)

Equation (2) represents 12 equations, obtained by giving
to s 1n succession the values 0,1, 2,...11; the equations so
obtained may be called respectively the first, second, third,...
twelfth of equations (2). The beginner should write out
several of these in full; for example, the second equation
of (2) is
Yy, =4,+ Acos 04 A ,cos 260+ A cos 30

+ A jco8 40+ A cos 50+ A jcos 6O
+ B;sin 0+ B,sin 20 + B,sin 30 + B,sin 46 + B, sin 56.

The principle of the solution is simply this. To obtain
the value of any one of the letters, say A,, multiply eacl of
equations (2) by the coefficient of ., in that equation and
then add the 12 equations thus obtained, putting into
brackets the twelve coefficients of ecach of the letters
Ay, A, A,.... Tt will be found, by §48, equations (1)-(5),
that cvery coefficient except that of the selected letter
will vanish, while the coefficient of the selected letter is,
by §48 (8), (3") or (4), either in or m, that is, in this case
G or 12; when the selected letter is 4, the coeflicient is 6.

To obtawin A, the coecfficient of which is simply unity,
add all the equations (2); we find

s=11

124,=yg+ Y1+ Yot - Y=, Yse cevervnnenn(3)

§=0
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In this case the coeflicient of every letter other than 4,
vanishes by § 48 (1) or (2).

To obtain A, multiply the first of equations (2) by 1, the
second by cos 66, the third by cos 126 ... and then add ; we
find (§ 48 (3Y),

1245=Yy— 1+ Y= Y5+ +¥10— Y
which may be written

s=11
1246= D] YsCOSST. weerreeriiiiiinnnnnn, 4)

&=0

Notice that this is the case of §48 (3"); 6=1n, n being
here 12. Also GO=, so that cos60= —1, cos120=1, ....
The coefficient of every BB vanishes by §48 (5).

To obtain A,, where r=1, 2, 3, 4, 5, multiply the first
of equations (2) by 1, the second by cosr6, the third by
cos 276, ... and then add; we find

s=11

6A,=1y,+y,c08 70+ 1,008 210+ ...= >, y.cos 1s0. ...(5)
$=0

In this case the cocfficient of every A, except the one
selected, vanishes by §48 (3), and the coefficient of every B
vanishes by § 48 (5).

To obtwin B,, where r=1, 2, 3, 4, 5, multiply the first of
equations (2) by O (the coefficient of every B in the first of
(2) is zero), the second by sinr, the third by sin2r6, ...
and then add; we find

s=11

6B, =y sin 70+ y,sin2r0+...=>, ysinrsh...... (6)
571

50. Simplifications. The wvalues found in equations
(3)-(6) of §49 can be greatly simplified ; it should first be
noted that A4, is the arithmetic mean, or the average, of
the 12 ordinates.

We can group together ¥, and 7,,, ¥, and y,,, 7, and ¥,
y, and ¥, Y5 and v, ; in each pair the sum of the suffixes is
12. For, remembering that §=7/6, we have

1170=1210 —r0=2rT—10; 1000 =2rmT—276:

90=2r7r—3r0; 870=2r7—470; Trl=2rm—>57r0.

Therefore in (5) the coefficients of 7, and 7, v, and
Y100 -+~ &T€ cqual, while in (6) these coefficients are numeri-
cally equal but of opposite sign.
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The terms y,, 1408670 do not come under the group-
ing ; the term ysin 676 is zero, so that y, disappears from
the value of B,.

Take now the notations
T Yu=0ay, Yot Yi0=0p YstYo=dy Yo+ Ys= 1 Ys+ Y1 =0y
Y1—=Yn=by Y= Y10=by Ys—Yo=bg, Y= Ys=Dy, Ys—y;=bs,
and also for symmetry, y,=a,, y;=d,

We now obtain if »=1, 2, 3, 4, 5,

8=6 =5
64,=>D acosrsd ..(7); 6B,= > bsin rs....(8);
=0 8=1

5=6 8=6
while, 124,=>7d;.......(9); 1244= > acos sm...(10)
8=0 s=0

But the terms can be still further grouped. When 7 is
odd, r=1, 3, 5, we have
cos6rf= —1; cos 5r8= —cos76;
cos 4170 = —cos 270 ; cos3r0=0;
sin 570 =sin r0; sin 4rf=sin 279 ; sin 3rf=sin 36.
When r is even, r=2, 4, we have
cos6r0=1; cos br@=cosr0;
cos 410 =-cos 270 ; cos 3r0=cos 3r0;
sin 300 = —sin 10 ; sin4rf@= —sin 270 ; sin 3r0=0.
Take now the notations
Wyt ag=cyp O+ Uz=C;, A+ A,=Cy, Ag=Cg,
Uy—Ag=Cy, @—az=c), By—~a, =0,
by +by=d,, by+b,=d, by=d,,
b, —b,=d/, b,=b,=d,.
The formulae become
rodd, r=1,38,5; 64,=cy+c;'cos rf+c,cos 27, ......... (11)
6B, =d,sin 10+ d,sin 210+ d,sin 370...(12)
reven, =2, 4; 64,=c,+ cxos rf+c,cos 210 + cqcos 376,(11")
6B,=d,sin 70+ d,8in 270 ; ................ (12"
while for =0, 6, we have
124 =cy+c;+cp+cy...(13); 1245=cy—c,+ cy—C5....(14)
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The only acute angles required for the evaluation are 7/6

and 7/3. By giving to » its various values we tind that the
coefficients are given by the equations

124,=(co+cy)+(c;+¢35); 124 = (co+c)—(c;+¢5) ;

’ ’ 3 ’ s , 3 ’
6Al=(co+§cg)+i‘éwc1 ; 6A5=(co+§02)—’é— ¢;
64,=(co—3c))+(e;—c5); 64,=(co—3c,)—(3e;—¢g);
64,=c) —c,.

3 3
6B,= Gy +d)+2d,; 6B, =y +dp -2 dy;
3.5, , 3.1, 4.
6B2=:é—(d1 +dy); 6B4=~é_(dl —dy);

6B,=d,—~d,.

When thus reduced, the calculations are extremely
simple: the only calculation that is not easy to effect
mentally is the multiplication by ,/3/2. The terms 64,
and 64, 64, and GA4,, ... are obtained respectively as the
sum and the difference of the same terms. In the next
article we give Runge’s scheme (slightly altered), which

enables the solution to be effected with great ease in any
particular case.

51. Runge's Scheme for Solution. First write the ordinates
s0 that vy, ¥,, ... Y4 are in a row and v, Y, ... ¥,; in another
row, placing the pairs y, and y,,, ¥, and .., ¥, and 7, ...in
~ the same column. Then add and subtract; when there is

only one term in a column it appears only in the sum. The
arrangement is then as follows:

Yo Yv Yo Y3 Yo Us Ys
Yo Yo Yo Y Yn

Sum Uy, @y, Uy Ay Ay, A, Qg
Difference b, by, by, l.)4, by
Here ay=y,, o, =v,+ Y11, ;=% —¥1p-..- In writing the

rows, we continue the first row till y, is reached ; then we

write ¥y, ¥, ... from right to left, placing ¥, under y;, and
continue till y,, is reached.
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‘We next find the ¢’s and d’s in the same way.

Aoy Oy, g, Ag by, by, by
Qg Ay Ay 5
Sum Coy €1y Cy Cg Sum  d, dz; dy
Diff. s ¢ Cy Diff.  d/,d,

Having calculated the ¢’s and d's, we arrange the
equations for finding the coefficients 4y, 4,, ... of the cosine
terms as follows:

CosiNe TERrMs.

r 0and 6 land 5 2 and 4 : 3
H \ ;o ~/3 ’ " ’
% : a @ gel| G b -
& o ey | e ey

1st Column - I
2nd Column -

Sum of Cols. - 124, 64, ! GA, L6y
Diff. of Cols. - 12.4, 64, | 64, |

Thus, to tind 4, and A4 take the division headed 0, 6;
add the terms in the first column, getting ¢,+¢,; add those
in the second, getting ¢, +c¢,; then the sum of these two
results, namely (¢,+¢,)+ (¢, +¢;), is the value of 124, while
the difference, namely (cy+c¢,) —(¢; +¢;), is the value of 124,
In the same way the other coeflicients are found.

There is a similar form for the coefficients B,, B, ... of
the sine terms.

SINE TERMS.

r 1and 5 2and 4 3

3, | ,
B, | e Bay | g4,
d3 H H

1st Column -
2nd Column -

Sum of Cols. - 65, 6D, 6B,
Diff. of Cols. - 685, 6B,
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The following example will show the simplicity of the
solution.

Ezample. Let the ordinates be 13, 18, 20, 18, 10, —1, —10, — 14,
—15, —14, —10, 3.
13,18, 20, 18, 10, — 1, —10
8 10, —14, 15, -14
Sum 13, 21, 10, 4, - 5, —15, —10 («)
Diff. 15, 30, 32, 25 13 ()
13, 21, 10, 4 15, 30, 32
=10, =15, =5 13, 25
Sum .3 6, 5,4 () Sum Jb, 55, 32 ()
Dift. 23, 36, 15 () Dif. 2 5 (d)

The letters (a), (8), (+)... at the end of the rows suggest that the
numbers in these rows belong respectively to those denoted in the
scheme by a’s, U's, ¢'s, ...

Cosing Trrus.

r ‘ 0 and 6. t Tand 5, { g and 4. |
3 ¢ |2 a2 L3 3o 2315
Pb 4 ] 75 ;—z") -1
Ist Col. | 8 | 305 ¥ on
2nd Col. | 10 i 312 | -1 i
u | S B
Sum - | 1‘;»1)10 D617 =64, | —0B=64, | 8=ty
Diff. - i =124, —07=64, 1J=‘-(nlt |
i
SINE Trrys.
r 1and 5 | 2 and 4. 3
14 476 17 ¢ 43 | 28-32
32 : l
1st Col. 46 17
ond Col. 476 43
Sum - | 93601, 606, | 4o,
Diff. - | —16=6L; | -2 G=6D,
; |
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Hence

Ao=15, A,=103, dy=—01, 4,=13, 4,=02, A,= 01, d,=-02,
By==15'6, B,=10, B,= — 07, By=—04, By= —03
where the values are given to only one decimal place.

The method of veritication stated in Exercises X VI, 5, is worthy of
notice.

52. Fourier's Series. The solution stated in § 51 will be
found sufficient for most of the cases in which a curve has
to be analysed into harmonic components by means of a
limited number of selected ordinates. It is not hard to
work out formulac when instead of 12 we have, say, 36
ordinates, though the arithmetic is certainly tedious. (See
Exercises X V1, 6.)

We shall now suppose that the equation of the curve is
given in the form y=f(x). Let the interval from 0 to 2=
be divided into (2n+1) equal parts, each part being
27/(2n+1). Denote 27/(2n+1) by 6; then the (2n+1)
values of @ will be

0, 6, 20, 30,...270;

and the values of y corresponding to these values of « are

J(0), £(6), £(26), f(36),...f(2n0),
or, for brevity, Yor Yi» Yz Ygo oo+ Youe
Assume as equation for y

r=n

y=A +3 A,cos7 L+ZB,SID’)‘JC ............ 1)

in which there are (‘7n+ 1) coefﬁcunts Ay Ay, 4,,...B,B,,....
By exactly the same analysis as in § 49, we find

20 +1 ——A4,= _Z Ysco8780; ...(2) 2n+ 1~B E yssinrsf;...(3)

sZn

(204 1) A= D Y creeverererirrenannnns 4

We shall now find the limit of these expressions for n
becoming infinite.
Multiply cach side of (2) by 27/(2n+1) or 6, and write
f(s8) for y,; we thus obtain the equation
§=2n

mh,=3,1(s0)cos750. 6. ...ccoeeeeeeeinn. (2)
$=0
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Now, let s6=u, (s+1)0=u+du, so that 0=7Ju; when
s=0, u=0, and when s=2n, wu=2n0=27r—0. Equation
(2) now becomes

wU=2r-6

mA, =D f(U)CoS TUSU. oeoivii 2"
w=0
But when 7 becomes infinite, @ becomes 0 and the sum
in (2”) becomes a definite integral with respect to u, from
w=0 to w=27. Thercfore

2w
7TA,= j Jfyecosrudu.. ..ol )
0

In exactly the same way we find

7B, = j::f(u)sin ruduw...(6); 27d4,= r}’(fu)du. (D)

The sum on the right hand side of (1) is now an infinite
series, called Fourier's series, and the vaiues of the coefficients
are given by the integrals (5), (6), (7).

We may however obtain the coeflicients without going
through the analysis just given. In the first place observe
that

2 2
j- cos rx cos stdr =0, if s==r, j sin rx sin sxdx =0, if s=}=7,
0 =, if s=r; Jo =, il $=7;

2 2 2
jcos resinszdr=0; |cosredr=0=|sinredsr.
0 0 0

These results are proved, as in §45, example 5.

Now to find A,, multiply equation (1) by cos»a, the
coefficient of 4,, and integrate both sides from 0 to 2.
The integral of every term on the right, except that which
contains 4,, will vanish because each term gives an integral
of the type just written down. The term that contains 4,
is A,cos?rz, and the integral of this is wd,.

Hence juf (x)cosradx=74,,
0
which is the same equation as (5). Of course, the definite

integral is the same whether the variable of integration
18 @ Or .
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In the same way we find B,, by multiplying both sides
of (1) by sin»z, and integrating from 0 to 27; we find 4,
by simply integrating each side of (1) from 0 to 2.

Ezxample 1. TFind the values of 4y, Ay, Ay, ... B, B,, ... if

r=_dg+dcesx+ dyco8 22+ ... +DBsinz+Bysin 22+ ... ........(»0)
where the cosine series and the sine series are each continued to
infinity.

In this case f (#)=2z. To obtain A, integrate each side of (i) from
0 to 27 ; theretore

g2 g 2
rdr= f Aydr, or Ay=m.
0 o

The integral of A cosx, Ad,cos 2, ...is zero, so that only the integral
of A, is left.

To obtain 4,, where r has any onc of the values 1,2, 3, ..., multiply
each side of (i) by cosra and integrate from O to 2x. (If r=1, we
multiply by cosx; if =10, we multiply by cos 10z and so on.) Now

2w g . . 12w
f xrcosradr = [.z xS TT +ﬁffj =0.
0 r o

The integral of the right side of (i) after multiplication by cos re is
wd, ; therefore O=md, or d,=0.

Hence no cosine term occurs in the series.

To obtain 73,, multiply each side of (i) by sinrz and integrate from
0 to 27 ; we find

o > 1 T2 .
. —~CO8S 1Y Ss\n7ry T
7rB,3:f xsinredr= [z‘ x S+ ——-»,,~~—] =
0 T ™ n T
2
and therefore B,=— o
Equation (i) now becomes
2 . 2. 5. 2. 3 2. Gi
r=x—sinr—-:sin2r-Zsin3r—...—Ssinnw—..., ... i
1 2 3 n ’ )
or “<sin x  sin2r  sin3x sin nr )
B i e S T cUTTE e U
’ 1 2 3 n

Tt is interesting to compare this solution with that obtained by the
method of §51. The 12 ordinates are

T 27 37 117w

R A i A
and it will be found that
1r T T
An=“]'72‘, -“1=“12=A:4=A4:A5.: T Ag= i
2 B /3
B = - »-i(;\/}n = — 195, B,= — ‘b,-»w =-091, By= —g= ~052,

9 - .
B,=- —;%:’w= -0'30, B,= —:'—-62/—'-37T= -014.
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These values for Ay, By, By By, B,, B, are fair approximations to the
values given in (ii), but it will be noticed that cosine terms appear
with five coeflicients equal to — 052 and one equal to —0-26.

Example 2. Find the value of the series

1-3+3—=3+} -4 +... to infinity.
Write equation (ii) of example 1 in the form
-z
2

=sinx+}sin 224+ sin3r+1sindr4 ...

Now let #==/2; when the angle is an even multiple of = the sine
will be zero, but when it is an odd multiple of » the sine will be +1
or —1. The sine will be +1 when the multiple is 1, 5, 9, ... but -1
when the multiple is 3, 7, 11, ... )

Also when x=m/2 we have (7 ~2)/2=m/4. Therefore

T=l-34+i-d4l-to

53. Validity of the Fourier Series. The discussion of § 52
suggests that, for values of @ from r=0 to »=2=, a func-
tion f(x) can be represented by an infinite series of the form

r=mn r=0
F@y=Ag+ > Acosre+ D) Bsinre ............ (1)
r=1 r=1

where 4,, 4,, B, have the values givenin § 52. A rigorous
proof of the suggestion is, however, too difficult to be given
here; but we shall state some restrictions that must be
remembered in applying the theorem.

(i) The funetion f(z) is to be single-valued, finite and, i»
general, continuous.  In other words, the graph of f(x) must
have only one ordinate for each value of the abscissa (a

“parallel to the y-axis must cut the curve in only one point):
no ordinate must be infinite: and
there must be no break in the
Y curve (§ 10).
D We say that the function must
be in general continuous; but
certain kinds of breaches of con-
tinuity may oceur, of which the
5 A < most important is that shown in
Fig. 26 Tig. 26. IjIcre, the ordinate at
’ x=0A =« is equal to 48 when «
approaches a from the left, but is equal to AC when x
approaches a from the right. The value of the series on
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the right of (1), when x=a«, is in this case neither AB nor
AC, but is half the sum of AB and AC.

(i) Equation (1) is only true, in general, for values of
x between 0 and 27. The series in (1) is a periodic function
of «, the period being 27; that is, the value of the series
is the same for = equal to a;+ 27, a4, ... as for x=x,.
The complete graph of the series consists of the graph of
the portion from x=0 to =27 and its repetitions infinitely
often, to the right from 2= to 4=, from 47 to 6=, ... and to
the left from 0 to — 2=, from —27 to —47, .... Hence,
unless f(x) is itself a periodie function with period 2w, the
function on the left of equation (1) will not be equal to the
series on the right except for values of x between 0 and 2.

For instance, the function x in § 52, example 1, is represented by a
straight line of unlimited length AOB (Fig. 27). The series on the

right of equation (ii), on the other hand, is represented by the portion
OC and its repetitions D&, HEK, ete.

Y B
M K C E G
L H D F
-4 -2 (o] 2w ar X

Fig. 27.

(iit) If £(0) and f(27) are not equal, the series in (1) is
not equal to f(0) when =0, nor to f(2m) when =27, but
18 equal to half the sum of f(0) and f(2w) both when x=0
and when x=2w. Thus, in example 1 of § 52, every term
of the series in equation (ii) (except the first, which is
equal to ) is equal to 0 when =0 and when z=27; the
value of the series for these two values of 2 is therefore .
But when =0 the function z is 0, and when =27 the
function = is 2w For these values of z, therefore, the
series and the function are not equal; the series is equal to
m, which is hali the sum of the values 0 and 27 of the
function.
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54 Change of Origin. It is often convenient to suppose
that & varies from —7 to 7, instead of from O to 27 ; the
range of x is still 2. Graphically considered, the origin
of coordinates is simply shifted to the point (a, 0), and
therefore «x is replaced by x+ . It is, however, simpier to
work out the values of the coeflicients afresh.

r=o

Let f(m)=A0+r§A,.cos re+ >, Bsinrz ..........(1)
r=1 r=1

where & now varies from — = to =.
To find the coefficients proceed exactly as before, but
integrate from —= to =. We find

A, = ”f(a;)cos redx..(2); WB,:j"f(:c)sin redr..(3);

2on=j}fﬂ(x)dm. eeerereeesesnene(8)

Note that if f(—7)=l=f(7), the value of the series in (1)
is equal to 3{f(—=)+f(w)} both when &= —7 and when
="

Ezxample. Suppose f{z)=z. It will be readily found that

Ay=0, 4,=0, B,= ~2cosrr/r, so that

2. . 2. .
B,== if r is odd, B,= —= if r is even.
r ’ r
Hence
,,_2<ﬂ_i£1f_ sin 2z sin 3z _sin 4z )
o 1 2 3
When z= — 7 the function 2 is —, and when x=7 the function z
is 7 ; the value of the series should therefore, both when x= —# and

when =, be $(— =+ ), that is zero, and this is obviously the case.

This series for z is not the same as that in § 52. The reason is,
that in the two series the range of z is different. In § 52 we must
have 0< #< 2w, while here we have —wr< x< . This series may,
however, be derived from that in § 52 by replacing # in equation (i)
of that article by x+ .

b5. Sine Series and Cosine Series. The value of 74,
given by equation (2), § 54, may be written

wA, = j ' (@) cos rada +j:f(m) cos rda.
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In the first of these integrals put —w for «. Then u==
when = —m, and u=0 when z=0; also f(z)=f(—u),
cosrz=cosru, dr= —du. Therefore

jof(x)cosrxd:c = ——jof( —u)cosrudu = J’ﬂf(— u)cos radu.

In the last integral we may write « in place of w; the
value of w4, now becomes

m-A,:J. J(—x)cos 'm;dx-{-rf(a;)cos redx
0 0

= K{ F@) (=)} COS TREL. .o (5)

The same transformation gives for =B,, 274, of § 54
=K{f(ac)——f(—m)}sin rede, .o, 6)
274, =j:{ F@) A+ F =) AT. werereerrerrere )

Now, suppose f(x) to be an even function of =, that is,
suppose that f(—z)=f(z) (the function chan(rmg neither
in sign nor in numerical value when o changes sign); then,
the lnte(rrand in (8) is zero and B, is zero, while the
integrands in (5) and (7) become "f(T)cos'ra: and 2f(x)
leqpectlvely Therefore, dividing cach member by 2,

-2.A,=j f(@)cos rade .. (8); 7A0=j F() AT e (9)
0 0

Next, suppose f(z) to be an odd function of =, that is,
suppose that f(—=z)= —f(2) (the function changing in sign
but not in numerical value when a changes sign); 4, and
A, are now zero while for B, we have

%:B,:J:f(m) SINPZAL. oo, (10!

Tt should be noticed that the values of A, in (8) and 4,
in (9) imply that f(z) is given by a series of the form

f@)=A4,+ —21 A, COSTL weneivinrrnnnnas (11)

G.I.C. F
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in which there are no sine terms. The series (11) is a
cosine series, and f(x) need only be defined for a half period,
that is, from £ =0 to x==. The value of the series when
@ lies between 0 and — 7 is the same as for the correspond-
ing value of  between 0 and 7. The value of the serics
when z=0 is f(0), and when a=m is f(7); that is, the
series and the function f(z) are equal both when =0 and
when & =.

Similarly B,, as given by (10), is the cocflicient of sin rz
in the series

flx)= 2 Bsinre e (12)
r=1

in which there are no cosine terms; the series (12) is a
sine series. The value of the series when a=0 is obviously
0, and when =1 is also 0; the value of the function f(a)
1s not necessarily zero for =0 and a=.

We may note that 4, may be found from (11) by multi-
ggym(r by cosrre and integrating from 0 to =, and B, may

found from (12) by multlplymo‘ by sinrx and mte(n ating
from 0 to =. In practice it is usually better to find the
cocflicients in this way than to apply the formulae which
give their value. The method, however, by which the
results in this article and in § 54 have been deduced has
the advantage of showing their connection with the theorem
of §52. When the function is defined for the whole period
there is only one series that represents it; but when the
function is only defined for the half p(‘I‘lOd there are two
essentially different series for the function, namely the sine
series and the cosine series. As a matter of fact, when the
function is only defined for the half period we can find
many series to represent it, but the sine and the cosine
series are the only two that are of much importance.

56. Worked Examples. We shall now work out some
examples illustrating the various formulae. The student
should always keep the following peculiarities in mind.

(i) If the function f(x) is discontinuous when z =« (in the
way stated in §53, (i)) the valuc of the series when z=a
is half the sum of the two values of f(m) when z=a.

(ii) If the range of z is from 0 to 27 (§ 52) the value of
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the series, both when =0 and when =27, is

HAO)+f(2m)}.
Therefore, unless f(27)=f(0), the value of the series and
the value of the function are not the same, either when
x=0 or when 2= 2.

(@111) If the range of z is from —m to 7 (§ 54) the value
of the series, both when r=—7 and when ax=m, is
HA(=m)+f(m)).  Therefore, wuless f(—m)=f(w), the
value of the series and the value of the function are not the
same, either when o= —7 or when a=.

(iv) If the range of « is from 0 to =, the function is only
defined for half the period. In this case the function may
be represented either by a sine series or by a cosine series
(§55). The sine scries is zero both when z=0 and when
r=m; therefore the sine series will not be equal to the
function for these values of ., unless the function is itself
zero for these values. The cosine series, on the other hand,
is equal to the function both when =0 and when 2=.

Example 1. Let f(z)=. from =0 to z=m/2, but let f(x)=mr—-2
from v=m/2 to x=m. Find a sine series for f(z).

The graph of f(r)is the broken line 048 (Fig. 28); along 04 the
ordinate is equal to x, but along AB the ordinate is equal to m — .

Y A
Ne_
T T X
o z
Fig. 28.

In evaluating the integrals 1n a case like this we must divide the
range of integration into parts corresponding to the different ex-
pressions for /(x). In the present case we have

gB,=f! 2 sin reda+ -/" (m — z) sin redz.
¢ o x

But, integrating by parts, we find
x cos r.17+ sin rx

z sin redr= — s
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and therefore
A 4

L T rm 1 . rr
1: xsinredr= — gpos g +;‘2 sin =

- x -
f ( — z)sin rede = { T sinredz — f z sinrodz
x " x
bi '3 7

T ro, 1 . rr
=_ oS-~ 4 8in—,

7@ty

Combining these results, we obtain
T 2. rw 4 . rr
3 B,=;2s1n 5 o B,=;;2sm 5
so that B,=0 when r is even, but B,= +4/mr? when r is odd. The
signis + whenris 1, 5,9,...and — whenris 3,7, 11,.... Hence

f(x)=_(smx sin 3. | sin bz sm7x+m)' —— )

12T 3¢ 52 T 72

The series in (i) is therefore equal to # from =0 to z=/2, but is
equal to 7 —x from x=m/2 to x=1; the series is equal to the function
both when #=0 and when x=7%. When x is negative,

sinrr= —sin(-nr);

therefore, when 2 is negative, the series is equal to z from =0 to
&= —m/2, butisequal to - (r+x) fromz=—7/2to —m. For instance
when z= —27/3 the series 18 equal to — (7w —27/3) or —m/3.

From (i) we deduce a remarkable series by putting z=mn/2. When
z=1m/2 the function f(z) is also #/2, and there?ore

7_r_4<1_—1 1_-1, >
TR TR TR )

T 1 1 1 1 o ..
or, §—1—2+33+52+72+...to IDfNIGY. ceeeeniiruniinnnans (i)
"
1 //\\\ \\
I ‘/ \\
| J .
L ~
s ‘
R U
! w ks
O 5 X
Fig. 20.

The student should test, by plotting the graph of the series, that
its graph coincides with the broken line; a few terms give a fair
approximation. In Fig. 29 we show the graph of

_E(S.in'r_ﬂeif ﬂﬂ«’_)%_@z]ﬁ)
YEE\TIE T T 5 T )
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EXAMPLES OF
Enample 2. Find a cosine series for z2.
Integrating by parts, we find
LA = rsinre  2rcosrr 2sinrr "
o Ar= | #*cosradr=|"- =l K

and therefore
T _ 2wcosrw y _4dcosrm
gdr=" s Ar=—
L 71"3 773
Also, ”A":,I;"'!d'r:‘i‘ A0=73»<
Hence,
2 cos 3. cosdr .
= ERDTEE I RS cennns(i)

TiE T 9T h-&::

22 co8.r  cos 2r
=3 i o

Fquation (i) is true both when 2=0 and when x=7; it holds in
fact from r= - 7 to r=, the values — 7 and 7 included.

In (i) put first x=0, then »=7; we find
72 1 1 1 1 . . .e
E:ﬁ—§2+§2_42+"‘ to infinity, ...oeovevevnnene. (1)
= 1,1 1 1 . .
—6~=1-2+§.—1+3;_,+42+... to infinity. .....cocceiinans (iii)

By addition of (ii) and (iii) we deduce series (ii) of example 1.
le 3. Find a sine series that will be equal to 1 from z=0 to

Eram
ﬁut equal to O from x=7/2 to r=m.

z=1(2,
Y
A B
C D
O 12': = X
Fig. 30.

The graph of the function f(x) consists in this case of the two
straight lines AB, €D (Fig. 30); AB is parallel to the z-axis at a
distance 1 above the axis, while CD is a part of the z-axis. The

x
k

length of each line is m/2.
g
T 2 . . COS 7°T
) B,_:f 1.sinredr+ [ 0.sin rxd.z=[— —-——]
2 o JE r o

because the second integrand, and therefore the second integral, is

zero. Therefore
9
B,.=i(l —cos E) :
wr 2
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B, =0 when ris 0, 4, 8, ... 4n, » being any integer ;

B— ,v&henrlsl 3,0, e 20 =1, i
4 .

B,=7?‘, when7i82,6,10, ... 42— 2, ciiirieeiiiiiirnnnnnnnns

Hence we have
sin r 2 <51n 2r  sin3r  sinbdr  2sin 6z
fry=2(02 sinbz o).

e T 5 6
When x=m/2, the series in (i) is equal to
2(1_ 1_1 )__2 T4
7_1' 1 3’}'*‘5 ,+... —7‘_-)(4——2,
by §52, example 2. The two ordinates at r=m/2 are CB, which is 1,
and the ordinate of CD, which is 0. The half sum of these is 4, so
that the statement of the value of the series at a point of discontinuity
is verified for this case.
The student will find it an interesting exercise to draw the graph of
the series in (i) and to notice how, as more and more terms of the
series are taken, the graph near x==/2 becomes steeper and steeper.

Erample 4. Find a series for f(x) when f(z)=0 from z= -7 to
=0, and f(x)=2z from =0 to r=m.

In this example the function is given for the whole period, and
therefore there can be only one series ; we use the formulae of §5-
decomposing the integrals to suit the ditferent values of f(#) in the two
parts of the range.
cosrr—1

0 ’

T4, —_/ O com.vdx-i—/‘xcmrrdx

7

T cos rw
TB,.= /O smrxdx+fxsmr¢dr——-—r—

-

3

n

2rd -—fO dx-i—[ rdr=

Therefore, 4,=w/4; 4,=0 when r is even, but —2/77? when 7 is
odd ; B,=1/r when r is odd, but —1/r when r is even. Hence

f(@)_.l 7%(005_?_'”905 3r+c0q oL+cns 7.2:"_*_“.)

12 3¢ B2 2
sinz sin2z  sin3x sindx ) .
(e st singe_gnde Y -
Both when z= —7 and when z=m the series in (i) is equal to
T, 2(1 1 ) T, 2 ™ 7
. 11-(12 tatpt)=gtr g7

by example 1 (ii). But when #=—m, f(z)=0 and when z=m,
J(x)=m; so that ${f(—7)+f(x)}=4m. We thus verify for this case
the statement (iii) at the beginning of this article.



PERIOD ANY GIVEN NUMBER. 151

57. Period any given Number. Up to this stage we have
supposed the period to be 27. A function f(x) is said to
have the period a if f(x+na)=Ff(z), where n is any positive
integer. If the function to be represented has the period «,
or if, without being periodic, it is to be represented by a
Fourier series of period a, the angle will be 27x/a instead
of @. For, if n is any integer

. 2m(z+mna) . 2w 27 (x+mna) 2wz
SIn ——"=——=sin —'=, cos — _=——=Cc0s—

The form of the series is now

J@)=A40+>, Ad,cos=——+>  Bsin =——. ....... (1)
r=1
To obtain the values of 4,, 4,, B, we proceed as before,
but the limits of the integrals will be 0 and «, instead of 0
and 27, —la and la, instead of —7 and 7, 0 and la
instead of 0 and 7.
For example, the formulae (5), (6), (7) of §52 are re-
placed by

2rry
w

27

/)w:’/v r=o0
@ + Z B,sin
r=1

(82

@ 9 o 2 o ;
A ,.—_—j f(@)eos 7L dg (2); iLBr=j J(x)sin ST . (8);
2 " ¢ 2 0 «

0 [§
ad,= Lf(rr)d.n

In fact, in the cocfficients 4, A,, B, in the previous
formulae, the former half period 7 is replaced by the new
half period «/2 while the angle x is replaced by 27e/a.  1f
« =27, the new formulae reduce to the old.

All that has been said as to discontinuities, value of
series when @ = — 7 and when @ =, ete., holds good ; thus,
the value of the series in (1) above, when 22=0 and when
r=«, is 1{f(0)+f(«)} if the range of @ is from 0 to a.

FLrample. Find a sine series that will represent 1 from z=0 to
&=,

This problem corresponds to the previous case of a sine series in
which ¢ varies from 0 to 7 ; ¢ ix the half period, so that here a=2¢.

Putting therefore 2¢ for « in (1), and retaining only the sine series,
we write

r=%0

J@)="X Busin e @i}
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Now multiply both sides of (i) by sin (wrz/c) and integrate from 0
toc. After integration all the terms on the right of (i) vanish except
that containing 5,, which gives

fc B,sinzﬂd.v=%b’,.fc(l —cos gﬂ?)dx=£ D,.
o c = o c 2

Remembering that f(z)=1, we see that the integral of the left

side of (i) is

e . e c TrxTle ¢
f 1.sin —=dr=| ——cos ——] =—(1—cosrr),
o c Tr c Jo 7r

2

and therefore B,= = (1 =cosrr).
"

Hence 4/ . 7> . 3ww . omrx .s

1=—-<51n—;+§51n—;—+3§sm—c-+...) ............. (ll)
w

The series is zero both when #=0 and when x=c, and is therefore
not equal to the function for these values of x.

EXEKCISES. XVI

In each of the examples 1-4 twelve equidistant ordinates of a curve
are given, corresponding to the values 0, 7/6, 27/6 ... of the abscissa.
Analyse the curve into its harmonic components.

1. 32, 60, 64, 20, 15, 49, 20, —30, - 38, 40, 47, 38.
2. 12, 38, 12, —23, — 32, 20, — 21, —40, — 12, 34, 56, 45.
3. 6,10,98, 6,23, -1, =33, —=54, —77, —~88, ~6C, —1.

4. 194, 196, 14'5; 45, —6°1, —12'4, —14'8, —14G, —12'9, — 39,
89, 158,

5. Show that the quantities «, ay, ..., b;, by ... of §50 satisfy
the equations

=6 =5
da,= ¥ A,cossr6, b= 3 DB,sinsrf
8=0 =1
for r=1, 2, 3. 4, 5; while for »=0, 6

=6 &6
ay= 2% 4, as= Y A,cossm.
8=0 5--0
Hence, show that a,, 3a,, 4a,, da;, 40, 4a;. ay may be found from
Ay Ay ... Ag by the same schene as 124, 64,, 64,, G4, 64,, 64,
124, are found from a,, a,, ... a;; and that the quantities 4, may be
found from the quantities B, by the same scheme as the quantities
6B, are found from the quantities b,.
Apply these results to test tne values found in examples 1-4, noting
that the values 64, 64,,...64, 6B, GB, ... may be used, the
calculated values being then 6ag, 3a,, ... 3a; 6ag, 3Dy, 3b,, ... 3b;
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6. If 4p equidistant ordinates y,, ¥,, ¥, ... are given corresponding
to the values 0, 6, 20, ... of x, where §=2xw/4p==/2p ; and if
r=2p r=2p-1

y=A4,+ X A,cosrv+ ¥ B.sinrz
r=1 r=1

show that, with the same notations as in § 50,
=p—1 e=p-—1

2pd,= 3 ,cosrsf, 2pAsy_,= T (¢, cossmcosrst,
=0 =0

2pB3,= ‘Eld. sinrsf, 2pBy_,= Eﬂd. cos(s— 1) sin rs6
=1 =]
when 7 is odd ; but

s=p a=p
2pA,== 20 c,cos7sl,  2pdap = ‘50 ¢, cos 81 cos 750,
= -

et

s=p—1

s=p-1
2pB,= El d’ssinrs0, 2pBy,_ .= ':El d's cos(s — 1) sin rs6
when 7 is even.  When =0, 2p, the values are
3=p =p
4PA0’—" > Co 4PA21)= > ¢, cossm.
+=0 =0

[The above equations are the most convenient for calculations. If
4p=36 the angles that occur are, in degrees, 0°, 10°, 20°, ... 90° or may
be reduced to these. Runge in the article referred to in § 48 gives a
scheme for 36 ordinates, analogous to that of § 51 for 12 ordinates,
though necessarily more complicated. Tests analogous to those given
in example 5 can be readily established for the case of 4p equidistant
ordinates.]

7. Find a cosine series for x. Test that the series is zero when
=0, and is equal to = when r=7.
8. Show, by expanding sinx in a cosine series that

sina— 2(1 _2cos2r 2cosdxr 2cosCz )
T 1.3 3.5 5.7
Verify that the series is zero both when =0 and when z=x.
Whalm?t fui:ction does the series represent when z lies between O and
-

9. Find a cosine series that is equal to 1 from x=0 to x==/2, and

equal to 0 from .r==/2 to r=w. What is the value of the scries
when x has the values 0, =/2, 7?7

10. Find a series that is equal to —1 from o= —7m to 2= —7/2,
equal to O from v= — 72 to =0, equal to 1 from =0 to x==/2, and

equal to O from r=m,2 to x=m. What is the value of the series
when  has the values -7, —7/2, 0, 7/2, w?

11. Find a sine serics that is equal to z from =0 to 2=#/3, equal
to 7/3 from z=x/3 to x=27/3, and equal to = -z from 2=2r/3 to

z=m. What does the series represent for values of z from z=0 to
= -7}

G.LC. F2
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12. Find a sine series that is equal to 1.

13. Find a series that represents 22 from r= - to #z==. Find
also a sine series for 2% (from =0 to z=m).

14. Show that, if « is a fraction,
PUU LY. M{_L_ cosw | cosr cosdw }
T 2u2 -1 -2 «2-30°
15. Find, by using example 14, the sum of the infinite series
L T T B N B
a \a—-1 a+1 a—2 a+2 a=st at+3/ 7
where a is a fraction.

16. Show that, if « is a fraction,
2sinaw( siny 2sin2r 3sin3r 4sindr
T (12—a® 22—q? T 3l gl :

17. Find, by using example 16, the sum of the infinite series

1 1_(1 1)(1 l)_(]___]__)
l—a+l+a 3—a+3+a + 5—a+5+u. 7—u+7+a +oe

where a is a fraction.

sin a.r=

18. Deduce from example 8 the sum of the infinite series
'11+?s‘ I_J,+“+ ’1’; ’1].'Z+~--'
19. Prove, by integrating both sldcs of equation (ii), example 1,
§ 52, that
(x—~m)? f cos T | cos 2w +c_os;‘3.£
4 1271 24 32
20. Deduce the equation in example 16 by differentiating that in
example 14.




CHAPTER XIL

INVERSE CIRCULAR FUNCTIONS. LOGARITHMIC AND
EXPONENTIAL FUNCTIONS.

58. Inverse Circular Functions. It is necessary to re-
member the restriction on the range of the angles denoted
by the symbols sin- Lx, cos~1e, tan 1z, cot 1.

The range of sin~lr and of tan~'x is from —=/2 to 7/2, inclusive of

these angles ; the range of cos™x and of cot™z is from O to =, inclusive
of these angles. For example,

sin7i(-4)= —-g, cos7I( - é):glr, sin"i(-1)= —g, cosT(—-1)=m,

3
tan~l(-1)= —1:, cot™1{— l)=§£-, tan~l(~ o )= - g, cot N (—xc)=r.

The argument of these functions occurs so frequently in
the combination z/a that it is well to have the derivatives
for that combination ; we therefore state the derivatives for
both arguments,  and x/a. We suppose a to be positive.

1 b4 1
in-lg=— — - in- Y )= .
1. Dysin-1x Ja=0) Dysin (a) =)
Take the second form, and let y=sin-'(z/a). Then

. dx dy 1
z=asiny, @=acosg/, Ja‘c=acosy'
2 - a? o?—2?
But cos’y=1—sin’y=1— E= g

so that acosy=,/(a®—a?%); the + sign must be given to
the root, because y lies between —7/2 and 7/2, and cos y is
therefore positive. Hence,

dy 1

da” /(a¥—a?)
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-1 X -1
:7(‘1‘:;2*) . Dxcos- ‘(a ) = ;‘/-(;—2_—;55.
Let y =cos~(x/a), so that z=a cosy. Then

dx . dy -1 -1
dy= " = dsing = J@ =
The + sign must be given to the root, because y lies
between 0 and 7, and therefore sin ¥ is positive.

11. Dycos-ix=

: 1 (x) a
-1 = —— “H T ) = ———
I1L Dytan-1x =L Dytan ) Tazixe
Let y=tan-(z/a), so that x=atany. Then
dax R N e i
dy= a sec’y =a(l+tan?y)= —a
and therefore (zﬂ: 4
dr  «a?42x?
In a similar way it is proved that
-1 b4 -2
V. = . -1<_>=h_,,___
1 Dycot-1x Tt Dycot a) =aTiyt
From these vesults we at once obtain the integrals:
dx dx X
g & _gip-1 = —gin-1(Z%
V. .L/(l—»xz«) sin~1x, J@=x sin (a>’
X
or = —cos 1x; or = —cos*1<a-.>.
dx dx 1 <x>
B gap-t S Ctan-2),
VL _‘. Y2 tan -1x, .‘-a2+x2 a'tan .
or = —cot 1x; or = —-l—cot‘l(g«)-
a a

The following important integral is proved in § 45,
example 6:

VIL j.J (a? —x?)dx = Jx /(a2 —x?) + Jatsin 1T ).

Note that sin-1z and — cos-1z differ by a constant ; for
sin~'z — (- cos~lz)=sin"lw+cos lr=1/2.
The two functions may therefore be integrals of the same function. A
similar remark applies to tan~z and - cot™z.
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59. Worked Examples. For elementary work the chief
value of the inverse circular functions is that they furnish
integrals of functions of the form

. and N
~/(c+br a?) " it ba+c

the factors of a?+4bx+c being imaginary, like those of
z*+u”  We illustrate by the following examples :

dx
Erample 1. Evaluate f#
P T =@+ ey
Lot »+b=u; then dr=du, and

f_ dr _f du e —1(“)
N AN G D
Replacing u by £+ b, we find that

fN/{g_dierrb) p=sin” 1<L(+“b)

o de
JAF 50 =322y

The first step is to reduce 4452 —32% to the form of the difference
of two squares, that is, to the form ¢?—(x+b)?; of course, when the

coefficient of 2% is not —1 there will be a constant factor.
In the present case we have

A +5r—81%)= J3. \/1< > (J—§>2}1

. dr
so that ,\/—(Z—-i-—‘ﬁ—Tl‘z) NG A ( N 43 i ;_757)).:}

In example 1 put /73/6 for ¢ and —5/6 for b, and we find that the
integral is equal to

m_1<.z' .)/6) 1 qiu_,<6x—5)
43 TETANNEY Ji3/
g

(z+b)2+ ¥

Put u for 2+ b, and the integral becomes

'"g-l-t---:z= ! tan~! (3(-> -1 tan-! ("i{))
u+ct ¢ ¢ ¢ 4

Erample 2. Evaluate

Eoumple 3. Evaluate
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. - dx
Example 4. Evaluate f U e
Arrange 522 —7x+8 as the sum of two squares we find

“(0)}

2 Y ST RN VP oS Vil
.’)x~—7x+8-—5(x 51‘-{-5)—-0{(1 10 0

¢_i.r 1 dxr
so that b2 —7z+8 5 (,;-i)z.{.(ilﬂ)z
10 10

which, by example 4, is equal to
1.0 . rz=7/10 2 a(102=7
5 J111 A0 < /111/10) JIaT A (Jlll)
NI
/lll

L 10
e }) 1S a flﬂCthl’l equ,]] to 773—r,L2

If the constant term 2 (in exam]l
say, the factor 1'c is #/m ; the student should from the first practise

writing it as #/m and not, as 1<+ (m/n).
The next example illustrates a method of obtaining a

power series for a function that is sometimes useful
Show that; if 1‘3 18 less than or equal to 1,

- T
i . to infinity.

Ecample b
tan~! - +
nlr=x 3 b

ividing 1 by 1 +u2 we find
1 u .
T 2—1 ultut—ub4 L i 2$l+u'-’ ................ (6))
Integrate both sides of (i) from 0 to x; therefore
3 25 .1_'7+ N i’?ﬁl—? i /"u: du (ii)
T o | T i

z
My T T
tan~lr=x 3 + 577
Now, u2"/(1+u?) is less than «?", and therefore the area between the
graph of «**/(1+u?), the u-axis and the ordinate at u=z is less than
the corresponding area for the graph of «?". Hence
Tutdu _ [* ’ 2+l
A 14‘u’2<£ RSV RS
Further, if 22 is not greater than 1, #?"*1/(2n+1) is not greater
numerically, than 1/(21+1), and therefore becomes very small when »
Hence we have
-1
.................. (ii1)

becomes very large.
B 2 Al
-1 _z i
tan~lr=1 '3+ 7+"'i2n 142
-1/(2n - 1) is less,

where the error made by stoppmg at the term 2?
numerically, than 22*+1/(2n +1).
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If =1 we find, since tan~!1 =m/4,
w 1.1 1
i=l-3t577
the same series as in § 52, example 2.
The series (iv) is not very suitable for the calculation of . A
better series is obtained by using the identity (Mackin’s Formula)

T_gtan-1( 1) - _,(_1_)
4—-4Lan (r)> tan 539 )"

The values of tan~1(1/5) and tan~!(1/239) can be calculated from (iii)
with very little labour.

In Exercises XVII, examples 37-40, the student will find
a transformation that is useful in higher work but that
may be passed over by beginners.

ity eeerrerrnenreesaseens (iv)

EXERCISES. XVIL

Differentiate the functions in examples 1-13.

1. sin7'2a. 2. sin !(1-2x). 3. sin‘1<.2_f:;_1
4. cos 1(1-ua). 5. sin~(ax+0). 6. tan (1 —ux).
7. tan™! (‘2 :_1> 8. asinlr 9. asin~lr+,/(1-22).
10. da%sin~le—}sin e+ o J/(1 = a2).
11 L(r—1J/B+2r -2+ 2sin! (7_:—1>
12, wtan—le. 13, (1+a2%)tan"lr—a.
Integrate the functions in examples 14-30.
1 1 1
RN, 15 Jo—awy 16 J—awy
17, J(B—a®). 18. /(7 -3a%). 19. J(1*=a?z?).
1 . o 1
1 — 42
23. ,\/(ll.l -0 ) 24. :7(3 F 41 — 4‘7‘2) 25. :‘/(3+4J.‘ 4o ).
2 _m 1 1
26. /(242 —9a" -7 ). 27 pynes 28., oy ey
1 30 1

CRta+l " 9247+ 26
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Evaluate the definite integrals in examples 31-36.
Y ode 2 dr * dr
3. || :/'(r:;;z)' A B [
2 dr * de
34 { J(Qx — 2y 35. .(7 J@r =% 36. (; JCaxr =%y

37. If tan 4z =u, show that

sinz=-2L_ cosa= i
14 T

2du
= an~! T= — —F5
r=2tan"'u, dzx T4

Then, show that

[ [ e
5+3cosr J44u
v dr _ a2 T
[ oisems=ttanio)=%
38. Show, by the method used in example 37, that if a?> 5% and 4

positive R
@ fa-*-bcos z /('E:;_"gf:) tan” {\/(Uﬁ) tam}z}

™
(i) { a+bcos T N =y
Verify (i) by differentiation.
39. Show that if tanr $xr=u,
2dn _1(3+5tan x}.z‘)
. o+3smx [0+76;l7:i—5u2_étan 4 )
40. Prove that

;=13 tan~!(} tan 4z),

”'} de

_;5+3siny 4
60. Compound Interest Law. Suppose a principal of £P
to earn interest at the rate of p per cent. per annum; let
the interest be calculated at n equal intervals in each year
and let it be added to the principal as soon as it is carned,
so that the interest, as soon as 1t is earned, begins to bear
interest. It is easy to prove that at the end of t years the

principal will amount to
nt

P (1""1(%%) ‘
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p__1 _mp.
Let 1007 = m °F =100’

mpt. . nt
nt 100 _ 1\™) 150
then  P{14+7 B =p(1+ )™ {(1 +-) } :
Suppose now that n, and therefore m, is very large; the
interest is thus added on at very short intervals. But when
an is very large the expression
m
(145
m
is finite; in fact, it can be shown (see below) that when m
becomes infinite that expression converges to the number
271828 ..., usually denoted by e. Agam when 7n becomes
infinite the growth of the principal may be said to be
continuous ; 1n each interval of time, however short, interest
is earned and immediately begins to bear interest. The
amount 4 at the end of ¢ years, when interest is added on
eontinuously to the principal, is thus

»t 1\™
A=Pec", since L (1+-> =e.
m=0w m
A quantity 4 which varies with t according to the law
= Pe~

is such that, when ¢ increases by equal amounts, A4 is
multiplied by equal amounts. Thus, when ¢ increases by &,
A will change from

Peot to Pert+1 or from Pes to PetXe,;
that is, when ¢ increases by 7, A is multiplied by e**.

The function ¢ is called the exponential function, and is of
great importance in mechanics and physics. A simple
instance 1s the law of the density of the air at different
heights; as we descend a hill, the density of the air is
equally multiplied in equal distances of descent; for the
increase in density per foot of descent is due to the weight
of a layer which 15 itself proportional to the density.

‘We will assume the result

l m
L (1 +;,2) e 2TI82818 e cae eeerrrereeeererrens )
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and refer for the proof to the author’s Calculus, §§ 48, 49. We give
the following as a suggestion, not as & proof. Expanding by the
binomial theorem, we have

1\™ 1, m@m=-1) 1 m@m-1)(m-2) 1
(1+ﬁl> —l+m'm+ 1.2 mt 1.2.3 cmitee
e (-3)0-3)
sty t—TI3

the (»+1)" term being

)02 () ()

1.2.3...(r=1)r

‘When e becomes infinite, each of the fractions

1 —_l'v - ga _Es
m M m
becomes 1, and we find
I\ 1,1 1 ]
e B R T

the (r+1)® term being 1/r!.
The series (2) is an infinite series, but a few ters, say the first 10,
give a very good approximation to its value. The error due to
neglecting all the terirs after the (4 1)™ is less than 1/r(»!).
For purposes of reference, the expression of ¢* as a power series
may also be given.
T

1

s

=1+ -

2 N
a o .
gt +...+-n,+1?,, ..................... (3)
where £, is a quantity, depending on x and », which is small when »
is large, and which converges to zero when n becomes infinite. If x,
is the numerical value of & (that is, # itself when x is positive, but —.¢
when z is negative) £, is less than

" e+ 1 =) (a)).

Equation (3) holds for every value of x; when  is fairly small a
few terms yield a fair approximation to the value of ¢*.

61. Derivatives and Integrals of log z and ¢. We do not,
to begin with, specify the base of the logarithms.

1 =
Deloga 52=0 éx 52=002
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A |
Let == then, when Jx becomes zero, m hecomes

infinite. Now

i 10g<1 +6_ac> L 10g<1 +l) =-1- log{<1 +l)m}.

But when m becomes mﬁmte (3 4+1/m)™ becomes e;

therefore
D,logx= z locr e

If ¢ is the base of the logarithms, then loge=1, and
therefore

1
I' Dxlog X= ;{u

Note. TUnless the contrary is stated, the base we assume
for the logarithm will always be e¢; we thus avoid the
cumbrous factor loge. Logarithns to the base ¢ are called
Nuapierian, or h?/purbol ic, or nmatural logarithms so as to
distinguish them from logarithms to the base 10, which are
called common or Bmggwm logarithms.  Of COU.I‘bL the

derivative of log,,x is (as we have just proved) loglor'

We can also, by the substitution u=ax+0b, pI‘O\ e

L ' V=2
1 Dylog(ax+b) P
For, if u=ax+0b
d.log(ax+Db) _d. logudu _1 a=
dx du dx w'~  ax+b

Next, we find the derivative of ¢ Let y=¢*; then
z=log y and

%:;' %%—y—of so that
I11. Dye*=eX,
By the substitution « = aw, we find
IV. Dye?X =gedX.
For, d.e?” d.et du

= . = =", a=e%,
dx du dx
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From these results the following integrals are obtained :

, (1. ) 1 1
V. | ;dx =logx; j;x*+bu = alog(ax+b).
VL eXdx =e¥X; j-eudx =
To these we add
T [ 1 — ‘<2
VIL | ~/-——————(x2+k)dx—-log{x+~/(x +k)}.

VIIL j /(x2+k)dx=1x./(x2+k)+ [klog{x+ /(x2+Kk)},

which are proved in examples 1,2; £ may be either positive
or negative, but 24k must not, of course, be negative.

Erample 1. If y=log {z+ /(2 +k)}, find dy/da.
Let u=x+ J(2*+ k), so that y=log « ; then

dy_dy du du_ 1 du
dr du’ dz” udr rtJ@+k) dz
Tu + (P +E
But  Sio1peekyt2e=T /Zﬁ:’;))
5 dy 1
30 that = I@ETH

From this result we obtain the integral of 1//(22+£).
Ezample 2. If y=3z J(2?+ &)+ klog{x+./(22+1)}, find Dy.
Take separately z /(22+£) and klog {z+ /(22 +£k)}. We have
Dlz S+ B)]=J(@2+ k) +2. 12+ 1) 2x
_ 2k
N CET5N
k
, / - - ex:
Dlklog{z+J(x2+k)}] TETE (by example 1).
Adding these two results and dividing by 2, we find
Dy=./(z®+F),
from which the integral of /(224 k) is obtained.

These integrals should be compared with those obtained
(§ 58) when “the integrand is 1/,/(a*—2*) or /(a*—2?).
When the coefficient of 2? is neg gative, the integral contains
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inverse circular functions; when the coefficient of x* is
positive, the integral contains logarithms.

FEzrample 3. Differentiate log tan 3z.
Let tan 4x=u; then

d.logtan}r_d.logu du_1 1

s  —mm e s — 2
dx du dr u» 2 sec’$z,
d.logtan 3z 1 1
s0 that g = —_—
dx 2sindxrcosdr sinz

From this result we deduce the integrals
(1 1
[y |

co8 X
'T'o obtain the integral of 1/cos ., let z=u~m/2; the integral is thus
reduced to that of 1/sin w.

dx=logta.n(§x+§)-

KErample 4. Integrate log z.
A[’)ply integration by parts (§47); take logz as the product of 1
and log ¢, and begin by integrating the factor 1. Thus,

fl.logwdx:Iogx.x—jar.édx:xlogx—fldr,

s0 that flog rdr=xlogx-z.

Example 5. Prove that if x is numerically less than 1, or equal
to +1 (not -1),

N . .
log(14+x)=u~"5 +y-gte to infinity.
Proceed as in §59, example 5. Dividing 1 by 14 «, we find,
1 — S 3 n—1 u”
1+u’—-l Htu—w+...+tu :Fl+u»’

and therefore, integrating from 0 to ,

22 2% ot " /‘zundu )
D=a—t g a2 e 1
log (1 +2)=x 2+3 4+ i:')L:F.ol-§—1l, 0
Now suppose in the first place that z, and therefore u, is positice ;
we see, exactly as in § 59, that
= /‘x , 4!
S wdu or e
./;1+1c<.0' Tl
If x is not greater than 1 the quantity #"+'/(a+1) is not greater
than 1/(»+1) and is therefore small when = is large, and converges to
zero when 7 becomes infinite. log(1+2) is therefore equal to the
infinite series ; the error, when the series is stopped at the term 2 »,
is less than a"*'(n+1).

rereeemrreenes e (i)
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Next suppose x, and therefore u, to be negative ; let x= —ux,, where

a, is positive aml less than 1. Put —w» for » in the integral in (1) ; then
(=urdu _ [2(=v)"dv / "

Sl PR i S AL — . D - e il

1+u ./0 | ( 1y 1-v @ )

The least value of 1--v in the integral is 1-.x; therefore, as »
increases from O to z;, the integrand v"/(1--v) is less than »"/(1—ux,),
except for the one value v=.,. Hence as before, by considering areas,

[‘lv”dv< [’lv"dr . x” (iv)
T or - . besaseiraeaataeans
Jol—v "JHl —x A=r)(r+1)

The limit of 2»"*'/(1 —-2)(n+1) for n becoming infinite is zero,
})1‘0\'ided z, is less than 1, as we have supposed it to be. The serics for
0g (1 +.x) therefore holds for negative values of x that are numerically
less than 1; the error, when the series is stopped at the term a™/u.
15 less than the quantity in (iv).

When x=1 we have the identity,

logd=1=-24 T4+, oo, (V)
Lut this is a very bad series for calculating log 2
Better series for calculating logarithms may be obtained thus :
Take first the series for log (1 +x),

a2 2B ot ad .
log (1+2)=7=5+5 =7 +F s womnnrreenn (V)
For x put —x; then
22 £ b ab
log(l‘-’)—‘—’f—'é'——g—z-—,)- .................. (vii)
Subtract (vii) from (vi) ; therefore
142 2 2P
log (1—1‘)=2<x+ 3t + + ) covvaseaneenes(Viii)
Next let l_‘*'.f:l/.i'_l’
—z ¥
1
so that xzzy.;‘] <1.

Equation (viii) now becomes
3 1 \s
SRR N EE
og(y+1)=logy+ l23/+1+3 2y+1 *3 2y+1 (i)
from which log (¥ +1) is found when log ¥ is known Thus

1 1 1 1.
=1:1 f

.7/ 1 ng 2 ) }5+ 3.: g¢+ I
y=2; log3=log2+2/] ! ] 1

y=2; l0go=10g &+ 5+3 ,3+ rb+ 57+ ,(

then log 4=2log2; log5 is obtained by putting 4 for y in (ix), and
80 on.
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It will be a good exercise for the student to calculate the logarithms
of the first ten integers; the series (ix) converges very l.tpxd]y even
when y=2.

EXERCISES. XVIIIL

, (2P >a?).

1. Ditferentiate log( a> and integrate e ! Z
o

2. Differentiate log (a+x> and integrate — 1 s (92 <ar?),
a—-x at—a?

Differentiate the functions in examples 3-34 :

/.
3. lmr<:§:;4_“/i> 4. log{J(@+a)+/(r- o)}
5. log{r-la+./(z®—ax)l. 6. log <32)+ ax +a:>
xre—ar+a*
. 1 si . . log(cos ). (r<}_iil£)
7. log(sinz) 8. log(cos ) 9. lo o
14cosa - G o pr 4ol g
10. log <t§§i>' 11. log(1 +sina). 12. log(z+sin ).
13. 2+log(sin 2+ cos 2). 14. 3z-log(sinx + 2 cos ).
15. xtanz-log/(1+2%). 16. ar+log(a®-2+ l)+ e mn—' (“'r;jl
~
17. 1(z+1)J/(2?+ 20 +3)+log{e+1+4/(2%+ 20+ ,}) }
18. xloga. 19. a"loga. 20. zlz +— + log (-Z—] )
21, ze~. 22. xe = 23. amem 24, « e“". 25. 10~

26. 107~ 27. e“sinx.  28. e*cosa. 29, e ¥sin(4r+5).
30. e~3*cos(dr+5). 3L esin(baz+c). 32 e“cos(br+c)

33, g(e5+e"5). 34, f;(ei_e-i).

35, Show that the operation of differentiating ¢** is equivalent to
multiplying ¢** by «q, and find the »** derivative of ¢**

36. Find the 2", 39 and n* derivatives of log .

37. OM is the abscissa and AP the ordinate at the point (a, B3)
on the hyperbola 2%/a?—42/b?=1, o and 3 being both positive. Find
the area AMP, A being the vertex nearest P and show that the
expression for the area may be put in the form

laB-1abd log<&+»b—).
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38. Show that, if the area of the sector OAP (example 37, O being
the origin of coordinates) is denoted by %,

u=ablog <9+§).
a

b
If a=1, =1, show that
a=}(e+e), B} —e).

x x
39. The curve given by the equation y=%(e5+e-5> is called a
catenary ; graph the curve (§ 68, Fig. 30).
If s is the arc, measured from the vertex (C, &), prove that
© Emt(drd), @ i), @ e

yol

40, The curve given by the equation y=a logsec(z/a) is called the
catenary of uniform strength ; graph the curve.
If s is the arc, measured from the origin (0, 0), show that

iy @ z 1 r T
) Za=Rec o (i) S=a10gtan(i)ﬂ,+1)‘

41. Show that the arc of the parabola y=r%/p, measured from the
vertex up to the point whose abscissa is r, 18 given by the equation

1= V(s + Flog | + .

N0+ 5) ()
st [N+ )aomse (Bt o ()}

See, for an approximate formula, Exercises IX., ]6.:’

Find the integrals of the functions in examples 42-48 ; compare
§ 59.

1 1 1
2 = 8 JEry U JETETy
1 1
- JE A=y v CE )
47. J{(z—-1)(z-2)}. 48. (2% +2ax+b?).

Apply the method of integration by parts to integrate the functions
in examples 49-57.

49. xlogz. b0, a’logx. 51, z"logz. 52, ze®.  B3. %%
54, 2°e~ 55. ze~= 56. z%= 57. 2=
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58. A rope, which is tightly stretched, makes a half turn round a
cylindrical post, the }pal't ALDB of the rope in contact with the post
lying in a plane which intersects the axis of the post at 0. The angle
AOP is @ radians and the tension at /’is 7% Assuming that the rate
—dT[df at which the tension decreases is equal to p7, where p is
the coeflicient of friction between the rope and the post, and that the
tensions at A and B are respectively 7 and 7, (7\>7}), lind the
relation between 7 and 7,

Find also the relation when the rope makes (i) one complete turn,
(ii) two complete turns round the post.

59. Calculate, by equation (ix), example b, § 61, to 5 decimal places
the Napiervian logarithms of 2, 3, 4, 5, 6,7, 8,9, 10, and then find the
comnion Jogarithms to 4 decimal places.

60. If u=taniwx, show that

dr [ du 2+tandz
3+5cosx J4—u 2—tantx

Prove also that, if «2<b% and a positive,

f _d= 1 1(,“(5/((1@%?1; N(b—a)
a+beosr J(W—at) TP\ Jb+ua)-uJ(b-a)
where z=tan}z. (Compare Exercises XVII,, 37-40.)

62. Important Examples. The following examples are of
great importance in all applications of the exponential
unction.

Ezample 1. Find the integrals of e**cos (bxr+¢) and e**sin (br+c).
Note that these functions differ only in this, that one has the cosine
and the other the sine ; the angle and the exponential are the same.
The integrals may be deduced very readily from the derivatives of
the functions. Let
u=ecos (br+c), r=e“sin(bxr+c).
Differentiate, arranging so that in the derivatives the cosine term
comes first ; we find
Du=ac**cos (bx+c) — be**sin (bx +¢)=an — by,
Dv="be™* cos (b +¢)+ae*=sin (ba+ ¢)=bu+av.
Now solve for « and », in terms of Dv and Dy ; we obtain
_aDu+bDv  aDe—bDu

R TR V== -,
a4 a4 0*

But the integrals of Nu and Dv are w and v respectively ; we
therefore find, by integrating the last two equations and putting for
u and v their values,

/ e*eos (br+c)do=

e cos (br + )+ bsin (br+ )}
a4 b2 ’
Josin o= TN GEF A ben Gt 9

att b
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If the structure of these integrals be examined it will be easy to
deduce a rule for remembering them.
The more usual method of evaluating the integrals is that of
integration by parts. Let
P= f e*cos (br+e)dr, Q= f e**sin (bxr +c)dx.
To evaluate P, begin by integrating e*=; we find
ez i - e*zcos (br+c) | bQ
> T y —_ P I . N T L X
P=% cos (bx+c) fa {— bsin (bv+c)}da - +25,
80 that aP -bQ=ecos (br+e).
Integrating ¢**sin (bz +¢) in a similar manner, we find
bP+a@p=e"*sin (he+c).

These two equations, when solved for 2 and @, give the same values
for the integrals as before.

N
Example 2. Evaluate /; e* sin bad.e, & and IV being positive.

In (s), example 1, put —# for @ and O for ¢ ; then
Vo kz _ I:(J"“( —ksinbr—bcos bm):l”
-L ™% sin brde = s i
—e*¥(hsinbN+bcoshN) b @
A2+ 00 ko
If we define the integral when one of its limits is infinite as follows

Y

»
f e~ *gin brdr= L e Rginbrdzy, ..ooeiinnin @i
0 N=x
we can readily find its value in this case. The limit of e *¥ is zero
when N becomes infinite ; also the functions sin bA and cos bV can
not be numerically greater than unity. Therefore the first fraction
in (i) converges to zero when V becomes infinite, and we find
® b
—kx oy .
e~* sin brdr=5—3
ﬁ A2 4 0%
We proceed in a similar way in all cases in which one of the limits
of an integral is infinite. For example
s N
f erdr= L [“erde= L (1-c-%)=1,
o Neo

N=x J0

0 N
R A e AU
0 - 2

1+ e o T+ pe

Example 3. Find the turning values of e™**sin(bz+c), ¢ and &
being positive.
Let e**sin (br+c)=f(x) ; then
(@)= —aesin (br+0)+ be=* cos (bx +c¢)
= —e"{asin (br+c)— b cos(Br+ )} coeernnsennnnnnn 1)
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This expression may be put in a more convenient form. Choose
R and 6 so that R cos @=a, Rsin =0 ; these equations give
R=(2+1?), tan §=0/a. ............. cereern (2)
Since @ and b are positive, the smallest value of 6 is an acute angle ;
this is the value to be chosen, which should be expressed in radians.
Equation (1) now becomes
[ (@)= — Re=*{cos O sin(br+c)—sin § cos(br+c)}
== Re= " sin(br+c—0). coocoiiiiiiiiiiiii 3)
From (3) we see that, to obtain the derivative of e=**sin (br+¢), we
have simply to multiply e**sin (bx+¢) by — & and subtract € from
the angle ; both /£ and @ are independent of ¢. Hence to obtain the
derivative of the function in (3) we multiply it by — £ and subtract 6
from the angle ; thus
S(@)= R =sin (br+c¢—20), covverrnerreennnnnnnen. (4)
as may be easily verified by direct differentiation.
For the turning values we put f(x) equal to zero ; therefore by (3)
the turning values are given by
sin(bx+c—0)=0, or bx+c—O=nm
where 2 is 0, +1, +2, .... We shall confine our attention to positire
values of x; therefore, denoting by =z, ay, oy, ... #,, the values of x
for the values 0, 1, 2, ... n of n, we find

_B-c m+0-c¢ 2r+6-c
JLO= T, .‘l‘l = —— b-—, .'1‘2= —-'b'——,
and, generally, a, = 7:.77_'47[)9_-_<’_

It may happen that the values of 6 and ¢ are such as to make one
or two of the smaller values of # negative.

In particular cases it is easy to decide which are the maximum and
which the minimum values of f(z); the general case is easily decided.
For S(2,)= R~ sin(bx, +c— 20) = %~ sin (n7r — ),
and therefore, since K% sin 6 is positive,

JS(@a)=—, if n=0, 2, 4, 6, ... (even integer)
=+, if n=1,3, 5,7, ... (odd integer).

Hence f(«) is a maximum for the values x, 5, @4 ... of z, and
a minimum for the values »,, 25, &, ... (§ 24, example 2).

The student shonld work out, from the beginning, the particular
case in which a=01, b=1, ¢=0; the graph :s shown in Fig. 31. In
this case tan #=10 and 6 is 84° 18’ or 1471 radians.

xy=147, =461, 2y=T75,  23=1090,
Sy =086, f(x)= —063, f(a)=046, f(z;)=—033.

It will be a good exercise for the student to show that the ordinate
and the gradient of e~**sin(bx+ ¢) are equal respectively to the ordinate
and the gradient of ¢, for those values of 2 for which

br+c=2mmw+4r (m=0,1, 2, ...).
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The two graphs therefore touch at the points whose abscissae are
given by tiese values of .

Since cos(bz + ¢)=sin(bx + ¢+ 3m), the turning values of ¢=**cos(hz +¢)
may be obtained from those of ¢=**sin (br+c¢) by writing ¢+ 37 for c.

Fig. 31,

The differential equation in the next example occurs
very frequently in physical applications; a spccml case
of it has already been discussed in § 43, example

Example 4. Verify that, if p— ilc- is positive, the equation

. d2r .
dﬂ+L dt FPE=0 i (i)

is satisfied by = Ae-# cos (nt+ B), where 4, B are any constants and
» is given by the equation n?=pu—}£2%

To verify, we have simply to fin —= and to eliminate the

two constants A, B from the three equatlons which give 2 and the
two derivatives. From the equation

z=Ae W cos(nt+B)..oveveriaiiiiennininninnnnn. (ii)
we obtain by differentiation
%:: —4kAe=# cos (nt+ B) —nde ¥ sin (nt + B)
= —dkr—nde ¥ sin (nt+ D). .eevviiriiiniiiinnnnd (iii)
Differentiate again ; therefore

‘2—%: - A}k dz_ n?A4e=¥ cos(nt + B) +4knde-# sin(nt + B)

- -yc iz —3k (-~ +ux) Dy (ii) and (iii).
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Hence, taking all the terms to the left side, we find
d’r , dr
LA AL ST § LI
i HE ot (i) e=0,
which is the same as equation (i) if p=n*+}k?% or n2=p—}i%
Equation (ii) represents (when £ is positive) what is often termed a
damped vibration ; it is a simple harmonic motion with a decreasing
amplitude. The amplitude, when ¢ has any value ¢, is de-#%; when
¢ has increased by 47 (where 7' is the period 2w /n of the circular
function) the amplitude has decreased to Ae-¥@+i7, The ratio of
the first to the second of these amplitudes is
Ae¥ti : e~k &rHT op W4T
the Napierian logarithm of this ratio, namely }£7, is called the
logarithmic decrement of the amplitude.

“XERCISES. XIX.

Calculate the values of the integrals in examples 1-18; £ is positive.

1. [ & sin ed.e. 2. ’ % cos.ed.r, 3. f e *sinad.r.
4. / ¢ Fcosorda. 5. /. =M sin dada. 6. , ¢~ cos Bud.e.
7. [(” sin%rd.r. 8. ‘/, % coxed.r. 9. / N e * cos 2rdr,
o 0
10. J mu‘"‘ cos(4r+5)d.r. 11. fm e~ ¥ gin ntdt.
o 0
12. '/’1 e~ ¥ cos ntd?. 13. [T e~¥sin (nt+a)dt.
('3 <0
= dr = dur -
14. A :1:3'_‘{’_‘2- 15. -/_a -l_, _*:'4- 16. ./ xre d.Z'.
*dr *  dr
o [T 18. [ Sy

19. Evaluate {m <%3;;, by the substitution r=a tan .
Joo T =)

20. Evaluate
. = dr e dr
O [y O mrvae

: d.e du
21. Prove ’ I KT e / P OV
Jo @fcoste+ bt sinte J) ot 4 bfu?
where w=tan x, and evaluate the integral.

~%

Graph the functions in examples 22-25.
22. c*sin2r. 23, ¢Fcos2r. 24, €7 1%%5in300x. 25. €71%sin 500z
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26. Show that each of the functions given by the following
equations satisfies the differential equation of example 4, § 62, £, u, »
having the same meanings as in that example :

(i) x=Ce~¥sin(nt+ D), (i) x=c~* (£ cosnt+ Fsinnt).

27. Find the value of & which satisfies the differential equation of
example 4, § 62, and also the conditions that #=a and dz/dt=V when
t=0.

28. Verify that, if p— 142 is negative, the equation

d%x

e
is satisfied by z=e¢-¥(Adem + Be-™), where 4, D are any constanis
and m is given by the equation n:*=[f? —p.

29. Verifv that the equation
dzr
dr?

ic satisfied by 2= Ae™+ Be~-", where 4 and B are any constants.

dz

- n’r=0



CHAPTER XIIL

APPLICATIONS. CURVATURE. BENDING OF BEAMS.
CATENARY. ALTERNATE CURRENTS.
DOUBLE INTEGRALS.

63. Geometrical Applications. Let OJM be the abscissa
and MP the ordinate of the point P (x, %) on the curve
whose equation is y=/(2), and let the tangent at P meet
the axes at L, K (Fig. 32).

Y

Fig. 32.

The line CPG drawn through P perpendicular to the
tangent LP is called the normal at I°.

When the tangent and the normal are spoken of as finite
segments, the portions LP and PG intercepted between P
and the z-axis are the scgments referred to. In the same
way the projections of these segments on the z-axis, namely
LM and M@, are called the subtangent and the subnormal
respectively.
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These segments may be expressed in terms of the values
of x, y, ¥ at P, where 3 means D,y. If the angle XLP is
denoted by ¢, then 4" =tan ¢.

Subtangent = LM =y/tan ¢ =y /v,
Subnormal =MG=ytan ¢ =9y,
Tangent =LP =y/sin p=9y/(1+9y2)/y,
Normal  =PG =y/cosp=y/(1+y?),
OL=0M—L}M =z~ yly =@y —y)ly,
OK=—-0Ltan p=—O0L.y' =y—uy'

These expressions are true for all positions of £ provided the signs
of the segments be attended to. Thus, if tho value given by the
formula for LM is negative, L will be to the right of M ; because in
Fig. 32, which may be taken as the standard diagram, z, y, ¥ are
all positive, and when y and g’ are positive L is to the left of 4L

To find the equations of the tangent and normal (the
unlimited lines) take , y as current coordinates and denote
the values of «, y, y for the point P by z,, ¥,, ¥, Then
the equations are

for the tangent, y—y, =y, (x—=,);
for the normal, y—y,= — J]—(’/c —z).

Note that the gradient of the t(m(rcnt is y," and therefore
the gradient of the normal is —1/y,".

Ezample 1. Tind the subtangent and the subnormal of the ellipse
a4 y? =1,

Suppose x and y to be positive ; then

b o o , b x
Y=o =B Y= L ey
a?-a?

subtangent=LM = A s
J z

subnormal = MG =yy'= - 9.—1.7:.
. a
L is to the right and G to the left of M.
a2 _a

OL=0M-LM=x+——=
therefore OL . OM=a?

2

@ °
z?
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Erample 2. For the hyperbola zy=c? find AP : LP.
KPP OM xy
LPTLM &y~ a2 x

Since the ratio is negative I’ lies between K and L; KP=DPL.
Hence AL is bisected at P.

64. Curvature. Let P and @ be two points on a plane
curve, ¢ and ¢+dJ¢ the angles which the tangents at P
and Q make with the z-axis, s the arec measured from some
fixed point on the curve up to P, and &s the arc PQ
(Fig. 83).

Definitions. The angle d¢ is called the total curvature of
the arc I’Q ; the quotient d¢/Js is called the average curvature
of the are PQ); and the limit of é¢/ds when @ approaches P
as its limiting position, that is, d¢/ds is called the curvature
of the curve at P.

For a circle of radius R the arc ds is equal to Rd¢, and
therefore Sp 1 dp 1.

6s R dv R’
that is, the average curvature of any are of a circle is equal
to the curvature at any point of the circle. In other words,
a circle is a curve of constant curvature, and its curvature
is equal to the reciprocal of its radius.

E 2

=—1.

/
Y

¢} / X
Fig. 88.
65. Circle, Radius, and Centre of Curvature. Let the
normals at P and @ (Fig. 33) intersect at C". We shall

G.1.C. G
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prove that, when Q tends to P as its limiting position, O
will tend to a point C on the normal at P as its limiting
position such that PC is equal to ds/d¢.

To prove this, observe that - PC'Q=4J¢ and, from the
triangle PC’Q,

PC’ chord PQ chord PQ Js = é¢

sin PQC7~ sin PC'Q ~  arc I’Q % S¢ X sin S
Now, the limit of - PQC’ as @ tends to Pis 90°; also, the
limits of the three fractions last written are 1, ds/d¢, 1
respectively. Therefore, since sin 90°=1, the limit of PC’
is ds/d¢. In other words, C" tends to a point, €' say, on
PC’ such that
ds 1 d¢
PU=a5 " PO as
The circle whose centre is C and radius PC has therefore
the same tangent and the same curvature as the curve has
at P. This circle is called the circle of curvature, its radius
PC (which is equal to ds/d¢) the radius of curvature, and its
centre C the centre of curvature at the point P.
We shall generally use R for the radius of curvature; its
reciprocal 1/R will therefore be the curvature.

66. Expression for the Curvature. The curvature may he
expressed in terms of the first and second derivatives of the
ordinate at the point. For, since

_dy _de 1
tsmqs—dw, cos¢—%——————sec¢,
we get by differentiating the first equation with respect to s

dtan ¢ y d¢ d dg/) dx

Tdg X ds T da\dw) @’
that is sec‘~’<f> X gl—(‘é = d?y = 8ece ¢
ds  dx?” ’
2
and therefore Zsi'b- = %ﬁ +sec3g.

But sec’p=1+4tan’p=1+ ( %)2,



CURVATURE. 179

,, 1_dg_dy [, (A1}
and therefore B ds S d™ [1+<d.l>} s ereereeeaeeann (1)
[ dy }‘ d*y .
so that R=-1+ (loc> T e (2)

If the gradient dy/dx is so small that for all values of =
within the range considered its square may be rejected,
equation (1) becomes

1 (l«_p_ d?y 3)
S T Fitr R TOTPIRIRTP ¢

The value for the curvature given by (3) is that generally
used in the approximate theory of the bending of beams.

Equation (3) may also be proved independently. TFor, if the
gradient is very small, ¢ is approximately equal to tan ¢ (hLC §41,
example 2) and 8s to its projection éx. Hence, approximately,

5. %
8¢ 3. tan du d?y
T Sm P —(gf; therefore, (d(f) s

Exzample 1. The parabola y=1%p.
dz/ 2x d"?/ 2,

;)’ da?"p’
3 9 2
U
3
1 p i _(7) +42%)*
=y

B Grran’

Near the origin a? is very small; hence near the origin the
eurvature is simply 2/p.

Lremple 2. The ellipse a2/a®+72/b>=1.

".z "1/ dy -0 dy VY
PdeT 0 drT T aYy

N ) [5R%

20 0° — b2aal 27,2, 3. 2
&y ayl? — b zad —_a 0¥y + 7
dz~ aty® - a‘y?
But 5%2%+ a%y?=a%? ; simplifying a little, we find
d%y o1 addt

da* aqyt’ R -— Eb*.l:” +ad ‘7/-')2'
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. . . . . . . %
The negative sign arises from the negative sign of ;h':{,
(y being assumed positive); the root implied in the index
3/2 is taken as positive. In the standard figure (Fig. 33)
Py . - d?y . . . dy .
—=5 is positive.  When -5 is positive the gradient -7~ is an
A2 B P dax? ° 1 © de
increasing function and the curve is concave upwards, as it
. R dPy . . .
is near P in Fig. 33; but when 767/’ is negative the gradient
2

is a decreasing function and the curve is convex upwards
for such values. (Exercises IV., example 54.)

EXERCISES. XX.

1. Find the equations of the tangent and normal to the circle
2+ y2= [ at the point (z,, ;) on the circle.

If the tangent cut the w-axis at 7} show that OX .07 is equal to
I?* where o, = 0./

2. Find the equations of the tangent and normal at the point
(), 4y on the parabola y2=4ar. What form do the equations take
if ry=at®, y,=2ut?

Show that the subtangent is bisected at the vertex.
3. Show that in the parabola *=4ax the subnormal is constant.

Conversely, show that if the subnormal of a curve is constant, equal
to 2a say, the curve is'a parabola y*=4az + (, where (' is any constant,

4. Find the equations of the tangent and normal at the point
(0, ¥y) on the ellipse 2%/a®+ %/ 0*=1.  What form do these equations
take if ;=a cos 0, y;=0sin §?

5. C'is the centre of an ellipse, A°4 and /'3 the major and minor
axes ; M and m are the projections on the major and minor axes of a
point £ on the ellipse and 7, ¢ are the points where the tangent at /’
cuts the axes. Prove

CM.CT=04% COm.Ct=CB.
Establish corresponding theorems for the hyperbola.
6. Using the notation of §63, show that for the adiabatic curves
gt = RP:LP=-n:1
Explain the meaning of the minus sign.

7. In the semi-cubical parabola ay*= %" show that

2
Lar=50, w=3%, o= ML
2 a 8 &
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8. Show that for the curve y=ce" the subtan gent is constant.

Conversely, show that if the subtangent of a curve is constant, equal
x

to a say, the curve is y=Ce", where € is any constant. (Compare
example 3.)

9. Find the subtangent, the subnormal and the normal of the

x x
catenary y=4a(ei+e7w). Show that the perpendicular from the foot
of the ordinate at any point to the tangent at that point is of constant
length. (See §68.)

10. Tind the subtangent and subnormal of the curve of sines,
y=asin(r/b).

11. Find the curvature at the origin of the curves

() y=2a% () y=22+2% (i) y=ar?, (v)y=as+br*+crl.
12. Find the curvature at the origin of the curves
() y=z+2* (i) y=a+a*+2%;
(ili) y=ar+ba? (iv) y=ar+bii+ca®+det

13. ) The radius of curvature at the point (o, ) on the hyperbola
ry=cis R=(a2+y2)% 22

14. The radius of curvature of the catenary of example 9 is ¥*/«, and
that of the catenary of uniform strength y=clogsec(x/c) is csec(x/c).

15. Show that at the origin on the curve

y=2r+322 -2y +3~

the radius of curvature is §1/5.

67. Bending of a Beam. On a heavy uniform beam,
which rests horizontally on two supports near its ends, a
load is placed and the beam bends slightly. It is required
to find an expression for the couple called into play by the
stresses acting across any given cross-section which is
originally vertical and perpendicular to the length of the
beam, the cross-section being assumed to remain plane
when the beam is bent.

In the usual theory it is further assumed that there is
one set of filaments, running from end to end of the beam
and forming what is called the neutral surface, that are
neither extended nor contracted. Let 4 BDC (Fig. 34) be a
vertical section parallel to the length of the beam and let
EF be the line in which the section cuts the neutral surface.
LF is not altered in length but is curved slightly. Fila-
ments in the seetion ABLDC parallel to the original position



182 INTRODUCTION TO THE CALCULUS.

of EF are bent and contracted when they lie between EF
and CD, but are bent and elongated when they lie between
EF and AB.

To find the stress-couple, con-
sider the given cross-section and
another cross-section which is
originally parallel and very close
to it; both remain plane after
bending but are inclined to each
other at a small angle. Let abe,
def be the lines in which they
intersect the section ABDC, and
let these intersect at s, the angle
bse being very small.

The filaments which in the
A — strained position are represented

Fig. 34, by gk and be were originally

equal and parallel; be 18 un-

changed in length but is slightly bent, while g is bent

and 1is also longer than in the unstrained position. To
a sufficient approximation we have

gh_.sg_sb-{-b;/_l by

be sb  sb T Te)
and therefore yh—be_by
be sb

But (gh—be)/be is the unital extension of the filament
gh; the unital extension therefore, if bg be denoted by w,
18 x/sb. When ¢ lies between b and a the filament is
extended and @ is positive; when g lies between b and ¢
the filament is contracted and « is negative.

Now. let 64 be an element of the cross-section through
def, the point & being within 64, and let £ be the Young’s
modulus of the material. Then the stress exerted across
4 by the material to the right on the material to the left

18 ExdA

sh
But, as the cross-section through def is taken closer and
closer to the cross-section through abe, the line sb becomes
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the radius of curvature R at b of the curve be into which
the beam is bent. Hence the stress across a small area 54
including the point ¢ is ExdA/R. By §39, example 5, we
now find for the stress-couple the expression E1/R.

Freample 1. A beam of uniform cross-section and length L with
a load W at the middle, the weight of the beam being neglected.

w
A B

Q c P
Fig, 85.

When the coordinates of a point of the beam are spoken of, it is to
be understood that the point is on the unstretched line £# which
represents the curve into which the beamn is bent.

Take the origin at the mid-point € of the beam and let the a-axis
be horizontal and the y-axis vertical, the positive direction of the
y-axis being upwards. Let 2’ be the point (2, 7).

The bending moment A/ at 2> is the moment about the horizontal line
in the section through 7’ of all the applied forces on either side of the
section, The only applied force to the right of £ is the reaction at B
which is equal to 4 1"; thercfore

M=3WEL=2). cooereeeeeeereeeenas 1)

The bending moment is numerically equal to the stress-couple;
since the l)enging is slight the approximate value for 1/2 may be
used.  Hence we have
Flﬂ—lﬂ'(f‘;l,—a‘) 2)
il =31 2) N e 2)

At the origin € both  and dy/dx are zero, so that the constants of
integration arve zero. Integrating, we find as the equation of the
curve into which the beam is bent

Ely=2 Wz L —22). ccoreierricirciiiiiannnns ®3)

The greatest deflection, 7, say, is given by #=1L ; therefore
p=WLABEL ...ccovivviiiiiiiniiinienn (€Y
If the section is a rectangle of depth @ and breadth b then J=,ab x «¥,
and therefore = WL}AEWPD. (oo, ()

1f the origin is taken at 4 and if 7 is measured downwards (x being
measured from .1 towards B) then, as x increases, the gradieat dy/dx
decreases so that d?y/da? is negative. The coordinates of ), a point
between 4 and €, being (v, y) the bending moment at ¢ is 41Tz
Hence the equation for the curve of the beam is

AW reereerreenseesnessanenss(6)
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Integrating and determining the constants so that y=0 when =0,
and dy/de=0 when x=4%L we lind
Ely =g Wa(L2 - 422,
which of course gives the same maximum deflection as before.

Erample 2. A beam of uniform cross-section and length L with a
uniformly distributed load w per unit of length.

Take the same coordinates as for equation (6) of the last example.
The bending moment at () is

M=%wlxe—wexdr=hw(Ler—o?). 1)
Hence for the curve of the beam we find the equation
2 d‘l)/ s 2 <,
- I:I;z—l;,=§'z(’([,.z, =) e (2)

Integrating and determining the constants so that y=0 when +=0
and r=L, we obtain

El_z/:%’f(m — QL2 e 6

The greatest deflection y,, given by x=3Z, is

5wt
}/1=m. rerrerieeteereeeiaasnseesananeasas()

If the beam is not merely supported at A, B but tangentially fived,
that is, fixed so that the ends are kept horizontal (for example, by
being built in) a couple A is required for this fixation. The span
being L and the upward reaction being 3«L at A, B as before, t.{u-n
the equation for the curve is

EI :;1-’ = K= (Lr =2, o (5)
At A both y and dy/d.r ave zero ; therefore
Ely=3Ka?— pwd®(QL— ). covoeeeiiinnniinnninnn.. (©)

Since y=0 at the end B where x= L, we find, by putting x=/ in (G),
that A =4ywL%. Therefore
Ely=2iwa (L—aP ..o (7)
‘We see from (7) that dy/dx is also zero at B, as it should be.
The greatest deflection, given by =147, is g, where
Yy =1wL*384 L],
which is one-fifth of the deflection when the ends are simply supported.

68. The Common Catenary. A uniform flexible chain of
weight w per unit of length is suspended from two points
A and B; to find the curve which the chain assumes.

Any small picce PQ of length &3 is in equilibrium under
the action of three forces, namely :—its weight wds acting
vertically downwards and the tensions, T and T+6T say,
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acting at the ends P and @ in the direction of the tangents
The three forces are therefore concurrent (Fig. 36).

A

X /

Fig. 36.

Let ¢ and ¢+ J¢ be the angles which the tangents at P
and @ respectively make with the (horizontal) a-axis. First
resolve horizontally ; thercfore

(T'+8T)cos(p+Sp)—Tcos =0, that is, 6(T cos ¢)=0.

Hence, the horizontal componcnt of the tension is constant;
if this constant is T, we get

Teosp=T4 cooviiiniiiiinianinin.. (1)
Next resolve vertically ; therefore i
(T'+3T)sin(p+d¢p) — T'sin p=10ds, that is, éﬁ—z—??—) =

Taking the limit for 8s converging to zero, we find

A (@)

ds
Using (1) and noting that (compare § 66)

dtang dtan¢ QZ.L diy {l + ((?1/) }

Tds T de T ds da? dz

we get for cqua.tion (2) the form

alzz } w
d.'L2 ,\/ \ + 1,, .................. (3)

G.I.0. 2
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which is the differential equation of the curve ; the variables
x, y, ¢ here refer to the point .

To integrate, let dy/dx be denoted by w for the moment;
also put a for T/w. Equation (3) thus becomes

1 du 1 or duv _ d=x 1)
m“ﬂ - a’ .:/—(-I—-i——_’u?—) b @ * scscssssnsen (

Integrate, choosing the constant of integration so that w

may be zero when x is zero; we find

log{u+~/(1+u2)}=z, or ci=u+JA+u?). ......(5)

Again e'5=1/{1L+J(1+1,02)}= —u+ A +u?). ...... ©6)
Now, from (5) and (6) we get, by subtracting and dividing
b Wy y(Fmc)
=u=3\"—=¢ ), il (7)
a(i, u "
and therefore y=5 (c‘—{-— € )y i (8)

the constant of integration being chosen so that ¥ =« when
z=0. Equation (8) is the required equation.

The curve given by equation (8) 1s called the common
catenary, or simply the catenary. Its graph is shown in
Fig. 36.

- EXERCISES. XXI.

In the following examples the notation of §67 is adhered to; the
beamn is supposed to be of uniform cross-section and to be horizontal
in the unstrained position.

1. For a beam tangentially fixed at 4 and loaded at the end 5,
the weight of the beam being neglected, the curve is (origin at .1)
- 1., 1 1 WL3
n[_y:—é Wa2(L —Ex) s =3 g
2. For a beam tangentially fixed at A and free at the end B, with
a uniformly distributed load the curve is
=L ; . _Llwlt
E]g/aﬂw}v (6L2—4Lx+2%); N=gmr
3. For a beam supported at its middle point and uniformly loaded,
the curve is (origin at C, the positive direction of the z-axis being
downwards)

1 wl?

L 1wl
128 £T°

E[y:AB

w31~ 4La +22%) 5 y,=
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4. If in example 1, § 67, the origin is at A and the positive direc-
tion of the y-axis is downwards, show that for a point such as Z
between (' and B the equation is

d? |
Integrate the equation.

5. Show that if, in equation (7), example 2, §67, the origin is at

the middle point of 1L that equation becomes
Ely=2w(L?— %),
the positive direction of the y-axis being downwards.

6. Tor a beam supported at its ends and loaded at a point D such

that .1 =a, DB=0b, the equation for a point between 4 and D is

d%y bW .
BITY 2 et
Id.T“ a+b l’ M
and for a point between 5 and /) is
@y all _ .
E7 = T awh (2 ) R (i)

The integral of (i) is
oo ab(a+20)W bW .
Ely= 6(atb) & m? VRN ¢ 11§

and the integral of (ii) is

o EAEDW  al .
Ely= 6(atd) (a+b-x) 6<a+b)(a+b—x)3. veneiv)
[The constants are found from the conditions that (i) and (n) give
the same values of y and of dy/dr when x=a, and that for (i) y=0
when =0 and for (11) y=0 when z=a+5.]

7. The deflection , and the gradient 3'; at D in example 6 are
a2t W , _ab(b—a)W

N=3aryEr T 3w Er
8. Show that @ in §68 is the length of a piece of the chain whose
weight is equal to the tension at the lowest point or vertex of the
catenary.
9. Show that the tension at any Eoint of the common catenary is
equal to the weight of a piece of the chain whose length is equal to the
ordinate at the point. .

10. If from M, the foot of the ordinate at P in Fig. 36, a perpen-
dicular is drawn to the tangent at 2 to meet the tangent at (7, show
that MG =a and GP=arc CP.

11. The ends A4, B of a chain are in the same horizontal and the
chain bears a continuously distributed load, which is uniform per foot
run of the span (w lb. per foot run). Taking the origin at the lowest
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point of the chain and the y-axis vertical (upwards), show that the
equation of the curve of the chain is y=rwz2?/211, where // is the
tension at the lowest point of the chain.
If the span A B=2b and if the depth of the lowest point of the chain
below 4B is ¢, show that the tension at B is
b per2 4
%J(b— +4c2).
12, If the half length s of the chain in example 11 undergoes a sinall
chauge 8s, say through strain or through change of temperature, show
that the amount by which the chain will sag is approximately 3bds, 4c.

[Use the approximate value for s, namely s=b+2¢%/3b, given in
Exercises IX., example 16.]

13. A cord, whose ends are free, presses tightly against a rough
cylinder along an arc .48, the cord lying in a plane which is normal to
the axis of the cylinder. If 7 is the tension at any point /> of the cord
between A4 and B and if 0 is the angle between the radit 04 and OF
(O being the point in which the plane of the cord cuts the axis of the
cKlinder), show that, when slipping is about to take place, 7" satisties
the equation

ar .,
g
where p is the coefficient of friction.

If the tension at A is 7}, show thut 7= Te *°.

T=0

69. Example from Electricity. In this example the nota-
tion of differentials will be used; thus, if in time ¢ the
current ¢ increases by §i, the increment of 4 is §i while the
differential of © is d¢, which is equal to (§ 22)

an
dt
" The cquations obtained are all, ultimately, ecquations between
limits, and the small errors due to writing the differential
for the increment disappear. In practical work the
differential is frequently used in place of the increment;
thus, in §§37-40, dx, dy, dm, d1V ... are frequently used
instead of 8z, Sy, Sne, SW ...

We consider the case of a variable current flowing in a
circuit containing resistance and self-induction. At time
t seconds let the impressed EM.F. be F£ volts, the current
i amperes, the resistance R ohms and the inductance
L henries, R and L being constant.

The energy communicated to the circuit in a short time
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dt is Kidt joules. Of this energy the amount i2Rdf takes
the form of heat while the amount iLdi goes to increase
the energy of the magnetie ficld or, as is sometimes said, to
overcome the counter EM.F. due to self-induction. 'lhe
energy communicated to the circuit is equal to the sum of
these two amounts. Hence we have

LA +PRA=Eidt, covvieniinnnn..... (1)
and therefore, dividing by <d¢, we obtain
di .
ES 1=F 2
¥ t+ Ri=E ...cccecooovviivnnnnnn.. (2)

as the equation connecting the various quantities.
We discuss one or two simple cases, 1t being understood
that % is either a constant or a function of .
To obtain the integral of (2) divide by L, the coefficient
of di/dt; the equation takes the form
di R. E .

Now multiply by e#/%, where it should be noted that the
coefficient of ¢ in the index of ¢ is the cocflicient of 4 in equa-
tion (3); we get, as can at once be tested by differentiation,

dr. B
(oL ___i , L IR
(7]}<af )—Lf ) e teeraeien e (4)

and therefore, integrating and putting A for the constant
of integration,
e = A4 [Foh A= A4 FO) oo (5)

where f(1) is the value of the integral.
Now multiply by e-#/*; therefore
R
i=Ae Tde L) o, (6}
Equation (6) is the integral of equation (2) or (3).

Erample 1. E=constant=FE,; 7=0 when ¢=0.

. Er"  pE
In this case ft)= ,LQ‘ / el dt = ‘Ro e,
ne
and from (6) i=.e L4 E,

R
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‘When ¢=0, i=0, and therefore
0=A+EJR; A=-EJR,

X E _In’t
so0 that 2=—/L’9(1 —c L ) DN (]

If we put L/R=T, then 7" (which, since the index of e must be a
pure number, is a quantity of the same kind as ¢, that is a time) is
called the time-constant of the circuit. If L=001, R=01, then I'=¢;
At the end of #* of a second the exponential term is e~!, and the
current is

R

As t increases, the exponential term in (7) soon becomes very small;
thus if t=} and 7= the term =e2°*=0082. The value of ¢ there-
fore very rapidly approaches the steady value Eyffi.

'__E'O_‘]___E_'(_)_. — 0637
i= (1—e) =32 (1~ 0:368)=0632

Erampte 2. E= Eysin pt where Ej is a constant.

ﬁ‘ ~ Rt
In this case J)= —2’ j e sin ptdt
L
E 5 ¢ (Rsinpt—pLeospt)
=E,x% s cos pt)

1[‘,+p2L‘[ .--n--u--uuu-\g)

by § 62, example 1.
A more convenient form is obtained by putting

R=1Fkcos 0, pL=Fksin 6,

so that E=J([*+p*L?), tan@=pL/R.
Equation (8) now becoines
f(t)=;—/(17f;27;§} el Sin(pt—6)y eiieninennnes 9)
and equation (6) becomes
Rt
. -7 E, .
t=de L +7(Y£1f§-();7-l7) sin(pt—6). ...........(10)

The exponential term decreases very rapidly and the value of ¢
becomes, after a very short time,

. E, .
C= R L) SIN(Pt=0). eeeeeeiiiiiiinnnnn )

The phase-angle of 7, that is the angle pz—#6, is less than that or
E by 6, which 1s called the angle of lag. When expressed in terms
of time the phase of the current is said to be behind that of the
electromotive force.
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EXERCISES. XXII
1. If in § 69, equation (7), ¢, is put for Ey/R and if 7, 1, ... denote
the values of ¢ for ¢ equal to 7, 27} ..., show that )
1-0632, 2=0865, I=0950, 2=0982.
iy % 7y 7
2. Integrate the equation

i ,.

given that <=7, when ¢=0. Calculate the values %)/, 7,/i), ... where
23 4y ... have the same meaning as in example 1.

3. The current 7 satisfies the conditions of example 1, § 69, from
t=0C to t=t, ; at time ¢, the electromotive force E, ceases to act, so that
¢ satisties the equation

L:—Z+Iii=0,

from ¢=¢, onwards. Draw the graph of 7.

4. [f at time ¢, in the case of example 1, § 69, the resistance is
suddenly increased to f£,, where £, is constant, show that for values
of ¢ greater than ¢,

v -t) Rt Ry(t—t))
. E -1 E _Ity _Rir-t
i=:,011—e L + 0 -e Fpe Lo
(9

5, Show that for the value of 7 in example 4 the product /2,
tends, as ¢ is taken nearer and nearer to ¢;, to the value

o R Ly ¥
-{‘-Qlll(l-—e “ ), or simply Eolty

£ R
if £t/ L is at all large. (Note, for example, that ¢71°=0-0000454.)

6. In the case of exmn;)le 1, §69, show that the quantity of
clectricity, ¢/, that traverses the cireuit in consequence of self-induction
from ¢=1¢, to ¢=1, is given by the equation

o dafedi,  L(,—1) _!LI_?“( o _!L)
I e e A Gy
1f t;=0 and ¢, is very large show that
LE, i
0= ~pp'=—Ti

where 7, is the steady value of the current and 7" the time-constant.
(ive the graphical interpretation of ¢.

7. Show that the work done against the electromotive force of
self-induction in the case considered in § 69, as the current increases
from zero to the value v, is ¥ L%
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8. If {=Isin (pt+a) show that
%:p[sin(pt +a +g)
Note that cos xr=sin (r+7/2).

9. Find (i) the average value, (ii) the RS, value of the current
7 (example 8) for a complete period. (§ 46, example 2.)
10. For the value of ¢ in §69 (11) show that, if R is very large
compared with pZ, the value of ¢ is approximately
.
N’

while if pL is large compared with £ the value is approximately

sin pt,

. E
(= —J—)I‘j cos pt.

11. Show that the energy communicated to the circuit during cne
period 7'(=2x/p) in the case of §69, example 2, is

., [T T E?
W=| Eidt==%—_ 2v__  cos
l idt=34 ~«b¢+4ﬂL5°°“¢
and that the mean value of EZ for the period 7 is
Ez2 w
b et L o8 @ =
TR A =1

12. If E and 7 are the r.ws. values of E and ¢ for the period 7'
show that the mean value W/7 in example 11 is

. —l}j::l—o'xzxms&
13. In §69, example 2, determine the constant 4 if ¢=0 when t=¢,
Work out the solution and represent it graphically if R=050, L=1,
. p=1000, pt,—O@==/6. (Bedell and Crehore, .1lternating Currents,
p- 56. London : Whittaker.)

14. A condenser of capacity (' is charged till the potential difference
(r.p.) of its plates is 17, ; the two plates are then connected by a wire
of resistance £ but of negligible inductance. If at time ¢ther.v.i8 V,
the charge ), and the current 7, then

e - 740 — .
Q=CT, i= -721, V=1,

and therefore CcR ({Zi T+ V=0,

. g s t
Show that (i) V= Ve °7; (il) R= Clog(Vy Ty
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15. If in example 14 the inductance is L, then
co dQ . o di
Q=C7, i== a5 l_[fL+Ldt, .
AV R4V 1
RERE A AR
[This equation is of the form given in example 4, §62. In the
notation of that example

k=R/L, n=1/CL.

Hence if 4L >C/%, V is periodic with decreasing amplitude, while
if 4L < CI? V is not periodic.]

and therefore V=0.

70. Double Integrals. The notation of double integrals
occurs so frequently in elementary applications of the
calculus to mechanics that it seems proper to give an ex-
planation of it. The following problem, though it may be

solved more simply otherwise, shows clearly the nature of
double integration.

Ezample. Find the second moment of an ellipse about an axis
through its centre perpendicular to its plane.
Let the equation of the ellipse (Fig. 37) be

N O )
BA
¥
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Fig. 37.

Divide the ellipse into a large number % of small rectangles by
drawing two sets of straight lines parallel to the axes; portions of the
rcctzmg?es at the boundary of the ellipse will, of course, lie outside
the ellipse.

Let ’QRS be a typical rectangle ; OM=uz, MP=y, MN=PQ=24.,
P8=38y, rect. PQItS=3820y=2354.
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The second moment of 84 is, approximately, OP%. 84 which is equal
to (#24+y*) 84, and therefore the second moment of the ellipse is,

approximately,
S@+y)84 or T(22+yD)828Y .evviviniiirniiiinn 2

where the summation T is to be extended over all the n small
rectangles.

The required moment is the /imit to which the sum (2) converges
when n becomes infinite, each rectangle at the same time converging
to zero.

To obtain this limit we proceed as follows.

First, let x and 6x be kept constant, and sum with respect to 7.
This operation will give all the terms in (2) that arise from the
rectangles in a strip parallel to the y-axis ; if x=0M, Sx=MN it will
give all the rectangles arising from the strip A’Z/LA. When &y
converges to zero, the limit of the part of (2) thus arising is

8z [ (a2 +y0d 3
zj‘;s'( FUYDAY. o 3)

In finding this integral it must be remembered that x is treated as
a constant. The integral will contain x (or OM), MK and M/K’. But
by equation (1)

ME' =~ 2\/((12 —2?), MK=+ 2 @2 =22), oo (@

so that, on the whole, (3) contains # and the constants a, b. For
brevity, let MK
- @2+ yD)dy=F(L). coevrriiianiniiiiin )

The terms of (2) arising from a strip parallel to the y-axis have
therefore for limit /7'(z)dx.

Secondly.  Find now the limit of TF(x)8x, that is, find the limit of
the sum of all the terms arising from the strips like A'L' LK. The
limit of this sum is

/a F(2)AXe o ieiiiiiiiiieiciciee (6)

. When F(z) is replaced by its value (5), the integral (6) is written
thus : “ NE

24 o2 7

f_adxf;m (E2H YD) AY, coreiieiiiiiiiin e (7)

which is called a double integral.

The mode of deriving (6) shows that (7), which is merely the fuller
symbol for (6), means :—/Integrate (z*+y?) with respect to y from y= MK’
to y=MK, treating x as a constant during this integration ; then integrate
the result with respect to x from z= —a to r=a.

We might also find the limit of (2) by first keeping y and 8y
constant. Instead of (3) we should have

EC
By fm (2 42)AT, evrvrrcrercrenerenns NG
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which arises from the strip ¢"CDD’, and instead of (7) we should have

fbd Ea(xz+72)dx ®
K fz‘o' Y . eeesssveniesesansesesensens )
In (9) we first integrate as to x, keeping y constant, from x=EC" to
x=EC where by (1) ’ ’
HO'= =3t =97, BC=+3/(B~y"),

and then we integrate the result as to » from y= —b to y=b.
The evaluation of (7) or (9) is not hard ; take (7), then

['x(.z‘z+¢2)d ~|:x2 +3 3]“ —2—1’{x2+£( 2—x’)} -t (10
. yyy=| sYy+3y° | = 32 (@ (a?—27)". (10)

‘We have now to integrate with respect to z from 2= —a to r=a.
Since the integrand contains only even powers of z, the integral will

be twice the integral from =0 to z=a. To integrate, put x=asinu
and we find

f-i 5 {”2"'3_1:12?(“2’402)} (02— 22} do

7
=4ab f (a? sin?u cos?u + b2 costu) du
(]

24 32
e LR amn
4
The area of the elli?se is wab, and therefore the square of the radius
of gyration is }(a?+b%).
nstead of the symbols (7), (9) the form

f f o 1o/ cosanennsa (12)

is often used. T make this symbol quite definite some phrase must
be used to indicate the limits; for example, “the integration being
extended over the area of the ellipse,” the particular method of
effecting the integrations being left unstated.

Enough has been said to indicate the general meaning of
a double integral; for further details see the author’s
Calculus, §§ 135, 136.



CHAPTER XIV.
.GRAPHICAL INTEGRATION.

71.  Graphical Construction of Derived Curve. In §20 the
meaning of the expression “derived curve” has been ex-

plained. We now state a graphical method of tracing the
derived curve of a given curve.

Y

p

>4

e

Fig. 88.

Let APB (Fig. 38) be the given curve, referred to OX,
OY as axes of coordinates. Through any convenient point
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0 on the y-axis draw O'X’ parallel to OX, and take O'X’,0'Y
as the axes for the derived curve.

Let PT be the tangent at any point P on the given curve,
and let OM =, MP=y=f(x) be the coordinates of P. If
PR is parallel to OX and RT perpendicular to PR, then

dy n_RT
A= tan RPT =PR

Now take a point U on O'X’ to the left of 0’ and draw
Up parallel to PT to meet the common axis of ordinates
at p. The triangles UU'p and PRT are similar; therefore

Op RT dy . dy ,
To=PR=dw 9P~z U0

Produce PM to cut O'X’ at M’ and draw pP’ parallel to

O'X’ to meet P’ at F’; then

WP =0p= -d.” U0

If the unit segment for the 01'dmates of the derived curve

is taken cqual to UQ', then

wp =%,

dx

so that M’'P’is the ordinate of the derived curve correspond-
ing to the point I” on the given curve. The abscissa O
of I” is equal to the abscissa O of P, and P, P’ may
be called corresponding points, MP, M’ P corresponding
ordinates.

To tind the point corresponding to any other point @ on
the given curve, draw Uq parallel to the tangent QS to
nicet the y-axis at g and then draw g parallel to 0’X’ to
meet the ordinate of @ (produced) at (; @ is the point
corresponding to Q.

In this way we can find any number of points on the
derived curve and then, by drawing a fair ecurve through
these points, the derived curve itself.

72. Integral Curve. 1f we denote any ordinate of the
derived curve by ¥/, so that 3 =f'(=) = dy/dx where y or f(z)
18 the corresponding ordinate of the given curve, then the
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area O'M' P’A’ bounded by the derived curve, the two axes
and the ordinate M'P’ is equal to

oM
j y'da.

0

But this integral is equal to f(2)—f(0), that is, to
MP—-04. 1In other words, the area bounded by the
derived curve, the two axes of coordinates of the derived
curve, and the ordinate at any point of the derived curve is
equal to the corresponding ordinate of the given curve
diminished by the ordinate at the origin of the given curve.

In the same way we see that the area M"N'C"P’ is equal
to the ordinate at O diminished by the ordinate at P, namely
NC—-MP.

With respect to the derived curve, therefore, the given
curve is such that the difference between any two of its
ordinates is equal to the area bounded by the corresponding
ordinates of the derived curve, the x-axis of the derived
curve, and the derived curve itself. From this property the

iven curve is called the integral curve of the derived curve.

Cf the two curves APC, A’P'C’ either may now be con-
sidered to be the given curve; if APC is considered as
given, then A’P’C’1s its derived curve, while if A’P'C” is
considered as given then 4 PC is its integral curve.

In the expression for the area, namely MP—0A, the
term —O0A is the constant of integration; if the axis OX
be drawn through A- this term will disappear. In practice
the origin is usually chosen so that the integral curve
passes through it; the ordinate MP then measures the area.

Before stating a graphical construction for the integral
curve we shall refer to the question of units (see also § 32).
Expressing M’ P’ explicitly in terms of U0’, we have

dz
For both curves the z-scale is the same, say @ inches=1.
Let the y-scale of the integral curve APC be b inches=1.
The scale for the ordinates of the curve A’P'C’is U0 =1;
let UO’ == inches.
The value y.UO’ therefore represents yXbn square

WP =3 U0, o thet [MPdz=y. 0.
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inches; y =1 gives bn sq. in,, y =7 gives 7bn sq. in. and so on.
If, for instance, the y-scale 1s 1"=20 and it U0’ =$", then
b==1/20, n=3/4 and the value y=7T represents 7 X 3%; X %,
that is g3ths of a square inch.

If all the values arc expressed in inches, then the number
of inches in the ordinate of the integral curve multiplied by
the number of inches in U0’ will give the number of square
inches in the area, when the integral curve goes through
the origin; if the integral curve does not go through the
origin, it will be necessary to subtract the corresponding
value of 04, the ordinate at the origin.

We have chosen the unit for the y-scale of the curve
A'P'C tobe UO; it is easy however to make the necessary
changes when the unit is differently chosen.

73. Graphical Construction of Integral Curve. The follow-
ing method of constructing an integral curve is based on
that of § 71 for drawing the derived curve.

On the z-axis O'X’ of the curve whose integral curve
is to be drawn, lay off from O’ equal short segments 01,,

1,2, 23,,... and through the points 1,, 2,, 3,,... draw
parallels to the common y-axis. (Fig. 39.)
Let the ordinates at 2,, 4,, 6,,... cut the given curve at

2,4, ¢, ... and let 27, 47, 6", ... be the projections of these
points on the y-axis; 0’ is the point at which the curve
cuts the y-axis.

Let us take the integral curve that passes through O;
then the tangent to it at O is parallel to U0. Draw
this tangent and let it meet the ordinate through 1, at 1.

The tangent at the point on the integral curve correspond-
ing to 2’ is parallel to U2". Draw 13 parallel to U2” cutting
2,2 at 2 and meeting the ordinate drawn through 8, at 3;
2 is the point corresponding to 2.

In the same way draw 35 parallel to U4”, cutting 4,4" at 4
and the ordinate through 5, at 5; 4 is the point correspond-
ing to 4.

The construction may be repeated and we thus get a
series of lines 01, 13, 35,... which are, approximately,
tangents to the integral curve, the points 0, 2, 4, ... being
their points of contact.
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The point O from which the construction begins is, of
course, arbitrary but when that is fixed the integral curve
is determinate.~ The position of the other points 2, 4,.
approximate ; a discussion of the nature of the appwxunap
tion is given in the author’s Calculus, § 83.

/
/

o X
8"
/1 - T
6" 1 /
/ / °
v ,
4
2" | 1
:’01/ P
=
U o 1, 2, 8 4, 5 6 7, 8 X’
Fig. 3.
The lines through 1,, 3, 5,,... parallel to the y-axis are

often called methan lines and the lines U0, U2", U4”, ...
directicn lines.

It is difficult to draw a derived curve with any ccnsider-
able degree of accuracy, because it is difficult to draw
accurately the tangent at a point on a curve.  Itis, however,
easy to obtain great accuracy in drawing an mtegra] curve.

The integral curve of the integral curve is called the
second mtegral curve of the given one; the integral curve of
the second integral curve is called the third integral curve of
the given one, and so on.

1f P is any point on a given curve and P, P’,... the
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corresponding points on the first, second, ... integral curves,
and if ¥, ¥, ¥,, ... are the ordinates at P, P’ P ... respec-
tively, then the gradient of the first integral curve at £ is
y, the gradient 0[ the second integral curve at £ is Yo and
g0 on. This property of conesponqu ordinates is con-
stantly used in applications.

The integral curve of a straight line y =05, parallel to the r-axis, is
the straight line y, =0, whose gradient 1s b.

The integral curve of a straight line y=ax+0, not parallel to the

v-axis, is the parabola. y, = dax*+ bu.

In each case the into gral curve has been supposed to pass through

the origin ; of course, if it does not pass through the origin there will
be a constant term.

74. First Moments. We shall now apply the method of
graphical integration to the determination of first and
second moments of planc areas ; the area is supposed to be
bounded by a curve, the coordinate axes and an ordinate.
We begin with first moments, and take the problem of
finding the first moment of the area 04 B’ (Fig. 40) about
any axis in its plane perpendicular to OA.

Draw O'P'B" the integral curve of OPB and let M'F’,
N'Q’ be the ordinates (,()nespondum to M P, NY) respectively.
By the fundamental property of the mtwml curve, the
areas OMP, ONQ are equal respectively to the ordinates
MP, NQ, and therefore the area of the strip MNQP is
equal to N'Q'— M'P".

If y denote any ordinate of the given curve we shall
indicate by ¥, the corresponding ordinate of the first
integral curve, by w, the corresponding ordinate of the
second integral curve and so on; thus if M P=7 then
MP=y,. We shall also use the notation of differentials
dx, dy, dy,, ... instead of that of increments ér, dy, Sy, ... .
(See § 69 and § 22.)

ow let
OM=x=0M, MN=dx=MN', MP=vy, MP =y,:
then N'Q — M P =dy,.

The area of the strip MNQP is equal to ydx; but this
arca is also, as we have seen, equal to N'Q — M'P". There-
fore we have the important result

ydx=dy,.
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Similarly, we have y,de=dy,, y,de=dy, and so on;
these results are in fact mere consequences of the definitions
of the curves.

(i) Let the axis of moments be AB.

Through P, @ draw parallels to 0’4’ meeting AB at
E, F" and OY at H’, K’ respectively. Let OA=a; then
MA=a—-x=PFL.

Y
g U
c R B D
K| Q- F
’ - E'
H P |
} 1
o Mli :Nl A l-l
Pl iQ B
o MN A L
Fig. 40.

The moment of the strip MNQP about 4B may be taken
as MA.ydz, or (a—x)yde, which is equal to («—a)dy,.
But (a —x)dy, is equal to P'E’. E'F’ which may be taken
as the area of the strip P’E'F'Q. Therefore the moment
of the strip MNQP about AB is equal to the area of the
strip P'E'F'Q’. Hence the moment of the whole area
OABP about AB is the sum of the strips like P'E'F'Q,
that is, is equal to the area O’A’B'F’ of the first integral
curve.

(Note that, when the area OABP is divided into strips
by a series of ordinates, to each of these strips like MNQP
will correspond a strip of the area O’A’B'P’ like PE'FQ’;
integration for the first moment is reduced to integration
of the strips of the arca O’A’B’P". Similar correspondences
will be met with repeatedly in this method of “graphical
integration.)

(i1) Let the axis of moments be OY.

The moment of the strip MNQP about 0V is x. ydx, or
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zdy,, which is equal to the area of the strip H'P'Q'K’ of
the area (/) P’B’(", where C’ is the point on O} at which the
parallel through B’ to 4’0’ meets OY. Hence the moment
of the whole area OABP about OY is equal to the area
OPBC.

(iii) Let the axis of moments be LL'D’, any line per-
pendicular to O4 and not intersecting the area OA BP.

If 0'4’, C'B’ are produced to meet LL'D" at L', ) it is
easily seen that the required moment is the area O'L’D'B'F’;
the proof is precisely the same as for case (i).

(iv) Let the axis of moments be MP, any line perpen-
dicular to OA and intersecting the area OABP.

The moment of the area OMP about MP is by (i) equal
to the area O'M'#’; the moment of the area MABP about
MP is by (ii) equal to the area P B'R’, where R’ is the
point at which MP meets C'B. Therefore the required
moment is the difference of these areas.

75. Various Constructions. The moment in case (i) of
§74 is the area 0"’4’B'P’ of the first integral curve, and is
therefore equal to the ordinate of the second integral curve
corresponding to A’B’ or AB. For the sake of clearness
we shall draw the second integral curve in a separate
diagram, retaining 0’4’ as the z-axis; points on the second
integral curve will be denoted by letters with two accents :
thus, P” corresponds to I’ on the first integral curve and to
P on the given curve. (Fig. 41.)

(1) Centroid of Area. Let the tangent at B” to the
sccond integral curve cut 0’4" at G” and O'Y at V”; the
centroid of the arca OABP will lie on the ordinate
through G”.

From the figure, the gradient at B” is A'B"/G"A’; but
the gradient at B” is also equal to A’B’, the ordinate at B’
on the first integral curve. Hence

’ / A,‘BI’ 7’ ’ A,B”
A’'B =i G'A =g

But A'B is equal to the area OA4ABP, and A'B” is equal
to the moment of that area about A’B’, so that the centroid
lies on the ordinate through G”.
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(b) Moment of Area about OY. In case (ii), § 74, the
moment is equal to the area O'P'B'C” (Fig. 40), that is, to
the rectangle O’A’B’C” diminished by the area O'A’5F'P".

Now, the integral curve of the straight line C’B is the
straight line through O’ parallel to the tangent G"B”; if
this straight line meet 4’B” produced at 0" (not shown in
figure) then A’D” will be equal to the rectangle O’A’B'C".
From A" subtract A’B”, which is equal to the area
O’A’B'P’, and we obtain B”)” as the line which represents
the area O'P’B'C”; but B'b” is equal to V"0, and therefore
V"0 represents the area O'F’B’C’, that is, the moment of
OABP about 0.

(-
Y
o

’ [
t"/

Fig. 41.

(¢) Moment of Area about LL. Let G"B” be produced to
meet the axis L1  at L”, and let the integral curve 00" of
C'B’ be produced to meet LL' dt I” (not shown in figure).
The line L'7” will be equal to the area of the rectangle
O'L’D'C’. Also, I'l" is equal to V70" which, as we have
just seen, is equal to the area O'P'I'C”; therefore L'l"— L',
that is, L'L" is equal to the area O'L’D’'B'J”. Hence L'L"
is equal to the moment of 04 BP about LL'.

(d) Moment of Area about MP. This moment is the
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difference of the areas O’M'[”" and B R’ (Fig 40). Suppose

O'M' P’ less than P’'B’R’; the moment is then P’B'R'- O’ M'P".
Now OM'P'=MP" (Fig. 41). Also P’B'R’ is equal to

the rectangle M’A’B’R’ diminished by M’A’B'P’. But the

rectangle is equal to MA’xX A’B’, and M’ A’B'FP’ is equal to

A’B"— M'P". Therefore

PBR ~-OMP=MAXAB—~(A'B"—MP")-MP"

1A ‘4 IB” 3% : ’ '_‘4/3/,
=MA"x G,;X,—A B’, since A’'B'= A
AR ara—way o B8 e

G'4’

If P’M’ be produced to meet V"B” at R, then

A'DB GA=RMN: MG
so that PBR—-0OMP=RM.

When the axis passes through ” the moment is zero.
We have thus another proof that the centroid of the area
lies on the ordinate through G".

General Rule. By examining the various cases we see
that the moment of the area OABP about any axis per-
pendicular to O4 is equal to the line intercepted on the
axis between 0’4’ and the tangent V'B” to the second
integral curve at 5.

(¢) Moment of Strip MNQP about AB and about OY.
Let the tangent at P” meet A’B” at 7" and O'Y at t”
(Fig. 41). Then, by the general rule applied to the area
OMP, the moment of OMP about AB is A’T". If the
tangent at Q" (Fig. 42) meet A’B” at 7", then the moment
of ONQ about AB is A’T",. Hence the moment of the
strip MNQP (the difference of ONQ and OMP) about AB
18 71", (Fig. 42).

Similarly it will be seen that if the tangent at @ meet
0'Y at ¢, the moment of the strip MNQP about OYis t";t".

76. Second Moments. We shall find the second moment
of the area OABP (Fig. 40) about any axis perpendicular
to 0A.

The second moment about AB is, the previous notation

being retained, a
j (a—x)?ydz.
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Integrating by parts, we find

[ w—oryae = @—-o [ +2] @- 2o

But (¢ —x)*=0 when x=gq, and y,=0 when =0, so that
the integrated part is zero. Integrating again, we find

“‘a(m —x)2yda = [:2(01, -x) yz]a+ 2ry2cla: = Qjayzdac.
0 o 0 0

The moment is therefore twice the area O’A’B” of the
second integral curve, and is therefore equal to 24’B” where
A’B” is the ordinate of the third integral curve correspond-
ing to 4B.

‘We have given this proof because of its simplicity; we
shall however discuss the various cases in a manner similar

to that adopted in §§ 74, 75.

v &

/] Fig. 42.

(i) Let the axis of the moments be A B.

The second moment of the strip MNQP about AB is
(@ —a)ydx, that is (a—zx).(a—2z)ydz. But (a—2z)ydz is
the first moment of the strip about AB, and is therefore,
by §75 (e),=T"T",.

The area {Fig. 42) bounded by the arc P"Q", the tangents
P, QT and the line 77", may be taken as a triangle
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with vertex P” and base 7"7", (any error due to this
approximation will not affect the limit of the summation
which gives the moment of the whole arca OABP). The
altitude of this triangle is «—z, so that (e —2)x 7"7", is
equal to twice its area.

Hence the second moment of the strip MNQP about AB
is twice the area 711" Q".

Proceeding now as in §74 (i) (see the remark made at
that place) we find that the second moment of the whole
area OABP about AB is equal to twice the area O'A’B" of
the second integral curve.

(ii) Let the axis pass through the centroid of the area
OALP.

Let 7, denote the second moment about the axis through
G” parallel to AB; we know [§75 (a)] that this axis passes
through the centrmd Then, by §39, Theorem 2, /4 is
equal "to the moment about 4B diminished by the product
of the area 04 B and G"A™.

But the area is equal to 4’5, and 4’B'x G"A4’ is equal to
A’B” ; therefore

1e=20'A'B"]""—G"A’x A’B”
=20'4'B"P"—2AG"A'B"
=20'G"B"P".

(iii) Any axis perpendicular to OA.

Let the axis be, for example, MP or M'P”; then the
moment 8 equal to Ig+A'B'XM'G"% But A’B'XxM'G" is
equal to R”M, and therefore A'B'xXM'G"? is equal to
M x MG, that is, to twice the triangle M'G”"R". Hence
the moment about MP is equal to twice the area O'G”B"P”
together with twice the triangle M'G"R”.

Similarly the moment about OY is twice the area
O'G"B”"P” together with twice the triangle O'G"V”; the
moment about LL’ is twice the area O'L’'L"B"P".

77. Construction for Second Moment. Let the integral
curve of the straight line V”G”B” be constructed with G”
as origin, and let B” be the point on the integral curve of

O’P”B” (that is, on the third integral curve of OPB) cor-
responding to B”. (Fig. 43.)

The ordinate A’B” is equal to the area O’A’B", and the
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ordinate 4’V is equal to the triangle G"4’B". Hence b”B”
is equal to the area O'G"B"P’, that is, to L1g.

Y I
”
B
bw
P'
o M G AL
ol;l Iz Anl
Fig. 48.

Draw O0”A”™ parallel to 0’4", at a distance below 0’4’
equal to B ; then the second moment of the area 04 BP
about any axis is twice the line intercepted on the axis
between 0”A” and the parabola p”G"0"”. For example
the second moment about 2"p" is 2M"p”".

78. References. The method of graphical integration
has in recent yecars been extensively applied in the treat-
ment of problems in mechanics, but the discussion of its
various uses would lead us far beyond the scope of a
mathematical text-book. It is hoped however that enough
has been said to enable the student to apply the method in
his further studies. A few references are here given.

The standard work is the book of M. Abdank-
Abakanowicz, Les Intégraphes; la courbe intéyrale et ses
applications (Paris: Gauthier-Villars), of which there is a
German translation by Bitterli, Die Integraphen (Leipzig:
Teubner). This work contains a full description of the
Integraph—an instrument for tracing integral curves.

An article by Prof. W. ¥. Durand in the Sibley Journal
of Emgineering, January, 1897, and an article by Mr. John
G. Johnstone, The Uses of the Integruph in Shiyp Calcula-
tions, in the Transactions of the Institutiom of Engineers
and Shipbuilders in Scotland, March, 1904, will also be
found useful.



CHAPTER XV.
MACLAURIN’S THEOREM. DIFFERENTIAL EQUATIONS.

79. Infinite Series. In § 44 it has been proved that
sin « is approximately equal to a sum of powers of z, and a
limit for the error incurred by stopping at any particular
term is given. The structure or “law” of the terms is such
that any named term can be written down because the nt®
or “general” term is (—1)"-1a-1/(2n—1)!; the series of
terms can therefore be continued to any extent. When =,
the number of terms, tends to infinity the crror tends to
zero (p. 116), and it is customary to say

. at ob

smm-.'r,-3,+5:
The expression on the right of (1) is called an infinite
series, and it is said that the series “ represents” sin .

Of course it is impossible actually to calculate and add
up an infinite number of terms; but when the law of the
terms is known and when, as in this example, all the terms
that follow a definite term, say the 10™ or the 100t
contribute a demonstrably small amount, the infinite series
is quite intelligible. Infinite series are of very great use;
for instance, see p. 166, where it is shown how logarithms
may be calculated. We shall consider very briefly some
rules for the use of infinite series.

80. Convergence. Divergence. Let u,, u,, u,, ... be an
endless set or sequence of numbers, anc{ let s, denote the
sum of the first n terms,

Sp=U + Ut ... +U,.
H

7 . .
—73+... to infinity. .......... (1)
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When « tends to infinity the expression w,+u,+...4u,
becomes an infinite series; if, as » tends to infinity, s, tends
to a definite, finite limit, 8 say, the scrics is said to converge
or to be convergent and to have the sum s or to converge to s,
but if s, tends to infinity the series is said to diverge or to
be divergent.

If r, denote the series formed by beginning at the
(n+ 1) term,

T =Upiy+U,so+ ... to infinity,

r, is called “the remainder after n terms” When the
series converges, 7,, which is equal to s—s,, must tend to
zero when n tends to infinity; 7, will be small when » is
sufficiently large. If r, is small when 7 is small the series
is said to be rapidly or Lighly convergent; for purposes
of calculation rapid convergence is obviously a valuable
quality.

Erample. 1f u,=ar""? the series is a geometrical progression (G.p.)
In this case . s a arn
n=a+tart+ar’+...+ar"" =1 "is

(i) If 7 is numerically less than unity 7" tends to O when n tends to
infinity ; the infinite series is therefore convergent and its sum s is
a/(1—7). In this case r,=ar"/(1-7).

(ii) If » is numerically greater than unity " tends to infinity ; there-
fore s, tends to infinity and the series is divergent.

It may happen that s, does not tend to a definite, finite
limit ; thus, if in the G.p. = —1, we have

g, =a—a+a—a-+... to n terms,

and 8,=2« or 0 according as 7 is even or odd. In this
case the series is said to oscillate; s, does not become
infinite, but it has no definite limit, and is therefore not
convergent.

Obviously a series cannot oscillate when all the terms are
of the same sign. If the terms are all positive s, will
increase as m increases, and then one of two things must
happen. Either s, will increase beyond all bound as n
tends to infinity [eg. if 8,=14243+...+n=In(n+1)],
in which case the series will diverge, or else, however great
n may be taken, s, will never exceed some fixed number,
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I say; in this case we will assume that s, will tend, as n
tends to infinity, to a definite limit which will not exceed Z,
and the series therefore will converge.

We shall represent an infinite series by such notations as

0
Uyt gty DUy DjUn; D%
1

Note. In testing whether a series is convergent or not,
we may neglect any finite number of terms; such terms
would not affect the character of the series for n tending
to infinity.

81. Ratio Test. The following test or rule is very
important ; it muy be referred to as the Ratio Test.

Let u,+u . be a series of positive terms such that
when n tenéi to infinity the ratio w,,,/u, tends to the
definite number r; the series will converge if » <1, but
will diverge if »>1. The test fails to decide whether the
series converges or diverges if r=1.

(i) r<<1. Since the limit of Uy 11/Wy 18 7 the Tatio w1ll
differ very little {from r when n 18 sufficiently large, and
will therefore be less than some number, p say, which
may be greater than » but will be less than unity. Let
W, 44/ %, be less than p for every value of » that is equal to
or greater than the tixed number m; then

U g1/ Ui < P Or Upy < Upp,
Wingg < Wang 1 p < “mP?y Uity < Umpzp < Um P’

and so on. Hence cach term, beginning with ., is less
than the corresponding termm of the G.P. w,p+u,p2+...,
which, since p <1, has the sum a,p/(1—p). Therefore
the sum s, of any number n of the terms of the given
series, however great n may be taken, is less than the fixed
number k, where

k=u+uy+ ...+ Un+Unp/(1—p),

and thercfore, by the assumption stated towards the end of
§ 80, s, will tend to a definite limit and the series will
converge.

(ii) »>1. With the same notation as in (i) we now
have p > 1, and each term, beginning with %.4,, is greater
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than the corresponding term of a G.P. which tends to
infinity. The series therefore will diverge.

Note. In the examples the limit L is the limit for n
tending to infinity.

2 2\2 2\3 (2)4
Example 1. §+2(§) +3<-3'> +4 5 +....

i u,.t,_ . <2>"_( 1)2
Here (n+1)(> +niz) = ]+n ,

and therefore Lu"“/u,,—% Thus r=% <1 and the series converges.
(We might take m=4, p=§ or m=5, p &, etc.; usually m is not at
all large. )

Example 2. The series 1+1+3+1+... is called the karmonic series ;
show thut it diverges.

Uns1_ o
Here L v Ln+1 Ll+l/n_l’

and the Ratio Test fails since »=1. But we can prove the result as

follows: Beginning with the third term, take the terms in groups of
2,4 0r 22 8or 2% ...2™...; then

I+i>l+lord, F+i+3+3>4ord,
S+iot- s> s ord,
and so on. The sum of p of these grmfps is 3 p, which may be made
as big as we please because the number of groups is unlimited. Hence
the given series diverges.

This example is noteworthy because u,=1/n, and there-
fore tends to zero as m tends to infinity. It is easy to see
that a series Xu cannot converge unless Lu,=0; for if
Ls,=ss0 also is Ls,_,, and, since w,=s,—s

Lu,=L(s,—8,.,)=8—s=0.

The example, however, shows that Lu, may be zero and
yet that the series may diverge.

n-1’

82. Absolute Convergence. If a series which contains
both positive and negative terms is convergent when all
the negative terms have their signs chancred it will be
convergent as it stands. For, obviously, both the sum of
the first m terms and the remainder of the given series are
numerically less than the corresponding sum and remainder
of the series of positive terms, and as the latter remainder
tends to zero so does the rema.mder of the given series,
which is therefore convergent.



ABSOLUTE CONVERGENCE. 213

A series is said to be absolutely convergent or uncondition-
ally convergent when the series formed from it by making
all its terms positive is convergent; any other convergent
series 1s said to be conditionally convergent.

o . 1 1 .
T'he series 1— St 215 +... is absolutely convergent because the

series 1+§]7+~§2—+21g+... has the sum 7%/6 [p. 149 or §83, Ex. 8];

1

but the series 1 —%+§—i+ ..., which has the sum log 2 [p. 166, (v)], is

only conditionally convergent since the harmonic series is divergent.
Absolutely convergent series are specially useful; they

may be treated in most respects exactly like finite series.
Extension of the Ratio Test. A series will be absolutely

convergent if L, /u, is numerically less than unity.
Note. The numerical value of a number, x say, occurs

so often that the symbol |x| is used to denote it; || means

x if « is positive, but — if @ is negative. Thus

=5, |—=5]=5, [cosl20°|=|—-}|=1.

83. Examples. The following examples include many

of the more important cases. The limit L is the limit
for n=o0.

5

1. The Binomial Series. 1+ T .7:+7-7?>(;%-]~~) i+,
mzwl_ﬂm(ﬁtl_])x; Lt _
U n n l,

Hence the series converges absolutely if || <1, diverges if |z| > 1.
(If m is a positive integer the series terminates, and the question of
convergence does not arise.)

2t 2 2t

2. The Logarithmic Series. x- o + vy + e
Unsy " . _ T . Uny1_ _
Uy a1’ 1+1/a° Uy z

Hence the series converges absolutely if | 2| < 1, diverges if |z| > 1.
We know (§82) that it converges conditionally if x=1 and diverges
if x=~1.

. , 2 P
3. The Exponential Series. 1+x+ grtgite-
Unyr T, Uni1_g
u, 0 U
Hence the series converges absolutely whatever number » may be.
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3 7
4. The Sine Series. ‘”‘%I"‘%"%"‘""
Uns1 _ ?

LA, JE5 B
u,  2n(2n+1)’ L Up 0.

Hence the series converges absolutely whatever » may be.
at gt a8
—T‘Z—'+:1_' "6—,+ .

5. The Cosine Series. 1

L,s1/u.=0, and the series converges absolutely for every .

122 1.325 1.3.5 a7
6 o+ teis a7
1 1
u,,n_(%n—l)’.rz_l_;h-kﬁz 2. Uns1_ o
U,  2n(2n+1) T -za—x'
1+3,

Hence the series converges absolutely if ] < 1, diverges if 2| > 1.

7. Let w,+uy+... (or Su) and a;+a,+... (or Sa) be two series of
positive terms,  If (i) each term of Zu i3 less than the corresponding
term of Za, then Zu converges if Xu converges; but if (ii) each term
of Zu is greater than the corresponding term of Xa, then Mu diverges
if Za diverges.

(i) Let 2a converge and have k as its sum. The sum of the first
n terms of Za is less than & whatever number » may bLe ; hut the sum
of the first n terms of Zu is less than the corresponding sum for Za,
and therefore less than 4. Hence Zu converges by the assumption
stated towards the end of §80. If the terms of Zu are not all positive,
hut are numerically less than the corresponding (positive) terms of Xa,
then Zu will be absolutely convergent.

(ii) The proof for divergence may be left to the student as it is so
obvious.

This theorem is often called the Comparison Test, and is very useful.

8 1.1 1

l+_2_2+37‘+'"+;l—2+ ............................... (a}
After the first, the terms are less than the corresponding terms of
1 1 1
1+i'—2+r3+...+m+..., .................. B)
. 1 11 ( 1 ])
that is, ]+(1—§>+(§—3)++ =i m +....
Thus (B) converges to 2, and therefore (a) converges.
1 1 1
9. T gatgadgid e s (y)

1f k> 2, compare with series (a); (y) will be thus seen to converge.
If k<1, compare with the harmonic series ; () will be seen to diverge.
The series ('nyonverges if only #> 1, though this proof does not show it.
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10 cosz  cos 2r  cos3r _cosdx
: 12 22 3 PO

Comparison with the series (a), Ex. 8, shows that this series con-
verges absolutely for every z. [See p. 149 (i).]

84. Maclaurin's Theorem. A function f(x) can frequently
be represented by an infinite series of ascending integral
powers of @ (a Power Series in z); we have had e‘(mnples
of such series for the functions sinz and cosz (p. 113),
tan- 'z (p. 158) and log (1+=) (p. 165). We shall now give
the general theorem of which these are particular cases:
the way in which we derive it is not really a proof, but it
sugyests the theorem. For a more accurate statement and
references, see § 87.

Suppose that f(xz) can be represented by a Power Series
in x, say

f@)y=a+ar+a,2+oad+ . Fa,x" ... (1)

We must assume the series to be convergent, say for
l] =c; when the cocfficients have been found in any
particular case, the convergence can often be tested by the
rules already given.

Now diflerentiate (1) once, twice, thrice, ...; then

f@)y=a +2a,0 4322+ . Fua, 2" (2)
f(x)y=1. "a s+ 2. 30+ (=1 naat-24 ... .l (3)
[ (x)=1. 3(1 +2. 3 da, x4 ..

+(n-—9)(n—1)n(nu "= "+ ................ 4)

JFo(x)=1. (n— l)na,,
+2.3 7z(n+1)an+,x+ ceneeen(B)

Put x= 0 in e&ch of the equatmus (1), (2) ..; we thus
find fiO=a,; f(O=a; f”(()) 1.2a,;
(M =1.2.8a,; ... f20)=1.2.3...na,;....
Solving these for ag, ay, a,, ..., we obtam

=f(0);  a;=f1(0); "'2‘=‘2}‘;f”(0);
1,, 1
a3=§1f (0)1 oo au=,ﬁlf(n)(0) TR
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Thus, finally, ,
F@)=FO)+af O)+5:/ O+ ...+ fO0) + ... ..(o0)

Equation (M) gives Maclaurin’s Theorem for the repre-
sentation (or expansion) of f(z) as a Power Series in z.
If, instead of assuming a Power Series in «, we assume
one in (x—a), say
f@)=by+b(x—a)+by(x—a)+...+b(x—a)"+..., (1)

we differentiate as before, but in (1’) and in the equations
formed by differentiating it we now put a instead of 0 for z;
we thus find

f@)=f@)+(x=aw)f(a)
Lle=ap rc) CRlDF _,_(73 “) A Y R (T)

A useful form of equation (T) is obtained by putting
a+h for a; thus

fla+h) =f(a)+l(,f'(a)+gf"(a)+ ... +7’,§L:f(n)(“)+ v (T)

Equation (T) gives Taylor’s Theorem for the expansion
of f(x).

It must be specially noted that the expansions only hold
so long as the series are convergent; if the series in (M) or
(1) diverges, say for x=c, then the series is not equal to f(c).

85. Some Standard Series.
1. sinx.

Sf(z)=sinx and (p. 108) f*"(x)=sin (,_,_%I)

Hence  f(0)=0; f’(0)=sin?2f=1 ;i f(0)=sinT=0;
J(0)=sin 31'= -1; f¥(0)=sin2r=0;
Thus the coefficients of the even powers are zero; the value of /(0)
when n is odd is +1 and —1 alternately. Therefore
2? .75 a7
sinz=z— 31 + 5 'ﬁ"’ .
The series converges for every value of z (§ 83, Ex. 4).
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2. cosx.
Here f(x)=cosz and J™(r)=cos (x +7i27f) As in example 1, we
find .
cosx=1— +'Z4‘ ';6!+...,

the series converging for every x (§ 83, Ex. 5
The series in examples 1 and 2 are the same as in § 44.

3. a+x)™
Here j()=1+2)" and f(2)=m(m—1)...(m—n+1)(1+2)™™ s0
that J(0)=1, f™(O0)=m(m—1)..(m—n+1),

and therefore
(+0m=1+me+ m(m —1). n(,m nED) g

The series converges absolutely if |z < 1 (§ 83, Ex. 1).

If @ and b are not equal, (a+0)™ can be written a™(1+b/a)™ or
b™(1+a/b)™ and x put for b/a or a/b according as || is less or greater
than|a|.

This is the Binomial Theorem ; m may be positive or negative, integral
or fractional. Of course if m is a positive integer the series terminates
with z™,

m(ngz— 1).v2+...+

The series for e, log (14+x) and tan-'x have been already
given; it will be a good exercise to establish them by
Maclaurin’s Theorem. The method of integrating a series,
applied in the case of log(1+4x) and of tan-z, is very
useful. It is often difficult to calculate f™(z), but without
™ (0) Maclaurin’s series cannot be found. Sometimes only
a few terms of an expansion are required and the necessary
derivatives can be calculated, often with a good deal of
labour. See Ex. 4 in Exercises XXIII. (See also Ex. 2 in
the same set for expansions consisting of a few terms.)
The following example illustrates the method of integrating
a seneq

4. sin~!x. We know that sin—lx is the integral of 1/4/(1 —2%). Now,
by the Binomial Theorem since 1/J(1-2%)=(1 _ze)"}

1.3 1.3.5
\/(1 = 1+ 13+ 4:::‘+2~———4 6
Integrate, noting that the const«mt of integration is zero, since
sin—lx is zero when z is zero ; then
12 1.3 1. 3 5
-1 el T
sin~lz= .1:+c, 3+2 r 5+

which holds if |z| < 1 (§ 83, Ex. 6).

4.

a7
67

G.1.0. v
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5. An approximate value of a root of the equation f(x)=0 is known
show how to find a closer approximation to this root. (See p. 46, Ex. 26.)
Let a be the given approximation ; then f(a) is small but not zero.
Choose a number b nearly equal to a but suck that f(b) and f(a) have
opposite signs. The graph of f(z) will cross the z-axis between the
oints 4 and B whose abscissae are @ and b, and therefore the root
ies between @ and . Suppose a+4 to be the root; then f(a+4)=0.
But by Taylor’s Theorem [§ 84, (1,)],

Fa+h=f@+if @+% @)+ ..,

s0 that 0=/(a) +f (@) + 2 " (@)+..

Since % is small, we may, for the next a({)pmximation, neglect the
square and higher powers of £ ; we thus fin

0=f(a)+4f(a) or h=-j(a)/f(a),
and the new value for the root is a+ 4 or a—f(a)//"(a).

Similarly, if b+ £ were the root, we should find

k=—fO)[(b); b+k=b-f()f ()

‘We thus have two approximations, but we do not know which is the
better ; in fact one of them will often be worse than that from which
we start. The rule for deciding between them is as follows :

If f(a) and f”(a) have the same sign, we take a+4% ; but if they have
opposite signs, f(b) and /() will have the same sign, and we take b+ 4.

t is necessary for the validity of the rule that /() and /”(») should
neither vanish nor change sign from z=a to z=5b; for a proof of the
rule see the author’s larger treatise on the Calculus, p. 245. The method
is known as Newton’s Rule,

6. Solve the equation z+sinx —§=O.

Here f(x)=x+sinz—g; JS(@)=14cosz; f'(x)=—sinz.

By trial, the angle will be found to lie between 30° and 31° or, in
radians since z is in radians, between 0-5236 and 0'5411. Now
7(0'5236) = —0-0236, f/(0-5236)=1-8660 ;
£(0:5411)= +00089, (0'5411)=1-8572.
Since f"() is negative and f(0-5236) also negative, we take a=05236,
and for a+4, we find

Ha) _o. 00236 _ ., .
a f,(a)——O 5236-{-1_8660—0 5236400126,
80 that a+A=05362.

If we call this value a,, we get a, —f(a,)/f’ﬂa,) for a still hetter
approximation ; this new value is 05362674, the error in which is
less than a unit of the last figure. In degrees, the angle is 30° 43’ 33“0.

The above equation gives the solution of the problem : 4 is a point
on the circumference of a circle and 4B, AC are two chords which
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“

trisect the area of the circle ; find the angle (3z) between 4B and the
diameter through 4.

86. Exponential Values of Sine and Cosine. We suppose
that the student knows that complex numbers a+ b may
be combined by the ordinary rules of algebra. The symbols
« and b denote real numbers (such as 2, -1, /5, =,...);
the symbol 4 is “the imaginary unit,” and is such that

#*=—1. Every integral power of ¢ has one of the four
values 1, —1, —4, +1. Thus

t=1, P=—1, P=1.0%=—1, ¥=1.3=—2=+1;

B=1.1=1, ¥=1.P=02=~—1, 7=1.16=—1,
B=1.7==2=4+1;

and so on, the values 4, —1, —i, +1 recurring periodically.

Similarly,

1l =1/i=1/1"= —1; 1 2=1/t=—1;

173=1/*=1/(—1)=41; 17 *=1/it=+1;
and so on.
Now, in the series
z* a® at b at ol
1+x+§+m+z§+§!+a+rﬂ+-.. s
put i for z, and it becomes
Y Y - L L -

or, taking the real and the pure imaginary terms as separate
series, 0 @t @

. 6 6 g
-Gt g—grt o+ (0= g s gt )
that is, cos @41 sin 6.

We may therefore take the symbol ¢ to mean cos 8+ ¢sin6,
and in the same way e~* may be taken to mean cos 6 — % sin 6.
Hence we have

cos0+28in@=¢€?, cos@—isinf=e"¥,
and therefore, solving for cos 6 and sin 6,
GOge-® e —g-i0
cosfP="—"—> sinf@=—-—-
2 24

These are called the Exponential Values of cos § and sin 6.
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If we assume that the power e? is subject to the ordinary
laws of indices, it is easy to verify from these expressions
that, for example,

cos?0 +sin?0=1, cos(6+ ¢)=-cos Ocos ¢—sin O sin ¢.

Again, if we differentiate, assuming that the symbol ¢
may be treated as a constant, we see that

d.sin 6 1 d(e¢?—e %) 1

(e“’ +e-%)=cos 0,

de 7 de
0 ~i0 2
d;(;s@ %_ d(e (;—96 ) L(ew e~®)= —ginf,
1 12 - 1
because 53=9;=

Ezxample 1. Express Ae*+ Be~>% in terms of sine and cosine.
The expression =4 (cos 22+ ¢ sin 2r)+ B(cos 2z — ¢ sin 2x)
=(A+ B)cos 2z +i(4 — B)sin 2x.
Ezample 2. Express AeP+2)= 4 Be-21= in terms of a real exponential
and of sine and cosine.
We have etz e g2, QB-z_giz g—2x
Hence the given expression is equal to
*(Ae* + Be~*)=¢*{(4 + B) cos 2x+1(4 — B)sin 2x}.

Similarly

Ael=a+niiz 4 Bel-g—nilx=g-ex{( 4 + B) cos nx+i(4 — B)sin nr}.

The exponential values of sine and cosine will be found
useful a little later (§ 91).

87. Taylor's Theorem with Remainder. We merely state
the Theorem for purposes of reference; a full discussion
will be found in the author’s larger treatise, Chap. X VIIL

If f(z) and its first n derivatives are continuous (§ 10)
from z=a to the value of z considered, then

f(x)=f<a)+<m—a>f’<a>+(”” — f”(a)+

where Rn=§%?—)_f (")(%)

+
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R, 18 called the Remainder after n terms. All that is
known of the number z, is that it lies between a and x;
that is, a <<z, <z if 2>q, but a >z, >z if x<a.

When n tends to infinity the sum becomes an infinite
series; if R, tends to O the series will then converge and
represent f(z). If R, does not tend to 0 the equation (T) is
still true as it stands.

Maclaurin’s Theorem is obtained by making a=0.

The following particular cases of (T) are useful. Let
xz=a+h; then

(@) n=1; fla+hy=Ff(@)+hf ).
(i) n=2; fath)=f(@)+hf @ +o ),

x, and x, may be different, but both lie between a and
a+h.
EXERCISES. XXIIIL
1. Prove that the following expansions hold for every z:

x? 3
(i) sin(r+a)=sina+xrcosa— §1r,a——?cosa+

2|
.. 2
(ii) cos(x+a)=cosa—zsma—?cma+§‘ sina+..
0 Wt 208
(iii) cos~.z‘=1-.z:2+—4—:———6'»-+... ;

(iv) ere=¢cos(xsin a)=1+xcos ati o - cos 2a+—'7fi cos 3a+..

Show that D"e*¢%sa cos (x sin a)=e**"2 cos ( sin a + na).

2. By substituting the series for cos and sin x and dividing, show
that up to the terms stated the following approximations may be

vbtained : Y
. x2  bat 61
(1) sec.z‘=1+§+~21—+ 720
.. 23 228 1727
(i1) tan r=2+ -5 +5 75
22 28

(i) zcotzx=1— 545945
Why can cot x not be expanded by Maclaurin’s Theorem ?
3. Show that if || <1,
2 23 o

log(1+r+t2)—t+—2— S+t
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4. Show that up to the terms given,

. . 22 P at,
(i) log (1+sin x)—x—§ +E-1_2'
22
(ii) log(1+cosx)=log2—"—— -
Calculate only the first four derivatives in each case.
5. Show from the series for tan—lz that the angle tan=1y;=5°
42’ 38",
*6. Prove that the series for log(1+x) and x(6+x)/(6+4x) are
identical up to the term in 23 (inclusive).

7. Find an expression for the error R in the approximation to
log (14 z) given in example 6, namely
y=T(6+r)
log (14+2)= 6ds T R.

Multiply by 6+ 4z and expand log (1+r); then
oo 3
(6+47) R=(6+4x) (x-:'é—+:'—; - ) ~r(6+2)

7o L 12(n = 3)am
=—gty (D G
and therefore
1 2 4 L o n—3 e
-(B3+2r)R= ﬂr‘~r§x‘+...+( 1) n(n—]) -
at ab an
<—4—+‘I+..+Z Lif0<ar<],
o
80 that R<4(l DB fo<z<l
8. Assuming the equation 10g(1+r)——]—1_!_(a—-2_b;—)2+12 find a, b,

¢, d so that the first four terms in the expansion of the fraction may
be the same as those in the series for log(1+x), and investigate an
expression for A.

e simplest method is to write the equation in the form
(1+er+dz?) R=(1+cr+ds?)log (1 +2)—x(a+bz);

then expand log(1+2) and equate to zero the coefficients of 2, £% 3
and z* on the rlght side. This gives a=1, b=}, ¢=1, d_2 \V
then have
1.2 2.3
(6+6.r+z‘2)R—3 7 X,.1'5 ite
1 2%

<gi“—— f0<oe<l.

* Examples 6-13 are taken from Schlomilch’s U bungsbuch, Vol. 1.

3.4

‘TB+ .6.7

21—
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_ 2(6+32) pad
Hence  log(1+2)=g gt @T6r+O(1=%)
where 0<r<l and O0<p<L

If 0 <2 <3, then R=p2®, where 0 < p < 1lg.
9. Show that 0'2623574 < log 1'3 < 0-2623709.

12 - 52
10. Prove that cos = oo—g + pat,
1 . 3
where O<p<;4361f0<x<?-

(60 — 722
11. Prove that sinz= 'igi)o T :Z;—) + pa’,

where O<p<L - if O< <=

=

12. Show that the equation log(1+x)=jr has a root between 0
and 1, and from the approximate value of log (14) in example 8 show
that /3 -1 is an approximation to the root. Deduce the more accurate
approximation 0°73360, which is correct to 5 decimals.

13. Show by graphical considerations that the equation

(142 cosr=1

has an infinite number of roots, and that one root lies between 0 and
w/2; prove that for this root «=\/(6/5) approximately. This angle is
62° 46",

14. Find the real root of 32*+5x—40=0.

15. Solve the equation .w=cos.r.

16. Find the root of the equation tanx=2z that lies between O
and /2.

17. Solve the equation (1+2)*=27-34.
Write in the form xlog (1+2)—log27-:34=0.
18. Prove that if |»| <1,

log -+ (142t} =2 =5 b o™ 5 - 5

19. If y=2log | r)}, prove that, (=] < 1),

2 N
1+J(1 -

N yi_opn1y1.8 . 1.3.5, .
@) El?z_:{r{(l_"") 1}-2+2.4x+2.4'6a. +eee s
1.322,1.3.52a°

(i) y=3 %+

2.4272.4.63
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20. The time of a complete oscillation of a simple pendulum of
length [, oscillating through an angle a on each side of the vertical,
is 41;J(l/g), where

¥ dé e
b S k2 sintgy k=sin }a.

show that  K=3 {1+(3) e+ (2 ) ma(1:2:2Y v L}

88. Differential Equations. In §§(67-69 various problems
have led to differential equations; as such equations occur
frequently in applications, we consider some simple types.

An ordinary differential equation is an equation between
one independent variable, one dependent variable and one
or more derivatives of the dependent variable. The order
of the equation is that of the highest derivative in it: the
degree is that of the highest derivative when the equation
is cleared of fractions and the powers of the derivatives are
positive integers.

For example, the equation

is of the 2 order and the 1 degree. The equation
zy (3”) +(a?—y? - ¢L2+b2)£%_—xy=0

is of the 1 order and the 2" degree. Equation (3), p. 185, is of
the 2" order and the 2" degree.

Just as the complete integral of 3xz? is #*+ A4, where 4 is
any constant, so the complete integral of any differential
equation contains one or more arbltrary constants, and the
number of such constants is equal to the order of the equa-
tion. Inorder to see why we may expect this number of con-
stants, let us consider the formation of a differential equation
from an equation that may be regarded as its complete
integral.

From the equation y=4a?4 Bz form two differential equations,
(i) one from which the constant B is absent and (ii) one from which
both constants A and B are absent.

Let accents denote z-derivatives, and differentiate the given equa-
tion once ; we have

y=A22+ Bz ......... (1); Y=24Z+B. ovvvrerernn. @)
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To eliminate one constant B we must have two equations; the
required second equation 1s obtained by differentiation, and this
process introduces y'. Solve (2) for B and put the value so found in
(1); we thus obtain XY —y=Ax% i 3)

an equation of the first order.

To eliminate the two constants 4 and B, we must have three
equations ; we have already (1) and (2), and the required third equa-
tion may be found by differentiating (2). We thus introduce the
second derivative i, and have the new equation

W' 22A e (4)
We now eliminate 4 between (3) and (4), or 4 and B between (1), (2)
and (4), and obtain =20y 2P =0, teeiiiirrereeee e (%)

an equation of the second order.

If A is regarded as a given constant, the complete integral of (3)
is equation (1), while, if bhoth A and B are arbitrary, equation (1) is
the complete integral of (5).

If we give particular values to 4 and B, we get.particular integrals
of (5). Thus y=a?+x, y= —a% y=4.0 are particular integrals.

For other examples see p. 112, exawmples 56, 57 ; p. 172, example 4 ;
and p. 174, examples 26, 28, 29.

From the consideration of the process by which a dif-
ferential equation is derived from an cquation that contains
the two variables and one or more arbitrary constants, we
have the rule for testing the complete integral or solution
of a given differential equation :

From the supposed complete integral and the equations
obtained by differentiating it, eliminate the arbitrary con-
stants; 1f the resulting differential equation is the same as
the given one the solution is correct.

89. Equations of the First Order and the First Degree.
These cquations are of the form

(H+B=m

4 dx

where A and B are any functions of x and y (or constants).
The following are the more important types:

Type I. Variables Separable. The variables are said to be
separable when the equation can be written in the form

{ .
F)gl=f@; or F(y)dy=f()ds,
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where f() is a function of » alone and F(y) a function of y
alone. The complete solution is

jF(y)«ly = j f(z) dx+ constant.

Example 1. 2(x+1):§'{—3(y+2)=o.
We have 2dy _ Bdr
y+2 o+l
therefore 2log (y+2)=3log (r +1)+const.
or log [(y +2)*]=log [(+»+1)*]+ coust.

It is convenient to write the constant in the form log C'; then the
solution may be put in the simple form

(y+2)= C(r+1.

It is often useful to choose the constant in a particular
form, as here; if log € is arbitrary so is €, and ncither form
is more o'enera] than the other. (Test the solution by the
rule given at the end of § 88.)

Ezample 2. Find the curve in which the subtangent is double the
abseissa, and which passes through the point (o, Qu)

From the expression on p. 1 4h the wl»tamrent at (v, ) is y/y/, and
thevefore /' =2x. Hence 2({1//3/:(1.::/.7-, and therefore

2logy=log x+log C or »2=Cu.
The curve goes through (a, 2«), and therefore 4a?= Ca or C'=4a.
The required curve is therefore the parabola y*=4axr.

Type II. Homogeneous Equations. An equation is called
homogeneous when it is of the form Ay +I=0, where A
and B are homogeneous and of the same degree in x and .

To solve, change the dependent variable from 3 to » by
the substitution y =»z. Thik gives y'=v2+v». For yand
y" put their values in terms of » and ¢”; the variables will
then be separable.

Ezample 3. (ry+ 20y +2=0.

Putting vx for y and v +» for i, we get

e+ 1)V +v)+ 222 =0,
or, dividing by 2? and rearranging,

1
<u 2/*+1)d+ =0.
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The integral is  log v — 4 log (2v+1)+log x =const.,
or log v#+ log z2=1log (2v+1) +log C,
or zy?=0C(2y+2)
when y/z is put for v. (7'est the solution.)

Type III. Linear Equations. The equation is said to be
linear when it is of the form Ay'+ By+ (=0, where A, B, C
are functions of x alone or constants.

Divide by 4 and put P for B/A and @ for —C/4 ; the
equation becomes dy

tly=Q

First suppose @=0; the variables are then separable,

and we obtain

(—g[ +Pdzx=0 or logy+ P,=const,

where P, =jP dzx. We may write P, =log ¢, and the solu-
tion becomes
log (yeF1)=const. or yeF1=C.
The student should verify by differentiation that

Now take the general case. Mulliply by ef1; the left
side becomes

(‘_lj!! + py) P, that is, %(ye” ).

dx

Therefore % (yer) = Qeh,
and the solution is ye'1= er” 1 dx 4 const.

Cor. The equation ¥+ Py =Qy" may be reduced to the
lincar form by putting v=y-"+! and taking v as new
dependent variable.

Example 4. (]+x?):~ii'—1;+mg/=x(l+x2),

Divide Ly (1+22); then we find

: zd:
P=1T:_x*‘ PF/;:;F%]OE(H@“); Q=z,
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and therefore ¢”1=,/(1+?). Hence
I gy +at) =21 +29),

so that _1/~/(1+.z'2)=-}(1+.r2)%+6'.
Erample 5. Yy +ay?=be*=.
Let y2=v and the equation hecomes linear, namely
dv

5 +2av= 269“",

dx
of which the solution is

2b
2 — gy — (Vp—2082 e p,—ax
yr=v=C +e

For further examples in which the determination of the
constant so as to satisfy particular conditions is illustrated.
see the examples in § 69.

Remark;  The student must observe carefully which letter
denotes the independent variable; in the examples of § 69

the independent variable is ¢, and P1=jP dt.

90. Linear Equations. A linear equation is one in which
the dependent variable and its derivatives occur only in the
first degree and the coeflicients are functions of the inde-
pendent variable alone (or constants). The typical linear
¢quation of the second order is, when the coefficient of " is
made unity by division if necessary,

Y +Py+Qy=R, .c...ccooiiiiin. (H

where P, Q and R are functions of z alone.

The complete integral of all linear equations is the sum
of two functions:

1. The Complementary Function (c.¥), which is the com-
plete integral of the equation when R (or in general the term
independent of y and its derivatives) is zero. This function
will contain two (when the equation is of the n' order, n)
arbitrary constants.

II. The Particular Integral (r.1.), which is any solution
whatever of the equation as it stands. This function con-
tains no arbitrary constant.
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We prove the proposition for equation (1) of the second order, but
the reasoning is quite general.
If y=1w and y = satisfy
Y'HPY+QY=0, cccovniiiiiniiiirininiiennnnnn, (2)

so does y=Awu+ By, where 4, B are any constants. For if » and v
satisfy (2), then W+ P+ Qu=0, o'+ P+ Qu=0,

. 2(Auw+ Bv) d(Au+ Bv)

and I +P ~~-——(L—v———+ Q(Au+ Bv)
=AW + D% + Qu)+ B+ Pv' + @v)
=O’

and therefore y = Au+ Bv satisfies (2), and is the complete integral of
(2) since it contains two arbitrary constants.

Next, if w is a value of y which satisfies (1) and if we put du+ Bv+w
for y, we have

Y+ P+ Qu=AW"+ v+ Qu)+ B+ Pv'+ Qu)+ v’ + Pw + Qu

=2,

since © and v satisfy (2) and w satisfies (1). This value of y therefore
satisfies (1), and since it contains two arbitrary constants it is the
complete solution.

If the equation had lLeen of the 3'Y order there would have been
three functions, «, v, z, and the solution would have been

y=Au+Br+ Ce4w,
and so on.

The only equations we consider are those in which P, Q
are constants.
91. The Complementary Function. The equation for the
complementary function is
Y20y +by=0, ..o (D

where a, b are constants. (The notation for the coefficients

has been changed to call attention to the fact that they are
constants.)

I. Let y=e* (X constant); then
Y+ 2ay + by = (A2+ 2a + b) e
If, therefore, X is a root of the equation (the auxiliary
equation) A242aA4+D=0, .coviirriiiriininnn. (2)

e will satisfy (1). If A\, and A, are the two roots of (2),
then eM* and e are two integrals of (1), and the complete

solution of (1) is y =AM+ Be'rw,
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We must consider the roots more carefully, however.

IL. If a®=0b,the two roots are equal and there is only one
distinct integral, namely ¢-%%, because now A;=\,= —a and
(A+B) is really only one constant. To find a second
integral, let y=e-%*u; then

Y =e U —ae~ %%y, Y'=e %%y —2ae" %y +ale- %y,
and therefore, since b=a?
Y+ 2y +aPy =e- %y,

The equation (1), when «?*=0, is thercfore satisfied if

4" =0, that is if u=A + Bx. Hence
y=(A+DBx)e %= Ae-%%4 Bre-o*

satisfies (1), and, since it contains two arbitrary constants,

is the complete solution.

We see that the second integral is 2¢-9%; when —a is a

double root of the auxiliary equation ¢-%* and 2¢-% are
the two integrals for the c.r.

II1. If «®< b, the two roots are imaginary. Let
«:=b= ~mn? where n is real; the two roots are —a+nt
and —a—ni (1*=—1). The complete solution is

y=Ae(—a+ni)z+Be(-a-ni)x
=e-%{(A + B)cos nx+1i(4 — B) sin nx}
by § 86, example 2. Let A+B=A4’, i«(A—B)=1; since 4

and B may be any constants, 4" and B’ arc also arbitrary.
Hence the complete solution is

Y =e"%( A cos nz+ B'sin nx).

Evample 1. ¥4y —6y=0.

Aux. Eq., A+A-6=0; \=2, A,=-3.
Solution, y=dAe*+ Be=

Example 2. ¥ +4y +13y=0.

Aux. BEq, AM4+4A+13=0; A=-2+3/, Ay=-2-31
Solution, y=e¢"*(4 cos 3z + Bsin 3z).

(It does not matter whether we call the constants 4, B or 4" B in
the final result.)
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Ezxample 3. Y=y — 24 + 24 =0.

The method is the same as for an equation of the 2 order ; put
y=er" and proceed as before.

Aux. Eq,

MoAZ-2042=0; M=1=Ay, Ay=—-1+7, Ay=—1—1.

The integrals arising from the double root 1 are ¢* and x¢*, which

together contribute Ae*+ Bze®. The other two roots give
e *(4, cosx+ Bysin z).
Hence the complete solution is
y=Ade*+ Bre*+e7 (4, cos 2+ By sin x),

which contains four constants as it should.

92. The Particular Integral. The most important cases
are those in which R is a sum of terms of the form ce,
¢sinaz, ccosazr, and the simplest method of finding a
solution is by substitution.

If R is the sum of two or more terms, we may find the
particular integral for ecach separatcly and then add the
solutions to obtain the whole r.1.  The equation for which
the particular integral is to be found is, a, b being constant,

Y20y +by=R. ... (1)
1. R=ce== Put y= Le** and try to determine the constant
I so that (1) may be satisfied. We find
I(a?42aa+D)e = R = ce*,
and Le** will satisfy if L=c/(a®+2ua+Db).
But if a is a root of the auxiliary equation (and therefore
Aee a term of the C.F.), «®+2ua+b=0 and L=c/0, that is,

I is not determined.  In this case try Lze* or La%e* accord-
ing as a is a single or a double root of the auxiliary equation.

Example 1. Y -4y Fay=e M +e*
Aux. Eq., A?2-4X+4=0; A=2 twice,
and therefore C.F. = Ae* + Bre™.
To find p.1. take e~ and ¢* separately, that is, find the r.1. for
W =4y Fdy=e i, @)
and Y =4y H Ay =€, iiiiiniiiii (ii)

and add the solutions to obtain the complete r.1. This course usually
simplifies the work.
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In (i) try y=Le™ ; this gives 26L=1 or L=1/25.
In (ii) try y= Mx%*, since 2 is a double root of the auxiliary equa«
tion ; this gives 2 =1 or M=4. Hence

P.L=gge 5%+ 12%e%,
and Y=C.F.+P.IL
= Ae® 4 Bre 4 Je-3 4 hate.
II. R=csinax+ ¢'cos ax.
To find P.I. try y = Lsin ax+ M cos ax : then
(—a2L—=2aaM+bL)sin ax+(—a*M +2aaL +bM) cos ax
= R=¢sin ax+c cos ax,
and this equation will be an identity if
(b—a®)L—2aaM=¢, 2aal+(b—a®)M=C
p=(b=aet2aac o —2aac+(b—a®)’
(b—a??+4a%a®’ (b—a?)*+4a%®
This solution holds if @ =0, provided b is not equal to a?:
but if «=0 and b=a? the values of I, M arc not deter-

mined. In this case sin ax and cosax belong to C.¥.; the
form to try is

or

y=a(L sin ax+ M cos ax),

and it will be found that L=c/2a, M= —¢/2a

For a method of solving when R is of the form ¢ sin ax
(or ef* cos ax), see examples 41-44 in Fxercises XXTV.

It may be noted that by expressing the sines and cosines
as exponentials the type II. reduces to type I.; the student
should try to solve some examples in this way.

Erample 2. F+ki+pr=csin(pt—a).

The equation occurs frequently in dynamical and electrical theory.
The independent variable is ¢ (see p. 49), and this fact must be care-
fully noted.

The c.F. is given on pages 172, 174 ; the cases for pu—}4% positive

and negative must be distinguished. For pr.1. try
z=Lsin (pt —a)+ M cos (pt - a).
By substitution, we find
(—p*L - kpM+ pL)sin (pt - a)
+(—p2M +kp L+ pM) cos (pt — a)=csin (pt - a),
and this equation will be an identity if
(w-p)L-kpM=c, kpL+(u-p)H=0,



THE PARTICULAR INTEGRAL. 233

—p? -
I T
and P.L=c{(u~- p*)sin(pt- a)—kpcos(pt—a)}/D
=csin (pt—a-a)/D,
where D=(pn-p*)*+i%* and tana;="kp/(j—p?).

If p—3}k2=n? a positive number, the c.F. is (p. 172) Ae-# cos (nt + B),
and therefore, £ being positive, tends to zero when £¢ becomes large,
zo0 that the complete integral becomes practically identical with the r.1.

c

If £=0 and p=p?% ra= "9

tcos (pt —a).

III. R=polynomial in . Try a polynomial in = of the
same degree; if the auxiliary equation has one or more
zero roots, a polynomial of higher degree will be necessary.

Erample 3. ¥ +2) =922+ be+ 1.

The auxiliary equation has 0 and - 2 for roots, so that

cr.=A+ Be-*,

For p.1. try y=Lx3+ M+ No+ D,
then 6La+(6L+4M)x+(2M +2N)=922+ 52+ 1.

Equating coefficients, we find L=3, M= -1, N=32; but the constant

P is not determined. The value of 7, however, is really arbitrary, and
may be absorbed in the constant term 4 of the c.r. Hence

y=A+Be ¥+ 325 -2+ S

93. Two Special Forms. The following equations of the

second order '
F=f(L)..on.n. (1), E=f(Z).ceuuer.. cap-(2)

are of importance in Dynamics. In (1) f(4)is a fi[i-:t‘un
of z, the tirst derivative of «; in (2) f(z) is a fur £Lion of
the dependent variable x. .

To integrate, let 4= in both cases and reduce E;ch to an
equation of the first order; the reduction is éffected in
different ways i the two cases, though the second method
may also be used in case (1).

In case (1), d3=c—l‘£=%7,

and the new equation is %:f(v). eeerereeareeareeraaene 3)
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dv  d(1n?)

In case (2), &= J= de (see p. 51, ex. 2),
and the new equation is (Z((%;)H) =f(L). e 4)

In both cases the variables are separable, and it may be
possible to find v. Suppose such an equation to have been
obtained (it is called a jirst integral); put @ for v, and we
have an equation of the first order which it may be possible
to integrate.

For example, let . = —n%r; then (4) gives
'&v?=f —n2eda + C= — 3% + na?

if O'=34n%2% Solve for v; then
%= v=aa/(a? - %), ndt=dejJ(u?- o).

Tutegrate:  nf=sin-! £+b or x=asin(u—0).

The two arbitrary constants are « and b.

For examples, see Frercises XXTT7, 51-55; the example
iust worked can of course be solved more simply by the

iethods of § 91, but it shows very clearly how to proceed
* the general case in which f(x) is not so simple.

) EXERCISES. XXTV.
Tha

student should note that, just as in ordinary integration, a
chane \of variable will frequently reduce a differential equation to a
stanadA tyne.

lute Ny equations 1-20.

1. .zri‘ 2 N dy
dryi=1 2. o ty=ag

P 24 o ay
8. (Lt 4y S s oy (1 - st =o0, 4, (n—o) %:L
qa, /

5. (y-x) a&y=0 6. (.L-‘2+3/"’):2'Z+2.r_4/=0.
dy . d

7. T ae T YSNI ). 8. (r+3?) z’i:_y.
dy\? ‘ )

9.y (g&;> +2xié=y. 10. ‘(;,i/—_+_1/cotr=cosx.
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dy_ N
1. (1 +.1.'2)d1,—-1',7/+1+.z‘2. 12. (1 .L)d;l_+.ry—ax.
dy - .dp -
13. +ytanz=secur. 14 r =" +r+p=0.
15. (—{“f+ 2xt =1+ 262 16. wy(1-.2) dy +at=1+a2%2
dt ' dx
17. Zr;yg‘z+.r2-—y?=a2. 18. (1—.r2)%=.ry(1+ay).
W e s 42 | gint=
19. dpTY=ysinz. 20. coszdt+xsmt-x2.

21. The normal at the point P(r, 7) on a curve meets the z-axis
at ('; if OG=k.07F, O being the origin, show that the differential
equation of the curve is

d
Tty kG2 +y),
and find the Cartesian equation.

22. A curve crosses the y-axis at B, and A4 is the projection on the
z-axis of a point ’(r, 7) on the curve; if the area OA/B is equal to
x\/(ay), show that the differential equation of the curve is

dy v
.1'2:.+ 2y =2y \/((—L):

and find the Cartesian equation.

23. The arc s of a curve from the point (0, a) to the point (z, 3)
it is given by the equation 72=s%+a? ; find the equation of the ty

Tn examples 24-40, accents denote z-derivatives and points ¢-def -
tives ; find the complete integrals of the equations.

24, y"+ay —2uty=0. 25. ¥+(a+bd)z+abr=0.
26. 24" +3y -2y =€* 27. 6&+bitxr=e".
28. " -2 --dy=e. 29. ¥"+2y +5y=cos 2.

30. »"+6)' +18y=90cos 3r. 3l. ¥"+9y=asin?z.

32. ¥"+9y=asin3wr 33

34 y'+y +y=sinz 35. .i‘+6a'c+13.r=aq«llt'

36, F+2i=e-¥ 4L 37, " -3y +dy=¢ T

38. ¥ -2y +y=(r+1)% 39. 3y -y —4y =f’/

40, ¥+at-2atr=0t+c. ,

Find the particular integrals of equations 41—4,")’ assuming for y
the forms suggested : )

41, y"+4y' +5y=€*sin3r; y=e(Lsin 3?+@05 3z).

. ¥’ +y=asinzsinf
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42, ¥ +nPy=ae ™ sinnr; y=e ™*(Lsinnr+ M cosnx).

43. ¥ +6y' +8y=ae"a?; y=e*(La®+Mx+DN).

4. ¥"+2y'+2y=e*sinr; y=we*(Lsinz+Mcosr).

Find the particular integrals of equations 45, 46 (i) when %2 and p?
are unequal, (ii) when n?=p%

45, ‘X4n*r=asinpt. 46. ‘4+nv=ae ¥ sinnt.

47, Find the integral of the equation «*¢+2ai +xr=0 which satisfies
the conditions that =5 and #=0 when ¢=0. If @ and b are positive,
sketch the integral curve.

48. Determine the constants in the integral of the equation

Z+44i+be=a(cost-sint),
s0 that x=0 and ©=0 when ¢t=0. State the value to which x tends
when ¢ becomes large.

49. Determine the constants in the integral of the equation

Ztalr=sint
(@ not equal to unity), so that =0 and =0 when ¢=0.
If a=1+/A, what does the solution become when % tends to zero?
50. If @ is positive, what does the integral of the equation
Z+2ak+ (a?+0%) v = Esin pt
tend to for large values of ¢?
51. Integrate the equation ¥+ki*=g (k and g positive), choosing

the constants so that x=0 and =0 when ¢=0. To what value does
@ tend when ¢ tends to infinity ?

52. Integrate the equation Z+ ki?= —g (£ and g positive), choosing
the constants so that x=0, 4=V when ¢=0.

53. Find a first integral of the equation of motion of a simple
pendfum at length I, namely,

* 16+gsin 6=0,
choos Y the constant so that 6=0 when f=oc..
% )

54. Inl\crate d’I’7+1_z ay —0.
1 dr? " r dr

55. Find a first integral of the equation Z= —pu/2* (u positive),
given that ©=0 when r=a.



NOTE ON PARTIAL DIFFERENTIATION.

A variable may depend for its value on two or more variables that
are themselves independent, that is, are such that one of them may
vary while the others remain constant. Thus the area, « say, of a
triangle in terms of two sides z, y and the included angle :z is
$aysinz; wis a function of the three independent variables 2, 7, z.

. d. .
1f z alone varies, (ﬁ:{;g/ sinz;
“ —}asinz ;
dy =
. if z alone varies lfﬁ:%m/ cosz.
R

if y alone varies

These three derivatives are called partial derivatives or partial
:l:{ferential coefficients of u with respect to z, 7 and z respectively. Ta
call attention to the fact that in Siﬂ'erentiating with respect to one
variable the other independent variables are constant, it is now
customary to use the symbol O instead of d; thus, when w=4aysinz

On

~—=4%ysinz,

u . ¢
= —=3asinz, »~=45I1/CO-“‘3-
e - z T

Uy Oz

A function u of two variables x and y is denoted by u=7s(x, v) or
w= F(x, y), the letters & and y being separated by a comma. Similarly
1Cr, y, 2), (2, 7, 2, t) denote functions of , y, z and =, 3, , t.

The equation z=/f(z, ), when &, 7, z are the coordinates of a point
in space referred to three rectangular axes, represents a surface ; the
two equations z=/(x, ¥) and y=-constant represent the curve in which
the plane, y==constant, cuts the surface. The derivative 0z/0x may
therefore be interpreted as the gradient at a point on the curve ; the
Gerivative Oz/Oy may be interpreted in a similar way.

If u=a%cosy, then

Ju_, ., R Pu_g
5}=3.L cos 7, a—xz=6a, cos ¥, o COB Y,y ouny

Ou . o2 ? .
%‘I—;= —2siny, a—;;: —a3cosy, a—}=x*smy, ves

Du
oz

0 [Ou %y
'5];(3_.1:)’ contracted to 0w’

The y-derivative of — is denoted by
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. ; Qu. .
the x-derivative of .= is, in the same way,
7

%
0 (Ou - %
5= (53), contracted to T
% O fow\y_ O, ., 2
Now LTRCT < 'c-’)}) =Z;_I_/ (3x®cos y)= — 3a?sin g,
Pu O (Ow)_ 0O - o
Bz oy=aor \oy) = on (—siny)= —3asiny.

The two derivatives are therefore equal, that is) the result is the
same whether we differentiate u first as to . and then as to y or first
as to y and then as to z. In other words, the order of differentiating
is indifferent in this example; it can be proved that the order is
indifferent in the case of all the usual functions, and the student may
verify the statement for particular cases, e.g.

(i) w=xzsiny+ysinx; (i) u=e*cosby; (iii) w=tan"'(y/x).

We now give an important extension of §23. If u=/f(z, ) and if
x, y take the increments 8z, 8y respectively, then the first approxima-
tion to du, the corresponding tncrement of u, is given by the equation

O ) o, O (e )
Su= T dr+ oy O viniviiii i (o)

We have

Su=f(z+8n, y+3y) - /(% y)
=1z +8% y+8) - f(z, y+ 8} +{/(z, y + 8y) —f(x, )}

Consider first the part f(z, y+6y)-/(2, 7). In passing from the
second term to the first, y changes to 7+ 8y, but x does not change :
hence, by § 23, we have

. e
Sy 489) =1, 1) =L L by Gy
Next, in passing from the second term of
S+ 82, y+8y) = F(x, y+8y)
to the first term, r changes to 22+ 8z, but 7 + 8y does not change ; hence
G
Sz+8z, y+8y)— f(x, y+ 8]/)-——4(4@’%5:‘;—8'—”—) Sz + B(8x).
The right side of this equation may be put in the form
)
(Vo) 08y ) st BBy,

since Oz, y+8y) becomes A, 1) when 8y=0. Combining these
or Oz

results, we find
() G} Ty 2 ’
su=2 0 g, O (g,/ D 5y 4+ [A By +C 8y 8o+ B2, ..(a)

and therefore, by rejecting the squares and the product of 8z and 8y,
we deduce equation (a).
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The increments 8, 8y are arbitrary, and are usually denoted by
dx, dy. The sum

’V(r wd +~f(r 7/)dJ or %—I—'dc-i-’—ayd_/

is called the ﬁrst appmxmmtmn to 81&, or the d:ﬁ'ewntzal of u, and is
denoted by du, so that du
““’Td”+3 A eveveniieiiine e ()

In the same way, if « is a function of three variables a, 7, z, the first
approximation or differential du is given by

dn—?—~(lz+0—d‘/+az A2y vveiiiiiiiniiieeanen, ()

and so on,

The term %d.) is called the partial differential of u with respect

to ; the equations (8), (y) show that the totul differential du (or the
mmplete ditferential du) is the swm of the partial differentials. 1In
Mechanics the theorem expxebned by these cquatlons appears as “ the
principle of the superposition of small motions.”

If #, 7 are functions of a variable 7, we may suppose that the incre-
ments &r, &y are due to an inerement & in ¢ ; the increment du in «
would therefore he due to the increment 8¢ in ¢, the function u being
vow a function of ¢. Cf. §26, I. Dividing equatlon (a’) by &¢ and
taking the limit for 8¢=0, we find

du Qudr  Oudy
............................... 8
Aty y di ®
Similarly, if v isa functlon of x, y, z and z, ¥, z functions of ¢,
du Oudr Oudy Oud:
=57 dt+Q/ it +?§? G e (¢)

Tn (8) we may take ¢ to be identical with z ; z, and therefore %, would
now be functions of x, and we should have

dn au au dy

Hero du/d.r and OufOx }mve qunte dlﬂ'exent meanings, and the student
should see that he understands the difference.

If #=constant is the equation of a curve, du/dz is zero and (&) gives
for the gradient dy Du /du

dr= " dx '
For example, if «w=ax?+by? and the constant is ¢, we find for the

gradient at (2, ) on the conic ar?+by?=c,
dy _ 2ax ar

de— Teby by

A few examples for practice in partial differentiation will be found
on page 248.



MISCELLANEOUS EXAMPLES.

Chapters 1-1IV.

1. At any point P on the curve y=a." (n a positive integer) the
ordinate M P is drawn, and a point 7 taken on OX Letween O and M
such that 70 =OM/n ; show that TP is the tangent to the curve at /.

2. Show that the curve 7 =ax®+ br?+ cr+d has one, and only one,
»oint of inflexion, and that it lies midway between the turning points,
if any. A certain cubic curve passes through the point (0, 20), has a
turning point at (2, — 8), and a point of inflexion where z=4; find
the equation of the curve, and sketch its graph.

3. Find the gradient of the tangent to the curve
y=ar+ba’+cr+d
at its point of inflexion, and show that if that tangent is parallel to

0.X, then y' is a perfect square. Draw a rough sketch of the curve in
this case, assuming a to be positive.

4. A handbill is to be printed conta‘ning 324 sq. cms. of text, and
having margins of ‘4 ems. each top and bottom, and 2} cms. each at the
sides. Find the dimensions of the bill so that the cost for paper may
be as simall as possible.

5. Determine the turning points and the points of inflexion on
the curve y=2r%-12:24+160+35, also the gradient of the curve at
each of the latter. Sketch the graph of the curve, and in a separate
diagram show clearly how it meets its tangent at the point where
r=-1

6. Show that a point of inflexion on a curve is a point where the
concavity of the curve changes direction ; prove that the curve
y=ah—225 362247
is everywhere concave upwards except between the ordinates 2= -2
and #=3. [See Ex. 54, p. 47.] Sketch the curve.

7. Assuming the formulae for the volume V, and the superficial
area S, of a sphere of radius r, show that d V/dr=.JS, and explain why
this should be so.
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8. The radius of a sphere and the base-radius of a cone of constant
altitude 4 are equal and increasing at the same rate. Find the com-
mon radius in terms of & at the instants when their volumes are
increasing at the same rate.

9. A horizontal trough with vertical ends is of V-shaped cross-
section, the angle between the sides being 60°, and the length of the
trough 6 feet. If water enters at the rate of 4 cubic feet per minute,
find the rate at which the surface is rising when the depth is 1 foot.

10. Prove that, if u,, u,, v;, 2, represent functions of .,
] 1 2 Y1y T2 ’

.ﬁ(wﬁ)_uwz{@ duy 1 év_l)J,( 1du 1 fﬂz)}
dr\vv,/ v, \\ny de v, dx uy dr vy da/)’

11. Prove that, if y=(ax+0)/(cx+d), 24" =3y"%; and that, if
a+d=0,(y-2)y" =2/ +).

12. If t=a+br+ca? show that ¥/i3 is constant.

13. If r=rcos 8 and y=rsin f, where x, 7, » and 6 are functions of
¢, prove by differentiation that

(i) #cos 8+ysin f=r, 7cos O —dsin f=2r0;

4 (126).

(i) #cos f+jsin =F—r0%,  jcos - isin 0= o

Show that the first of these equations may be written xi+yy=rr,
and re-write the others in the sawme form.

14, With the notation of the preceding question, show that if 70 is
constant, then xj=7ry.
15. A ship B is 75 nautical miles due east of a ship 4. 7 sails west

at 9 knots and 4 south at 12 knots. Find their least distance apart
and the time of its occurrence.

16. If v is a function of », and if z=2a°% - 3ary+ 37, show that
oz _ N ~dy 2
it 3(2 - ax) iy F3@-ay).
If x varies in such a way that z is always zero, find dy/dxz, and give
a graphical interpretation.

17. If 42°+9y*+16x-18y—11=0, calculate dy/dz, and find the

sints on the graph of the equation at which the tangent is (i) parallel,
_ii) perpendicular to the x-axis.

18. Find the gradient at any point on the curve (224 y%)?=4a2’y,
and state the points on the curve at which the tangent is (i) parallel.
(ii) perpendicular to the .2-axis.

19. Calculate the gradient for the following curves :

() (@ +y)=a@®-y%); (i) (P+y)=zy(z+y).
G.1.C. I
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20. If @224 2hxy+by*=1, show that
dy_ hi—ab
d22~ (hz+ byl
21. Differentiate the equation »°— 3ax?+2°=0 twice, and from the
resulting equations show that for this curve
d?y | 2a%r®_ o
da2’oys T
Hence show that the curve is everywhere concave towards the
r-axis. [See Ex. 54, p. 47.]

f22. If w=¢2/(14¢) and y=¢*/(1+¢), express D,y and D2y in terwms
t.

()

Chapters V.-VIII.

23, Show that the substitution y=x—2 resolves 21‘(1-_—6‘;‘7:—7 into
»l‘ —_—
its component partial fractions, and integrate this function. Evaluate
1 bdr
Jo (w+1)

24, Sketch the curve ay=(a—x)(z— B), @ being positive and a>f3,
and show that the area cut off by the z-axis is (a — 3)*/6a.

25. Show that the first quadrant of the ellipse §+£=l is divided
“ )

by the line l=~%3f into two parts, one of which is a third of the

quadrant.

26. The friction in a journal is given by the equation

Pt * J(cos 6)d6.
0
Evaluate the integral by Simpson’s rule for 11 ordinates.

27. A cylindrical hole is driven through a solid sphere of radius 7,
the axis of the cylinder coinciding with a diameter of the sphere and
its radius being . Calculate the volume of the part of the sphere left.

28. A section consists of a semi-circular area A BC, radius 1'5 inches,
surmounting a rectangle DEFG, the whole figure being symmetrical
about the line through the centre of the circle parallel to DE or FG.
1f DE=3 inches and EF=1 inch, find the position of the centroid and
the moment of inertia of the section about the line of symmetry B/,
where /I lies on the lower edge of the rectangle.

29. A plane lamina in the form of a parabola is lowered, with its
axis vertical and its vertex downwards, into water ; find the depth of
the centre of pressure when the vertex is at a depth 4, and show that,
if the lamina descends with uniform velocity 7 inches per second, the
C.P. descends with uniform velocity 4 inches per second.
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30. A triangular lamina is immersed in a liquid with one side in
the free surface, its plane making an angle @ with the vertical. Prove
that, if the triangle be divided into two parts by a horizontal line
through its centre of pressure, the thrusts on the two parts are equal.
[Use the result of Ex. 2, p. 94.]

31. A piece of sheet metal is cut in the form of the segment of
a parabola cut off by a double ordinate at a distance 2 from its vertex.
If 2L is the length of the straight edge, 4 the mass of the piece, prove
that its moment of inertia (1) about the tangent at the vertex is
M43, (i) about the axis of the parabola is } M&°.

32. Prove that the moment of inertia of the solid anchor-ring
desceribed in Ex. 8, p. 87, about its axis of revolution, is M(¢?+ {a?),
where Af is the mass of the ring.

33. A plane lamina is symmetrical about 0.Y, one of two rectangular
axes 04, OY in its plane. Any line is drawn through O, in that
plane, making an angle ¢ with O.1': prove that the moment of inertia
of the lamina about this line is /,x cos* @+ Lrrsin®6.

Deduce the m.1. of a rectangle, sides 2a and 25, about a diagonal.

34. Find, in cubic feet, the volume occupied by one pound of dry
air when at a pressure of 90 Ibs. per square inch, and at a temperature
of 60° I,

Find also the work done by this volume of air when it expands
adiabatically to a volume such that the pressure is 16 1bs. per square
inch,

35. A quantity of air compressed to ten atmospheres is made te
expand isothermally down to one atmosphere. Calculate in atmo
spheres the mean pressure during the expansion.

36. The graph of a polynomial of odd degree, 2n+1, in 2 crosses
0OX at the points where =0, 1, 2, 3...2n; show that the area
hetween the graph and OX from £=0 to x=2n is zero. [First shift
the origin to the point (», 0).]

2 2 2

37. If s denotes the length of anarc of the curve 2%+z3=a%,
measured from where it crosses OF to o point whose abscissa is .
prove that s°=/kr? where £ is a constant.

Chapters 1X., X.

,38. Show that the differential equation of si;n le harmonic motion,
dx
‘)
state this equation in words. Calculate in c.c.s. units the value of
the constant in the casc of the Lol of a simple pendulum whose
period of oscillation is 2 seconds, and which vibrates through a total
arc of 3 cms.

T . . 2 R
'(7—;4—»‘3,1':0, may be written in the form ( +n%r?=const., and
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2
39. If xr=a(1l—cost)and y=a(nt+siut), express gTZ in terms of ¢.

40. A point travels round the circle 22+72=a? with uniform
angular velocity o ; find its angular velocity about the point (b, 0),
b>a, at the instants when it crosses the axes.

41. AOB is a quadrant of a circle, centre O ; P is taken on the arc
AB and @ on the radius 04, so that LAOP=,0P@Q=6. Show that
the area of the triangle Q.4 P is }a*(2sin 8 —tan #), and find the position
of P> when the area is a maximum.

42. Prove that if any segment of the sine-curve y=a.sin'£cut off
by the z-axis revolves once about 0.X, the volume generated is one half
that of the circumscribed cylinder.

43. Prove (i) by interpreting each integral as a second moment, (ii)
by evaluating each integral by a trigonometric substitution, that

f 22 (a? - 2%) d =} /" (a? - 2% dor.
[} Jo

44. Integrate beosw—2sinz
2cosx+H8iny
Determine the constants A, p in the identity
cos £+ 17 sin z = A(2 cos x +5 sin 2) + p(5 cos x — 28in ),
cosax+17sin2

and hence write down the integral of ;- e
2cosx+Hs8inz

Integrate in the same way
Scoswtdsing 43 AcosrtBainx
3cos.3:—2sina:’ Pcosz+ ¢ sinz’
45. Show that the graph of 72=(1+2)/(1—xz) lies entirely between
two fixed ordinates, is symmetrical about (.Y, has no turning points,

and has points of inflexion where zr=—3. Determine its gradient
where z= —1, 0 and +1, and sketch the graph.

Find the whole area enclosed hy the curve and the asymptote, using
the substitution z=cos 6 for the integration.

48. Find the area between the curve whose equation is y%(2a — ») =2*
and its asymptote.

Show that the ordinate x=a divides the area into parts in the ratio
of 3r—8 to 3r+8.

47. Draw sketches of the graphs of y=sin®z, y=sin"r from

r= —’—; to z=1, and write down the values of

w
f; sinz dz, f' sinz dz, f' sinl®xdr, and f sin''.x dz.
-§ () _x o

z
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43. A particle of mass m, moving with constant acceleration in a
straight line, has initial velocity v, and final velocity »,. Prove that
its mean kinetic energy, with respect to

(i) the time, is Ym(v2+vev, +0;2),
(ii) the displacement, is }m(v2+2,2).
49. Prove that the mean distance of points on the perimeter of the
ellipse ¥/ +%/0*=1 from either focus, x being the variable, is equal

to the semi-major axis; also that, if the eccentric angle be taken as

variable, the mean square of their distances from the centre is
(u'—'+b")/2.

50. 'The density of a sphere at distance r from the centre is

kr
w(1-5)

where a is the radius of the sphere and £ is a constant. Find the
mean density of the sphere.

51. Determine the period of the function 12sin 1845 cos 304
drawing sketches of its terms in one diagram, and calculate its Root
Mean Square over a full period.

52. If I, denote Insin"()d@, where % is a positive integer, show by
Jo R
integration by parts (first writing the integrand sin 6. sin"~'6) that

[t 1
An 2 n—2-

. . 7 -3

In this formula substitute 7, _o=-—-
n-2

for 1,_,, and so on, and thus determine the value of 7, as given in

equation (A4), p. 127, distinguishing hetween the cases of n odd and
n even.

1,—s, then substitute similarly

53. Integrate a*/(+*+1)3 (i) by the substitution w=22+1, (ii) by
the substitution x=tan . Explain why you get different results.

Chapters X11., XTI
54. Show from the cosecant and secant graphs that the principal
values of cosec™'z, sec'z have the ranges —g to +g end O to =

respectively. Find their derivatives, and show that
cosec~lr+sec~la= %

Differentiate sec™!(n/sec z)
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dr

3cosx+4sine

form Rsin(r+a). Obtain the same integral by the substitution
w=tan lz. [See Ex. 37, p. 160.]

55. Integrate , first writing the denominator in the

Use the first method to integrate S
Acosx+ DBsinxy
56. Evaluate ] Tfmcﬁﬁm by the substitution w=tan lr,
i 2dx s
and / - . —-- by the substitution uw=tan .
cos*r — 2 8in x cos.r+ 5 sinx

57. Calculate, with the help of tables, correct to three decimals in
L et (i .
each case,j; T5scosd’ (i) when e=%4, (ii) when e=3£.
58. Determine the integral of \/(22+1)/2* by substituting r=tan ¢

and then w=sin . What single algebraic substitution would effect
the integration ?

[ i (2—.1:) ,
Evahmtej2x\/——-($_l) andj\/ — de.

59. Sketch the curve whose equation is y2(a+z)=c2(a—r), and find
(i) the whole area between the curve and its asymptote, (i1) the area
bounded by the curve and OF.

60. Prove that the following expressions are positive for all positive
values of x:

() (x-1)F+1; (i) (@—2e+c+2; (i) (£ —3)e + 32+ 20+3.

61. When a thin plate at uniform temperature » is surrounded by
a gas kept at the slightly lower temperature »,, the plate cools at a
rate proportional to (v—w) ; if initially the temperature of the plate
is V, prove that after time ¢ it has fallen to v,+(V —»y)e~¥, where &
is the constant of proportionality.

Calculate the missing readings in the following table :

‘Zmins. ” 0 t 5 |10
0=50°C. | i —
| 2 C. H 65

60 53

62. Find, in terms of 6, the gradient at any point of the curve
given by the equations z=alogcot46—acosf, y=asin g, and prove
that the length of the tangent intercepted between OX and the point
of contact is constant.

63. In Fig. 32, p. 175, show that
PE=x\)1+3?), and LK= (r—%’> JA+y?).

. Prove that the length of any tangent to the curve .z'?+3/§-——a‘S
intercepted between the coordinate axes is always a.
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64. A curve is plotted whose ordinates are the velocities, for the
corresponding values of , of a point moving along O.X. 1f MP is any
ordinate of the curve, G the normal to the curve cutting OX in G,
prove that M( is the acceleration of the point as it passes through M.

65. The coordinates of a point on a curve are given as functions
of a variable ¢ ; prove that the radius of curvature is

(@4} @5 - ).
Calculate the curvature at any point of
w=asint(1+cost), y=acost(l— cost).

66. Calculate the radius of curvature, at the origin, of the curve
423 - By  + 1742+ Ty — bz + 12y =0.
2 2
Prove that if the centre of curvature of the ellipse %+%2=1 at
one end of the minor axis lies at the other end, then the eccen-

tricity of the ellipse is 2.
72
67. Sketch the curve .r?+4u?(2a 4 ) =0, and calculate its radius of
curvature where it erosses OF.  Sketch also the circle of curvature at
that point, and write down its equation.

68. The cycleid (see Lx. 69, p. 112) is the periodic curve traced by
a point on the circumference of a circle of radius @ which rolls withow
slipping along . the point being initially at the orvigin.  Show that
after the circle has rolled through an angle @ the coordinates of the
point are o =a( - sin f), y=u(l —cos @), and prove the following pro-
perties of the curve :
(i) The area under an arch of the cycloid is three times that of the
generating circle.
(i1) The length of an arch is eight times the radius of the circle.
(iii) The volume of revolution of an arch about OX is Hw2a®
(iv) The swperficial area of this solid of revolution is 4t wa®
(v) The radius of curvature is — 4a sin 6.
(vi) The centroids of the area under an arch and of the arch itself
are at heights fa and 4, respectively, above OX. (Apply
Pappus’ Theorems.)

69. A horizontal line y=1F cuts the cycloid (see preceding example)
in two points £ and /” between r=0 and +=2m«; prove that
arc O’ x arc O =8ak.
(Note that 0 =27r—6p.)

70. The surface density at any point (z, ) of a thin plate cut in
the form of a quadrant of the ellipse .r%/a®+ y%/0*=1 is proportional
to xy. Calculate, by double integration, the mean value of the
density of the plate. Find also the coordinates of the centroid of the
plate.
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71. (i) If p= W/( W —w), prove that, approximately,
Sp_ —w 8W+ Sw
P Wow W Ww
(ii) If S=4absin C, prove that, approximately,
8S_ da &b
5 =E+wb—+cot C8C.
72. If u=log./(z?+y?) or if u=tan~'(y/x), prove that
Q% Ou 0

T AT

73. If u=e"*"*(A cos nx+ Bsin nz), prove that
du_ ,Pu

Erb et
74. If u=A cosm(v+at)+ Bsinn(xv—at), prove that
P,
ot =a o2

75. 1f ax?+by?+cz?+ 2fyz+ 29z + 2hay =K, prove thas
oz art+hy+ge Oz hetbyt iz

Ox~  grtfytes’ Oy grtfyter
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1 o o _2dx
(_~/(.),~ a?) da. 2. /ez_‘_e{.
':«ﬁz ra)d.r, b>a>0. [Putz=asiné.]
1—sin.r f a+2
(e N

= [See Ex. 52, p. 112.] 7. f.i: log (1 +2?)dz.

6. [/ T

8. m(_l;':"{)_ 9. [ N - = 0dr 10, [ A (:’:‘:‘?{) dr
11. [ (u - r“)”dx [Substitute z=asin3¢.] 12. f (x-g;_)ﬁ;)z
13. j-lsm xsin 2z sin 3r dz. 14. ]\/(l 1_(;[ %

sin 4¢ dé .
15. /: i dt. 16. f S O (in 65 cos By [Algebraic in tan 6]
dr P
17, | 18 | = __dx
f\/{(’b‘— 1)(z-3)} A(a—x)
19. f a6 [Muitiply above and below by cos 8 ; then use the
atbtan 6’ device of Ex. 44, Misc. Exs., p. 244.]
¢ (r=1)(3-x) ress |
0. [ o™ B [amimy (Exproms i torms
xrdr xidr
2. T+ Ja-a22) 23. I =28
24, f“ _dr 25. f tan-1z dz.
° +x)%+(l+.x)'}

9
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26. f.re’sin zdr. [Integrate by parts, ta.kmg e“sinx as the inte-
grable part. See Ex 1, §62.]

27. F‘\/(‘U'z-7.v-2)d.z:. 28. V— 2+m +a-
2

0 (a? —L)F

A -1)
80. f(.z 2)(1—0)

d0. [Express integrand in form a+;—

dx
2. f(v a)J = 2arx)
3L 3+4cos b

3%5cos 6 A+bHcos :I

32 /; aﬁ% [Change variable to ¢, where tan ¢=2tan 6.}
33, [" o f(16+62-2%)dx. 34, fM
J3 (] - xZ)&
3. [ dz Cf. Ex. 21, p. 173
b @costi+ 16simy LOF Bx 21 - 173]
36. [ ;—_—\/g;_—m [First rationalise the denominator.]}
e * dz
Ny B ) iV
5 tan xdr
39. ["' tan 0 sec? 0 do. 40. f el [CE19)
41. p d6, where P has the values ) ¢, (ii) 1, (iii) ¢, (iv)e &
2 | scosec49d0. ) . [2%,
%
dz :
44, Tiboos i dsing [See Ex. 56, Misc. Exs., p. 246.}
® (224 g2)-3 dz
45, ﬁ (22 +a?)-3dz. 6. [T
[ dzx . _
47. ’0 [T95c0s 072 Discuss the case 6=0.
: (142 dn. (22%—3) dur )
4 [lerah) sl e
50, (;{ng(ﬁm’ (i) when m? <72, (ii) when m?>n?

[Substitute x=ntan 6, and then sin =u (or, z=nu/J/(1 —u?), in
one operation).]



ANSWERS.

Exercises. I. PaGr17.

L 20 8 14 2.1, 1% &
3. 3a%x*+2a(3b+1)x+30%+2b-1, 3ad+2u02-1, 328+223-1.
4. 0, 05, 0:7373, 1. 5. 4,3, -4, 4686, 4'948.
7. 3. 8 a. 9. 3ar®+b+3axrdx,+a(dx)
10. 3ax ?4-2bx, + ¢+ (3aw; 4 b) b, + a (day)2
2ur, + 1 bx, x (105“—1}
Ui T . T 12, - or, BT i3
1 xx, +0x,)? dzx, log<l~r ;::l) 13. 10 1 ox,
2 10 5‘1-1\ 15. (i) 0851, 0°857, 0°860 ;
14. 107 ‘1 ..
o, (ii) - 0691, — 0685, —0-676.
16. (i) - 0521, - 0516, - 0504 ; 17. (i) 1-374, 1-261, 1-347;
(if) —0-721, 0728, - 0-734. (i1) 2-088, 2-129, 2-166.
20. cosx, secx, 1074+10-%, (10— 10-%)/x are even; the other functions
are odd.
Exercises. II. Paar 31
1 5. 2. 5. 3. 8. 4, 8x.

5. 142 -12. 6. 11-4x. 7. 92°-8x-1. 8. —4x+12:2-20%
9. 2x+3. 10. 12x+5. 11, 322+ 12x+11.  12. 2acx +af+be.
] 0. 2 5 c

R . Ox - . S 16. a--
13. 1 = 14. 2x = 15 -l+x_ a-y
17. 6.1:4-2-%17_,- 18, 6(2s+1). 19. 102z+1)% 20, —3(1 -z
1 1 4
21 -4(3-2x)p s me—e e 28— — L s e
H3-2) 2 (x+1) (1 -z % (2x 4 3)*
4 1 1 1
25, . . . P — -
(3= ox) 26 NCER 2 TR 28 K OERTY
29, 2 5. 0. 1-3 81 10-6t. 82, 720



5.
6.

INTRODUCTION TO

Max. 283 at 2=2}.
Max. 4 at z= - 1.
Min. 0 at x=1.
Point of inflexion (0, 2).
Max. 17 at z= - 1.

Min. -30 at z=-1. Max.

. . . 27
Points of inflexion ( ~.T;..,

7.
8.

10.

11.

13.

14.

Min. - 11 at x=1.
Max. 11 at x=1.

Min. - 10 at x=2.
2at x=1.

230 + 80,/7 247
A A

THE CALCULUS.

- ‘?7_20. 34. '(v—:‘é')‘f 85. b+ 2ct. 36. ‘Z/T:u—‘-‘i)
""W?T”‘i)‘ 8. 32u-5). 39. a-5 g0, -1t
CaoaTon 42 Taael e L 4“. 2z
4\/x+;%—3}~ 46, 21V a1, G237
—34_311'472‘)' 49. ‘:’ﬂf‘;—*i 50. — (2; 37
Exercises. III. Pacgr 39.

2. Max. 01; at z=1%.
4. Max. 1— atrx=g3 ‘.
Min. -6 at z=2. _
Point of inflexion (£, - 23).
Point of inflexion (3, 3%).
Min. -3 at x=2.
230 - 80,/7

5)7

Points of inflexion (0, - 10), (3, - 103 ¢
Min. - 17 at x=3.

Points of inflexion

(0, 10), (';- 3 17+;¢9\/"¢) <3+2\/§_, 17-:95/_3)_

P
fgﬂ,tz -

Max.

Max. 1 7;3 Et
A6

Points of inflexion (0, 1), (-1, 0).
;'5‘-. Min. 0 at x=1.

Points of inflexion

0,0), (— 10 —,

2./3 6 -3
1 o = =—,
Max 9 at z 3
. 2,/3 6+./3
Min., —2V° =2 :
Iin 9 at x 3
Point of inflexion (2, 0)

Max. 20} at z= ~ ?-72/—2-

Points of inflexion ( - ‘5:/.,.6., 45
. 1458,/15 _ 3J15
Min. - ——-1-25— at x= - - 5,_,

Points of inflexion

1656 +84\/3) 6+.,/6
100000 /°

Min. 0 at x=0. Max. 20} at x=:§-/2

1656 — 84,/3
10 * ~ 100000 /J°

12. Min. -6,/3 at z= —./3.
Max. 64/3 at 2=./3.

Point of inflexion (0, 0).

e

2

) (2 %)
’ o I
Max, 1458415

u) :'

=
t x:s“élo.

©,0), (330 ~5103~/30)’ 3,/30 5103,/30\

10’

1000

107 1000
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15. Max. -9at x=-3. Min. 15at x=3.
16. Max, ~latzxz=-1. Min. 7at x=3. 17. Min. 9at 2z=2.
18. Max. ~20at x=1. Min. —-23 at x=2.

Points of inflexion where x= — 4\/:';—& and V#

/5 S [
24 NPa; ofSa. 95, Yasb-nElabi B, 2. 3*x2¢x(§).
8 m+n m+n
27. 5‘x39x(75) ;(?:'>m('> <(’~ifl> s ambr < ma+—-’7b> ,
8 m m+mn m+n
unless Z_.Y or a=b.
m n

Exercises. IV. Pace 45.

1. 2dzx. 2. adx. 3. 6zdx. 4. Yaxdr.
5. 2udx. 8. 2xd.r. 7. —2zdax. 8. (6x-4)dx.
¢ 1 1
9. (Z2ax+Db)da. 10. 52/»‘;:(12'. 11. A dzx.
25 - b 1
12, (‘.Zax -y ) da. 13. = (a::." o hv)(l.r. 14, 322,
x x"
16, % (x+1)2 16. 1 (3c+1)% 17. -1
x
2 1
18. 2. 9. - . o, 1
~ NG 0-40°*
22, %Worl. 23. (l u2+2u—;]i)-
25. 3y 42 26. 322-x -3+ (6x-1)dz.
28, 2°1378. 29, 2-1889.
88. 120x%-90x+24 ; 240x - 90.
%0 8, .2
x x
_2 . 6 42, 6 . __ 24
A 1P Ty T T (x+lp
g8 2,04 G 24d w ] 3

Wt T RN
3 15 n(n+1) n(n+1)(n+2)
45, = _. _ 2 46. s -
4~/1'5’ &Jx'i ant2 2 ont3
47. 2% - 12az +1222; - 12a+24x.
48. Ox(a® - 6a’x+ 10az? - 5x%) ; 6(a® - 12a%r 4 30ax? - 2023).
49. (0, 3). 50. (0, 5). 51, (—+%, 287%)

52. (-2, 0). 53, (_..._a, 36) (3 2 3a,
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Exercises. V. Pace 54.

1. (i) 400; 300-32¢. (ii) 0: -32. (3750, 14061); § - 5t; 3.

. A . vy 12 vV gt V az6
2. (i) U; V-gt. (ii)) 05 -g. (—y" 'Q§>; T T 3. am,z.
4. -dN/dt is the time-rate of decrease of the number of lines that pass

11.

14

17.

23.

28.
30.
31.

82.

85.

37.

43.

through the circuit ; or the time-rate at which lines are withdrauwn
Jrom the circuit.

daC x E

E=RO+L%,. 6. o1y T
. 9 - % . 10 -2
(x?+a?) Jia? -.r?) N(3x*+5)
3x ax ar
- U6 3y 12 faz®5hy 18 - ay
__x+l 5 .- 2 18 . 2-3x |
JP+2x-3) © VB34t 5) " J5+4z - 329)
Zaz+b o gg E 19, %
2/(ax?+ br +c) Tt 1)) T (=¥
L S(-x) gy 2axdb g 28
JB=10x 1 6)° © T2 laxt T br + o © 3TN
ar? 4 - ax? 25 _ 3ax?+b
ax® i b)? T YlaxP b)Y © T3 Y(a+bx+cf
3a422+2(aB+bA)x+aC+bB. 27, 423 -20x.
3224122+ 11. 29, 2(2x - 1)(3x+4)(12x+5).
(az + b)(cx + d)* (bacx + 2ad + 3bc).
(Az?+ Br+ C)(5adx?+ 3aBx + 4 Abx +aC +2bB).
1-222 422+ 3x + 8 a? - ar - 222
Nl G =
Sadif+ Abs +all 36, (32+4)(18224 535 12)
JAxE+ B) : 2 /(22 +3x - 2) ’
2x+1 -2 ad - be
N 0.
1-22-2% a1, 2% g9, 1-6z-8s7
(xF+1)3 TN " (2+5x+a?)*
3022+ 8z -8 xr+2 1
Te@eap M ey B @rivE- 1
o lze 47, bxt20
(¥ ) J(HF a2+ 1y © e Jlaxt b+ )
w %‘ + wu% +uv %’: cubic feet per sec. Formula (B’).

. (i) 4 feet per minute; (ii) 40w square feet per min.

2mxv square feet per min.

. (i) 8mxv square feet per min. ; (ii) 4mx%v cubic feet per min



52.

54.

56.

58.

59.

61.

66.
68.

70.

72.

4.

11.
13.

15.

19.

28.

29.

32.
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l'.‘ feet per min. ; ﬂ feet per min. 53. 1 foot per min.

55 P p 3

Max. 2/; Min, - 25, 85. Max. 2Y%az; Min. 330,
3

Max. —4—;71-, Min. 0. 57. Min. —3; Max. }.

Neither maximum nor minimumn ; but the function has 1 for upper
limit and -1 for lower limit.

. 1 1
Min. 1; Max. 3. in, ——— e
Min. }; Max. 3. 60. Min. S h)’ Max Z@ib)
4.2 1,. N3
Max. 53/‘3'13' e i
a/N2. 65. AP:PB=a:b.
lu13 H ;(;r"+2x+2)’9. 67. 7, ;}(;1‘24—31‘ 2)4
- ,iui‘; —-;’5(3—372)3'_ 69. ‘;Luk, S (ur~+b)§
1 1
3 (@) i § SR 1222 — 4+ 1),
RIS 4uk
1. S0 u'-'_ ‘2(ar”+b)%
:" ; 2lax?+ b +c). 73. D
w. 1 2 w41 75 qrs ) 41
w E__F»i(aa: +bzx+e)ntl Louv “+l[f(:r)] .
Exercises. VI. Pack 63.
x 2 la 3. Loty 4. 2?4 2. 5 1xit+ia
1ar’+b.r 7. §ad -3 8. Aart-la?ion
2et- Bty o 10. Jaxt+ Lba+ ca.
Ladxrt+ ] (aB+ Ab)xt+ b Bx. 12, a2zt
Br+gat+a®-Fat 14. Jart+3bat+ 3 ea+da.
u 1 1
ENCS 16. 2w 1. - 18. -G
1 , 2
log(x+1). 20. - o 21. x+2logx. 22. logz =
3r-2logx - -1-. 24, ar+hlogr - . 25. (2r+ 1)%
x x
1 1 /9, 9y Dy
CiEE TR 27. M/ (2r+3)% 28. \/(2r+3).
g:’ Jlax +L7. 30. 2, /(v +D). 31. !log(2x-3)
3 a
-—-.}log(!%—?x). 33, x+2log(ar-1). 34, x+%:f-log(2x-3).



266

85, 2a3+222+5log(x-1). 86. Zad- Fa?+ 14z -26log(z+2)
1 x-1 1 a -2 1, -3
87. 01 e T 38, ‘Ilog...~ 89. -2—;/3logx+~/3.
2x-3 N21 32 —,\/21 42, 1loo(s?—4
40. 1—2 85 3 41. ‘4*2'1%‘; b 2. 3 log(«?-4).
43. .%log(x"—cﬁ). 44. 4log(x-3)-3log(x-2).
- 1 Q. _.1__ UJ‘_—JZ.
45. log(x-1)+3log(2x+3). 46. a—bln"x—b
1 (x-3)(x-2)
o —-a)- -b)]. 48. 4 .
47 a_b[alog(:c a) - blog(x - b)) lo a1
-1 1 a+.. 1 —an._3.2
49. logT-}-E. 60. log 1TEIT 51. y=6x-32%
52. y=vax®+bz+c.  5S. y::_;:c~-»;;.v’+'fy. 54, y:‘])xz-f;ﬁ-;-
55, y=j1a*+la?+x. 56. x=Vicosa; y="Visina- Lg%
167. x="Vtcosa; y="Vtsina-Lg?. 58. E=lkm(a®-2?). 59. E:%n;.
_1 2_ 0.3, L WL?
60. EIy—-‘u W(3La?-22%) ; 5 KI"
61 Ely= W{3Lw—4a%}; S0
- Y= 48Kl
SwlA
3p -9 i
62 Ely=y;(L’s-2La*+a%); goimy
W o2 2. wlt
63. Ely= 041 (L-x)%; BB
Exercises. VII. Pacr 67.
1. Ylog(x®+a?). 2. Jlog(z?+2ax +b?).
Ylog(aa?+2bz +c). 4. - LJB-2
5. —J(3-a). 8. BEJ(a;c’-i-?))".
(e = 2ax + D2, 8. J(ux®+2be+c).
1
2 —1)3
9. 2 /(x*-1)% 10. gy
1 9.2
1 - e 12, -./(3a? - 142 +10).
18, 1Ex(162% - 1224 8)a/(x+1)%, or, 15 5 (1503 + 322 — 42+ 8) /(2 +1).
14, 5 (62 +13)W/(x+3)%,  or, 175 (622 +31x + 30) /(2 +3).
15, 7 (524622 +8x+16)0/(x~1). 16, m/.("_le‘&i’)?.
(azn+bymt] 18, L 1
mii)na . “+1[f(x)] .

INTRODUCTION TO THE CALCULUS.
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19. log f(x) 20. 1'% (322 - 2) /(22 +1)8.
2(x+2) 2(ax+2D)
21, =\T¥L) 22, r+2b)
Mz +1) a/( az:+b)
23 % S S,
N(xE+1) = cvﬁ,\/(.zc2 +a?)
95, ___*+2 %, . zT+a
N(x?+ 4z +5) (b - a?) /(x*+ 2ax +b)
Exercises. VIII. Pace 75.
1 4. 2. 36. 3. 17% 4 21 5. —63%.
6. 5. 7. -190. 8. 0. 9 3. 10. &
1. 2% 12. 562}, 13. 45, 14. 3";/2
32
15. .*_5/_2. 16. 2. 17. 2. 18. 37
19. 21og2=13863.  20. 1og.”.?. 21. log4=13863.
22. }log 5=0'8047. 23, }log’£=01905. 24. }log3=0-5493.
5 1 1 2 o2 T
25. 3| e gus | 26, 322, 27. 22 28, la%  29. a.
1 2.4 h2 458,/2 2
30. 210ga__£:__)i. 31 ’.;.:_ 32. 23 33, 4%
34. 98,%%. 85. 581. 36. 37. 3
B +3 2Y. =
38. Zakd+2ch. =Y 22, b=¥ V15 =y,
b k 1 1 1
41 log”. a2 F LSl 48 1 fentl_padl
g, n—l{x]"" xg""} (n+1)c"‘1{h =
n
4. & [1—» A 45. wal.
(T
o .. L ey w(h— a)z .oy T(h+a)(b-a)? hs
47. (i) 5 (it) o (iil) —y (iv) —i 50. Tou
Exercises. X. Pacr 100.
7. () 5k (i) § A 11. § Ma2 12. 3 Ma.
18. I Ma2. 14. M(Eat+ed). 1. 111(“ T“E)
. 2. 2 )2 2.0
18. o, iy ar[ @ .‘_]. 17, %Y
@ A% (i) /[4+3 5
18. (i) g Ma®; (i) o5 M(a?+4A2). 19. (i) § Mh?; (ii) & MA2

21,

42610 foot-pounds ; 72° 22. 7980 foot-pounds; 93° F.
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23. pym (1 -—) 105 -2, Note that, by §40, example 1 (6), the ¢otal work

done during admbatic expansion and compression is zero; alse
that, by § 40, (ii) (iii), /v =vyfr).

Exercises. XI. Pacr 107.

1. 2cos2ur. 2. —-2sin2r. 3. 2cos(2x+5).
4, -2sin(2x+5). 5. —cos(3-x). 6. sin(3-x).
7. Yeos(ix+lm). 8. - lsin(lz+3m). 9. —2cos(3-2x).
10. 2sin (3 2z). 11, 5cos5 (x - 1m). 12. -5sin5(x - 3m).
or 2r . Or
13. 5 (.os £y (:c +2). 14 - 5 sincy (x+2).
‘..’. 2w 2r . 2
15. —«cos——(a:+b). 16. - ~-sin=—(x+0).
a a a a
17. 2cos2xcosx —sin2rsinx. 18. cos2xcosz ~2sin 2z sin .
19. m cos mx cosnx —nsinmresinnx  20. m cos mx sin nx + n sin mx cos na,
21. 3sec¥(3x-4). 22. - 3 cosec?(3xr-4).
23. —2cosec(2x - 3)cot(2x - 3). 24. 3sec(3x-2)tan(3r—2).
25. sinx+2zcosz. 26. cosx—xsinx.
27. 2xsina+ x?cosx. 28. 2xcosx - xisin.
29. xcoszx. 80. zxsin.a. 31. cos?r. 32. sinZr.
83. cos’z. 34. sin’a. 35. tan®r.
CQS xr In x T cos x
86. tanx + x sec?r. 31. -~ s-——.z--—. 38. - sinw_ il
Tz z x x*
2cosx 2sinx 2
89, - =7 40. fhidas 4. __~ .
(1 + 8in x)? (1+cos x)* 1 +sin2a
43 - } cosecg cot g 43. z%sinx. 44, 4xsin2z.
Exercises. XII. Pacr 110.
1. -3sio(6x-4). 2. 12sin%(4x - 1)cos(4x ~ 1).
~ 4a cos®(ax + b)sin(ax + b). 4. nasin™~Yax + b)cos(ax +b).
in9;
5 ,Co8T_ 6. ZSIn=x 7. 2sinxcostr — 3 sindx cos?x.
3. /sinx’ NJeos 28
8. msin™"lx cos"tlz — n sin™ 1z cos” "z 9.~ ?Of z,
s1n-.r
-9 2 1, 2
10, ~2cosx 11, 1+sinr 12. sin™ 1z (m cos® *x +nsin .c)
sindx cos®x cos"tlx
18. 2 tan xsec?z. 14. 2sec’xtanz.

15. 2atan(ax+ b)sec}ax +b). 18. 2x tan z(tan z + z sec’z).



17.
19.

22,

28.

25.

35.

36.

37.

38.

39.

88 8

58,
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2x sin’x + x%sin 2. 18. 2r cos’x — 3x%cos?x sin x.
nz"~1gin* -1z (sin x + x cos ). 20. nx"~lcos" lx(cosx — xsinx).
Min. when =0, = ; Max. when x=m/2, 37/2; Inflexion when x=n/4,

3w/4, bw/4, Tw/4. The period is w, but in this and the following
examples the values in the range from x=0 to x=2n are given.

Max. when x=7/2; Min. when z=3n/2; Inflexion when 2=0, 0955,
2°186, T, 4:097, 5-328.

Min. when =0, = ; Max. when x=m/2, 3r/2; Inflexion when x=x/3,
2w/3, 4n/3, 5m/3.

Max. when =0, r; Min. when z=w/2, 37/2; Inflexion when x=m/4,
3n[4, 574, Tm/4.

Max. when =0, 27 ; Min. when 2= ; Inflexion when 2=0616, =/2,
2526, 3757, 37/2, 5°668.

Max. when =0, =; Min. when x=7/2, 3r/2; Inflexion when x==/6,
5m[6, Tx[6, 117/[6.

Min. when =0, = ; no point of inflexion.

Inflexion when =0, 7 ; no turning value.

2 cos 2x. 30. —2cos 2.

. 2secix(secixr + 2 tanx), or 2(1-+tan®r)(l +3 tan%r).

— (34 sin 5 cos 3z + 30 cos Sxr sin 3x), or —2(sin2x + 16 8in 8z).
~ (34 cos 5 sin 8x + 30 sin 5z cos 3x), or 2(sin 2x — 16 sin 8x).
2mn cos mx cos nx — (m? +n?)sin ma sin na,

or L(m+mn)cos(m+n)x - 3 (m — n)*cos (m — n)x.
— 2mn cos mx sin nx — (m3 -+ n3)sin mx cos nx,

or ~Y(m-+n)sin(m+n)x -} (m - n)*sin(m - n)z.

ni
" cos (ax-i»b-f-;)—).
2
—r nmw
2""‘sm(2x+ n—l;;), or -—2"“cos(2x+—2—).
3. nr 3 . nw
s, ) - -sin 3x+ 5 )
. —r nmw
—21-1gin (21‘+ n—1 :;), or 2""lcos <2;r +~_;).
2 2

3 nw 3 nmw
4-005(3.1.'4» »‘)) + 4 CO8 (.r -, )

54° 4475 125° 16", 48. 1. 49. adcostu.
1. 61. «®cos®u. 52, 2,
3 (b - a)?sin®2u, 54. 2a’sinbu. 56. 1/b.

Exercises. XIII. Pace 117.

1. 0°5403023.

1 1 _(2x)2"
2 _ U RS D B pwind A
s ‘]1’4+..,+?( 1) ("11)!+""
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. 1 1 "(2x)zu
7. (l) l-—x2+~x‘—...+§(—l) _(_W e s
lgx " 3 32n+1 3'2n+1
(i) & =G+ gy = (- )(“‘T>(2ii11)'!+
. 72:‘ q g\ g
i1 -9 pandi, — ]\ e N
(iii) 1-222+ et (=1) < i >(2")!+ e}
'2"' 1 eazntt . omtny T i
(iv) +2( Ty (4% 414 27 )(2n| 1),
8. -1 0 2 10. 2. 1 1. 12. 128/8L,
Exercises. XIV. Pacr 122.
1. — % cos 3z. 2. cos(l- r) 8. -sin(l-x).
4 ~2a—’rcos%r(x+b). 5. - ~sm —-(z-l b). 6. 3;- a%sin?(n:c-*-a),
7. ;4-%% sin 2(nx + a). 8. tanux - .. 9. 3 sivde.
10. — § cos’z. 11. 3} tan®z. 12. - Ycot3e.
T Vi T L s
13. 5 14. 5 15. o 16. B 17. el
3r
2 om
18, 3 19. 6 20. 0. 21. 0.
3T . i 5 5. 57 4
29. [Tat 80 JLat 3. Tas. s2. JTad
33. f:;aﬂ. 34. ma. 35. . 36. g(b-a)z.
7l —e2 4
. p+y 88 2mer{loen sin"c} arat 99, O
40. (ii) }sin®r - Fsin’c+ Lsin'c;  (iii) sinz -} sin’c;
(iv) sinz - % sin®x + + sin®.
4l (i) } cos’z - L cos’c; (i) % cos’w — } cosn — } cos®r 3
(iii) 3 cos’z — cosx; (iv) £ cos’z - cosz -} cos®x.
42. (i) §tan®r - ) tan®r + tanx - a;
(iii) Yt&n":c - -1 tan®r + } tan’r - tanx +x;
(iv) § tan®z -  tan’z + ’ tan®r - } tan’r+ tanz - 2.
Exercises. XV. Pack 128
4

@) ~/2, (i) \/(1 1)
(i) (D) ) V{{H_Lz;;ﬂg},



12.

15.

19, —

23.

27.

10.

11
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(i) 2IEcosB; (ii) L1 E, cos(a, - B;)+ 3 LB cos (ay— By).

O 4o Gi) 45 i) B T (- 8 -

cosrr 1, 10, 0. . (-1
rieosrr Beoarmol)gg (oqpffRerge (oppTSRem

%55% 16 2 . 2 18. 357

e 2. 27 2 2 2 O

L 2a. 57 25. ’%‘. 26. 1;‘5

i, 28 Or 29, a2, 30. 77,

Exercises. XVI. Pace 152.

26°42 + 24°57 cos & + 108 cos 2x — 20°33 cos 3x + 158 cos 4z
+ 176 cos 5 — 3'08 cos 6x + 15°19 sin x — 1342 s8in 2x
+20°17 sin 3z — 303 sin 4z — 5°02 sin Hz.

742 +29-70 cos x — 0°08 cos 2 — 13°17 cos 3. — 692 cos 4x — 0-03 cos 5x
- 492 cos 6x ~ 1432 sin x - 1313 sin 2 + 1833 8in 3z
~ 621 sin 4x +4°15 8in 5.
0075 +4°54 cos x + 127 cos 2x + 0°02 cos 3x — 0°10 cos 4 + 009 cos 5
+0°11 cos 6x +7 47 8in £ + 179 8in 2z + 0°10 8in 3x
+0°12gin 42 +0°03 8in 5.
1°50) + 1824 cos = + 1°00 cos 2x — 137 cos 3z — 0-20 cos 4x + 023 cos 5z
-+ 369 sin & + 0-06 sin 2x — 040 sin 3. + 040 8in 4x + 0°11 sin 5.
7 4[cosx cos3x  cosbx cos(Zn+1)z J
3T AL T e et Ty J
sin (—ux), or —sinz.

1 2[cosx cos3xr cosbr cos7a:+ :] L1o
9*}[“1"““‘&" 5 gt bwl
2 1 1 1
;[cosx—gcoslix -+ 5cosoz—»7-cos7x+ ]
2 1 1 1. . 1 111 1
T [smx+.;sm3.z:+ smox+7am /.E+...:|; o Ty T

5]

) /'; 4
E [sxxnx—»251nax+ ,—.lésm’/'a:«rl—_smllx+ ] B,= r,sm )cos—g.
™
Secries represents z from x=0 to z= —i, —5 from z= -z to
2 O
T= - and —(m+2) from z= -3 tox=-m.
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12. ?;{sin Ky —{~,lsin3n:+lsin Sz + ]

3 5 §
w2 f 1 2 1 1 R
13. 3——-41coqn_—2~2cos i - 3 cos‘%t—;ﬂcos41+ H
2f(n . SN . s WL
- —1—--1~3 sxxlx—-z)—sxn_xT i—g:—;)sm:%a ——4~sm4‘b+... .
m T am ” m
15. Sinan 17. 5 sec 5~ 18. 502 3 put w=g.
Exercises. XVII. Pacr 159.
1 2 2. 1 3. - R B
T VA=A ’ NICTEED) DA e - aF)
1 a -1
& Y S T & s
3 L ) @ -
7. PR s 8. sin"lx Ry 9. sinlx.
10. wsin e, 11, /(3 +2r - x?). 12, tan~le+ i fr‘”
8 DY
13. 2z tan -l 14 sin"(%«). 15. 1 sin ‘(:_i).
V3 : El
1 . .r\/3) - _‘
16. :/35111 < - 17. L3 - a2+ 2sin (J‘)
'3 VA NS o . b2 . ¥d
18, /(7 - 32%) + '\/ ‘<~:77— ) 19. la /(b2 ~ aZa?) +5s sm"(‘g’;).
. sin"(—;——f) 21. T., (6 — a?) 42 sm“(" ;*>
2x-a . 2x —-a 2 22 -’
in-! . = in-1{ “S—— ).
sin ( m ) 23. 3 (ax —a?) 4 8 sin ( a }
- 2p — > o
2:1:2 ! . 25. (£4J) /(B4 4 ~ 42%) 4-sin ! “_r]')'

{ .
i(; /(24x - 922~ 7) + £ 8in -] 27. —-tan! —i—)

]
3 7

L tan-1 bz, 29, 2 tan-1 ‘)I_‘l
ab a J3
1f3x+4 m T
30. 1tan l(_.&—> 8L . 3
38, 4la 34, ’2’ 35. . 36.

Exercises. XVIII. Pace 167.

2a x-a 2 1 a+x
Txt-ar 1g(.r+a) 2 £z’ ‘.’abg(a—z)'




11,

14.

17.
20.

HE38E

8 8

43.

47.

49,
51.

83.
56.
58.
59,
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Ja 1 5 .1 6. 2a(a’-=2?%
(@ —w)Jz’ 4. 2 J(xE = ) t Vi -ax) Ty aftyal
cot . 8. --tanax. 9. 2secaz. 10. -2coseca.
cos ar 19, 1+cosx 13, _ Zcosz
T+sinz z+sinz sSInx +Ccosx
.l(.BlIIJ‘+COE a:). 15, tan-lc. 16. 22 +x+1
sinx+2cosx -zt
V(#2+2x+3). 18. 1+loga. 19. znl4pxntlogz.
1 » : 1o
Iy 21. e*(x+1). 22 e *(1-=x)
2 leT (x4 n). 4. =" le"F(n-x). 25. 10*log,10.
-10-*log,10. 27. e*(sinx+cosx). 28. ¢*(cosx —sinz).
e~#r{ — 3gin (42 + 5) + 4 cos (4 + 5)}.
— e {3 cos (4x + 5) + 4 sin (42 + 5)}.
e“{a sin (b + c) + b cos (bx +c)}. 82. e**{acos(bx+c)- bsin(bx+c)}

x x z x
'l-{e“—e ) 34. L(ef+e @) 85. arer,
-1 2, ey 42. log(x+ NaEo1).
£ € xn
_} log {4 £/ (22 + })}- 4. log{z+1+a/(x*+2x+2)}
)
\/*log ',4 + ; V(:-’-,%—t—f;)} 46. log{x+a+\/(x*+2ax+b?)}.

1(20-3) (@~ 1)@ - 2)} - Flog[w - & + Ml - (@ - 2)})

3 (e +a) /(e + 200 4+ 12) + (12 - a?) log {x + a + /(2 + 2ax + B3)}.
Ja%logx - a2 50. 3t logx — T
1
n1 ey 52. e*(x-1).
— g loge - O R (@-1)
e*(w? - 20+ 2). 54, & (2’ - 32%+62-6). 55. -e *(z+1)
—e” Y+ 20 +2). 57. —e *(a*+3x2%+6x+6).
To=Tie ™™ ; (i) Ty=Tye  *™; (i) T,=Te ™.
Napierian Common
Logarithias. Logarithms,
2. 0-69315 0-3010
3. 1-:09861 0-4771
4, 1-38629 0-6021
5. 160944 06990
6. 1-79176 07782
7. 1-94591 0-8451
8. 207944 09031
9. 2:19722 0°9542
10. 2-30259 1
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13.
18.

21.

10.
11,

12.

® oo~
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Exercises. XIX. Page 173.

-;—e’(sin x - cos x). 2. Ye*(sinx+cosx).
- %e"‘(sin x + cos x). 4. Ye-+(sinx - cosx).
— o5 e~3%(3 sin 4z + 4 cos 4x). 6. 'se % (3sin 3x -4 cos 3z).
Tlo-e’(ﬁ —2sin 2x — cos 2x). 8. y'ge *(2sin2x — cos 2 - 5).
1 1 . . n k
5. 10, 5g5{3cos5-48in5}=01875. 11, o 12 ey
ksina+ncosa - s
pltnimaodi ittt 14. =, 16. . 16. 1. 17. 1.

k2 +n? 4 2
1 m o T .. r
i 19, o 20. (i) Ve (ii) . 21. oab
x=e""‘{a cos nt +2 V+ka sinne .

2n J

Exercises. XX. DPace 180.
nr+yy=8; yx-xy=0.

- yy=2a(x+x); n@-o)+2a(y-y)=0.

y=zxlt+at; y= —tx+2at +atd.

nx hyY_y a’x Dy _ ., .
2447 =1 — - —=a?- b2
a2+b" ’ T %

ax »(13{___ 2 p2
Cos0 sind b
P lies between K and L.

Ecos@+ysin0=l;
a b

z z z x
Subtangent = aleate a)+ (es—¢ a);
2 . _22
Subnormal =}a(e® ~'¢” *); Normal=y?a.
Subtangent =b tan Z. Subnormal = a® sin .237
’ b b
(i) 2; (i) 2; (i) 2a; (iv) 2a.

G L i) 2 (iv)
v (1+a2?

20
(1 +a)!

Exercises. XXI. Pace 186.

. Ely=¢ W (42 - 12La* + 9 L% - L?).

Exercises. XXII. Pace 191.
£l
izige L 5)iy=0368; igfig=0'135; igliy=0050; 4y/ip=0018.
(i) 0; (i) IIv2.
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Exercises. XXIII. Pace 221.

4. 2137812 15. 0-739085. 16. 1-1656. 17. 2-588968.

Exercises. XXIV. Pacr 234.

1. y=(*+O)/(+*- Cy. 2. y=Cx/(x-1).

3. y(1+2%)=0(1-42. 4. l+u-v=C02(1-u+v).

S, logy+afy=C. 6. y3+3x%y=C.

7. 2Cy=a%-C2% . 8. y2-x2=0Cy.

9. *=2Cz+C% 10. y=3}sinz+C/sinz.
11 y=J(1+a®)[log{x+.(1+2?)}+Cl. 12. y=a+C /(1-2?).
13. y=sinx+ Ccosx. 4. pr+32=C.
15, x=¢+Ce?. 16. 22(1-a?)+a?-2logx=C.
17. 22+ y?+a?=Cx. 18. 1/y= -a+Cy(1-2a2).
19. 1/y=3}(sinx + cosz) + Ce*. 20. x(C-t)=cost.
21, a%+ y?=(kx+ O 22. y(x-C)*=alC?
238. y:g(e;"+e_3), 24. y=Ae+ Bem=,
25. 2= Ac-ot4 Be-r, 2. y=d+ B4 5.
27. x=Ae P4 Be='3 Lo, 28, y=Ac¥ e *(Beosx+ Csinad~ _!).c".
29. y=e~*(A4 cos 2+ Bsin2v)+ 1]7 (cos 2x + 4 sin 2x).
30. y=e"%(A4 cos3x+ Bsin3r)+2cos3x+4sin 3.
3l y=Acos3r+ Bsin3x- '1('::) cos ‘2.c+%-
32. y=AcosBx+ Bsin3r - Z xcos 3.
33. y=Adcosx+ Bsinw+ % zsinx+ l% cos 3z.
34 y=¢ 2 (A cos#a% Bsin \/)3 .zf) ~cos .
85. x=¢-%(4 cos2t+ Bsin2t) +% (3cos 2t +45in 22,

1 1, 1
= -2 _ D=2 2
36. x=A+Be ple ™+ tt- gt
l/
37. y=Ae*+(B+Cx)e¥ + g t2e21+E—;3:e“.
88. y=(A4+ Bx)e*+(C+ Dx)e*+2*+2x+35.
89, y=Ach+ Beetyrgly 13,
y=4e’ + Be e +8x »
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. - bt 2uc+h .

40. r=Aev + Be-20f out ™ ~das 41. y=e*(sin 3x - 18 cos 3x)/325
42. y=ae~™(msin nr+ 2n cos nx)/(m? + 4mn?).

_aer( , 16x 98 _ - .
43, y= T-5~(z: - --15»+;225>. 44 y=-4jreTcosa.
45. (i) z=(asinpt)/(n® - p?; (il) a= - (at/2n) cosnt.

. ae” l"( P sin nd + 2n cos nt) ao‘"’(sm nt+ O("()R uf)
46. abatadl - d

8. (i) = Tp(pt+4nd) ;i) = ot
h

47. = (@ +1)e-ta, 48. :x:.—_g cost - %e—‘”(cos«‘ +2sint); gcost.
49, x=(asint- sinat)/(a® - a); 4(sint-- tcost).
50. x=Ik{(a®+1? - p?) sinpt - 2ap cos pt}[{(a?+ b - p?)2 + 4a?p?}.

51.

VgE 4 g =t VI
kx=log (%ﬁl_j_f); N(glk).

kx:]on'(—l—sm gl_{ cos fZ’>, w=,/(g/k).

58. 162=2¢(cos 6 - cos a).
54. l":A + B tifngl; V=A+Blogrif n=1.
55. i*=2u(x"1-a"1).
Miscellaneous Examples. Pacr 240.
2. y=4x%-9x%- 122+ 20. 3. (3ac - h?)/3a. 4. 32 cms. x 18 cms.
5. T.r.(-2 -13), Minimum; r.1. ( -1, 9), grad. =32; (1, 41), grad. = 0.
8. 0; 1/6. 9. 4,4/3 (or 6-93) inches per min. 12, Const. = -2,
13, @iy - wi =120, xk+ yi=ri - (002 i - yE=d (129)/dt.
15. 60 nantical miles ; after 3 hours.
16. (ay - 2%)/(y? - ax). If z is always zero the equation is the equation o1
a curve, and dy/dx is the gradient at the point (z, y) on the curve,
17, 4(x+2)9(1 ~y); () (-2, -1, (-2, 3); (i) (=5, 1), (1, 1).
18, 2ery- w4 y?) 29290 oy (0 0), (a, a) (-a a); () (0, 0),
YT+ ) - axt T x(x -3y
(3_1/311, §n>, (_3—‘4/3:1, 3&) The origin is a multiple point at
which both axes touch the curve.
19. (i) (2ax - 4% - 32%)2y(x+a); (ii) (y*+2ry - 20)/(2y - 20y ~ 2%).
22. (3 +22))(2+1¢), 21+ (B+E)/t(2+1)%
28. 2log(x-2) - (1222 - 39x+29)/(x - 2)3; 15log.2 - % =0-00658.
26. 1:193k, but 1'198k is more correct. 217. 3;1r(R'-’—r2)‘.



28.
29.
35.
388.
40.
41.

45.
50.
53.
54,
55.

$6.
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At K on I B, where IH{K =2:656 inches; 2:238 (inch units).
anfl. 83, 5 Ma?(a®+1b?).  34. 2:138 cub. ft.; 27600 ft.-Ibs.

12 1og,10=2-538. 87. k=27a/8.
9In2/4. 89. - (1+mncost)/asin®s.
0X; wa/(b-a), —wal(b+a). OY; -wa(a?+?), wa?/(a-+b2).

sec 0= 32, 6=37° 28",
](’8(200‘33’"‘551" x); A=3, u=-1; 3r-log(2cosx+5sinx);

1“;"'"'1 Zlog(3cosx - 2sin ) ;

(4 Br

412{-3“&2”':41%}(‘; log (P cos .+ @Q sinx).
5 . 256 63w 63w
2ar, 48. ora-. 47. 0, 315’ 956" U35
po(l - ﬁk) 51. =/3, 13/y/2.
N
0 4(1+x2)"’ (i) 4(1
Fljxa/(x*-1) rcspeutl\'c]y 5
1. x 1 AU , a1 4
310.5 t,a.n<2+étam 4) S AT log tan <Q+2m” B )

5 5 \
%um" (2—)) tan i::+:1;> ; tan! (é tan a:~é/-.

2 ; these differ by the constant i

b Jisee o+ 1),

57. (i) 1'0136; (ii) 0-9863.
(l+.1.‘9)‘3 ) " _ | A X
%8. - g 0 FT 'J(l n) or b RN tan=/(x - 1)
sin~(x — 1) +4/(2x — z¥).
59. (i) 2mrac; (ii) (7 -2)ac. 80. Apply the method of § 44.
61. 56°7; 19 min. 50 sce. 62. - tanf; counstant=n.
65. 4 cos jt. 66. -13.
67. a; 2®+y%+2ay=0 70. kabj2r, density =kxy; (‘]"f ’]")
5 15
Miscellaneous Integrals. Pack 248.
1. J/(«®-a?) -atan™! 1 Jix? - a?). 2. 2tan~!(e*).
a
8. w{b- J(b? -a?)}/2h. 4. tan b +log (1 +cos x).
5. 2.(x- 3)+--— tan-1 \/(’;*) 6 =
7. F(1+a?) l(m (1 +a%) - La 8. 1/24at.
1 -a® .
-1 - -1
9. \Rcos ,\/ ( F x") sin~lx.
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10.

12.
14.
17.
19.
21

28.
26.

28.

30.
31.

33.

85.

37.
40.
41.

42.
45.
48,

50.

(b -a)sin~! \/

(r+2)/8 13.

1. 2+ 1
—J(l-x—x’)—§81n"( N

log{x - 2+a/(x* -4 +3)}.

a6 b
a?+ 0% a?+ b

1 tan—1 (% tan x)

log (a cos 6 + b sin 6).

Fsin=1(a). 24, /2.

+e{(1 -x)cosx+asinx}.

1+,\/2—§.

Hog[{(z- 1)} -8z +7P/(x - 2) (= - 5.
$0+F5log{(2+tan L0)/(2 - tan 16)}.

3r 5
25 2. .
-o( i +3) 34

25m/6912,

+tanzsecz+ 1 log (tan x + sec ).
{log (a cos?x + b sia%x) }/2(D - a).

(i) log (1 +€f); (ii) 6-log(l+ef); (iii)ef—

(iv)log(l+e")—8—e“’
2 a?+a®
57 (18 - 5,/3). 43. -.__1
=7l 5:3) a2 ga--ﬁ

5. 46 S
(37 +8)/32a 8. L lo g<{+w>

A (142938 - 120 4 152). 49

105
i 1 tan"f‘r"/(" - m‘)} .

O = ¥ @ T

) Vilx-a)(b-=x)}.

36. ‘2(11—2 [22 4 xo/(22 - a2) -
38. =/u/3. 39,

5
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11. 3ra%/32.

—-—(2 cos 6x — 3 cos 4x — 6 cos 2x).

15. 4/25. 16. log<~

tanf
1+tané)/)

3 o 1 x\ 3a+2x
18. Za sin \/<a>—T~/(ax-:c2).

20. - 17x/2.

12 - J(1 - 2%
22. A2 = A1 -2

N e
25, xtan—lx - ylog(l+ux2).
27. 5%(20 - 9log 3).

29. L sec"(l).
a a

32. /8.

W
o

2 log (1 — 2?) + z sin~lz/ /(1 — 22).

a?log {x+ /(2% - a®)}1.

713

log (1+¢%;

2 _ ‘%+"tan<r
. —— t 1
15" ( 5 )

47. 6/sin 6.

o7 tan s

tan

. 2
- %85t 3%

(i) 1 lo f ma/(x®+n?) ﬁ—x\/(mz—n"’)}

2mJ(m? — n?)

VoSt + 2) — xa/(m* ~ ©2)
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Abdank Abakanowicz, 208.
Acceleration, 49.
Adiabatic expansion, 99.
Anchor-ring, 87.
Approximations, 42, 105.
to areas, etc., 84.
Arc, derivative of, 82.
of circle, Huyghens’ approxima-
tion, 116.
Area, derivative of, 9.
interpretation of, 74.
of surfaces, 83.
sign of, 70, 72.
Argument of a function, 3.

Bending of a beam, 181.
Binomial Theorem, 217.

Catenary, common, 168, 184.
of uniform strength, 168.
Centre of curvature, 178.
of gravity, inertia, mass, 89.
of pressure, 92.
Centroid, 89, 119, 203.
Circle, area of, 122.
of curvature, 178.
Circular functions, derivatives of,
105, 155.
integrals of, 119, 156.
Complementary function, 228,
Compound interest law, 160.
Concavity, 13, 47.
C'one, volume of, 86.
Constant, 2.
of integration, 59.
Continuity, 13, 142,
Convergence of serics, 210.
absolute, 212.
tests for, 211, 213, 214.
Convexity, 13, 47.

(‘osine series, 144.
cos z, series for, 113, 2i7.
Curvature, 177.
centre, circle and radius of, 178.
formula for, 179.

Decreasing function, 7, 33.
Definite integral, sce Integral.
Dependent variable, 2.
Derivative, 27.
higher, 44.
of circular functions, 105, 155.
of exponential function, 163.
of function of function, 50.
of logarithmic function, 163,
of powers, 28.
of product, 52.
of quotient, 53.
of sum, 28.
partial, 237.
Derived curve, 36, 196
function, 27.
Difierential, 41.
coefficient, 27
Differential equations, 61, 64, 109,
172, 224-236.
Differentiation, 27.
See Derivative.
Discontinuity, 13, 142.
Divergenco of series, 210.

Durand, W. F., 208.

Elasticity of volume of fluid, 49.
Electricity, examples from, 188-
193

Ellipse, arc of, 88.
area, of, 76.
curvature of, 179.
normal and tangent properties
of, 176, 180.

The numbers refer to pages.
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Energy, kinetic, 51, 128.
Equation, graph of, 1.
Expansion of log (1 + ), 165.
of cos , sin x, ete, 113, 117.
of tan—lx, 158.
Explicit function, 4.
Exponential function, 161, 219.
derivative of, 163.
intogral of, 164.

Fluent, fluxion, 49.
Force, 49, 51.
Fouricr series, 130-154.
Function, 3.
decreasing, 7, 33.
even, 18,
explicit, 4.
graph of, 3.
implicit, 4.
increasing, 6, 33.
inverse, 5, 155.
notation for, 14.
odd, 18.
of a function, 50.
periodic, 143, 151.
turning values of, 10, 33.
uniformly varying, 6.
variation of, 10, 32.

(ieometrical applications, 175.
Gradient, 5, 29.
average, 7.
of a curve, 21.
of a function, 27.
variation of, 11, 36.
Graph of an equation, 1.
of a function, 3.
Graphical integration, 196-208.

Harmonic motion, simple, 109.
with decreasing amplitude, 173.
Harmonic series, 212.
Hooke’s law, 50
Huyghens’ rule for circular arc,
116.
Hyperbola, 180, 181.

Implicit function, 4.
Increasing function, 6, 33.
Increment, 6.

notation for, 15.

Inertia, centre of, 86.

moment of, 95.
Infinite limit, 170.
Inflexion, point of, 13, 35, 45.
Inflexional tangent, 13.
Integral curve, 197.

graphical construction of, 199,
Integral, 59.

definite, 71.

double, 193.

general, 59.

geometrical representation of,

71

indefinite, 59.
limit of a sum, 77.
standard forms, 60, 119, 156, 164.
See Integration.
Integrand, 59.
Integraph, 208.
Integration, 58.
by change of variable, 65, 73.
by partial fractions, 61
by parts, 125.
constant of, 59.
graphical, 196-208.
of circular functions, 119, 156.
of exponential functions, 164.
of logarithmic functions, 164.
of powers, 60.
of trigonometric functions, 119,
156.
See Intogral.
Inverse function, 5, 155.
Isothermal expansion, 99.

Johnstone, John G., 208.

Leibniz, 81.
Limits, 22-25.
ol a definite integral, 71.
infinite, of integral, 170.
Logarithm, hyperbolic, or natural
or Napierian, 163.
Logarithmic decrement, 173,
Logarithmic function, 163.
derivative of, 163.
integral of, 164.
series for, 165.

Maclaurin’s Theorem, 215, 221
Maximum, 10, 37, 45.

The numbers refer lo pages.
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Mean values, 124.

Mechanics, applications to, 48-50,
89-102, 181-188, 201-208.
Mensuration of common colids,

86-88.
Minimum, 10, 37, 45.
Moment, bending, 97, 183.
first, 89, 201.
of inertia, 95, 193, 205.
second, 935, 193, 205.
Momentum, 49, 51.

Napierian logarithm, 163.
Newton, 49, 68, 81.

rule for equations, 218.
Normal, 175.
Number e, 161.

-, 159.

Oblate spheroid, volume of, 87.
Oscillating series, 210.

Pappus, theorems of, 92.
Parabola, arc of, 88, 168.
arca of, 73, 76, 84.
curvature of, 179.
normal and tangent,
propertics of, 180.
somi-cubical, 88, 180.
Paraboloid, volume of, 87.
Particular integral, 228, 231.
Periodic functions, 143, 151.
Point, of inflexion, 13, 35, 45.
turning, 9, 33.
Power, derivative of, 28.
integral of, GO.
Pressure, at a point in a fluid, 49.
centre of, 92.
Prolate spheroid, surface of, 88,
123.

volume of, 87.

Radius of curvature, 178.
of gyration, 95.

Rates, 7. 32.

Remainder in series, 210.
in Taylor’s series, 220.

Runge, 130, 136.

Series, infinite, 209.
Series, for cos z, sin z, cte, 113, 216,
for e, 162, 219.
for (1+z)m, 217.
for log (1 + ), 165.
for sin-1x, 217.
for tan-1z, 158,
Fourier, 130-154.
Simple harmonic motion, 109.
with decreasing amplitude, 173.
Simpson’s rules, 84, 88.
Sphere, surfaco of, 83, 123.
volume of, 81.
Spheroid, oblate and prolate, 87
88, 123.
Stationary value, 33.
Subnormal, 175.
Subtangent, 175.
Surface, area and volume of, 81,

Tan-z, scries for, 158.
Tangent to a curve, 19.
equation of, 176.
inflexional, 13.
length of, 175.
Taylor’s Theorem, 216, 220.
Tore, 87, 100.
Trigonometric functions,
derivatives of, 105, 155.
integrals of, 119, 156.
series for, 216, 221.
Trigonometric serics, 130.
Turning point, 9, 33.
value, 10, 33.

Value, stationary, 33.
turning, 10, 33.

Variable, change of, 54, 65, 73.
dependent and independent, 2.
of integration, 59.

Variation of a function, 10, 32.

Velocity, 49, 55.

Vibration, damped, 173.

Volumes, 81.
of common solids, 86-88.

Work, 50, 98-100.

The numbers rcfer to pages.
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